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はじめに

歴史的な天災、東日本大地震から早いもので 1年が経ちました。この未曾有の大惨事をどう克服

していくかということは国民一人一人が真剣に考えなければなりません。そんな中、世間では「リ

スク」、「収東」ということばが頻繁にとびかっておりますが、はたして数学的にはそれはきちん

と定義されているのでしょうか?収束は数学的にはご存知のとおリイプシロンデルタ論法により厳

密に定義できますが「リスク」に関しては、未だ発展途上にあるように思われます。東京大学教授

の楠岡先生は雑誌「数理科学」の中で、20世紀は確率に関する研究で大きな成功をおさめること

ができたがはたして21世紀はリスクに関する研究の成功をなしとげることができるだろうか、と

いった趣旨のことを述べられておりました。

安田研究室でも安田正賞教授、蔵野正美名誉教授を中心にこの3,4年間「リスク」という言葉

に一番ふさわしい数学的定義は何なのか ?と いう研究を続けてきました。

このような社会の注目を浴びる最先端の研究室に所属できたことを私は本当に幸せに、そして誇

りに思います。

最後に、お忙しい年度末にもかかわらず、すばらしい論文を寄稿していただいた国内外の先生方

に心から感謝申し上げます。

影山正幸 (統計数理研究所、4月 より名古屋市立大学赴任予定)
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履歴及び業績

昭和 44年 3月   千葉大学文理学部自然科学課程数学専攻卒業 (理学士)

昭和 46年 3月  九州大学大学院理学研究科計画数学専攻 (修士課程)修了 (理学修士)

昭和 59年 3月   理学博士 (九州大学)(Studies On optim」 stopping problems and their applic乱 lons)

昭和 46年 10月  鹿児島大学理学部助手に採用 (昭 50年 4月 まで)

昭和 50年 5月  千葉大学教養部講師 (統計学、線形代数、微分積分)に昇任 (昭 52。 6まで)

昭和 52年 7月   千葉大学教養部助教授 (統計学、線形代数、微分積分)に昇任 (平 2.11ま で)

昭和 62年 4月  千葉大学大学院理学研究科 (計画数学、博士課程)を担当 (昭 63.3ま で)

昭和 60年 5月   文部省情報処理関係内地研究員 (東京大学)(昭 61.2ま で)

昭和 63年 4月  千葉大学大学院自然科学研究科 (計画数学、博士課程)を担当、現在に至る

平成元年 5月   千葉大学教養部教授 (統計学、線形代数、微分積分)に昇任 (平 6.3ま で)

平成 6年 4月   千葉大学教授理学部 (数理統計学)に配置換え (平成 20.3ま で)

平成 6年 4月   千葉大学大学院自然科学研究科 (数理計画論、博士課程)教授資格判定

平成 9年 11月   文部省在外派遣研究員 (豪・クイーンズランド大学、平 10。4まで、

カナダ・ブリティシュコロンビア大学、平 10.7ま で)

平成 20年 4月  千葉大学教授普遍教育センタに配置換え、理学研究科、理学部兼務 (平成 20。 3まで)

平成 22年 4月  千葉大学大学院教授理学研究科 (基盤理学)に配置換え、現在に至る
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Publication List of Professor Masami Yasuda

1. MR2582407 lwamoto, Seiichi; Yasuda, Masami Golden optimal path in discrete.time

dynamic optimization processes. Advances in discrete dynamical systems, 77-86, Adv.

Stud. Pure Math., 53, Math. Soc. Japan, Tokyo, 2009

MR2374937 Iki, Tetsuichiro; Horiguchi, Masayuki; Yasuda, Masami; Kurano, Masami A

learning algorithm for communicating Markov decision processes with unknown transition

matrices. Bull. Inform. Cybernet. 39 (2007),II-24

MR2374936 (2009e:60091) Kurano, Masami; Yasuda, Masami; Nakagami, Jun-ichi;

Yoshida, Yuji A fizzy perceptive value for multi-variate stopping problem with a

monotone rule. Bull. Inform. Cybernet. 39 (2007), 1-9.

MR2345140 (2008d:90055) Kurano, M.; Yasuda, M.; Nakagami, J.; Yoshida,Y.Ftnzy
optimality relation for perceptive MDPs:the average case. Fuzzy Sets and Systems 158

(2007), no. 17, 1905-1912

5. MR2328391 Kurano, M.; Yasuda, M.; Nakagami, J.; Yoshida, Y. A fuzzy approach to

Markov decision processes with uncertain transition probabilities. Ftnzy Sets and Sys-

tems 157 (2006), no. 19, 2674.2682

MR2328387 (2008d:91048) Yoshida, Yuji; Yasuda, Masami; Nakagami, Jun-ichi; Kurano,

Masami A new evaluation of mean value for fuzzy numbers and its application to Ameri-

can put option under uncert ainty. Fuzzy Sets and Systems 157 (2006), no. 19, 26I+2626

MR2203079 (2006h:90089) Kadota, Yoshinobu; Kurano, Masami; Yasuda, Masami Dis-

counted Markov decision processes with utility constraints. Comput. Math. Appl. 51

(2006), no. 2,279-284

MPc2202124 (2007a:28001) Li, Jun; Yasuda, Masami On Egoroff's theorems on finite

monotone non-additive measure space. Fuzzy Sets and Systems 153 (2005), no. 1, 71-78.

MR2I74248 (2006e:91086) Yoshida, Yuji; Yasuda, Masamil Nakagami, Jun-Ichi; Kurano,

Masami A discrete-time American put option model with fuzziness of stock prices. Fuzzy

Optim. Decis. Mak. 4 (2005), no. 3, 19L-207.

10. MR2167690 Yiming, Abulimiti; Yasuda, Masami A note on properties for a complemen-

tary graph and its tree graph. J. Discrete Math. Sci. Cryptogr. 8 (2005), no. 2,

12.

25r-259.

MR2104376 Yoshida, Yuji; Yasuda, Masamil Kurano, Masami; Nakagami, Jun-ichi Stop-

ping game problem for dynamic fuzzy systems. Advances in dynamic games, 2lI?221,

Ann. Internat. Soc. Dynam. Games, 7, Birkhauser Boston, Boston, MA, 2005.

MR2I44047 Kurano, Masami; Yasuda, Masami; Nakagami, Jun-ichi; Yoshida, Yuji A
fuzzy stopping problem with the concept of perception: the finite and infinite horizon

cases. Nonlinear analysis and convex analysis, 233-243, Yokohama Publ., Yokohama,

2004.

MR2107466 (2006a:60069) Kurano, Masami; Yasuda, Masamil Nakagami, Jun-Ichi;

Yoshida, Yuji A fuzzy stopping problem with the concept of perception. Fuzzy Optim.

Decis. Mak. 3 (2004), no. 4,367-374.

MR2074206 (2005f:28041) Li, Jun; Yasuda, Masami Lusin's theorem on fuzzy measure

spaces. F\rzzy Sets and Systems 146 (2004), no. 1, 121-133.

MR2061154 (20059:62053) Wang, Dabuxilatu; Yasuda, Masami Some asymptotic prop-

erties of point estimation with n-dimensional hnzy data. Statistics 38 (2004), no. 2,

13.
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17。

167-181.

16。 MR2052989(2005c:28005)Li,Jun;Yasuda,Masami Egorofゝ theorem on monotone non―

additive rrleasure spaces. Intё rnat. J. Uncertaino iFuzziness]Knowledge―]Based Systems

12(2004),no.1,61-68.

20。

MR2040391 Yoshida, Yuji; Yasuda, Masami; Nakagami, Jun-Ichi; Kurano, Masami The

mean value with evaluation measures and a zero-sum stopping game with fuzzy values.

Game theory and application, IX (Petrozavodsk, 2002), 219-225, Game Theory Appl., 9,

Nova Sci. Publ., Hauppauge, NY, 2003.

MR2023161 (2006d:60010) Yoshida, Y.; Yasuda, M.; Nakagami, J.; Kurano, M. A mul-

tiobjective fuzzy stopping in a stochastic and fuzzy environment. Applied stochastic

system modeling (Kyoto, 2000). Comput. Math. Appl. 46 (2003), no. 7,1165-1172.

MR2006780Yoshida, Y.; Yasuda, M.; Nakagami, J.; Kurano,M.F\uzy stoppingproblems

in continuous-time fuzzy stochastic systems. F\rzzy Sets and Systems 139 (2003), no. 2,

349-362.

MR1998509 Kurano, Masami; Yasuda, Masami; Nakagami, Jun-ichi; Yoshida, Yuji A
fuzzy stopping problem with the concept of perception. Mathematics of decision-making

under uncertainty (Japanese) (Kyoto, 2002). Sflrikaisekikenkyusho Kokyuroku No. 1306

(2003)

MR1986973 (2004b:90I42) Kurano, Masami; Yasuda, Masami; Nakagami, Jun-Ichi;

Yoshida, Yuji Markov decision processes with fuzzy rewards. J. Nonlinear Convex Anal.

4 (2003), no. 1, 105-115.

MR2022427 (2004i:90182) Kurano, Masami; Yasuda, Masami; Nakagami, Jun-ichi Inter-

val methods for uncertain Markov decision processes. Markov processes and controlled

Markov chains (Changsha, 1999),223-232, Kluwer Acad. Publ., Dordrecht, 2002.

MR1954361 Yoshida, Yuji; Yasuda, Masami; Nakagami, Jun-ichi; Kurano, Masami Op
timization problems fot hnzy random variables and their application to finance. De-

velopment of the optimization theory for the dynamic systems and their applications

(Japanese) (Kyoto, 2002). Strrikaisekikenkytsho Kdkyuroku No. 1263 (2002)

MR1954357 Kurano, Masami; Yasuda, Masami; Nakagami, Jun-ichi; Yoshida, Yuji An

interval matrix game and its extensions to frrzzy and stochastic games. Development

of the optimization theory for the dynamic systems and their applications (Japanese)

(Kyoto, 2002). Surikaisekikenky[sho Kokyflroku No. 1263 (2002), 103-116.

MR1930742 Kurano, Masami; Yasuda, Masami; Nakagami, Jun-ichi; Yoshida, Yuji An

approach to stopping problems of a dynamic fuzzy system. Ftzzy Sets and Systems 131

(2002), no. 2,225-233.

MRl922527Yoshida, Yuji; Yasuda, Masami; Nakagami, Jun-ichi; Kurano, Masami Amer-

ical options with uncertainty of the stock prices: the discrete-time model. Mathemati-

cal decision making under uncertainty (Japanese) (Kyoto, 2001). Surikaisekikenkytsho

KdkyurokuNo. 1252 (2002), 174-180.

MR1902927 Kurano, Masami; Yasuda, Masami; Nakagami, Jun-ichi; Yoshida, Yuji A
note on interval games and their saddle points. Mathematical optimization theory and

its algorithms (Japanese) (Kyoto, 2001). Surikaisekikenkytsho Kokyuroku No. I24l
(2001), r7r-r78.

MR1865080 (2002h:03119) Kurano, Masami; Yasuda, Masami; Nakagami, Jun-ichi;
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Yoshida, Yuji Order relations and a monotone convergence theorem in the class of ftzzy
sets on lR'Rn. Dynamical aspects in fizzy decision making, 187?212, Stud. F\rzziness

Soft Comput., 73, Physica, Heidelberg, 2001.

29. MR1853281 Kurano, Masami; Yasuda, Masami; Nakagami, Jun-ichi; Yoshida, Yuji
Markov decision processes with hnzy rewards. Perspective and problems for dy-

namic programming with uncertainty (Japanese) (Kyoto, 2001). SDrikaisekikenkylsho

Kokyuroku No. 1207 (2001), 165-176.

30. MR1853280 Yoshida, Yuji; Yasuda, Masami; Nakagami, Jun-ichi; Kurano, Masami On a

fuzzy extension of stopping times. Perspective and problems for dynamic programming

with uncertainty (Japanese) (Kyoto, 2001). Surikaisekikenkylsho Kdkylroku No. 1207

(2001), t57-r64.

31. MR1855483 (20029:90130) Kadota, Yoshinobul Kurano, Masami; Yasuda, Masami

Stopped decision processes in conjunction with general utility. J. Inform. Optim. Sci.

22 (200I), no. 2,259-271.

32. MR1837310 Kurano, Masami; Yasuda, Masamil Nakagami, Jun-ichi; Yoshida, Yuji A
monotone convergence theorem for a sequence of convex fuzzy sets on ]RtRn. Mathemat-

ical science of optimization (Japanese) (Kyoto, 2000). Surikaisekikenkyusho Kokyuroku

No. 1174 (2000)

33. MR1782634 Kurano, Masamil Yasuda, Masami; Nakagami, Jun-ichi; Yoshida, Yuji

A fuzzy treatment of uncertain Markov decision processes: average case. Mathe-

matical decision theory under uncertainty and ambiguity (Japanese) (Kyoto, 1999).

Slrikaisekikenkyusho Kokylroku No. 1132 (2000), 22I-229.

34. MR1764493 (2001c:60071) Nakagami, Jun-ichil Kurano, Masamil Yasuda, Masami A

game variant of the stopping problem on jump processes with a monotone rule. Ad-

vances in dynamic games and applications (Kanagawa, 1996), 257?266, Ann. Internat.

Soc. Dynam. Games, 5, Birkhauser Boston, Boston, MA, 2000, 60G40 (91A15) PDF

Clipboard Series Chapter

35. MR1768391 (2001d:03130) Kurano, Masami; Yasuda, Masami; Nakagami, Jun-ichi;

Yoshida, Yuji Ordering of convex fuzzy sets?a brief survey and new results. New trends

in mathematical programming (Kyoto, 1998). J. Oper. Res. Soc. Japan 43 (2000), no.

1,138-148.

36. MR1761154 (2001a:60051) Yoshida, Y.; Yasuda, M.; Nakagami, J.; Kurano, M. Optimal

stopping problems in a stochastic and fuzzy system. J. Math. Anal. Appl. 246 (2000),

37.

no. 1, 135-149.

MR1767309 Kurano, Masami; Yasuda, Masami; Nakagami, Jun-ichi; Yoshida, Yuji A
fuzzy treatment of uncertain Markov decision processes. Continuous and discrete math-

ematics for optimization (Kyoto, 1999). Surikaisekikenkyusho Kokyuroku No. IIl4
(1999);22-32.

MR1724484 Kurano, Masami; Yasuda, Masami; Nakagami, Jun-ichi; Yoshida, Yuji Se-

quences of fizzy sets on R'Rn. Decision theory in mathematical modeling (Japanese)

(Kyoto, 1998). Strrikaisekikenkyusho Kokyuroku No. 1079 (1999), 233-237.

MR1714748 Kurano, M.; Yasuda, M.; Nakagami, J.-I.; Yoshida, Y. Fttzzy decision pro-

cesses with an average reward criterion. Math. Comput. Modelling 30 (1999), no. 7-8,

7-20.
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53. MR1415442Kwano, Masami; Yasuda, Masami; Nakagami, Jun-ichi; Yoshida, Yuji F'uzzy

MR1701966 (2000d:90128) Kurano, M.; Yasuda, M.; Nakagami, J.; Yoshida, Y. The time

average reward for some dynamic fuzzy systems. Sixth International Workshop of the

Bellman Continuum (Hachioji, 1994). Comput. Math. Appl. 37 (1999), no. Il-I2,
77-86.

