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Abstract
This paper proposes an extension
of Formal Concept Analysis (FCA)
techniques in order to deal with
representation of concepts in terms
of fuzzy bags. Our extension was
tested in a preliminary experimentation with encouraging results. In
particular, the proposed technique
was adopted as a tool for automatic
quick-and-dirty ontology construction.
Keywords: Ontology Construction, Formal Concept Analysis,
Fuzzy Bags.
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Introduction

The Semantic Web vision relies on ontologies to structure its underlying data for supporting basic and advanced machine understanding. Automatic learning of ontology has
been identified since long as a key issue for
integrating diverse sources of unstructured,
semi-structured, and fully structured information. Also, bottom-up learning of ontologies from text documents is a fundamental
support for modeling the domain of interest
of an organization [13]. Tools like Text-ToOnto [14] are now available that attempt to
learn structured ontologies from free text, dictionaries, or legacy domain model. Text-toontology learning methodologies rely on basic
techniques for text document classification,
and usually start by indexing text documents
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via vectors of (normalized) keyword occurrences. Thus, documents can be classified using a standard vector space model where every
document d, is considered to be a vector d in
the term space, i.e. the overall vocabulary. In
this scenario, each document is represented by
the (TF ) vector dft = (ft1 , ft2 , ..., ftn ) where
fti is the frequency of the ith term in the document. In order to account for documents of
different lengths, each document vector is normalized so that it is of unit length. This encoding is used in order to group similar documents by means of distance measures, such as
the well-known cosine distance. These groups
of documents, loosely called clusters, represent typical classes of the domain. In ontology
learning, however, a further step is required,
because domain classes must be ordered into
a hierarchy. Some approaches rely on preliminary linguistic processing, where terms are
analyzed, aggregated into concepts, and progressively organized according to taxonomical
relations and rules ([1], [8], [7], [12]). Other
extraction methodologies apply Formal Concept Analysis (FCA), a time-honored technique used to build hierarchies of common
subset of attributes from a set of data items
[20]. Namely, the concept hierarchy is obtained applying an algorithm (several versions
exist, see [17], [10], [19]) to derive a lattice
of shared terms within the document set. A
major problem of FCA is related to the identification of noise, i.e. irrelevant information.
Even the analysis of a small document set require to deal with a large number of terms;
very often, most of them are not interesting
for the analysis.

In this paper we propose a method for extending FCA to represent document vectors
in terms of fuzzy bags. We claim that our
extension can ameliorate the quality of the
hierarchy produced, because additional information related to relevance and cardinality of
individual data items’ attributes can be taken
into account that would be lost by traditional
methods. This additional information can be
used in order to partition concepts of the hierarchy in sub-concepts differentiated according to the relevance and the cardinality of attributes. According to our proposal, a term
vector is described as a fuzzy bag [22], [23].
Fuzzy bags are a straightforward extension of
fuzzy sets, where each element can have multiple instances. In a fuzzy set each element is
associated to a membership value. In our setting, multiple membership values can be associated to a single term in order to expressing
the relevance of a term in the vector. This
way, individual terms can be represented as
a single entry, while still taking into account
cardinality differences; also, irrelevant terms
can be easily discarded. The paper is organized as follows: Section 2, analyzes the research works related to our proposal; Section
3 gives an introduction to the problem of representing vectors of terms in terms of fuzzy
bags; Section 4 provides a formal definition of
our extension of FCA; Section 5 provides an
example of ontology construction by means
of our method; Section 6 describes the results
achieved and further research lines.
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Related work

Different approaches have been proposed to
integrate FCA and fuzzy logic. In [2] and in
[11] the set of truth values has the structure
of a complete residuated lattice, where Galois
connections are expressed in terms of fuzzy
binary relations. This approach provides a
very expressive representation of the correlation between documents and terms but it is
not very compliant to the common output of
knowledge extraction applications. In [15] the
notion of a L-Fuzzy context is proposed, where
linguistic variables are used in order to represent uncertainty in the term-document re-

lationship. However, linguistic variables can
be defined only on the basis of human interpretation, and this approach turns out not
to be feasible when dealing with very large
document sets. In [16] a technique is proposed called Fuzzy Formal Concept Analysis
(FFCA), in which term relevance is represented by a membership value in the range
[0, 1]. This way, documents are not described
as term vectors but as fuzzy sets, where each
term is associated to a membership value expressing its relevance w.r.t. the document set.
In this paper we extend this notion, representing documents as fuzzy bags and extending
the operations on the document set according
to the operations on fuzzy bags.
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Representing term vectors as
fuzzy bags

