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Dynamic Programming

R.Bellman

Bellman Continuum (#/NH FRIECS Je A2 A3 3 4 )

WwHH DA% (Eye of the Hurricane, an autobiography)

L FEHE O ZE PR A

T4 RFy FEAOERT VT XL (WikipediA (2B 5 i)
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aRlE % 10528 LEA (IUA5A, B < £ XE, 2015)

o MiDHY ZARMERT S 2K ITADFETH S EELHLEDS
Ml T 5T 5RRULDEGE)

o HME STV ZHRD THHEDL VvV DHFE ORKTSH )
o F—1U—NiZiEH
o KamIZHZ@d
o IELWRIEAI#E B2 D1 5
(EHin BT 1 KT v F k]
1Y Z2—%y b LOBRENET 1K)y FEifk
|#HiOhE 25 (P04) |
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NG BT S, BEE [ZEYF - a— K] kD

74 =Yz 3N E ATV 72,
1,1,2,3,5,8,13,21

TN

X - ¥'»F - 32— K (The Da Vinci Code by Dan Brown 2003 )
HHoO—BE LT, RHFEM (X - T4 vF - 3—FOUE] BHEXEI N
Tzo Elz, THRTYZTFA YA M X TREFFTREOY Y 2R
EEUFETHPN TV DA & EEDO A DOME R 22T TN 5,
(Wikipedia)

e 1,123,5/8 13,21 £ 54 LHkil} % &, 34,55, 89, ---

n 0 1 2 3 456 7 8 9 10 1L.--
F, 0 1 1 2 3 5 8 13 2L 34 55 89.-.
INEITEHVEEAL, Ta—VIIA!
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B D E /B F AL
RE— 3 DOERMPIMELAED & &,
RER, HERDEEEDN O INERDERZRD &,

TV N OMPER : 4 FHIIK CEmE) &A%, 20 3MHOBFKIK &
CHILNTWAEMO [KiE] T, Y237 2A0EH (HA% : $%IX
(Z5ZFA) OFH) hrokdbond, X512 —OEIFBHEGZIZ.
T4 RFyFEHRTHD, BIFEROMEIXT7 1+ K>y FEHO—RATH
b, FeIoatizksi)

#E ER BMEERE 7 1 Ry FH August 28 (Fri), 2016 7 / 64



B AL T3
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H\WMZANE (REE) 53 20MI24FZHOHIK &

1 1 1 1\2 1 1 1 1
-+t~ =25+ S5+=5+3
no noron n B n

3DOHZEM (3 — o0) & U, AL AKRLUT, 4 HEHOHDYE r = n 1

BIZE, & - N b= THADKM, (@Y £ 4271 GRAbH)

INzigikd &
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Ty b OWEER, BB

L 101) 5= [HiZF] ~10/01/27)

10000

2 2004 2008 2008 2007 2008
(C} I—IL5> « F¥— kit GCHELLO TREND MASTER (R)
ZH EE BMEEERE 71 BTy FH August 28 (Fri), 2016

9/ 64



FLOHIC IR

Fibonacci The Man
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RCEABYBEDIYE
[T 4R Ty FERDOHD] O EEAITIE

e Fibonacci(1170-1240): b7 7 ) AD Y ¥ — VAN
Leonard of Pisa
RV T N T IETOBFEE R OFA
o Edouard Lucas(1842-1891):Fibonacci sequence and the test for
Mersenne primes
74 BTy FEIIOWIE, Aty X 2127 1 13FEB V—H A -
L —<—O¥ELM:
@ The Fibonacci Association Official Website
1963 4ERIT] D 5L
The Fibonacci Quarterly,
Internationa Conferences from 1984 biyearly
o A VT A VEEH: OEIS(On-line Encyclopedia of Integer Sequences),
founded by in 1964 by N.J.A.Sloane
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el
L.E.Sigler translation by Google Scholar

VAFIVR - Y=/ (T14XKFvF) OBERNLRBR»S
Leonardo Pisano (Fibonacci): The Book of Squares(2013)
B OE, EMFDOFEE, FHOEHFRE

Fibonacei’s Liber Abaci: A Translation into Modern English of Leon-
ardo Pisano’s Book of Caleulation by Laurence E. Sigler