MR1700558 (2000d:93042) Yoshida, Yuji; Yasuda, Masamil Nakagami, Jun-ichi; Kurano,

Masami A monotone fuzzy stopping time in dynamic fuzzy systems. Bull. Inform.

Cybernet. 31 (1999), no. 1, 91-99.

MR1674507 Kurano, M.; Yasuda, M.; Nakagami, J.; Yoshida, Y. A fuzzy relational

equation in dynamic fuzzy systems. Frzzy Sets and Systems 101 (1999), no. 3, 439-443.

MR1711100 Kurano, Masami; Yasuda, Masami; Nakagami, Jun-ichi; Yoshida, Yuji Some

pseudo-order of frnzy sets on R'Rn. Theory and applications of mathematical opti-

mization (Japanese) (Kyoto, 1998). Strrikaisekikenkyusho Kokyuroku No. 1068 (1998),

r42-t49.

MR1673004 (99m:90159) Kadota, Yoshinobu; Kurano, Masami; Yasuda, Masami

Stopped decision processes with general utility. Dynamic decision systems in uncertain

environments (Japanese) (Kyoto, 1998). Surikaisekikenkyusho Kokyuroku No. 1048

(1998), 13-25.

MR1668004 Yoshida, Yuji; Yasuda, Masamil Nakagami, Jun-ichi; Kurano, Masami The

optimal stopping problem for fuzzy random sequences. Decision theory and related fields

(Japanese) (Kyoto, 1997). Strrikaisekikenkyusho Kokyuroku No. 1043 (1998), 178-183.

MR1614107 (99b:54009) Yoshida, Yuji; Yasuda, Masami; Nakagami, Jun-ichi; Kurano,

Masami A limit theorem in dynamic fuzzy systems with a monotone property. Fuzzy

Sets and Systems 94 (1998), no. 1, 109-119.

MR1636758 Yoshida, Y.; Yasuda, M.; Nakagami, J.; Kurano, M. On a property of fuzzy

stopping times. Optimization theory in discrete and continuous mathematics (Japanese)

(Kyoto, 1997). Surikaisekikenkyusho Kokyuroku No. 1015 (1997), 176-182.

MR1606128 (98m:90183) Yasuda, Masami A Markov decision process with convex reward

and its associated stopping game. J. Inform. Optim. Sci. 18 (1997), no. 3, 4I3-42I.

MR1485035 Kurano, M.; Yasuda, M.; Nakagami, J.; Yoshida, Y. A fuzzy relational

equation in dynamic fuzzy systems. Optimization methods for mathematical systems

with uncertainty (Japanese) (Kyoto, 1996). S[rikaisekikenkyusho Kokyuroku No. 978

(1997),183-189.

MR1449484 (97m:28019) Li, Jun; Yasuda, Masami; Jiang, Qingshan; Suzuki, Hisakichi;

Wang, Zhenyuan; Klir, George J. Convergence of sequence of measurable functions on

fuzzy measure spaces. Fuzzy Sets and Systems 87 (L997), no. 3, 317-323.

MR1436228 (98a:90159) Szajowski, Krzysztof; Yasuda, Masami Voting procedure on

stopping games of Markov chain. Stochastic modelling in innovative manufacturing

(Cambridge, 1995), 68-80, Lecture Notes in Econom. and Math. Systems, 445, Springer,

Berlin, 1997.

MR1435531 (98e:90210) Kadota, Y.; Kurano, M.; Yasuda, M. A utility deviation in

discounted Markov decision processes with general utility. Optimization theory in math-

ematical models (Japanese) (Kyoto, 1995). Surikaisekikenkyusho Kokylroku No. 947

(1996), 22-30.
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decision processes with an average reward criterion. Discrete and continuous structures

in optimization (Japanese) (Kyoto, 1995). Surikaisekikenky[sho K6kyuroku No. 945

(1996), 188-198.

54. MR1399180 (98a:90129) Kadota, Yoshinobu; Kurano, Masami; Yasuda, Masami A utility
deviation in discounted Markov decision processes with general utility. Bull. Inform.

Cybernet. 28 (1996), no. 1, 71-78.

55. MR1399177 (97d:60080) Kadota, Yoshinobu; Kurano, Masami; Yasuda, Masami Utility-
optimal stopping in a denumerable Markov chain. Bull. Inform. Cybernet. 28 (1996),

56.

no. 1, 15-21.

MR1366700 (96j:60082) Yasuda, M. Explicit optimal value for Dynkin's stopping game.

Stochastic models in engineering, technology and management (Gold Coast, 1994). Math.

Comput. Modelling 22 (1995), no. 10-12, 313-324.

MR1366015 Kurano, Masami; Yasuda, Masami; Nakagami, Jun-ichi; Yoshida, Yuji Dy-

namic fuzzy systems with time average rewards. Optimization theory and its applications

in mathematical systems (Japanese) (Kyoto, 1994). Surikaisekikenkyusho Kokyuroku No.

899 (1995), 53-62.

MR1366010 Kadota, Yoshinobu; Kurano, Masami; Yasuda, Masami Discounted Markov

decision processes with general utility functionS. Optimization theory and its applications

in mathematical systems (Japanese) (Kyoto, 1994). Surikaisekikenkylsho Kdkyuroku No.

899 (1995), 16-24.

MR1353834 Jiang, Qing Shan; Suzuki, Hisakichi; Wang, Zhen Yuan; Klir, George J.; Li,

Jun; Yasuda, Masami Property (p.S.p.) of fuzzy measures and convergence in measure.

J.Fuzzy Math. 3 (1995), no. 3, 699-710.

MR1328908 Kurano, Masami; Yasuda, Masami; Nakagami, Jun-ichi; Yoshida, Yuji

Markov-type fuzzy decision processes with a discounted reward on a closed in-

terval. Mathematical structure of optimization theory (Japanese) (Kyoto, 1993).

S[rikaisekikenkyusho Kdkyuroku No. 864 (1994), 180-189.

MR1294692 (95f:04016) Yoshida, Yuji; Yasuda, Masami; Nakagami, Jun-ichi; Kurano,

Masami A potential of fuzzy relations with a Iinear structure: the unbounded case.

Fuzzy Sets and Systems 66 (1994), no. 1, 83-95.

MRI273207 Yasuda, M. A linear structure and convexity for relations in dynamic fuzzy

systems. Comput. Math. Appl. 27 (1994), no. 9-10,23-27.

MR1285868 Yoshida, Yuji; Yasuda, Masamil Nakagami, Jun-ichi; Kurano, Masami A
potential of finzy relations with a linear structure: the unbounded case. Mathemat-

ical optimization and its applications (Japanese) (Kyoto, 1993). Surikaisekikenkyusho

Koky[roku No. 835 (1993), 237-243.

MR1285867 Yoshida, Yuji; Yasuda, Masami; Nakagami, Jun-ichi; Kurano, Masami A
potential of fizzy relations with a linear structure: the contractive case. Mathemati-

cal optimization and its applications (Japanese) (Kyoto, 1993). Sflrikaisekikenkytsho

KOkylroku No. 835 (1993), 228-236.

MR1256346 (9 j:04018) Yoshida, Yuji; Yasuda, Masamil Nakagami, Jun-ichi; Kurano,

Masami A potential of fizzy relations with a linear structure: the contractive case.

F\rzzy Sets and Systems 60 (1993), no. 3, 283-294.

MR1187374 (939:93052) Kurano, Masami; Yasuda, Masami; Nakagami, Jun-ichi;
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Yoshida, Yuji A limit theorem in some dynamic fuzzy systems. Fuzzy Sets and Systems

51 (1992), no. 1, 83-88.

67. MR1160618 (93f:90199) Yasuda, Masami On a separation of a stopping game problem

for standard Brownian motion. Strategies for sequential search and selection in real time

(Amherst, MA, 1990), 173-179, Contemp. Math., 125, Amer. Math. Soc., Providence,

RI, 1992.

68. MR0954502 (899:90237) Yasuda, Masami The optimal value of Markov stopping problems

with one-step look ahead policy. J. Appl. Probab. 25 (1988), no. 3,544-552.

69. MR0936032 (89i:60093) Yasuda, Masami On the value for OlA-optimal stopping problem

by potential theoretic method. Probability theory and mathematical statistics (Kyoto,

1986), 571-580, Lecture Notes in Math., 1299, Springer, Berlin, 1,988.

70. MR0834995 (87f:60067) Yasuda, M. On a randomized strategy in Neveu's stopping prob-

Iem. Stochastic Process. Appl. 21 (1985), no. 1, 159-166.

71. MR0752017 (86a:62132) Yasuda, Masami Asymptotic results for the best-choice problem

with a random number of objects. J. Appl. Probab. 21 (1984), no. 3, 521-536.

72. MR0688081 (84e:60068) Yasuda, Masami On a stopping problem involving refusal and

forced stopping. J. Appl. Probab. 20 (1983), no. 1, 71-81.

73. MR0692543 (84f:60069) Yasuda, Masami; Nakagami, Junichi; Kurano, Masami Multi-
variate stopping problems with a monotone rule. J. Oper. Res. Soc. Japan 25 (1982),

no. 4,334-350.

74. MR0614515 (82d:90052) Nakagami, Junichi; Yasuda, Masami A saddle point of an in-

ventory problem. J. Inform. Optim. Sci. 2 (1981), no. 2, 181-191.

75. MR0594355 (82b:90132) Kurano, Masami; Yasuda, Masami; Nakagami, Junichi Multi
variate stopping problem with a majority rule. J. Oper. Res. Soc. Japan 23 (1980), no.

3,205-223.

76. MR0517161 (81f:60101) Yasuda, Masami The calculation of limit probabilities for Markov

jump processes. Bull. Math. Statist. 18 (1978179), no. 1-2, 69-80.

77. MR0517160 (81b:90152) Yasuda, Masami Policy improvement in Markov decision pro.

cesses and Markov potential theory. Bull. Math. Statist. 1,8 (1978/79), no. 1-2, 5!67.
78. MR0517159 (81b:90151) Yasuda, Masami Semi-Markov decision processes with countable

state space and compact action space. Bull. Math. Statist. 18 (1978/79), no. l-2,35-54.

79. MR0388579 (52 #9415) Yasuda, Masami A note on an asymptotic behaviour of coef-

ficients of loss in limited input Poisson queueing systems. Rep. Fac. Sci. Kagoshima

Univ. No. 7 (1974), 2l-27.

80. MR0403776 (53 #7587) Yasuda, Masami On the existence of optimal control in con-

tinuous time Markov decision processes. Bull. Math. Statist. 15 (1972/73)7 no. l-21

7-r7.

81. MR0329734 (48 #8075) Yasuda, Masami On the stochastic optimization of linear sys-

tems. Rep. Fac. Sci. Kagoshima Univ. No. 5 (1972), 1-5.
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共同研究者と学生より

安田先生 とのこと 城西大学理学部数学科講師 岩村覚三

安田先生と初めてお会いしたのは5thBC(Bellman Continuum) Hawaii の少なくても1

年以上前のはずだから19991-1992年前後です。その頃のDP研究部会は日本科学技術連盟千駄ケ谷

のセミナールームで開催されてました。そのセミナールームで初めてお会いしました。私は、1970

年から1985年ごろまで整数計画法のアルゴリズムの研究で貴重な時間を浪費してしまい、matrOid

や greedoid上のアルゴリズムは全て離散DPアルゴリズムであることを確認してDPアルゴリズ

ムの偉大さにわが身を鞭打たれ、当時は小田中敏夫先生が事務方をやっていた日本オペレーショ

ンズ・リサーチ学会 DP研究部会に帰ってきたばかりでした。Stopping problemを 研究してこら

れたとのことでしたが、既に蔵野先生や中神先生方とファジイ過程 (フ ァジイ MarkOv Decision

Process、 ファジイMDP)の構成とその諸特徴の研究を始めていました。岩村は小田中モデルが

上手く数学に乗らないでもがいていましたが、安田先生方の方法は上手くいって Fuzzy Sets and

Systemsに共著論文が次々に掲載されていました。結局小田中モデルは目的関数を積分形式のファ

ジイDPとでも呼べるようなDPと して、中国科学院から日本に来たBaOding Liuにより大方の

決着がつきました。その結果は Liu― Esogbueと して英語の本にもなっています。ファジイ過程の

研究はそこで蔵野 0安田 0中神 (時には吉田)の ファジイ MDP、 Liu― Esogbueの Fuzzy criterion

set and fuzzy criterion dynamic programming、 それに九州大学岩本先生のファジイ決定過程モデ

ルの3通 りがあるわけです。その中で、安田先生がたのモデルはHausdOrl spaceを 使ったもっと

も難しいモデルになっていますが、ほとんどの論文には例題が付けられていてわかりやすく述べら

れているといえます (だが、岩村は細部の全ての証明を後付け終わったわけではない |)。 1994年

の6thBC Hachiottiで は蔵野先生方と論文審査を分担されたり、また岩村勤務先の城西大学数学

科でファジイMDPの基礎に関する講演をしていただいたりしました。岩村は日本数学会に所属し

ていないので日本数学会では安田先生との関係はありません。そうでした、つい最近の DP研究

会では (2008二 20010)主査 0副主査で研究部会の裏方をご一緒しました。千葉大学理系総合研

究棟一階まで安田先生が数学・情報科学科棟からポットや Pcや電源コード類を持ってきて参加者

にコーヒーやお茶の準備をしてくれたことを今でも感謝しています。岩村はひそかに千葉大学統計

数学二人衆と呼んで安田、蔵野、中神の二人の共同研究を称賛の日で見つめ、若干羨ましくも思っ

ていました。共同研究は意外に遂行が難しく、些細な好みでせっかくの共同研究をやめてしまった

り、最悪の場合は相互に非難中傷をしてしまったりとなかなか難しいものです。そういう風にはな

らずに、ファジイMDPモデル構築を成し遂げられた安田先生におめでとうございますとお祝いの

言葉を退官を記念して差し上げたいと思います。 (終わり)
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安田先生 との共同研究  千葉大学名誉教授 蔵野正美

安田先生 !千葉大学でのお仕事、永い間御苦労さまでした。無事定年退職を迎えられ、まずは心

よりお祝い申し上げます。

「ひとたび経て、再びは来ない野中の道 (三好達治詩集 旅人)

千葉大での安田先生を中心とした共同研究を思い起こすことは私にとって喜びでありまた有意義

なことです。

私は昭和 47年に千葉大教育学部に赴任しました。その後安田先生が鹿児島大から教養部にこら

れました。少 し後れて中神先生が理学部にこられました。これで三人組がそろいました。毎週月

曜日の午後、定例で安田先生の研究室 (セ ミナー室付きの広い部屋)に集まり、最適停止問題の教

科書

Yo S.Chow and H.RobbinS,Grett Expectttions:The Theory of Optimal Stopping,Houghton

Mimin,1971

を勉強しました。黄色く変色した原本のコピー冊子の目次をみますと、例えば第4章では§1-§ 3(中

神)、 §4-§6(蔵野)、 §7-§ 9(安田)と セミナーの発表者の名前が記されていました。(なんと素晴

らしいことか !私の財産 !私の青春 !)