Fuzzy bags can be used for extending the traditional representation of documents as vectors of terms. Indeed, a conventional term
vector has the limitation of not taking into
account the cardinality of term relevances.
For example, keywords extracted from a document can be used to infer the topics the document deals with, but the association between
keywords and topics cannot be treated equally
in all cases, because keywords may have a different degree of significance for different topics. For this reason, a relevance value can
be modeled by means of a fuzzy membership
function. For example a document associated
to a set of keywords composed by “clustering”, “ontology”, and “fuzzy set” can be related to the topic ontology learning with a
membership degree equal to 0.8, but with the
topic fuzzy set theory with a degree equal to
0.3. Other method can be used in order to
assign a relevance value to a term. The general idea is to evaluate the informativeness
of a term in a document. The conventional
approach is to compute a ratio between the
frequency of the term in the analyzed document and in the whole domain vocabulary.
But other approaches take into account the
context in which a term is inserted; and in
this case different relevance values can be associated to a single term.

Fuzzy bags are an interesting tool in order to
model multiple relevance values, because they
represent the distribution of the cardinality
of an element according to different membership values. In [6] a method for representing
semi structured-data (e.g. XML documents)
in terms of fuzzy bags is proposed. The rationale of this approach is encoding informativeness of XML elements according to their
structural position. A preliminary method
for evaluating the informativeness of an element is to divide a membership degree initially equal to 1 by the nesting level of the
element. Fig. 1 shows a cluster of XML documents encoded according to this method:
A = {1/R, 0.5/a, 0.5/b},
B = {1/R, 0.5/a, 0.5/b, 0.3/b},
C = {1/R, 0.5/a, 0.5/b, 0.3/c, 0.3/c},
D = {1/R, 0.5/a, 0.5/b, 0.3/c, 0.3/c},
E = {1/R, 0.5/a, 0.5/b, 0.3/c, 0.3/a}.

c}.
This construction is adopted in [5] for defining fuzzy bags in a way fully compatible with
fuzzy sets. This construction proposes the notion of gradual integer, because it is able to
represent the cardinality of a fuzzy bag according to the distribution of different membership degrees. In [4] a complete discussion
on gradual integers and the corresponding
arithmetic operations is provided, on the basis of these arithmetic operations a set of settheoretical operations on fuzzy bags is proposed. Relying on these works we will be able
to manage the representations of terms vectors in terms of fuzzy bags.
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Fuzzy Formal Concept Analysis

Standard FCA techniques build a concept lattice by organizing a binary relation over a pair
of sets D and A, where D represents the data
items (called documents in he FCA terminology) and A the attributes [20].
Definition 1. A formal context is
a triple K = (D, A, R) where D and
A are sets and R is a binary relation
R ⊆ D × A.

Figure 1: Representation of XML documents
in a cluster
Using the FGcount notion of cardinality proposed by Zadeh in [25], the cardinality of
a fuzzy bag can be represented listing a
membership-value/cardinality pair obtained
applying on the fuzzy bag an α-cut operator
for each membership-value from 0 to 1. According to this definition the XML documents
in Fig 1 can be encoded as follows:
A = {{0.5/1} ∗ a, {0.5/1} ∗ b},
B = {{0.5/1} ∗ a, {0.5/1, 0.3/2} ∗ b},
C = {{0.5/1} ∗ a, {0.5/1} ∗ b, {0.3/2} ∗ c},
D = {{0.5/1} ∗ a, {0.5/1} ∗ b, {0.3/2} ∗ c},
E = {{0.5/1, 0.3/2}∗a, {0.5/1}∗b, {0.3/1}∗

Table 1 shows a description of a formal context. The numbers in the left column indicate
documents belonging to the document set D
while the letters in the first row indicate the
attributes A. A true boolean value in a cell
belonging to a row d ∈ D and a column a ∈ A
means that the document d contains the attribute a.
The table can also be summarized by two
functions: f and g, defined as follows.
Definition 2. The function f maps
a set of documents into set of common attributes, whereas g is the dual
for the attribute sets.
If X and Y are respectively sets of documents
and attributes:

Table 1: An sample
in tabular form.
0 a
1 1
2 1
3 0
4 1
5 0
6 1
7 1

formal context visualized
b
1
0
1
0
0
1
1

c
0
1
1
0
1
1
0

d
0
1
1
1
1
0
1

e
1
1
1
0
1
1
0

Definition 4. A formal context extended to deal with fuzzy bags is a
triple Kex = (D, A, Rex ) where D
and A are sets and Rex is a fuzzy
bag on domain D × A. Where each
relation (d, a) ∈ Rex is a gradual integer Ωd (a).

f (X) = {a ∈ A|∀d ∈ X, dRa}
(1)
g(Y ) = {d ∈ D|∀a ∈ Y, dRa}
(2)
For example in the context of Table 1 f (35) =
cde and g(ab) = 167. A couple (X, Y ), of mutually corresponding closed subsets is called a
formal concept.

Definition 3. A formal concept ia a
couple (X, Y ) where X = g(Y ) and
Y = f (X). X is called the extent
and Y the intent of the concept.
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ΩA∩B (x) = min(ΩA (x), ΩB (x))

(6)

Because minimum is an associative operation,
we can apply it to a set of attributes. In other
words, in our extension the function fex maps
a set of documents to a fuzzy bag generated
by the intersection of gradual integers associated to their common attributes, For each
attribute a ∈ Y the gradual integer of a is
computed according to the equation 7.

(3)
Ωfex (X) (a) = min Ωi (a)
i∈X

g(Yi )).

(5)

According to [5], equation 6 gives us the definition of intersection among two gradual integers.

i=1
k
[

In FCA the codomain of the function f , i.e.
the set of attributes common to a given set
of documents X, is equivalent to the intersection of the documents in X, and identifies a
set of common attributes Y . Hence, in our
extension, the function fex has to return the
intersection among the fuzzy bags associated
to the documents in X, and the fuzzy bag obtained by this intersection must be included
by all the fuzzy bags of X, as formally described in equation 5.
Ωfex (X) ⊂ Ωi , ∀i ∈ X

For example (167, ab) is a formal concept but
(167, a) or (23, cde) are not. The set of coupled documents and attributes are not the
ones that can be obtained by applying f or
g respectively.
These definitions allows us to define the lattice formed organizing in a partial order the
formal concepts belonging to a formal context.
k
_

Now, let us present in some detail our extension of FCA methodologies by interpreting
documents as fuzzy bags.

(4)

i=1

Note that, for instance, concept (235, cde)
has the super-concept (2356, a) and the subconcept (2, acde).

(7)

Similarly, the function gex maps a fuzzy bag
Ωgex (Y ) generated by the minimum of the
gradual integers, associated to a set of attributes Y , to all the documents described by
a fuzzy bag including Ωgex (Y ) .

Ωgex (Y ) (a) = min Ωi (a)
i∈Y
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(8)

Table 2: The context of our cluster-heads.
vol.

tit.

auth.

jour.

proc.

CH1

0.3/4

0.8/4

0.8/4

0.5/4

0

CH2

0.5/19

0.8/19

0.8/19

0.5/19

0

CH3

0.5/1

1/1, 0.5/5

0.5/5

0

1/1

CH4

0.5/1

0.5/1

0.5/1

0.5/1

0.5/1

CH5

0.5/1

1/1, 0.5/12

0.5/23

1/1

0.5/6

Building the hierarchy

Our extension of FCA techniques was experimented with a dataset selected from the XML
Data Repository of the University of Washington [26]1 . This repository hosts entries
belonging to different digital archives of research publications, and therefore needs little pre-processing in terms of stop-word filtering besides disregarding connective particles such as prepositions and articles. Also, it
is a typical example of heterogeneous data in
semi-structured format. As alternative examples, we might consider the publications entries from the DBLP and from the Sigmod
databases.
We start by encoding these documents as
fuzzy bags [6]; then, a clustering of the document set is executed. Each cluster is identified by a representative, called cluster-head,
usually equivalent to the intersection of all
documents belonging to the cluster. Clusterheads are used to define the initial context of
our FCA analysis. Being fuzzy bags, clusterheads are composed of term/ gradual integer pairs, as discussed in our previous example. Table 2 shows the context formed by our
cluster-heads. For the sake of conciseness, in
the sequel fuzzy bags’ elements (the terms of
the context’s vocabulary) are denoted by the
initial letters of the element name; also, some
attributes are omitted.