New York: Springer, 2002. Pp. viii 4+ 636. [ISBN 0-387-95419-8. Cloth
$99.00

Fibonacci's Liber abaci: a translation into modern English of Leonardo
Pisano’s Book of calculation(2002):
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Fibonacei, also known as Leonardo Pisano or Leonardo Bigollo, was
born in 1170, the son of a customs officer. He lived and worked, prob-
ably as a merchant, in different parts of the Mediterranean, learning
the mathematies concerned with trade and exchange but also Euclid’s
Elements. He came to the attention of the emperor Frederick IT of
Hohenstaufen, a patron of the arts and sciences who had founded
the University of Naples in 1224, and whose court included people
like Domenicus Hispanus, an astronomer and astrologer, Theodorus
of Antiochia, again an astrologer and a translator from the Arabic,
and Michael Seotus, an astrologer, a translator from the Arabie, as
well as a philosopher. Tt was to the latter that Fibonacei dedicated
his Liber abaci. He also wrote Practica geometriae (1220, dedicated
to a Domenicus, probably Domenicus Hispanus), Flos (around 1225,
dedicated to Cardinal Ranieri Capocei), a letter to Theodorus of An-
tiochia (around 1225) and Lzber quadratomm {12)5 dcdlcatcd to
Frederig bemacci
seems f] :
a state
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Edouard Lucas
http://www-history.mcs.st-and.ac.uk/Biographies/Lucas.html

Francois Edouard Anatole Lucas

Born: 4 April 1842 in Amiens, France
Died: 3 October 1891 in Paris, France
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Edouard Lucas

http://www-history.mcs.st-and.ac.uk /Biographies/Lucas.html
Lucas 1s best known for his results in number theory: in particular he studied the Fibonacci
sequence and the associated Lucas sequence iz named after him. He gave the well-known
formula for the Fibonacci numbers

VS £ =((1 +5)/2y7 - (1 - V)

Lucas also devised methods of testing primality, essentially those used today. In 1876 he

used his methods to prove that the Mersenne number 2127 14 prime. This remains the
largest prime number discovered without the aid of a computer.
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el
R.Knott Homepage:

http://www.maths.surrey.ac.uk/hosted-sites/R.Knott/Fibonacci/fib.html

Fibonacci Numbers and the Golden Section

This is the Home page for Dr Ron Knott's multimedia web site on the Fibonacci
numbers, the Golden section and the Golden string hosted by the Mathematics
Department of the University of Surrey, UK.

The Fibonacci numbers are
0,1,1,2,3,5,8,13, ... (add the last two to get the next)

The golden section numbers are

0-61803 39887... = phi = ¢ and
1-61803 39887... = Phi=@

The golden string is

ol 2ol edd4 01 10101104, ..
a sequence of 0s and 1s that is closely related to the Fibonacci numbers and
the golden section.
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74Ky FRICE DD B2

o 71 KRF v FEE (Kiefer) : ARKMHEATH—-DIRKEEZERT S
anIPES
P.Whittle “Optimization over Times: Dynamic Programming and
Stochastic Control”, Wiley 1983.
o T4 RFYFEDNFH] 714 RFyFH Vb #HbnEl
WEThi,  HifgE, HAREmAL 2008
o [Z7a4XRFvF TIETHEENSHFERHETA] =R, Bl
HREF AL, 2016
o TRTCDNEME 7 1 RF v FOWND SRS
(R R EE 7« Ry F — BEROIREETAZ T % AEd D
ME s TREEE. AL 2013
o B dD/#E ; Integer Partitions by G.E.Andrews. #GmiZ & 1) 5 73
DI &9
“Pattern Identities”, A.D.Healy, math192.pdf 2001,
(k, I)-sequence (217 « KT v FEFIDFHIRERIZZ S
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ECEABYBEDHE
TARFTYFEIZEDDLBEG3

HMAHTD T 1 K> FEI
o Kalman Filter; BIHURRIZBTRIGRA B > 2 T 4 (BEHCRLIRR]) ;
Riccati A —FHATaAE LB D 72 97X
J.Donoghue; The Kalman Filter for Complex Fibonacci Systems,
ISRN Signal Processing vol.2012, Article ID 631873, 5 page.

o Ladder(##/%) network O 5 [A] -
Morgan-Voyce; Lader network analysis using Fibonacci numbers,
Proc.IRE, IRE Trans, on Circuit Theory, Sep,1959, pp321-322

o ¥y
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EFUWAL L

Z Z T Fibonaci # &
n; 0 1, 2, 3, 4, 5, 6, 7, 8, 9, 10
F,, 0, 1, 1, 2, 3, 5 8, 13, 21, 34, 55

Lucas (& iR 3 &
n; 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10
L,; 2, 1, 3, 4, 7, 11, 18, 29, 47, 76, 123

e ZIX, PIE (n=0,1)2Z X 5L
n; 0, 1, 2, 3, 4, 5, 6, 7, 8, 9,
x,; 100, 1, 101, 102, 203, 305 508, 813, 1321, 2134,
BH & HT
813 = Fg % 10° + F7,1321 = F7 % 10% + Fg, 3455 = Fo % 10% + Fyg, - - -
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N L L) -« = 1Az s E