このセミナーで停止ルールの単調性 (one_stage lookahead policy)の 重要性と応用性の広さを学

び、これを基にして共者の論文を書きました。懐かしい響き :多数決ルール、あるいは単調論理関

数の多人数停止問題 (OR学会誌 1980,1982)。 lそ の後 10年を経てその連続版 (Dynamic Games,

1999)を書きました。
l

これにより我々二人組の結び付きは不動のものとなり、私は共同研究について貴重な体験をしま

した。その後、北九州大学の吉田先生が加わってのフアジー数学の共同研究、さらに和歌山大学の

門田先生が加わっての一般効用関数の MDPsの共同研究を進んで行きました。これらはすべて安

田先生を真ん中にすえた共同研究でした。

私のとって共同研究の良い点は、人それぞれ理解の仕方や感じ方、イメージの作り方、また発想

の仕方などに微妙あるいは大いなる違いや独自性があり、それをお互いに付き合わせることにより

新しい課題の発見や新しいアイディアが生まれてくることでした。また、スランプに落ちいって論

文が全く書けない時など共同研究の有難さが身にしみました。

さて共同研究をしたくてもその場がなければ成立しません。私に場を提供して下さったのは安田

先生です。感謝感謝 !安田先生の人を寛大に受けいれる包容力、ふところの広さには尊敬に値いす

るところです。それに決断力と積極性 !

退職後には楽しいことが沢山待っているらしいです。健康第一にして、楽しく過ごされんことを

祈っています。

9



私が尊敬する安田正賞先生

大阪府立大学名誉教授・近畿大学経営学部教授

寺岡義伸

いよいよ、この 3月 末でご退官、長い大学教員生活、お疲れ様でした。私の時もそ

うでしたが、このような場合、皆さんは「おめでとう」とお祝いの言葉を下さるので

すが、見方を変えれば、年を取つて身体にガタがきたので、大学としては用済みとも

考えられます。「この齢まで無事に勤めることが出来ました」という意味で、お祝い

なのでしょうか。しかし、現在では 65歳はまだ青年の域、20代の娘と結婚して子供

を作る人物も出てきています。お互いに、健康に注意して「あの年寄り、いつまでも

元気で、しつこいな」と言われるよう、大いにのさばりましょう。

私が、安田先生と初めてお会いしたのは、昭和 45年春の「統計数学若手研究会」

の時でした。それから、統計サマーセミナー 00R学会・数学会・計画数学シンポジ

ウム・RIMS研究集会等々を通じて、随分長いお付き合いとなりました。

安田先生の研究業績は “世界の安田"と して、その道のプロから高く評価され、質

は勿論、量もすごく、大変な業績、私のような者がとやかく批評するのは失礼と言う

ものですので、差し控えさせていただきます。

安田先生の良い所は、すごい研究業績を出されながらも、ちつとも偉ぶらず、他人

にも優しく、学生の面倒見も細やかな、その素晴らしい人柄だと思います。私よりも

3歳年下ですが、昔から尊敬しておりました。そんな訳で、先日、影山先生から、記

念論文集の原稿を頼まれた時は、是非原稿を提出させていただきたいと思いましたが、

私も、この 3月 末、2度 目の勤務先である近畿大学を定年退職となり、学年末の雑用

に加え、研究室の整理で、とても新しい研究成果を論文の形に纏められる環境にあり

ません。更に加えて、1年半前から足や腰の痛みや痺れを感じるようになり、昨年か

ら歩行に杖を使 う身となってしまいました。そこで、この3月 、学校の仕事が一段落

した頃を見計らって、徹底的に身体の検査と治療できるよう、予定を入れてしまいま

した。

申し訳ありませんが、安田正賞先生退官記念講演会と懇親会には、欠席させていた

だきます。また、記念論文ですが、研究室も整理してしまい、計画数学に関しての新

しい結果を出せる環境にありませんので、計画数学とは距離のある分野の研究結果の

要旨のみを提出させていただきます。

この研究は、私が研究者となつて最初に取り組んだ “光の相互反射"に関する研究

で、先日、ある縁から電気学会の照明分野で発表する機会を得ました。その講演に先

立ち、相互反射に関するその後 40年の発展を調べましたところ、相互反射の数学的

基礎に関しては、一応の完成状態として大きな変化が無い状態でした。その当時の理
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論は、光源は拡散光源で壁面は拡散面を前提に作られていました。ところが、近年、

指向性光源の開発や非拡散性壁面の増加に伴い、拡散性を仮定しない相互反射の計算

式の定式化が求められていることを知りました。拡散性を仮定せず、単に光束の授受

としての相互反射を眺めて観ると、マルコフ連鎖の極限分布として、表現できること

に気がつきました。この考えを纏めたのが下記の要旨です。

一見、経済現象とは無関係と見える照明工学の分野に相互反射と呼ばれる現象があ

る。光源を有する室内で各壁面での明るさを算定する場合、周囲に光を反射しない壁

面から構成された室内であれば、直射照度を求めれば十分であるが、実際われわれが

体験する照明環境では、多数の面で光の反射が無限に繰り返され、一つの平衡状態に

到達する。このような光の相互反射を考慮した解析なしでは、正しい照明設計は行え

ないといえる。ところで、この光 (光束)の相互反射を注意深く観察してみると、経

済現象における財の流れと意外な類似性があることに驚かされる。

次に発表する論文は、室内にガラス戸やカーテンのような反射性のみならず、透過

性と吸収性を持つ膜で仕切られた光学系を仮定し、単に面と面との間の光束の授受だ

けを前提として、透過性と反射性を持つ面間の相互反射の近似方程式を、推移行列を

用いて表現する。この方程式で、各壁面を経済主体、光束を財で置き換えると、一般

化された多重相互反射の方程式は、経済現象における財の均衡方程式に通じることに

驚かされる。

一般化された多重相互反射の近似方程式

はじめに 近年、指向性光源の開発に伴い、これまでの均等性光源や拡散性照明器

具を前提にした照明計算に修正の必要性が求められている。しかしながら、照明計算

の出発は光束の移動の数学的記述であり、特別な場合として光源の均等性や壁面の拡

散性が仮定された結果が示されているに過ぎない。本報告では、光源の均等性や壁面

の拡散性を仮定せず、単に面と面との間の光束の授受だけを前提として、透過性と反

射性を持つ面間の相互反射の近似方程式を推移行列を用いて表現する。指向性光源や

非拡散性反射面・透過面を含む形式の明確化を目的とする。

モデルと定式化 一つの光学系を考える。その光学系は、ほぼ一様な光東発散度を

持つようなn個の面に都合よく分割されているとする。各面では入射した光は反射さ

れるか透過するか、吸収されるものとする。この系内に光源が置かれると、発生した

光は各面で反射・透過・吸収を無限に繰り返し一つの平衡状態に到達する。相互反射

を記述するには、次の 2つの原理が基礎となる。

１
■

″　　一一一日一一一一一一一一一， 一一



光東保存の原理

“相互反射系の各面素において、その面素の入射する光東は、その部分に吸収 され

る光東 とそれから外へ発散 (反射または透過)される光東 との和に等 しい "。

相互反射系における全光束の法則

“相互反射系内のある面素から発散 される光東は、その面素から直接発散 される光

束 と、その面素から見える系内の他の部分からの相互反射による光束の増加分、およ

びその面素に透過 してくる光束の和に等 しい"。

ここでは全て各面から発散 される光束を基本に各面の状態を記述する。

系内での光束の移動を観察 し次の 2種の係数を定義する。

空間的な位置関係および面の反射特性 と透過特性により、面 Jか ら発散 された単位

光束の うち面ノヘ入射 される光束をF(J,ノ )と 置き空間移動係数 と呼ぶことにする。

この時

0≦ F(j,ノ )≦ 1 カrj,ノ 〒1,一――,“ ;Σ F(j,ノ)=1 カrJ=1,一一―,″

ノ=1

が成立する。

また、反射や透過 もJ面から面ノヘの非空間的な光束の移動 と考え、τ(J,ノ)で示 し面

内推移係数 と呼ぶことにする。この係数に関しては

0≦ τ(J,ノ )≦ 1カrJ,ノ =1,一――,″  ; Στ(J,ノ)<1 カrJ=1,一――,κ

ノ=1

が要請される。

この時、τ(J,ノ)>0な らば面Jか ら面ノヘこの率の光束が透過するということである。

これは、面Jに入射した光がそこで光電池で電流に変換されて面ノヘ移動し、再び光

に変換されて面ノから発散する場合も含める。特別な場合として

τ(J,J)=ρ ′は 面Jでの反射率

を意味することは言うまでも無い。

無限回の反射と透過・吸収の繰り返しの後平衡状態になつたときの面Jにおける光

東発散度を二
J、 相互反射以前の面Jにおける初期光束発散度を二∝と置く。

上記二つの原理から、

[二′]=[二 0′ ]+[τ (J,ノ )]r[F(J,ノ )]r[二′]

(一般化された多重相互反射の近似方程式)

が成立する。
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ここに、上付きのrは転置行列を意味する。 また、レ′]と レ∝]は 4× 1列ベクトル、

レ(J,ノ )]と lF(J,ノ )]は 刀×κ正方行列であることは言うまでもない。

照明工学の書物では空間移動係数は使われず、全ての面は完全拡散面と仮定され、

光束授受の順番も逆 (すなわち、行と列が逆)になっており、形態係数、交換係数、

固有光束入射係数等と呼ばれる係数を用いている[1,2,3]。

指向性光源に対しては、各面への直射照度から初期光東発散度を計算して上式に代

入、非拡散性面に対しては面Jか ら面ノヘの光束の移動量を反射特性や透過特性と幾

何学的位置関係を考慮してF(J,ノ)を計算して代入すればよい。

参考文献

[1]新 しい照明ノー ト、オーム社 (1996)

[2]照 明工学 (電気学会大学講座)(1978)

[3]福井,寺岡 :行列による多重相互反射の計算,照明学会誌 53巻,472‐480(1969)
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Exact fraction for the probability of run by A. de Moivre

using Fibonacci, Tfibonacci sequence

岩本誠一 木村寛

Febuary,2012

概要

安田正賃

情報理論、ハイパーキュープの部分列や株価変化のチャー ト理論、さまざまな分野において、

フィボナッチ数列が応用されることはよく知られている。ここでは、1717年 (初版)に A.de

Moivre(ド モアプル)「偶然の学理 (The dOCtrine of Chances)」 がベルヌーイ列における連 (生

起継続回数)の計算で求めた式であることを述べる。彼の計算結果はこのフィボナッチ数、ト

リボナッチ数、さらにテトラナッチ数など一般化フィボナッチ数による関係で示されるもので

ある。さらにそれを拡張したと主張する、積分の台形公式で知られてぃる ToSimpsOn(シ ンプ

ソン)の 1740年の結果との関連も紹介する。これらのことから、de MO市reに よる連の計算、

Simpsonに よる拡張が分数で表現できる再帰関係式を示す。

1 フィボナッチ数とトリボナッチ数

1.1 フィボナッチ列

フィボナ ッチ数 (Fibonacci numbers:F(n)=F(n-1)十 F(n-2)with F(0)=O and F(1)

=1)は非常に多 くの分野で、さまざまな形による結果 としてよく知 られている。この数列は

{0,1,1,2,3,5,8,13,21,34,55,89,144,・ …)は Larr16's sequencOと もよばれるが、とくにここでは

F(n+2)=number of binary sequences of length n that have no consecutive O's.

F(n+2)=rlllmber of subsets of l,2,… ,n thtt contain no consecutive integers.

を取 り上げる。つまり、フィボナッチ数は、0と 1か らなるすべての文字列のなかで、部分列 “11"

を含まないものの総数 と一致することが知 られている。たとえば、フィボナッチ数列を入力 して検

索できるThe OEIS(On―Line Encyclopedia of lnteger Sequences)FoundatiOn WEB pageに 記述

され、よく知られている。1963年からフィボナッチ協会発行の The Fibonacci Quarterlyに は数多

くの結果が報告されている。

上記の命題としては、

The probability of not getting two heads in a row in η tosses of a coin is ttη +2)/2π

(HOnSberger 1985,pp.120-122).Fibonacci numbers are also related to the number

of ways in which η coin tosses can be made such that there are not three consecutive

heads or tails.

と述べられている。

文献 [Hon可 :HOnsberger,Re"A Second Look at the Fibonacci and Lucas Numbers."Ch.8 in

Mathematical Clellrls IIIo Washington,I)C:NIath.ALssoce AInere,1985.

文献 IChWel:Chandra,PrⅣ in and Weisstein,Eric W."Fibonacci Number."■ om MathWorld一

A Wolfram Web Resource. http://mathwor■ dowolfram.com/FibonacciNumberohtml

また.
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Tetranacci numbers:a(n)=a(n-1)+a(n_2)十 a(n-3)+a(n-4)with
a(0)=a(1)=a(2)=0,a(3)=1,に ついて

α(2+4)=number ofO-l sequences of length η that avoid llll.

―Da宙d Callan(Callan(AT)statewisc.edu),Ju1 19 2004.The On― Line Encyclopedia of

lnteger Sequences!

文献 IMiS司 :「フ イボナッチ列の O(1)時 間生成について」三河 賢治,仙波 一郎、「An O(1)Time

Algorithm for Generating Fibonacci Strings」 Ketti MIKAWA and lchiro SEMBA,電 子情報通

信学会論文誌 Vol.J85-D― I,No。 2,pp.116-121,Feb.2002。 では、このリストを効率よく生成

するアルゴリズムが研究されている。またハイパーキューブの部分列、ハミル トンパスの再帰的構

成、また株価変化に関するチャー ト理論などにもフィボナッチ列の応用が知られている。入試問題

などにも多く見受けられる(2011年大阪教育大後期、2010年千葉大前期、2008年横浜国立大後期)。

一方、数論の研究者では組合せ数論のなかでより深い研究がなされ、このうち、つぎの論文など

が、フィボナッチ数列での結果、 0と 1の数列で"11"を表れない場合数の数え上げがフィボナッチ

数となること、の拡張を論じている。

文献 ICao61:DoCallan:Permutttions avoiding a Nonconsecutive lnstance of a 2-or 3-Letters

Pattёrn,2006. wwwoStatowisc,edu/～callan/notes/nOnconsec..。 /nonconsec_patternops

文蘭tICa091:Do Callan,Pattern avoidance in"nattened"partitions,Discrete Ⅳ[ath.,309(2009),

4187-4191.