Figure 2: The lattice provides a first hierarchy
of candidate classes.
1

Note that for our present purposes, XML tag
names have no special status w.r.t. content terms.

Applying fex and gex we obtain the hierarchy in Fig. 2. Note that hierarchy isolated
c1 as the subset of the attributes common to
all the documents of our context. In c2 we
have documents published in proceedings, in
c3 documents published in a journal, and in c4
documents published both in proceedings and
journals. Note that this hierarchy could have
been obtained by standard FCA techniques;
but in our extension gradual integers encode
information about relevance and cardinality
of terms. Now by this information we can retrieve additional formal concepts, further partitioning the ones obtained in the first hierarchy. For instance, we can consider cardinality
as a modifier of the extent of a concept and
we can require that documents having strong
cardinality differences belong to different formal concepts. This can be done by comparing the intent of each document belonging to
a formal concept to the intent of the concept
(that is, the fuzzy bag corresponding to the
formal concept). All documents having strong
relative differences in cardinality will form the
intent of a new concept, while the corresponding extent is obtained computing the intersection among their attributes according to equation 7. In order to do that, we must be able
to provide a semantics to the predicate “having relevant attributes with strong differences
in cardinality”. In ordinary arithmetics, two
numbers are equal if dividing one to the other
we get a result equal to 1. The same principle

can be applied to gradual integers but we need
to approximate them in an exact reperesentation. According to the notion of cardinality
exposed in [21], the cardinality of a fuzzy set
can be interpreted as the exact number summing all the cardinality of a set weighted by
their membership values. Formally we have:
|A| =

X

f (µ(Xi ))

(9)

xi ∈A

Where f is an increasing function in [0, 1],
where f (0) = 0 and f (1) = 1. For instance,
f (x) = x2 . This way the relative weight of
higher membership values is increased.
Now we can compute the relative difference
between the exact numbers approximating
the gradual integers related to two attributes
of a document. This result is compared to
the number 1 and we obtain a measure that
can be used to define the semantics of the
predicate “having relevant attributes with differences in cardinality”. This can be dome
by the complement of the relative difference.
Formally we have:
1−

|Ωi (a)|
|Ωj (a)|

Figure 3: A hierarchy where cardinality can
generate new formal concepts.

the fuzzy bags forming the context. For instance, if the confidence threshold T is equal
to 0.4 we impose to the formal context the
condition expressed in equation 11. The result is the removal of the attribute volume
from some formal concepts of the hierarchy.

µ(a, d) ≥ T

(11)

(10)

In our example, the formal concept c2 has an
intent composed by the documents CH1 and
CH2 . Comparing the extent of CH2 to the extent of c2 we have to calculate the difference
between each single attribute. For instance we
get |{0.3/1∗vol}|/|{0.5/19∗vol}| = 0.01. The
complement of this division is 1 − 0.01 = 0.99.
Similar results are obtained for the other attributes. Now, computing an average among
the results of each attribute, we obtain a distance equal to 0.98. This value allow us to
said CH2 “has strong differences in cardinality” with c2 with a degree of 0.98. This motivate us to generate a new formal concept. A
similar analysis can be done with the document CH5 as shown in Fig. 3.
A further step consists in pruning the hierarchy to eliminate irrelevant attributes. This
can be done setting a threshold on the membership values associated to the attributes of

Figure 4: Pruning the hierarchy by means of
a confidence threshold T .
The hierarchy obtained was used as an initial representation of the domain of scientific
publications. Ontology engineers has to manually develop this tentative representation in
order to obtain an ontology fitting a standard
format.
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Conclusions

In this paper we proposed an extension of
FCA techniques exploiting a fuzzy representation of documents in terms of fuzzy bags.
The adoption of fuzzy bags is motivated by
the opportunity to encode information related
to relevance and attributes cardinality in a
simple format. We proposed a formal redefinition of FCA according to our extension.
Then, we introduced a preliminary experimentation of our technique in the field of ontology construction. In this filed the adoption
of our extension is motivated by the capability to describe tentative classes according to
additional feature, such as cardinality or relevance of attributes. Our preliminary results
are encouraging and point to a promising line
of research investigating the notion of order
relation among gradual integers to derive new
operations to be applied on the formal context.
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