R R &
T 4 R FEY|OREBEEIL,
2
L 1 x4+2x% 3P X 8
x2—x—1
ThdHZEMATSHL
& =1.12358---
9
10000
—— —=1.0102 13213455 . ..
9899 01020305081321345
1000000
= 1.001002 13021034055 - - -
998999 0010020030050080
REMB/OLNG,
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B DAL

Lucas sequence:

(i) Fibonacci number
(i) Lucas number

(iii) Pell number

(vi) Mersenne number

Xpn = PXp—1 — qXp-2

p=1qg=-1
p=1qg=-1
p=2,q=-1
p=3,q=2

EETENEE 7 1 R v FH

Xp = Xp—1 + Xp—2
X0 = O,Xl = 1,

Xp = Xp—1 + Xp—2
Xo = 2,X1 = 17

Xp = 2Xp—1 + Xp—2
Xp = O,Xl = 1,

X2 =2,x3=5,x4=12,---

Xp = 3Xp—1 — 2Xp_2
Xo = O,Xl = 1,

X0 =3,x3=7,x4 =15,---

M=2"-1 0

August 28 (Fri), 2016
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R 1

Fe=2% Fg=3-7, Fg=2-17, Fip=5-11,

Fio=2%-32, Fi4=13-29, Fi5=2-5-61,

Fig=23-17-19, Fyg=3-5-11-41,

Fp1 =2-13-421, Fp =2%-3%2.7.23,

Frg =3-13-29-281, F3p=23.5-11-31-61,

Fss =5-13-141961, F36=2%.3%.17-19-107,

Fap =23.13.29.211-421, Fro=5-11-13-29-71-911-141961,
(J.H.Halton; FQ 1966)
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X <15 N7z

AMETE K CHESI NG ¢

HARX
o
F2— Fo1Fpp1 = (-1)""
DO LERL T, BETHSZ & DL,
Z O RIT IR INER & FH,
Iy == VLY VOEME Vb5,
(2]
GCM(Fm, Fr) = Focm(m,n)
RELBIZUTERNAERZFE T NI R L 725,
Q W% b2 /EDGE DB (i)
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BEN SRS B &

Fibonacci Polynomial

BERHN I SHRIR D #EfR & L T
Hoggatt,V.Jr.,Long,C.T.(FQ, 1974)

Definition 1
frr2(x) = x fpr1(x) + fa(x);  fo(x) =0,A(x) = 1.

Un+2(XaY) =X Un+1(Xy}/) +y un(X7}/); UO(Xay) =0, ul(XaY) =1
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BEN SRS B &

Fibonacci Polynomial 2

ZIH A & H

"
I
<
]
—~~
=
—_
~

un(x,y)
0
1
X
x2+y
x3 4+ 2xy
x* 4+ 3x%y + 2
x5 4 4x3y + 3xy?
x® 4+ 5x*y + 6x2y2 + 3

~NOo ok W N+ OIS
o 1T W N - FE O

—
w
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BEN SRS B &

Hoggatt and Long (FQ 1974) Corollay 10 (page 118)

— A D

For n > 2, n even,

_ k
un(x,y) = x I'I§<":12)/2 <X2 + 4y cos? :)

and for n > 2, n odd,

o k
un(x,y) = x I_IS<:11)/2 <X2 + 4y cos’ 7r>
n
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e

Real number sequences;

1 n_ (_ n —
Fn_ﬁ{q5 ( 1/¢)} n 1727

= I'IESQII)/Q] <1 + 4 cos? k:)

Ly,=¢"+(-1/9)" n=1,2

1++5

where Goledn Raio: ¢ = >
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BENOHIRT 5 &

Continuous Fibonacci sequence
Binet's Formula

-
\ Binet's Formuia

for generating
|\ Fibonacci numbers

v

cos{\-".rr)I

|

(1+45]
]

&

Fv=i_
V5

C @
(|1+»'3J

ZH EE ENETELE S 7 1 R v FH August 28 (Fri), 2016 31 /64



BEN SRS B &

Extended Fibonacci numbers

cos(nm) = (—1)" (n=10,4£1,4£2,---) 25, EHBxITXH LT
Fy = 1 {gbx cos( )}
X = — — cos(mx
V5 s
Lx:FX—1+Fx+1

EARNROHLIEE U T, #ELBRTIX J.Donoghue : ISRN Signal
Processing (2012) 23EI5 N TW\W5,