ここでは上記の結果 に関連 して、17世紀の数学者 ドモアブル、文献 [deM]:Abraham de
Moivre(1667-1754)に よる “「The principle of Chance(偶 然の学理)Jの第 LXXIV(74)問 (連

の確率計算)"(1738年 第 2版 )、 (た だし 1756年では第 LXXXVIII(88)間)の解が トリボナッチ

数列による分数表現で与えられることを述べる。この文献は doctrineOf chmce00moiv.Pdf(SiZe

18M)で検索すれば入手できる。さらにより高次の再帰関係数列式、テ トラナッチ数列への拡大、更

なる発展、定積分の近似計算式で有名なシンプソン、文献 ドiml:ThOmas Simpson(1710-1761)に よ

る「偶然の性質と法則」(The Nature and Laws of Chance)(1792年 )での剰窃的な記述の結論に触

れる。彼自身による序文では、「皆のために、 ド・モアブルのような偉大な人のあとで、このような

題目を解説しようと企てるのは、ずうずうしいと思われるかも知れないが、それでも私は満足だ」と

述べている。

本論の目的は、動的計画法の理論でわれわれが議論 していた事実 I岩本ほか 2006年、2007年 ёta

が、既に ド 0モアブルによる母関数を一種の多項式にもちいた確率計算には、数列の再帰関係式が

表れていることを注意 したい。
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節 The Theory of Runs.
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113-134,247,439-448.
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S.Iwamoto and M.Yasuda;Golden Optilnal value in discrete― tilne dynanlic optilnization pro―
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Theorem l。 lη 桁の{0,1}からなるすべての列2π のうち、部分列11を含まないもの(a sequence

of avoiding"11")は 、F(η +2)個ある。ここで F(η)=島 はフイボナッチ数 :

上記の命題を確かめるために、 2つの例を挙げる。

Exttple 1 2=3桁の {0,1)か らなるすべての列 23=8の うち、部分列 11を含まないものは、

23=8個のうち、F(3+2)=F(5)=5個 ある。

fi1 frZ frg included/none ″1″2π3α4 L*n*n.+t
1000

1001

1010

1011

1100

1 101

1110

0 0 0

0 0 1

0 1 0

0  1  1

1 0 0

1  0  1

1  1  0

1  1  1

none

n0ne

n0ne

included

none

none

included

included

0000

0001

0 0 1 0

0 0 1 1

0 1 0 0

0 1 0 1

0 1 1 0

0 1 1 1 1111

0

0

0

1

0

0

1

2

0

0

0

1

1

1

2

3

Example 2 2=4桁 ではF(4+2)=F(6)=8個 ある。この場合における表では,づηclttα cα/ποηC

の代わりに、Σノづ
“
じ+1を計算した。明らかに

"11"are included⇔ "Σ
`χ

づ
"づ
+1≠ σ'

"11"are nond'⇔ "Σ
`χ
づ
“̀+1=σ

'

が成り立つから、この計算Σづ″づχづ+1によって判別を下すことができる。つまりこの値が0かどう

かによって数え上げれば、つぎの結果が得られる。
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Theorem l.2(同値命題の定理)η 個の独立なベルヌーイ列、民 ～ BinOm(1,3),づ =1,2,…・,電

において、

P恒 綺     ①

が成り立つ。ここで F(2)=二Dは 2-thフ ィボナッチ数とする。

(注意)論理関数として、積和 ∨肛訳為 ∧Xづ+1)=0を もちいても同じ。

Lemma l.1数列 {απ,bttπ =1,2,… を、αl=bl=1と し、またη>1について

{ :lli  二  
απ~十 bη

                            (2)
αη

とおくと、

見 +2=αη tt bη , 見 =bπ             (3)

が成り立つ。

Lemma l.2

(1:ソ
=(摯 1_)η =載 …   0

定理 1.2の証明:η 桁のフィボナッチ列を考える。このうち、

(1)η 桁日の値が 0の個数を αηとし、

(2)η 桁目の値が 1の個数を bη とする。

すなわちフィボナッチ列の総数は απ+bη である。つぎに続 くη+1桁目の数字を考えると、απと

して数えたものは 0と 1の 2種類がつぎ桁に位置づけられる。しかし bπ で数えたものは 0のみし

か位置づけられない。このことから、(2)が成り立つ。

したがって

(:1ll)=(1:)(″ )=(1:)η (:I)=(I七
十1 1_1)(1)=(III:)

η番目では

.° .αη+bπ =民2+1+几 =F五十2, bπ =島

(QED)

Corollary l。 1フ ィボナッチ列 (情報理論の意味で)において

(1)η 桁目の値が 0の個数はαη=F(η +1).

(2)η 桁目の値が 1の個数は bπ =F(2).

が成り立つ。

たとえば、η=3では、(1)は α3=F(4)=3で 、{000,010,100),(2)は b3=F(3)=2
で、{001,101).η =4では、(1)0ま α4=F(5)=5で 、{0000,0010,0100,1000,1010),(2)は

b4=F(4)=3で、{0001,0101,1001}.

1.2 トリボナッチ数列

前節で述べたフィボナッチ列が 2項の和で定めたことに対して、3項の和としたものが、トリボ

ナッチとよばれる。さらに 4項へと拡張した場合を後節で考える。
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Dettnition l.1ト リボナッチ数列の定義 :

Ъ =■ =0,■ =1,L+3=乳 +写〕+1+乳+2,(η ≧0)

この定義によるいくつかの項を列挙してみるとつぎのように計算できる。

10

Z

12 13 14 15 16

13 24 44

20

81

21 22 23

149  274  504  924  1705  3136  ・00   35890  66012  121415  223317

規則 (1)◎→◎と〇、規則

つ ま り、各世代 での合計 "島 =◎ +○"で あ った。親番を ■,子 番を 3と した文字列

の代入 (StringReplace)と その個数数 え上げ (StringCOunt)に よる数式処理 をお こな うと、

StringReplace(1)‖ A‖ → ‖AB",(2)"B“ → "A‖ 入 力 とそ の結果 表示 :Input,Rule,

Initial, number― of―repeat:  NestList[StringReplace[#,{‖ A‖ ―>"AB‖ ,‖ B"― >‖ A‖ }]&,10A10,5]]

数え上げ :stringCout[%,"A"]で フィボナッチ列 Fl,F2,… °,F6が 6個並んで出てくる。

この場合には 3種の属性 :◎、△、○を考え、 3つの規則

フィボナッチ数と比べると、急激に増加する。

がい)」 と「子番」の 2属性から生成された。

規則 (1)◎→◎と△、

規則 (2)△→◎とO、

規則 (3)○→◎

として各世代での合計 ":L=◎ +△ +○ "

StringRep■ace (1) "A‖ ―> 10AB", (2)

フィボナッチ列の考え方が兎 (う さぎ)の「親番 (つ

親 (◎印)と子 (○印)が、

(2)○→◎

とする。 この場合 も数式処理

10B・・ ―> ・・AC・・, (3) ・・C" ―> 10A"

で同様となる。

一般項の計算は数式処理 (Mathematica)に より計算するが、そのままでは冗長で多少手を加え

てみる。まず 3世代の変換行列における固有方程式

“

3=1+χ +χ2

を求めると、

CharacteristicPo■ ynomia■ [{{1, 1, 1},{1, 0, 0},{0, 1, 0}}, x]

So■ve[1 + x + x^2 - x^3 == 0, x]

{

a_1 = {x ―> 1/3 (1 + (19 - 3 Sqrt[33])^(1/3)+ (19 + 3 Sqrt[33])^(1/3))},

a_2 = {x ―> 1/3 - 1/6 (1 + I Sqrt[3]) (19 - 3 Sqrt[33])^(1/3)

- 1/6 (1 - I Sqrt[3]) (19 + 3 Sqrt[33])^(1/3)},

a_3 = {x ―>  1/3 - 1/6 (1 - I Sqrt[3]) (19 - 3 Sqrt[33])^(1/3)

- 1/6 (1 + I Sqrt[3]) (19 + 3 Sqrt[33])^(1/3)}}

であり、この解

(5)

αl=:

α2=告

α3=:

18



ただし、ω=~1+y動 とする。したがって1+ω +万 =0などより、つぎを得る。

&t*az*aJ:L, afiz*a2ag*aga1 --1, &1{r2d,g, | (6)

これらを用いて、べき行列により表現する。(参考 :ja.市 kipedia.org/wiki/フ イボナッチ数)

MatrixPower[mat,n]の 計算とその成分結果 :

写
雛
Ъ

／

１

‐

ｌ

＼

〓

ヽ

、

‐

‐

′

／

η
に

π
Ｏ
η
Ｃ

α

　

α

　

α

η
Ｏ

π
Ｏ
π
Ｃ

α

　

α

　

α

／

１

‐

‐

ｌ

＼

〓

πヽ

ｌ

‐

′

／

１

０

０

ｌ

ｎ
ｕ

ｌ

ｌ

ｌ

０

　

　

２

／
ｒ
ｆ
‐
‐
ヽ
ヽ

　

　

十

oTt,r)

o?r,r)

oTt,r)

乳 +1+乳
Z+=L_1

写〕_1+写 し_2

ヽ

ｌ

‐

′

／

写
Ｚ
写

αれ,⇒
=Ъ

oTt,r) : Tn+L

oTt.tl : Tn+r

αれ,⇒
=L+1:

(ot-az)(ar-ot)

*Tn:

oT+'(oz + oz)

(αl~α 2)(αl~α 3)

αI+2α 2α 3

(ot-az)(az-ot)

o7+'(or + or)
(ot-az)(az-ot)

a1a|+2 as

(α l~α 3)(α2~α 3)'

(αl十 α2)α3+2

(αl~α 3)(α2~α 3)'

αlα 2α3+2

α[+2 α3+2 α3+2
+

十

十

(αl~α 2)(αl~α 3) (αl~α 2)(α2~α 3) (αl~α 3)(α2~α 3)'

αT+1 α,+1 α3+1
十

(α l~α 2)(αl~α 3)

α移。幼=Ъ tt Ъ-1:

oT+t @z + os)

oTr.t) =乳 :

(αl~α 2)(αl~α 3)

αl+lα 203

(ot - az)(at - as) (ot

α為。1)=Z:

十

(α l~α 2)(α2~α 3)

α,+1(α l+α3)

(αl~α 2)(α2~α 3)

αlα3+lα 3

(αl~α 3)(α 2~α 3)'

(αl+α2)α3+1

(αl~α3)(a2~α 3)'

αlα2α3+1

(αl~α 3)(α2~α 3)'
十

αT

~α 2)(a2~α 3)

α3 α旨
+

(α l~α 2)(αl~α 3)

αЪO=島-1+乳-2:

eT@z a or)

αЪ司=島-1:

(ot-az)(at-ot)

aTazas

(αl~α 2)(αl~α 3)

これらのコンピュータ結果からも

(α l~α 2)(α2~α 3)

α3(α l+α3)

(α l~α 3)(α2~α 3)'

α3(α l+α2)

(αl~α 3)(α2~α 3)'

αlα2α3

(αl~α 3)(α2~α 3)

十

(α l~α 2)(α2~α 3)

αlα

'α

3

(αl~α 2)(α2~α 3)

Ъ +3=L+乳 +1+Ъ+2,(η ≧ 0)

+
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と得られる。またフィボナッチ、トリボナッチ、テトラナッチの番は永遠に不滅の生命力を有する。

したがって増加の状況が

1+拓
島/島_1～ =1.620…  (黄金比)

という関係が検証され、初期値から、

Z+1 =αれ,⇒
+αれ,a

と評価され、η≧6でも島 ～ 13×

+  +

(上
t多
⊆
)■

(η Jで,頃

十

／

１

１

＼

１

一
３〓α〓学聟 =Q

が成り立つことが知られている。

(8)

0,1,2,・ …}:

01=の2=0,03=1,

=Oη+3+Cπ+2+Oπ+1+Oη

2 テ トラナッチ数列とド・モアブルの結果

つぎにテトラナッチ数列{o%;η =

Oo=

Oπ+4

に対しては

η 10 1 2  3  4

理

は

同

　

　

　

幼

　

の

19-+3、 /百319-3桁 3+
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【1】 ベルヌーイ試行において、10回試行したときに3回以上表の出ることが続く確率 P(10,3)

は ?

答えとして、

ヽ
―
ノ

行

４４

一
・２８

　

嘱

＋

　

回

２４

一
６４

　

２４

＋
　
　
　
ヽ

・３七秘　開

．ち

討

／
１１
＼

単

１

一
８

　

簡とつもを算計０
４

65

128
鐸 0.508     (10)

で、4回以上表の出ることが続

く確率 P(24,4)は ?

答えとして (一部計算間違いが指摘されているが、確認 してみると間違いではない)こ の場

合の計算として導いた結果,P(24,4)鐸 0.497カ 得`られている。

現代のコンピュータを用いない時代にこのような素晴らしい計算には感嘆するばかりといわれる。

Example 3この ドモアブルの問題はコンピュータがあれば、極めて容易に確率計算となる。これ

がベルヌーイ試行におけるフィボナッチ、'ト リボナッチ、テ トラナッチ数列とつぎのように関係付

けられる。

記号 P(η ,た)の定義 :

PC,0=P〔
II氏

為+r… xづ +た_1>0)

とおく。したがって ドモアブルの結果は、これを用いて表すと

男F生 =1-手器=1-群 ‐508ЦlQ→ =義 =1-義 =1-

であった。4項式の初期値の関係から,25=21+4,η =21と して

‐          ==1-勢 =1-‐
:::::::鐸

1-10・503076==0。 496924P(25,4)=1-

とコンピュータで求められ、答えは ドモアブルの結果と一致する。

以上の結果から、つぎの定理としてまとめられる。

ηにおいて、Theorem 2.lη 個の独立なベルヌーイ列、Xづ ～Binom(1,3),づ =1,2,…・
,

(1) P“授→=

が成 り立つ。 ここで T(2)=写メまη―th拡張 トリボナッチ数 とする。

(2)

P(:JXザ L+ 部→=

が成り立つ。ここでの(η)=のηはη―thテ トラナッチ数列 (quadruplet sequence)と する。

多くの研究論文で、このようなベルヌーイ試行での成功が継続 して出ることの解析は研究さ

れている。 たとえば、 Mark Schilling; The longest run of heads, College Matherrlatics Jour―

nal, 1990, pp.196-207.  http://wwwostatowisc.edu/～ callan/notes/noncOnsec_pattern/

nonconsec_patternepdf

よく知られている様々な関係式のうち、この行列を用いるとそれぞれの数列に関して、フィボナッ

チ島 =ニト1+鳥ι_2,ト リボナッチz=写ι_1+乳_2+乳-3テ トラナッチOη =Oη _1+のπ_2+

Qπ-3+On-4を定める非線形な関係式;(カ ッシーニ、シムソンの定理)民_1民ら+1~既 =(-1)2

(11)

(12)
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(13)

(15)

(16)

るれら得カ式

ヽ
―
ノ
　
の

↑

恥

一

ヽ
―
―
′
　
凸

‰
乳
』
琳一

Ъ‰Ｚ　協

／劃「＼　獅

η
　
　
　
　
　
　
　
　
　
　
　
　
一

哺
ｏｌ
ｏノ
割

ｌ

ｎ
ｕ

ｌ

　

　

ｌで

ｌ

ｌ

ｏ
　

算

／
１
１
＼
　
計の式列行

(1:
(-1)π =民 2+1両辺の行列式を求めれば、

同様に

をもちいて、

したがって

where

EⅣびy

DⅣびy =

(句
1■

1

-_畷 から、つぎ

瑚 +(-1)π

島
_1

Fn+r-

~Z+2L■ -2

Tn*2:
1-電 +2Ъ+lЪ■_1-嘲+1島_2

(14)
暉_1-耽乳_2

Qn+3 :
EⅣびν

DⅣびν

(-1)π +Ct-30π +10λのπ_1+Cλ +10λ _1+2oπ+2のπのλ_1+2のλ+19れのη_2

-2cL+20λのπ-2~2oπ+20π+10η_10第 _2+Oλ+2のλ-2~のλ+10η_3

+2のπ+20π+10π Oπ_3~Oλ +20鳥-10π _3

oλ_1-2oη Oπ_10け 2+のπ+10λ _2+のλOη_3~Oη +10η_10π _3

一

”　　　　　　　　』

ｏ　
伸脚陣〕
　
時

る

ら
　
　
　
　
　
　
　
ち

　

一

得

さ
　
　
　
　
　
　
　
も

　

＜

を

　

　

　

　

　

　

　

　

を

3 階差数列を考える

フィボナッチ数列 {島 ;」耽+2=馬叶1+FL)に おいて、階差 {」耽―島_1)は再びフィボナッチ

数列となる。すなわち 馬叶3~Ec+2=(鳥ι+2~Ec+1)十 (」耽+1-FL),よ つて

島 +3=2島+2~島

が成り立つ。

最近のFQ誌に掲載された

Howard,F.T.;Cooper,Curtis:Sollllle identities for r― Fibonacci numbers.

(2011),n00 3,231-242.

Fibonacci Quart. 49
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においては、この関係を階差とは考えずに直接解いている (Thm 2。 2,,2.3,2。 4)。 後者の著者は、FQ
のmain editorで ある。

ここでは、この関係式をもちいると、両辺を 2のべき乗で割って、順次次数を下げていくとつぎ

の関係式が得られることを述べておく。差分演算子 △島 =″唸+1-月跳を用いると、

△島 =△島 _1+△島 _2(η ≧ 2)

△Ъ =△乳 _1+△写し_2+△L-3(η ≧ 3)

△Oη =△のπ_1+△ Oπ=2+△のπ_3+△ Oπ _4

を解くことに帰着される。                    (η

≧4)

帰納法をもちいても当然得られる。したがって次の定理は明らか。

Theorem 3.1フ ィボナッチ数列では

島 +
2r+l=1-多 (争

+暑 十争+…・+;髪≒
)

が示される。同様に トリボナッチ数列では写辞4=21L+3~■ より

写 +
2r+÷

=1-妻
(チ

十髪+多 十…。十
;

またテ トラナッチ数列では                  

も
)

(17)

(18)

(19)

(20)絆=1-多
G弁

+争 +争 +… +′峯)

を得る。

フィボナッチ数列では、階差数列から得られる関係式 :民叶3=2」耽+2~FLを 用いたが、 トリ

ボナッチ数列の階差の関係式 ;写汁4=2L+3~Ъ ヽさらにテ トラナッチ数列の階差の関係式 :

のη+5=2oπ +4~のπから同様にして得られる。フィボナッチ数列の関係式 (18)はよく知られてい

るもののひとつである。

数値例 (r=9)で確かめると

F12

29+1

■ 3

29+1

014
29+1

この数値例 (21)式の値は、

に他ならない。したがってこ

これは 2, 3、 4次の場合で

凄まじい計算力に驚嘆する。

4 偉大な人の後で

T.シ ンプソン「The Nature and Laws of Chance」 (偶然の性質と法則,1740年)の連 (第 XXIV(24)

間)の問題 :「皆のため、ドモアブルのような偉大な人の後で、このような題目を解説しようと企て

るのは、ずうずうしいと思われるかも知れないが、それでも私は満足だ」(序文より)
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ベルヌーイ試行での連の計算を行っている。提起された事象の起る確率を P,反対の事象の確率を

9=1-ρ とする。

「継続の法則は明らかである」として直ちに一般公式を書き下す。

としている。

この結果を検証するために階差数列を考えれば、もっと簡潔であり、結果の正しいことを確認で

き、よリー般な形の結果が求められる。これが主な主張である。実際、つぎの定理で述べる関係式

を用いて計算すると、

η 1234567 8 9 10

亀00昇 群 辞 昇 嘉 響 器 幾
耽:l¥¥響 警 響 辮 響 幣

確かにシンプソンの結果
「

`ZЮ =幾 鮨 o812071"と一致した。メデタシめでたし !途中での

過程では 4桁にもなるときがあるが、 10番 目では 3桁ずつの分数になり、ここで結果を示 してい

るのは、やはり計算の達人の表れか。

いままでの ドモアブルの結果、シンプソンの結果は、現代流の記号で表現するとつぎのように書

き表すことができる。つまり確率に関する「再帰関係式」(recurresive relation)で ある。

Theorem 4.lη 個の独立ばベルヌーイ列,Xづ ～Binom(1,P),づ =1,2,… 0,η ただし(0<p<1)
に対して、

とおくとき、つぎの関係式が成り立つ。

P(η ,た)=P(η -1,た )十 {1-P(覚 一た-1,た )Lpた , た≦η     (22)

境界条件は

P(0,た )=P(1,た )=…・=P(た -1,た)=0, P(た ,た)=りた~1

さらに たを固定 して、L=瀞 は 一乙 ),こ こで 正となる確率を

ヽ

、

‐

′

／

０＞
一＋島十Ｘ為

＋〒ん
Ｈ

η
／

′
′
・
‐
‐
・
ヽ
ヽ

Ｐ〓
んηＰ

＼

、

‐

′

／

０＞
一＋氏十為氏

讐▼ん
嗣

η／

１

１

＼

Ｐ〓乙

とし、ゼロとなる確率かり吼 =恭 P(Σ営
+lX`氏

+r… Xづ +た_1=の であり、

И亀=lИ亀_1_lИ亀_た_l         υ0p      p

△耽 =;lAL-1+△ L_2+… 十△鴫 _ん)     0→

24



″Lの ゼロとなる確率は、“11・ …1"を含まない、言いかえると避ける (Ⅳoiding Sequence)確 率

であり、P=9=1/2と いう場合はドモアブルの場合であり、係数がすべて1と なる、この線形差分

方程式の解は、フィボナッチ、トリボナッチ、テ トラナッチ数列に他ならない。これを用いると、確

率は分数で表現される。
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Abstract

In this paper we discuss two discrete-time control (primal) processes from the
viewpoints of duality and Golden optimality. At first we derive an associated dual
process. We show that it has a Golden optimal path. Then we find the Golden
optimal solution for both primal and dual processes through three approaches -(i).evaluation-optimization, (ii) dynamic programming, and (iii) variational method

1 Introduction
In a class of optimization problems there arises the question of whether an optimal solu-
tion is Golden or not. This question is partly resolved for a class of static optimization
problems [10-12,14]. Recently it has been shown that a Golden path/trajectory is opti-
mal in discrete/continuous-time control processes [13,18]. It is also obtained by solving a
corresponding Bellman equation for dynamic programming [1, 2,9,L7,22).

In this paper we discuss a typical dynamic optimization from the two veiwpoints of
duality and Golden optimality. The question is whether duality transmits Golden opti-
mality or not. We present two discrete-time control (primal) processes. Then we derive
associated dual processes. We show that the dual processes have also a Golden optimal
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path. Further we find the Golden optimal solution of both primal and dual processes

through three approaches - (i) evaluation-optimization, (ii) dynamic programming, and
(iii) variational method -. Here (i) evaluates the total cost and optimizes it among
the stationary policy class. The evaluation compresses an infinite.sequence problem into
one-variable one for primal process and two-variable for dual. This is possible under the
stationary reward-accumulation and state-dynamics. (ii) and (iii) solve Bellman equation
and Euler equation, respectively.

Let us consider a typical type of criterion - quadratic - in a deterministic optimiza-
tion. We minimize quadratic criteria

∬し)皇 ΣК十
"χ

η―χη報刈
η=0

Jし)=Σ Kb″ぼ″η+1ア +″角+」
η=0

where一∞ <b<∞ .There exists a d』erence between f and J:

J(″ )=」 (″ )一
":.

This dittlerence helps us to derive optimal solution of the prirrlal problem.However how

does the diference agects the forrrl of dual?

2  Golden]Paths

A real number

O:Y# = 1.618

is called Golden number [3,6,23]. It is the larger of the two solutions to quadratic equation

″
2_″ _1=0。

(1)

Sometimes(1)iS Called ttbθ ηαccづ。 This has two real solutions:φ and its cθ可鶴gαιC

φ:=1-φ .We nOte that

φ+φ =1, φ・φ=-1.

Further we have

φ
~1=φ -1, φ

~2=2-φ, φ
~1+φ~2=1

φ
2=1+φ,  72=2-φ,  φ

2+72=3。

A point φ
~2″

splits an interval 10,″ ]intO tWO intervals 10,φ
~2″

l and lφ
~2″

,″]e A point

φ
~1″

SplitS the interval into 10,φ
~1"l and iφ ~1",″

l・
In either case,the length constitutes

the Golden ratio φ
~2:φ-1=1:φ o Thus bOth divisions are the θθJα cη scctづθη[3,23].
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Definition 2.1 ( [18]) A sequence r : {0,1,.. .} -- ftl is called Golden if and only i,f
either rt+t _ 6-t or rr+t : d-2.11 11

Lemma 2.1 ( [18]) A Golden sequence r i,s ei,ther

rt: rod-t or rt: Io6-2t.

We remark that

o-, : (o - L)r, o-r, : (2 - 6r: (1 + d)-t

where

Q-l:6-'= 0.618, 2-O: (1 + d)-': Q-2 = 0.382

Let us introduce a controlled linear dynamics with real parameter b as follows.

rt+7:b4*u1 t:O,I,... (2)

where u: {0,1,...} -* Er is called control. lf.u1 - p4 (resp. prt* g), the control z is
called proportional (resp. li,near), where p, q are real constants. A sequence r satisfying
(2) is called path. We say that a quadratic function w(r) : ar2 is Golden if a : /. It is
called 'inuerse-Golden if. o : d-'.

Definition 2.2 ( [1S]) A proportional control u on dynami,cs (2) i,s called. Gold,en i,f and,

only i,f i,t generates a Golden path r.

Lemma 2.2 ( [18]) A proporti,onal control u1: pe on (2) is Golden if and only i.f

p:-b+d-' or p:-b+0-'. (3)

Definition 2.3 A sequence r : {0,1,. . .} --- El is called alternately Golden i,f and only i,f
ei,ther rt+t , -r rt+l t -2,, : -a - or *, : -a -'

Lemma 2.3 An alternatelg Golden sequence r i,s e,ither

rt : ro(-L)t6-t or rt : ro(-l)t6-zt.
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GoldenFig. 1 paths r- cf-t c - L,2,3

Fig. 2 Golden paths (c) r : sO zt c: 1,2,3

3 Discrete Euler equation
Let b be any given real constant. Let a function k : Rr -- Rr and a sequence of functions
fn : R2 -- Rr (r, > 0 ) be Cl-class.
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3.1 Fixed initial cost

First we evaluate any sequence lD : {rr,}r,>o by

J1(r) : k(rs) +i r,{*,, rnal - brn).
n:o

Let Dl be the set of r such that "[(r) takes a finite value. We consider a discrete-type
extremal problem

EPr extremize Jt(r) subject to (i) u e Dl.

This has not an initial condition ro: cbut an initial cost function k(r6).
Let g: g(rn,yr) be any two-variable Cl-function. Then we define

g, : 9(rn,un), n, : P(rn,un) (4)orn oan

where Un : rn+r - bnn.

Lemma 3.L Let r : {*n}nDo be an ertremal. Then r sati,sfies a system of aari,ati,onal
equations - di,screte type Euler equat'ion and two transuersality condi,ti,ons -

(EE)  二咀 一 (b九2~九 -12)=O η ≧ 1

(TC)。   た′(″o)十 九1-bん2=0           (5)
(TC)∞  11及 九2=0・

P知げ Formally three equations are derived as bllows(See F,5,7,8,2q).Let η、=
{ηη}η≧o be any sequencee Then ν:=″ 十Cη iS feasible for any c∈ Rlo Let us deine

ズ→:=たしめ+Σ九しη,νη+1-bν紛.

η=0

Then J(。 )muSt take a minimum value at c=O for any such η.This implies J′ (0)=0。

Let us now c」cdateノo=脇    .We note that

where

9n i: gn(h) -

=生 止
響

里 畳 二十 Lゞgη
η=0

ニズχπ+んηη,″η+1-b″η十ん(ηη+1-bηη))一 九(″η,″η+1-b″ 2)
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From the mean value theorem, there exists 00, 0 (0 10o, 0 < 1) satisfying

=た′
(″o+θoんη)770

=九 lηη十九2(ηη+1-bηη)

where

f nr : fnt(rn I 0hr7n, rn+r - brn * 9h(rln*t - bq") )

fnz : fnz(rn * Ihqn, rntt - brn I |h(rl*+r - bn)).

Then it holds that
NN

Dn" : t lfnfln * fnz(\n+r - bq*)l
n:O n:O 

N

= (fo, -bfoz)rto* I tf"t - (bf,r- f,-n)lrt,+ fxz\N+r.
=1

Then we have

∞                   Ⅳ

Σgη =(ん1-bん 2》0+爵聖LΣ [九 1

η=O                           η=1

Thus

J′(0)=li瑞 [た

′
(″0+θoんη。)十 (ん1-bん 2)]η0

N

+腔鴫爵塾LΣ [九1-0九2~ルト2)]
η=1

=li瑞 [た 1(″
0+θOん和)十 九1-bん 21η0

N

r lim \- ti* | f-, - (bf,, - f,-rz)ln,+ J'*ll* f xzqx+r.*-* 7o h-6 ' " '--

Consequently it holds that

"/'(0) : (k'(ro)* 
"for - bfoz)qo

+ if f-. - bfn2 * fn-tz)Tn* lim fn2rln+r (6)' 
n?_.-""t 

"Jnz I Jn-Lzltln ' 
"---

where

fnt : fa(rn, rnq - brn)

fnz : fnz(frn, rnal - brn).

Since J/(0)-must vanish for any Dl-sequence ?, we have the desired system of variational
equations- tr

た(″o+んηo)一 た(″o)

ん

gη

~(鈍亀2~ん卜12)]ηη+詳曳ん2ηN+ト

ηη+脇爵曳ん2ηN+1
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3。 2  Fixed initial state

Second we evaluate any sequence"=={″ η}η≧o by

J2(″)=ΣEニズ″η,″η+1~b"η ).

η=0

Let」92 be the set of″ such that J2(″)takes a inite valueo We consider a discrete― type

extremal problem

EP2(c) extremize Jr(r) subject to (i) ro :6, (i\) r e D2.

This has not an initial cost function k(re) but an initial condition ro: c.

Lemma 3.2 Let r be an ertremal. Then r sat'isfies a system of uariational equations -
di,screte type Euler equat'ion and a tmnsuersali,ty cond,i,ti,on -

(EE)  メ崚一(b九2~九-12)=0｀ η≧ 1

(TC)∞   1主L九2=0・

P知げ Let η={ηη}η≧o be any sequence satisfying恥 =0.Then the same waly as in
proof of Lerrlrrla 3。 l leads

J′(0)=ΣE(九 1-鈍亀2+ん卜12)ηη+lim九 2ηη+10       (7)
η=1

This implies the desired systerrl of variational equations.                         □

4 Primal ProcesS I(P);quadratic in current state

This section Πlinimizes a quadratic cost function

ΣEレλ+しη+1-b″η刈
η=0

where b∈ Jι
l is a given constant.[rhis problem is also solved as a control process with

criterion

Σ   (″λ
―+鶴角)

η=0

under an additiVe dナ narrliCS

frn*L-brn*un.
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4。 l Evaluation― optin■ization I(P)

Let」R∞ be the set of all sequences of real values:

R∞ ={″ =(χ o,″ 1,..。 ,"η ,.… )|"η ∈R1 2=0,1,… .}.

First we evaluate any sequence″ through the quadratic criterion

fし )=Σ 巳 十 し η単 一 b″紛 司
On R∞ ・

π=0

Second we Ⅱlinirrlizes tho evaluated value for any given initial value c:

MPl(C) minimiZe f(χ )subject to(i)″ ∈R∞ ,(ii)″ o=C・

Then the case b==O gives

fし)=Σ К十鋭+1]=″:+2Σ″角.