(—1)° = ™ = cos(nx) +isin(rx), i=+v—1

ZH EE ENETELE S 7 1 R v FH August 28 (Fri), 2016
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BEN SRS B &

Complex Fibonacci numbers and Lucas

REFERENCE:

e Horadam,A.F.,Shannon,A.G.:Finbonacci and Lucas Curves, FQ, vol26
3-13, 1988.

e Good,l.J.:Complex Fibonacci and Lucas Numbers, Continued Fractions,
and the Square Root of the Golden Ratio(Condensed Version), J. Opr. Res
Soc. 1992(43) 837-842,

e Garnier,N. and O.Pamare(FQ 2008): Fibonacci numbers and

trigonometric identities, “intrigue(!)” How could we connect cos
2k 2
n+l °

2km

n

and
cos
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BEN SRS B &

Complex Fibonacci numbers and Lucas

REFERENCE2:
DISMAY(% 5 i\, 5 %7 %):

Fibonacci numbers are linked with the arithmetic of Q(v/5) and not with
that of Q(exp(2i7/n)).

e Horadam,A.F.: A Generalized Fibonacci Sequence, Amer Math Month
1961 (vol. 68(5) 455-459),

Complex Fibonacci Numbers and Finobacci Quaternions, Amer Math
Month 1963 (vol.70(3) 289-291).

#E ER BMEERE 7 1 Ry FH August 28 (Fri), 2016 34 / 64



& T Dymanic Programming by R.Bellman

W FTO2HEOMm XK, HIREGRNICET S mEE., BER0EZBEK
WIZE BN TERL TV,

WikipediA (2 & % TEHREHETE ] 121%, “Beodfb “& > BRI
%btﬁm@mgamo%@%abf74f%/%&mééifm

BB LFEIZEH S 55

(1) o> hsd B e (optlmal substructure)
(2) HeEMEEEE (principle of optimality)

HoMEzfEs, T2 LT, 2fom@EtilEz i < Mo 720
83 R Bod VE ASEN IR ER 12 3 E T H B,
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il Ay eI 2 REIK DS E : BoBfE & ORIFRR

B - ARIE 2 O R EE RIS T, 2 TIMOBMETIE [7 1
R v FROI| PEERSD 2 EERALT NS, WhRBE.

FAE c D El Xn-1DDE] Xxp_3 D E|

c— Xpn—1 — Xp_3 — Xp_5 — xx=1— 0
+ + +
Xn Xp—2 Xn—4

2T (G + 5 1) (Gt X s)

EZoNT DB, ZUDDIREBERE LT x, 2 EKF, ¢ =x, + Xy_1
DR ER DL S NET B, DED, RO D c—x, = xp_1 2D EDIRE
IZFELT, ZOEEDEILTWL, EXEED RS, WA WA KGR
ER, B - Rz RsNnTwWE B0 Th Y., B OHEREBRR.
T4 RFY FOEEBANCZ>T WS, Lh->T, REEIX

min [(szy X7 1)+ (X Xp3) + ]

Xn;sXn—1,Xn—2,"""
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5.2 5Nk 4 E

(12 +4%) + (32 +1%) =27
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AEHD 2 FEFME

Ho /T T eyEl

(32 +22) + (12 +1%) = 15 (EiisrEl) < 27(RilEl D& D)

#E ER BMEERE 7 1 BT v FH August 28 (Fri), 2016 38 / 64



AEHD 2 FEFME

BeZEZT
(13)

(32 +10%) + (6% +4%) + (12 +3?) =171
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ek | TEZATHADL,

(13)

572 + 62= 4 §32 +32)+ (22 +1%) =108 (2 43#))
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AEHD 2 FEFME

ZORIZXNT B [ | 7ok,

Y /

X1 QS [ ‘8 ) (c—x1)

/
X3 ‘ 1 ’ 1 ’ (X2 — X3)
S82 + 52} 4 ‘32 +22)+ (12 +1%) = 104 (i)
ZH EE EETENRE 7 1 R v FH August 28 (Fri), 2016
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AEHD 2 FEFME

ZDMEIET « RFw FEHND 2 Ffl -
fit o+ it fist -+ =ffon
EWIFERIZL D,
82+52+32+22+12+12 =104 =8 x 13 (I #)

B 72 2R T « RF v FOERBAINEZ STz c = £, 1T LT,
REBHKa="1f_1 &L, DEDIRED f,_, 7> T\, Backward

e fn — fn—l = fn_zi

Foln WIRAE] — [(n— 1) BIPE a= fo_1] = fool(n — 2) HRIREE],
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AEHD 2 FEFME