η=0

ThisattainsaminimumE at allbutfirstnothingA: (c,0,0, ...,0, . .)

In the following we assume b + 0.Let us now evaluate a few special paths :

1. The y:(c,0,0, ..., 0, ...) yields I(A): (l+b2)c2.

2. Always u1l s: (c, c, ... , c, ...) yields

(* c*0I("): \^
[0 c:0

3. Aproportional w:c(I, p, ..., p',...) yields

∬ぃ)={c2+(ρ _b)2c2}(1+ρ2+… .+ρ 2η +… 。
)

=        c2 (0<lρl<1).

to1

b2+@ ,=   配

Let us now minimize only the ratio part of the above evaluated value

ズの=

under - 1

Lemma

p- a-

MP1 frrinimize f (p) subject

4.l MPlん αs tんc鶴 づηづ鶴 鶴鶴 υαJaC∫ (α )

b2+2-yb4+4
2b
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Proof. We get

f '(p) - 2!ρ―b)(1-ρ 2)+ρ
{1+(ρ 一b)2}

(1_ρ
2)2

bρ
2_(b2+2)ρ +b

(1_ρ
2)2

{2bρ 一(b2+2)}(1-ρ
2)+4ρ

{bρ
7-(b2+2)ρ  tt b}

=-2

∫
〃
(ρ)=-2

=-2

(1_ρ
2)3

2bρ
3_3(b2+2)ρ 2+6bρ 一 (b2+2)

(1_ρ
2)3

Letting the numerator of f'(p) vanish, we have a quadratic equation

This equation has two solutions

い)

Then

Eq.(8) is equivalent to

α=  ,β =

α=  ,β =  =÷ .

０

　

＋ρ〓νｅＶｕＣＣａ
ｄ

ａｕｑａｂ
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・ｏｌ

ヽ

―

ノ

　

ｐ

２

一
ｂ

　

ｓ

＋
　
　
ｒｏｓ

Ａ
υ
　

　

　

Ｃ

／
′
‐
ヽ
＼

　

Ｏ

一一　
　
ｔＷ

ｌ

　

　

　

ｏ

み

ｖａ
‐
ｕｅ

ｐ
‐
ａｎｅ

ｅ

　

　

ｙ
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ｎ
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ｂ
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ρ 。
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２
一ｂ
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＋

ａ

　

ｂ

ｍ
／／
１
１
＼

ｅｓ

〓

ｈ

　

ν

・ｌｓ
　
　
ｎｅ

Ｌ
ｅｔ

B=b+÷
 fOr b≠

0.

Then

3-ν 宝ソ ー4      2
α=   2     3+yB2_4

where

一∞ <B≦ -2、″, 2、ガ ≦B<∞ .

-6tr - 1)

34

Hence a takes



The sign of left

Hence MPr

Then, from

we have

equality holds iff b : -JT.The sign of right equality holds iff b : O.
has a minimum at

P: Q,

(a-bxl -a2) +CI{1 +(' -b)'}-0,

1+(α 一 b)2

1_α 2

value turns out to be

l+(α 一 b)2

1_α 2

b
1
I

a

b2+2+ffi
2

b2+yb4+4

-1.

Thus the minimum

Moreover let us investigate the behavior of function

-oo

ν

　

〓

=∫ (ρ)On the
b2+yb4+4

tr

entire domain

at P :.a, and a

local maximum f (p)- uz - W at p - p.we note2(

<∞, ノ(  )=-1<

2

that

1<
b2+yb4+4 b2_yb4+4

<0。

Let the numerator of∫ ″
(ρ)denote by P(ρ):

P(ρ)=2bρ
3_3(b2+2)ρ 2+6bρ

一 (b2+2)

={2bρ ―(b2+2)}(1-ρ
2)+4ρ

{bρ
2_(b2+2)ρ +b}.

Then

ノ(ρ)=6{ρ
2_(b2+2)ρ

+b}.

This has the two zero― points α,β ,toO.Hence p(ρ)has a lttCal ma対 mum at ρ=α and a

local minimum at ρ=βO Further the local ma対 mum value is

P(α)={2bα 一(b2+2)}(1-α
2)=_(1-α2)yb4+4<0.

Hente p(ρ )haS a zero―point at some point γ(>β )fOr b>o and a zero― point at some

point γ(<β )fOr b<0.Therefore∫ (ρ)has only one stationary point at γ(fOr case b=1,
see Fig.3).
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Thereforewehaveanoptimalpath i:c(1, e, e2, ..., dn,...) i"thisclass. This

2 yields a minimum ,uru" " 
* 

94 "'.

In case b : l,we have o : d:.Thus anoptimal ft : c(L, d-', d-n, ..., d-'n,...)
vields

∬(分)=φC2。

The optimal path tt is gθ Jα cη.The quadratic minimum Ⅶlue function」 け)iS gθ Jαcη .

Thus in the case a golden optilnal path yields a golden value functiOn.

On the other hand,case b=一 Heads α =一φ
~2。

Then an optimal分 =c(1,一
φ
-2, 

φ
-4, _φ -6,φ-8, 

….,(-1)πφ
~2η

, …。)yields

I(分)=φC2。

The optimal path tt is αJterηαtcJν gθ Jα cηo The quadratic minimum value function f(分
)

is gθ Jαcηo Thus in this case an alternately golden optirrlal path yields a golden value

function.

4。2 Dynamic programming I(P)

Let us now consider a control process with an additive transition T(",鶴 )=b″ +鶴.Here
b is a constant,which represents a cん αηαctcrづstづcs of the process:

minimize Σ (κλ+鶴λ)
η=0咄就ね
8御

九十%L刈
一 ∞ <鶴 <∞

(iii)″o=C・

Then the value function υ satisfles Bellman equation:

υし)=_農襲∞レ
2+包2+υけ+01,υ O)=0・

The initial condition is justined as f。 1lows.Let″0=c=0.Then by selecting

(1の

u:(us, u1, ..., un, ...):(0, 0, ..., 0, ...)

we get

r : (rs, 11, ...t rn, ...) : (0, 0, . . . , 0, ...).
The pair (r, u) yields a minimum value 0. Eq.(10) has a quadratic form u(r) : ur2, where
u eR1.
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Theorem 4.I The control process PC1(c) with characteristi,c ualueb (e Rt) has a propor-
ti,onal opti,mal poli,cy f *, f (r) : pr, and a quadrati,c mi,ni,mum aalue functi,on u(r) - ufr2,
where

b2+tm4t , P:rr2
bu 2-b2 W

2b

interval [0 , r] into [0, (b +

1, the quadratic coefficient

The proportional optimal policy f* splits at any time an
t-p)rl: lo, Y) and l+, *f. In particutar, when b-
L' L+rJ w4ru 

Lr*u' )
u is reduced to the Golden number

An extremal″ satisies

(EE)

(TC)∞

1+υ

丁 b″2)~("η 一 bχη_1)]=0

bχ2)=0。

φ=
1+拓

% 1.618

Further the division of[0,″ l intO 10,φ
~2″

]and lφ
~2″

,χl iS Goldeno That is,the ratio of
length of two intervals cOnstitutes the Golden ratio:

1:φ =φ-2:φ-1.

Corollary 4.1 The process PC1(c) wi.thb: L has a Gold,en optimal poli,cy f*,f (r):
-Q-tr, and the Golden ualue function u(r) : d*'.

Corollary 4.2 The process PC1(c) withb: -L has an alternatelg Golden optimal policy

f*, f (*) : Q-tr, and the Golden ualue functi,on u(r) : dt'.

4.3 Euler equation I(P)
We solve

minimize tf"Zt (rn+, - u**)'f
n:o

PCi subject to (i) ro: c

(ii) r e R*

through variational approach. Let us apply Lemma 3.2. We take

fn(rn, rn*7 - brn) : 12^ + (rna1 - brn)2 .

Then

九1=2χη, 九2=2(″η+1-bχ 2).

η >1″η一 ib(″η+1

lim("π+1-
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Thus (EE) is reduced to

brn+, (b' + 2)*n * brn-, - 0.

Then the associated characteristic equation

has two solutions

b2+2-yb4+4 ハ b2+2+yb4+4
,β =α =

As is shown in the proof of Lemlna 4.1,we have

2b <√ -1, β=   2b     l―(V7-1)<α =T夏

=2+7b4+4
b2+2-yb4+4  α

・

From the initial condition π。=c,we choose an solution of(EE)

trn : CQ'n ' (11)

Then

jgg(z'+r - br*): j*" "(o - b)a" : 0

Thus (TC) is satisfied. Thus we have obtained an optimal path (11).

Now we consider two special cases.

Case b: 1 yields o: d-'. Then the optimal path r, rn : cd-2", is golden.

Case b - -1 yields o : -d-'. Then the optimal path r,nn : c(-l)"d-'n, i,
alternately golden.

5 Dual Process I(D)
This section maximizes a quadratic cost function

& + zbc^o 
: Ir? + (b],,+r - l,)'] ,

which is derived from the primal (minimization) problem at the end of section. This
maximization problem is also solved as a control process with criterion

c2.2bcλ。――
:Σ ノ(λλ―十ン1)
η=0

bttη+1=入η+z/2。

under an additive dvnamics
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DCl(c)

through dynamic programming. The dual process DC1(c) generates a family of subpro-
CESSCS :

DCl(λ
)

】EE(λλ‐十‐ν月)

η=0

(i)bttη +1=λ η+z/2

(ii)一 ∞ <れ <∞

(iii)入o=λ .

2-b2+yb4+4 b2_yb4+4

5.1 Dynamic

Let us solve

w-

The process DCt (") has

rnum aalue funct'ion u(c)

4l
IJ

Now let us consider

an only u :

programming I(D)

Maximize ″:+2b″。入。

subjectto o bλ η+1

(ii)一 ∞

(iii)″o=

minimLZe

subject to

9=

a propor-t'ional

- ?)c2 , where

b2+lm

marim'izer )*, ). (t) αηα α 9鶴ααttιづc mαχづ―

一―】EE(入λ‐+‐ ν月)
η=0

ネη+れ η>0
Z/2<∞

η>0

＝
　
　
　
岡
　
　
　
　
ト

ｆＤＣ　
　
　
　
　
　
　
　
「

０　　　　　　　　　　　　　　　・ｏ　　θＪ

ＣＰ

２

　

〓

case b Then

p=

Eq。 (12)

２

　

〓

b2_2+
2b

is reduced to a functional equation on

一一　　　　　　　　　　　一一

局

　

０

肝
ヽ
　
　
　
υ

ｒ

ｉ

ノ

ヽ

ｌ

ｋ

晃線[λ

2

延筆[c2

+ν
2+υ

(λ +ν )]

+2cλ 一υ(λ)] 
λ
'C∈

Rl'υ (0)=0。 (10

39
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Then

Thus

are reduced to

(EE) 
^n 

[(b)"+r-]") -b(b^"-)"-t)l -0 n

(TC)o bc - )o * (b)t - ,\6) - 0

(TC)"" lim (b),,+r - )") - 0.
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, respectively. An extremal z satisfies above three equations. Then (EE) is

b\n+t - (b' + 2)\, +b.\,-r - 0.

The associated characteristic equation

b* (bt+2)t+b-o
has two solutions

b2 +2- tw b2 +Z+tm

b2+2-yb4+4

(10β =

Then

α =b2+2+yb4+4' β =

From(TC)。 We hⅣe a boundary condition

(TC)′ 0

As a solution of(EE)we select

bc-2入。+bλ l=0。

which should satisfv both

λη tt Aα
η

transversality conditionso Then,(TC)′ O becomes

(TC)′。   bC-2■ +bAα =0。

■=C=∝ b一 け

This yields

Then

1,, : c(b - a)a". (16)

This gives

b),,+r - )", : c(b - a)(ba - l)*" - -cdn*',

which implies that

j*(bl"*t-)') :0.

Thus both the conditions are satisfied. Hence we obtain an optimal path (16).

We take two special cases.

Case b : 1 yields o : d-'.Then the optimal path ), \n : cQ-7Q-'", i" golden.

Case b - -1 yields o: -6-2. Then the optimal path ), \n: -c6-re\nd-'n, i,
alternately golden.

ム
υ

Ｏ
∠

■
υ

０
４

2b
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5。3 Two―variable maximization I(D)

Now let us solve

Maximize c2+2bcλ。一ΣE[λλ+(bλη+1-λη)2]
η=0

subject to (i)λ ∈R"
throughtwo-variableoptimtzationmethod.Let^
where A€ R', -1

f (A, p)
n:O

It is easily shown that

DCi

ん1/2=bc一

take the form of ,\r,
evaluated value of ) :

l"), ]

Then

∫(■ ,ρ)=C2+2bc五 - 1+(bρ
~1)2.2

五
b(bρ -1)(1-ρ2)+ρ

{1+(bρ -1)2} bρ
2_(b2+2)ρ +b

一一　
　
〓

″

　

ん

ん

　

〓

(1_ρ
2)2

(1_ρ
2)2

From fd, 0, we have

Thus we obtain an

, 1-p2
co r+ep-ry
(b'+2)p+b- 0.

．． 　
　
　
２
．

■
　

“

ｒ

ｉ

ノ

ヽ

ｌ

ｋ

This yields

C(b一 α
)

α

al path

b2+2-yb4+4

^ 
- {^"}",>o : \n - c(b - a)o"

5.4 A derivation of dual process I(D)
We show how a dual process is derived from the primal process

minimize ΣE(″λ十鶴角)
η=0

subject to(i)″ η+1=bχη十鶴η

(ii)― ∞ <鶴η <∞

(iii)″o=CO

I
optim

where a - 2b

(1つ

η>0
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Let r - {*r},
objective function

: {un} satisfy the above conditions and 1(r, u) denote the value of

fし,0=Σ α+哺 .

η=0

Then we hⅣ e for any ttα gmη gc maJιゎ Jづ Cr sc9鶴 Cη CC入 ={λ η}

flZ,0=Σ
レ λ 十 鶴λ -2λ ηし η報 一 b″η 一 鶴η月

.

η=0

Here we take-2λη as a Lagrange multiplier for equality condition(i)fOr bre宙 ty of

notation[15,16,19,211.By rearranging terms,we have

∬し,0=χ:+2b″。人。一Σ [入λ+lbAη +1-ληア]

η=0

+Σレη―似η4-bλ訓2+Σ
ttη 十人紛2

η=1                    2=0

> ":―■2b″。入。―一Σノ[λλ―・ (bttη +1‐―入η)2]
η=0

Letting

J(λ
)

we have an inequality

I(r,u) > /(,\)
for any feasible (2, u) and any ). The sign of equality holds iff

tn : \n-r-b\" n) I

un : -\n n20'
Thus we have derived a dual problem

Maximize c2 + 2bc\s- i Ir? + (bt,+r - ),)']
subject to (i) ,\ € R-.":o

Introducing a control variable L/n i: b\n+r - ,\rr, this problem is formulated as a control
process

Maximize ″:+2bπoλ。一ΣE(λλ十瑚)

η=0

subject to(i)bλπ+1=入η+z/2 
η>0

(ii)一 ∞ <Z/2<∞

(iii)χo=C.

=″:+2b"。人。一Σ [λλ+lbAη +1-ληア],
η=0
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This is the desired dual process DC1(c).
An optimal path r of primal process PC1(c) and an optimal path ) of dual process

DC1(c) are transformed through

fin : ,\rr-1 - b,\r, n) L

\n:brn-tn*r n)0.

6 Primal Process II(P); quadratic in next state
This section minimizes the second quadratic cost function

S,-,
I [(""*t - b*n)2 + "',*r] 

.

This problem is also solved as a control process with criterion

i @7+*7*,)
n:o

under the additive dynamiёs

frntr-brn*un.

6. 1 Evaluation-optirnization II(P)
Second we take the following quadratic criterion

J(*) - i l@,* - brn)'+*7*rl .

n:O

We consider

MP2(c) minimrze J(r) subject to (i) r € R*, (ii) rs- c.

Since

J(*) - I(") - c2,

MP2(c) has the minimum value

J(分)=
6z -2+rM 2

fr-c(L) e,, e2) ...) en, )

at the path
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where

Hence we have

yields a minimum

In case b - 1, we

yields

b2+2-yb4+4
α =

an optimal path fr- c(L, α
2, 

… 。,α
η

,
in this class.This分

nlue三三2+yb4+4′
.

2

いVe α=φ
~2。

ThuS an optimal分 =c(1,φ
~2,φ-4,… e,φ

~22,…
.)

％

　

％

I(i) : 0-'3'

The optimal path ft is golden The quadratic minimum value function 1(f) is 'inuerse-
golden. Thus in the case the golden optimal path yields an inverse-golden value function.

In fact, a proportional tr.' : (", p", ..., pnc, . ..) yields

J(w) : {p'"' + (L - p)'"'} (t + p,+... + p," +...)
_ p, t(L _p)2 "z (o < p < 1).1- p'

Fig. 3 shows that

'U2,t#
is attained al ft: @-2 with the minimum value

(O-z)z + {t - (d-z)}z _ 6-ll-(6-z1z Y '
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6.2  An lllustrative

Let us now describe a graph

Graph r- f (")
which has dual Golden extremum points.

∫(鶴)=
u2+ (1 -u)'

1_22

鶴2_3鶴 +1
∫
′
(a)=(-2)(鶴 2_1)2

ノ
′′
(鶴)=2二

~9鶴2+6色 -3
(鶴

2_1)3

The golden ratio

φ
2    

φ
-l   

φ
―(一φ)  φ

~2  1

-(一φ)  l   φ
l     φ

~1   1

1

φ
~1

3/2

一φ

-2

Fig. 3 Curve r : f (u) has dual golden extremum points f

We have the inequality

f (") 2 d-' on (-1,1)

f (") S -6 on (-*, -1) u (1, -).
The first equality attains iff 0 : Q-2, and the second equality attains ift u* : Q2.
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6.3 Dynamic programming II(P)
Here we consider the cost function r ; XxU -* Rr which is quadratic in current control
and next state :

r(r,u): u2*(br+u)2.

Then a control process is represented by the following sequential minimization problem :

minimize D@2"+ rr,*r)
n:o

PC2(c) subject to 
,ll] 

.:.::.u::2 
n ) 0

(iii) ro: c.

The value function u satisfies Bellman equation :

u(u) : _#r,?_ lu2 + (br + u)2 + u(br + u)l .

Eq. (18) has a quadratic solution u(r) : ur2, where u e RL.

Theorem 6.L The control process PC2(c) wi,th characteristic ualue b (e Et) has a propor-
tional opti,mal poli,cy f*, f (*) : pn, and a quad,rati.c m'inimum ualue functi,on u(r) - un2 ,

where

b2_2+yb4+4
' p=~2+υ b=

2_b2 w

(1助

υ  =

ぬelm::fl‖∬‖
ヤ上回競°トキ|

Э theづηυθ%θ θθ;α Cη η鶴鶴bcr

2b

and lτメ:L「 ,″
|・

When b==1,

o-r -
Further the division of [0 , r] into

φ-1=~1+ν
τ
 π O。 618

[0,φ
-2″

l and lφ
~2χ

,″l iS Golden:

φ
-2:φ-1 = 1:φ

.

Corollary 6,L The process PC2(c) wi,thb: L has a Golden optimal poli,cy f*,f (*) :
-6-tr, and the inuerse Golden ualue functi,on u(r) : O-rr2.

Corollary 6.2 The process PC2(c) wi,thb: -I has a Golden optimal poli.cy I*, f (r) :
d-'r, and the inuerse Golden ualue function u(r) : d-rr'.
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6。4 Euler equation II(P)

Now we solve

minimize Σ〕[(χπ+1-b″η)2+″λ+1]
η=0

PCち   Subject to (i)″ o=C
(ii)π ∈ R∞ 0

1t sumces to note that

Σ[しη+1-b″ηア+″角+1]=一 c2+Σ
[″λ+しη+1-b″励2].

η=0 η=0

Both PCi and PCち haVe essentially the same objective function with a constant dittrence

_c2。 HenCe Euler equation of I(P)g市 eS the same optimal path

b2+2-vγ +4
″η == Cα

η
,  0ピ  =

2b       
°

7 Dual Process Ⅱ (D)

This section maxirnizes a qua しdratic cost function

2bcλ。一人:一 Σ[●λπ+1-九め2+λ角+1]フ
η=0

青hich will be derived iom the primal(minimiZation)prOblem at the end of sectiono This

maxilnization problem is also solved aS a control process with criterion

λO一‐入:――IΣ ど(ン1-十 人λ+1)
η=0

under the additive dynanlics

bttη+1=λη tt z/2.

7。 l Dynamic programming H(D)

Let us solve

minimize 2bχ oλ。―入:一 Σ〕←現+λλ+1)
η=0

E)C2(C)    Subject to (|:l  bλ
η+lE=λη―+z/2  

η>,0
1 -∞ <1/R<∞

(iii)″o=C
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through dynamic programminge The dual process DCl(c)generates a family of subpro―

cesses :

minimizё  Σ〕(λλ+琥+1)
η=0

DC)ち (λ )    SubjeCt t°
 (l:l  bλ

η+1==λη―■z/R  
η>,0

)一 ∞ <Z/2<∞

(iii)λo圭 λ.

Let υ(c)be the maximum value of DC2(C)and W(入 )be the minimum ttlue of DCち (λ ).

Then the two nlue functions υ,w satisfy the Bellman equation(BE):

(1鋤

This equation has a quadratic form u(入 )=υλ2,υ (c)=υC2,where Ψ,υ ∈Rl.

Theorem 7。 1動 c cθηιttJ Pttcc,sDCち (λ )んαS α pηpθ rtづθηαJ θPιづ鶴αJ Pθ Jづ cν g∞ ,g(入)=
gλ ,αηα α gttααttιづcmづηづ鶴鶴鶴υαhcルηCιづθη υ(λ)=υ入2,υんc質

_b2+yb4+4     -b2+yb4+4
9=一

PC, αηα α gttααttαιづc mαχづ―

２

　

〓The process DC2 (c)

n'Lum ualue funct'ion

Now let us consider case

an only u :

has a proport'ional marimizer )*, )- (r)
u(c):uc2,where

b2_2+7b4+4 b2_2+yb4+4
p=

2b

Then Eq.(19) is reduced to a functional equation on

けの

α Prθ―

01)

αP"θ
―

２

　
〓

■
υ

り
　
・　
　
　
　
　
　
　
り

′

Ｏｎｔｈ
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7。 2 Euler equation II(D)

Now let us solve

Maximize 2bcλ。―入:― ΣE[(bλη+1-λη)2+λλ+11
η=0

DCち
subject to (i)λ ∈R∞

through variational approach.

We note that DCi has the object市 e function

バ対=c2+2bcλ。一Σ [入λ+lbAη +1-入πア].
η=0

DCち has the object市 e functiOn

ズ対=2bcλ。一人:一 Σ[●λη+1-ληア十人λ+1].
れ=0

The di∬erence is an only constant‐―c2:

g(λ)=― C2+バλ
).

Thus the optimal solution of Euler equatittn I(D)is an Optimal sttlution of Euler equation

II(D)except fOr the constant― c2in Optimal(maximum)稔 lue function.

Hence we have an optilnal path

^n- 
c(b-o)o" υ幼

where

b2+2-yb4+4
α =   2b   =

This is a solution of characteristic equation

b2+2+yb4+4・

bt2-1b2+2)t+b:o

of Euler equation

b\n+t - (b' +2)\"+ b),-r - 0.

This optimal path is also obtained by solving the system of variational equations.

(EE)   λη一 I(bλη+1-λη)一 b(bλη一人η_1)]=O  η≧ 1

(TC)。    bC一 人。+(bλ l― λo)=0

ぽQ∞ 鳳 01入π単一人紛=0

2b
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7.3 A derivation of dual process II(D)
We show how a dual process is derived from the primal process

mlnlコ
・   ｀

(Ю

mZe=しλ+銭+1)
η=0

subject to
PC2(C)          (i)″ η+1=b″η

(ii)一

∞ <鶴η

(iii)″o=C.

Let"={″η},鶴 ={鶴η}Satisfy the abOve conditions
objective function:

*un
TL

and I (*, u) denote the value of

I(r,u)- t @7+*7*r)
n,-o

Then we have for any Lagrange multi,pl'ier sequence ) - {^"}

I (r, u)

Here we take -2\n as a
terms, we have

- i lr7 * *,,*, - 2\n (rn*r - brn - u,)l
n:o

Lagrange multiplier for equality condition (i) . By rearranging

[(bλη+1-λη)2+入角+1]

_bttη月2+Σ ttη +λ紛2

η=0

[(bλη+1-λ2)2+λλ+1].

√(″ ,鶴)= 2b"Oλ。一人:一 Σノ
η=0

+Σレπ―似η-1
2=1

> 2b″。λ。―一人:‐
―
Σ
η=0

Letting

ズ対 =2bχOλ。一人:一 Σ [●λη+1-九紛
2+入

角.],
η=0

we have an inequality

I (*, u)

any ). The sign of equality holds iff

trn - )r-r - b\n n

'l"l'n : -^r, n

for any feasible (*, u) and
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Thus we have derived a dual problem

Maximize 2bcλ O一 人:一 Σ〕[(bλη+1-λη)2+λλ+11
subject to (i)λ ∈R∞

η=°

Introducing a control variable z/n:==bλ η+1-‐ λη,this problem is fbrmulated as a control
process

Maximize 2b"。 入。一 人:一 ΣE(琥 +入λ+1)
η=0

subject to(i)bttη +1=入η+z/2 
η>0

(ii)― ∞ <Z/m<∞

(ili)χo=C。

This is the desired dual process DC2(C)・

An optimal path″ Of primal process PC2(C)and an optimal path λ of dual prOCeSS

DC2(C)are transformed through

″η=λけ1-bλη η≧ 1

λη=bχη一″η+1 2≧ 0・
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Abstract

Quality characteristic data is often imperfect (incomplete, censored, vague or partially un-
known) in standing for the quality information of the products or services, such imperfectness

sometimes may be well complemented by vague, imprecise or linguistic way of expression. In
practice the LR-fizzy number data is frequently recommended to be applied in above cases.

LR-frtzzy number itself can be generated with method of Cheng based on expert's evaluations
on products or services quality. On the set of LR-fizzv data used for modelling the subjective
human feeling on quality, we propose afinzy Cumulative Sum (CUSUM) control chart, in which
the possibility distribution determined by the membership function of the fuzzy test statistic is

employed, LR-fiizzy data is viewed as a fizzy random variable with normally distributed center

and two 12 distributed spreads. Under the distance between tsro fuzzy numbers proposed by
Feng and an improved Kruse-Meyer hypothesis testing methods, a fizzy decision rule as well
as a level-wise average run length (ARL) for the chart are proposed. The simulation results
shows that the proposed CUSUM chart has a better performance than fiizzy Shewhart chart
under the proposed rule in term of ARL.
keywords: statistical process control; Cumulatiae surn chart; fuzzg sets; possibi,lity distribution.

Introduction

Statistical process control is very important in that it is proven to bring processes into control
and maintain it, in which the control charts is the principle measure to be designed and applied.
Cumulative Sum (CUSUM) control chart proposed by Page 113] is widely used for monitoring and
examining modern production processes. The power of CUSUM control chart lies in its ability
to detect small shifts in processes as soon as it occurs and to identify abnormal conditions in a
production process.

Control chart in many application is used to monitor real life data given as real numbers (real

random variables) or real vectors (random vectors) sampling from production line. However, data
collected from production lines with evaluation in some situation are considerably difficult to be

exactly denoted by real numbers, e.g., the food taste data from the foods production line. Such

data are often easily expressed by linguistic way and said to be linguistic data or vague (fuzzy)

data, in the same way, data from human perception can be recorded by finzy data. Motivated
by applying quality control charts to environment involving vague data, there have been some lit-
eratures dedicating for the design of control charts with linguistic data or fuzzy d,ata. Wang and

* Corresponding author. E-mail:dbxlt0@yahoo . com

A fiizzy CUSUM control chart for LR-fuzzy dala under
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Raz [17] proposed the representative values control charts with both probability rule and member-

ship function rule, for which the linguistic data (fuzzy data) is transformed into scalars referred as

representative values of the fuzzy data, four kinds of transformation formula have been proposed,

they are fizzy mode, fuzzy midrange , fuzzy median and fuzzy average. Kanagawa and Tamaki and

Ohta[9] proposed another representative values chart by using the barycenter of the fizzy data, in
which the required probability density function needs to be estimated using the Grame.Charlier
series method. Hdppner [7] proposed a kind of Shewhart chart, EWMA (Exponential Weighted

Moving Average) chart with fuzzy data under Kruse and Meyer's hypothesis testing method [11],
where the fuzzy data are directly used but mainly using the end-points of the o-cuts. Cen [1]
proposed the suitability quality by using fuzzy sets method from an opinion of end-users. Taleb
and Limam [15] discussed different precedures of construction control charts for linguistic data,

based on fuzzy ret and probability theories. A comparison between the hnzy and probabilistic
approaches, based on the average run length and the samples under control, is made by using real

data. Cheng [2] proposed a method for generating fitzzy data based on the experts' score from
evaluating the products quality, and constructed a control chart using membership method. Yu et
al. [21] proposed a sequential probability ratio test (SPRT) control scheme for linguistic data based

on Kanagawa et al.'s estimated probability density function, which lays a base for constructing
CUSUM chart with linguistic data, however, in which the fizzy data have to be transformed into
its one of the representative value. Wang [18] presented a CUSUM control chart with fuzzy data by
using a novel representative values that is a sum of central value of the fuzzy data with its fuzziness

value. Hryniewicz [8] presented a general outlook for control charts with fuzzy data. Taleb [16]
presented an application of the representative values control charts proposed by Wang and Raze

[17] to multivariate attribute process. Giilbay [6] presents a direct fuzzy approach to construct a

c-chart with fuzzy data. Paraz [4] presents a Shewhart chart with trapezoidal fizzy data by using

the concept of fuzzy random variables. Ming-Hung Shu and Hsien-Chung Wu [14] presented a hnzy
Shewhart chart and ft chart using an expanded fuzzy dominance approach.

Most of the works mentioned above considered the Shewhart chart with representative values of
fuzzy data, only a few works considered Shewhart chart, c-chart and EWMA chart with fizzy data
without using representative values methods. Since the representative value of. a fuzzy data may

result in losing important information included in original data, it is desirable to develop a suitable

dftect hnzy way in establishing control charts with fuzzy data without using representative values.