D7 4Ry FORGKO THE+n5%M] £ LT, Cassini D5 :
(_1)n = n+1fn—1 - fn2

MH BN, ZNETHDORESFMEDOEBN :
1 1\ (fo1 £
1 0/  \f f,1
TH2D, BTORRSE, HAOBMTOHREMREZITIITRIT L7201
a b ‘t—at—’_b
c d ct+d

LD DI () DRRMIZERER D 5, EoBEbED 5,
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AEHD 2 FEFME

BRI,
2z, +1

Zn+1

Zpn41 =
EAIRU, zp=1p/g, BT LT

fn—l—l . fn+ (fn + gn)
8n+1 fo+ 8n

DOHIFEGREZ AT 5, T AMRKZEMRIZ. Lucas BFITHH SN T
Wb,

BByt Bt Byt oot B= Lo Lya — Lo
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AEHD 2 FEFME

722X c= Fs=5 9 BHE, ZOR/MEX Fs - Fy4 THIFEEMARRIE,

Fs-Fs=F}+ F3+ F3 + F}
15=5.3=32+224+12+1?
c=F=13 35&, ZORMAEX Fs- F, TRIEEGRRIL,
Fo-Fr=F2+F2+ - +F2+F?
104 =13-8=282+5%432+22 412412

EAR - RN —F 2 —T TG 7ZHITH B,

ZH EE EETENEE 7 1 R v FH August 28 (Fri), 2016
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O BEBFRR L LT

RBUZEAZ ANTZGEDR/NMET, 1=x+(1—x) DAEITIX

min {Ax>+ B(1—x)?} =C

0<x<1
B A AB

LB x=——lox=—"O0LE C=-""_"Tb5,
D, x A+B’1 X ALB . C A+B’C§)%’)
ZOMRIE T RF v FRESIEEBENT, A=1/F,, B=1/F, 1 s&¢k
b ZET,

, x? (1 - x)? 1

min — + =

0<x<1 | Fp Fn-1 Fni1
ERIZENTE S,

3L EDZETIE, PIARFYFE TEIRYy FREEELVWTEES,
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A & UMb

T4 RFy FETIE

. X2 N y2 1
min —_ =
0<x,yx+y=1 | Fp Fn-1 Fn+1

]\ U j“j‘ b %ﬁ {Tn . Tn = Ip—1+ Tnf2 + Tn73} ’C“Ci

2 2 2
1
min {X—i- Y + z }:

0<xy,zxty+z=1 | Tp  Th—1  Tph—2 Tht1
A AN
ABC
. A 2 B 2 C 2 —
Oéx,y,zrglﬂwrz:l{ byt } AB + Bci + CA

1/A+1/B+1/C
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AEHD 2 FEFME

BRI - s b OBER (2> (BRI R E), HURERE 2013
T Y VT ORERIT L BERET. T OMBECE AR — (U KFERE
BA), AT (R IR KT, SERK 25 4R RIMS #7282

“RET TNDRD 7 LA O HERGHE & BIRUGHETE” SR — (JuMl
RPZEPIR), ANE (FHIENLKP), ZHIEE (TEXTFHRELRR), F
Ji% 25 4% RIMS ifizE 4
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3O0BIR, hUAT Y FHESAE
D& T4 R FyFEITEZIZ

- (run): FEHFD ) VNT A MY v I HUE

- [BIREES (avoiding sequence) :  EGERINZRAM A S DE R
Havil(“Gamma” ,Princeton Univ) DA : p.119  HFNIFAH . JFHX
(Doctrine) IZIF7\W\WE, B2 B RGN 7

RS E S KX TV

RET7 7)VOEF] (HAROFHE (1717) & 74) 24 > % n[H ZLWTAH
< e kT TRV DR EZ KD &,

B
504 T(13)
T(2
P(214) = 0407 =1 1 2°)

ZZT P(nk) = {nEIZLWTAKRL &b k [ElfEl] TRIH DHEE }
T(n) &MV RFy FEFIET 5,
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BBELICRNZ 7 1 R v FH Il N R Pl s ¢ I

[R]EEECH 2 flE D EUF

2MEHDEIT AN X —AF e AREEZNS, 2IHEFHLT, A LIT5E
)L R — A 84T T D [E]EES

nMid {0,1} Sk N/F T, Y11 QMEkREITIT1 &45) 28
FRVBDI, TRTOH2"DS5H F(n+2) 755, ZITF(n)lk
nFHHD 7 1 KF v FH,

BARBIZEZTHADB L
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1 1
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