There are no constructions of CUSUM chart with htzzy data in some direcl hnzy way reported in
literatures. A sort of CUSUM chart with LR-hnzv data in a direct fuzzv wav will be established
in this paper.

The rest of the article is organized as follows. In Section 2, some preliminary knowledge on fiizzy
number and related concepts such as distance between two htzzy numbers proposed by Feng, fuzzy

max-order, fuzzy statistic, LR-fizzy random variable are mentioned. In Section 3, we propose a

CUSUM control chart with LR-fizzy data based onfizzy statistic. In Section 4, a level wise average

run length for the proposed chart is considered. Finally, a detail conclusion and some related future
research topic are presented.

2 Some statistics based on fuzzy data

Let IR. be the set of all real numbers. A fuzzv set on

satisfying following conditions:

(1) rtra : {*lu(") ) a} is a closed bounded interval

(2) rtro : suwv is a closed bounded interval.

(3) 'LLL : {rlu(r) - 1} is nonempty.

IR is defined to be a mapping u : IR * [0, 1]

for each a € (0, 1], i.e. 1tra : lui,u*1.
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where suppu : cl{ulu(r) > 0}, cl denotes the closure of a set. Such a hnzy set is also called a

fuzzy number. By -f(R) we denote the set of all hnzy numbers, with Zadeh's extension principle

122] the arithmetic operation x on f(lR) can be defined by

(包
*υ)(t)=  Sup {min(鶴 (ι l),υ (ι2))},し ,υ ∈F(R),t,ι l,tl∈ R,*∈ {① ,o,○ }・

{tl*t2=t}

Where O, O, O denote the addition,
respectively. The fuzzy max-order d

?r<U <==+ YA

subtraction and scalar

on f(lR) is defined by

€ [0, 1] ,u[ ( ,]-,uo

multiplication among fuzzy numbers,

uo,u,u € r(R).

This order can be viewed as an extension of the interval order, in comparison of fttzzy numbers it
has some advantages of simplicity in computation. The following parametric class of fuzzy numbers,
the so-called LR-fizzy numbers, are ofben used in applications:

, \ [ teig, r1mu(r): \ ,1t?(ff), n>rn

Here tr : lR* - [0, 1] and ft : IR+ ' 10, 1] are given left- continuous and non-increasing function
with I(0) : n(0) : L. L and R are called left and right shape functions, rn the central point of
u and I ) 0, r > 0 are the left and right spread of u. An LR-fuzzy number is abbreviated by
u: (m,I,r)tn, especially (rn,0,0)r,a :: m. It has been proven that LR-fuzzy numbers possesses

some nice properties for operations:

(*t,lL, rL) nn @ (*r,12, rz) rn

a e (*,1, r) rn

(*t,lr, rr) rn e mz

The last equality can be understood as that the

ITL2.

shift from m1 to

t"1 I(-t)(o) :: sup{z e RIL(n) > o},R(-tl1o) :: sup{r e ,BlR(r) > o}. Then for u :
(m,l,r);p, uo: lm-77Fr)(Q,m+rRGL)(a)], a e [0,1].

Kdrner [10] defined the LR-fuzzy random aariable on the probability space (Q,,4, P) as a mea-

surable mapping X: O - fr,n(lR), X(r): (*(r),1(w),r(w))pp,u €{1, inbrief we denote

X as X : (*,I,r)tn, where rn, I,r are three independent real-valued random variables with
Pfl > 0) : P{r > 0} : 1. In a fuzzy observation on objects of interest, the outcomes can be

viewed as LR-fuzzy data under a proper assumption, i.e., the data are viewed as the realizations of
a LR-fuzzy random variable.

There are several metrics defined on hnzy number space .F(R). Among them a metric d*
proposed by Feng [3] seems to be more simple than other metrics in computation, which is defined

as follows,

d*(u,u) t- (1 u,u ) -2 1 u,u ) * 1 u,, ))'/',
where ( u1u ):: Ii@;r; + u[u[)da, and < u,il ],1 u,u ){ @1 ,ua: lu;,u*1, u.: lu;,u[1.
Feng's metric d* can be employed to calculate the distance between two fuzzy number data of
quality characteristics . For LR-htzzy random variable X : (m,l,r)ra, Feng [3] also define the
expectation and varia,nce as follows,

E(X)=(E(m),E(J),E(γ ))LR,

(yar(m_JL(~1)(α ))十
yαr(m+rR(-1)(α )))αα.
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Let Xl,… 。,Xπ

sample variance S2

be a sarrlple of size n from X=

maybe deflned by

ア:=有 士為=(雨 ,7,っ LR,S2
t=1

(m,J,r)LR,then the sample meanア and the

卜 を政机
1.e.

メ=を 切!   也  %
and the sample range statistic malybe deined by R:=α *(X(1),X(2)),where x(プ )denotes theグ th

order statistic with respect to the fuzzy― rrlax order,and

雨=有土顔=書をけ=有をしを=1

3 CUSUM chart with LR― fuzzy data

The conventional CUSULI chart is usually used for monitoring real valued quality characteristics

data.For a given sequence of crisp obserntions{Xπ ,電 =1,2,… .}on normal population,the

monitored parameter of interest is typically the process mean,μ π =E(Xπ ),the purpose is to

detect a small change in the process mean,one might specines the levels μo and μl>μ 。 (Or

μl <μO)Such that under normal conditions the values of μt shOuld fall below (or above)μ o and

the nlues of μη above(or below)μl are COnsidered undesirable and shOuld be detected as soon

as possible. The CUSIULI chart can be used to monitor above process with the test― statistics

乱 =max{0,島 _1+ヌL一 ス1(or乳 =min{0,耽 _1+Xπ +κ})and Signal if島 >b(Or乳 <― b),

where b is the control lilnit derived from a confldence interl曖 九l assunling a Gaussian distributed

observation,b usually equals four or ive times the standard de宙 ation Of sample,Xπ (η ≧ 1)are

the sample means at time tπ and S。 =1恥 =0,and K"is the reference value.

We are aware of that the cOncept of quality has been extended to so called suitability quality

by considering comprehensively the opinion of the end― users on products,as a tool the fuzzy sets

has been applied to express the suitability quality of products[11,and the suitability quality char―

acteristics of a prOduct sampled fron■ the production line are expressed by some appropriate waly

such as linguistic or some interval score in order to record the experts perception on the product

quahty. Fortunately,a sort of rrlethods fbr generating a LJ3-fuzzy number fron■ the expert's score

(an eValuation)on quality characteristics had been proposed by Chё ng[21,where the number of

on― line experts is around 5.

We in the sequel assume that the obserntional process{為 }is COnsists of a inite sequence of

ioiod.五 R― fuzzy random mriables generated by method mentioned above,where Xづ is the mean of

group sample of size c at time tを ,i.e.為 =("づ ,ιり,rづ)LR,Where πt=:Σ;=lχづブ,Jづ =:Σ ;=lJづ J,

吻=:Σ縫1%ル (C≧ 25,here we apply the Bootstrape approach br the group samメ e of dZe 5),銑

is a Gaussian variables approxilnately by the central lirrlit theorenl,and Jじ′:>0,rづブ :>O and Jぉ rづ

are approximately modelled by distributions χ
2(el),χ 2(c2)(づ =1,… 。

,2,ブ =1,… ,C。 )respectively.

Assume that E(πづ′)=μ ,yαr(κづブ)=σ
2.The test statistics Sゅ 7L of a tWO― Sided CUSUM chart

then will be expanded to fuzzy statistics(fuzzy quantities)sinCe they totally depend upon the

samples Xt,づ =1,…・μ.By Zadeh's extension principle pa,the fuzzy statistics in this situation

can be deflned as

亀←)=s=肥
為,ν}{0。

),←洗_l① Xπ

耽0=t=馳
,4{0。

)'(Ъ _l① 為

Oκ )(ν )},S∈ R

①κ)(Z)},ι ∈R
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where O denotes a fuzzy number with llrlembership value l at O,and O otherwise.」 (is the reference

value deflned as fo1low in three diJtterent ways.

In the case(1):using Fengゝ variance,

丘=4+=: lellLl― Dt t c21Rl~り物
where X=有 Σ 肛 1("ら Jぁ γじ)LR,and為 ―κl=(π。一κ l,Jぁ rt)LR,δ iS a multiple that a1lows us to

measure shift size in terrrl of the deviation(■ 死「being sampled.

In the case(2):We aSSume that the reference value is concerned only with the central value χづ

Of」穐 ,where some of X。 (づ =1,… 。
,η 。)maybe degenerated to crisp nlue,thus,

κ=為 =:咳 =ダ梶,

and Xt― κ2=(χづ~κ2,ιおrt)LR。

In the case(3):We rrleasure the shift size of the process rrlean by using the lfrletric α*based on

the state of in― control,ioe。
,

`:=為

=:α *ドμ09a10,α ro)LR,(μ L動 ,αr)L」 ,

and Xづ 一κ3=(″0~κ3,Jら r。 )LR.

Remark: ■
lhe properties of the operations o,o for LJι ―fuzzy numbers ensure that the deinitions

of the fuzzy CUSUM statistic SL(s),7L(t)are reasonable if the reference nlue F is taken to be a

real number value.HOwever,in a general case where the sample Xπ ∈F(R)and SO is the reference

value κ ,then the above fuzzy statistic島 (S),L(ι)Wil1 10St reasonability since they are not able to

measure the shift size of fuzzy datao lt matybe an available way to employ the lnetric α*to redeflne

the above fuzzy(CUSULI statistic.

Set

r- (o) :- max{0, (S"-r

r+(o) :- max{O, (,Sr-t

t- (o) :- min{0, (?1"-t

+χη一κ)}― メ~⇒い)Σり;

ブ=1

+"η ―κ)}+メ
~⇒
い)Σγ′;

′=1

+χη+κ)}一 L←1)0)Σり;

ι+(α):=min{0,(TL_1+κπ+κ)}+R(~1)(α )

j:L

n
\- -..L'J,
j:l
.)n mentioned above.牢
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Theorem 3.1 For one-s'i,ded fuzzg CUSUM chart Sn, i,f the reference aalue,is taken to be K2 fu ,is

unlcnoum), then the test stat'i,st'i,cs ment'ioned aboae on each a-Ieael ,is s+(o), and, the control l,imit
la

it Sl + * 3at-1)(o)/5, where s2, ls the sample aari,ance w.r.t- 16.

Proof By the definition of fiizzy statistic S, and the Corollary 1, it is obvious that s+(o) is the
test statistics, and it is a sum of a crisp CUSUM statistics max{O, (Sn-t lxn- K)} and a normally
distributed statistics fit-t)(o) D!=tri, then by the control limits of a crisp one-sided CUSUM S,x

and the Shewhart chart, the former control limit is obtained "" S1f * and the later control limit

can be carried out as 3or, : sR1-l) @) if 
2"s2, where sl is the sample variance w.r.t. c4, thus, the

control limit is obtained. !
Corollary 3.2 The one-sid,ed, CUSUM chart, f* on each a-leael w,ith reference ualue I{2 (o ,i,s

unknown) possesses the test stati,stics t- (a) and control ltmlt -Stf "* - 3At-r)(a)/!, where s2,

'i,s the sample aariance w.r.t. n4.

Corollary 3.3 For one-s'i.ded fuzzg CUSUM chart 3n, i,f the reference ualue is taken to be K1 (o i,s

unknoum) , then the test stat'i,st'ics ment'i,oneil eboae on each a-leuel is s+ (a), and the control I'i,m'it

is5{+ +sReD@)\f 2!:,'.

Corollary 3.4 For one-s'id,ed fuzzy CUSUM chart Sn, 'i,f the reference aalue ,is taken to be Ks (o is
unknown) , then the test stati,sti,cs menti.oned aboae on each a-leuel is s+ (o), and the control limi,t

i,s ld,*l!ts, arc, a,o) rR, (lrr, or, a,) ral + 3$eu @) \fl 
Uez .

In the same way we can obtain the corresponding control limits of one-sided CUSUM chaft fn
in the case of K1,Ks.

Based on possibility distribution (membership function) of. Sn,fn, we propose a soft control rule
for the two-sided CUSUM chart.

Let M be a natural number which stands for the times of checking for different o-levels, and it
should be determined reasonably based on a total evaluation from quality experts. There are many
approaches to determine M such as the weighted average score of several experts, the Bayesian

method using experience or historical data, or belief function generating method, etc. We further
chooseanarbitrary z e {1,2,...,M} asacriticalvalue (key number) basedonsomegivenpossibility
levels and choose arbitrarily the levels {or,o",. .. ,aM} c 10, 1]. Let

ar(s,, n : { l' 
if s+(o1) } hro' or t-(oa) t hza;

L U, Otnerwrse

t-; t- r; r:-
where h1o, : 5\/+ * 3;(-1)(oi){ry,h2o, : -51+ - 34(-1)(oa) lry for corresponding
K : Kz. hlqo anil h2qu carl also be taken the corresponding values when K : Kt or K : Ks as

that illustrated in Corollary 3.3 and Corollary 3.4.

Let

Φ(島 ,■)=

Then the decisiOn rule fbr the fuzzy{CU

o五 ly if Φ

“

現,電→ =10

if Σ進lΦ。(鳥 ,九 )≧ z

otherwise

control chart is that: we stop the process if and

R(oo)

is calle d ar level stopping

R-

is called the stopping time.

It is obvious that there exist at least z
max{R (oor), R(otr), . . . , R(oo")) where M

=1}
n such that Φ。(Sn,耽 )=1

1}

such that Φ(乱 ,L)=1

number{づ 1,づ 2,… 。,づz}⊆ {1,2,

∈ N。

Ｌ

Ｑ

ＵＭ

ｒ

リ

ｌ

ｔ

ｓ

that R>
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4 The computation of a kind of approximate ARL for the
fuzzy CUSUM chart

From the definition of the stoping times mentioned in former section, we are aware of that the
o-level (o * t) stopping time is larger than the l-level stopping time. This property not only shows

a strong flexibility implied in the fuzzy control limit but also exhibit an idea making the control
rule depending on the experts's appraisal on the products quality level-wise.

Obviously, on each aa-level our htzzy CUSUM control chart can be viewed as an ordinary
CUSUM chart, and for which the Average Run Length (ARL) can be carried out based on the
basic parameters 1{ and h. Here the ARL of of the fizzy CUSUM chart on the oa-level can be

approximated by Markov chain method as in the case of [19] (1991), [20] (1994), namely ARL(aa) ::
E(.R(aa)).

Let R and ft(oi) be the stopping tirne and o4-level stopping time for the fuzzy CUSUM chart,

respectively, where o4 € [0,1], i € {1,2,...,M} and M € N. J. Hiippner 17] (1994) obtained
a conclusion on the relation between ARL E(n) and o6-level ARL E(^R(oa)) for his EWMA chart

with fizzy data, since it only concerned with the test-statistic O, Oa, thus an analogue to CUSUM

chart can be stated as follows:

Theorem 4.1 Assume that there etists ARL:E(R) and a4-Ieuel ARL(a6): E(.R(o6)) for the fuzzg
CUSUM chart and z i,s a keg number. Then'it hold,s that

ЩO≦ ΣE8o).
づ==1

Corollary 4。 l Jz=几 fづη Tん θο留 鶴 ィ◆ゴ,ιんCη づιんοJαs tんαι

:=2JδO,1く
J≦ ι-1 is the mid-point of (j+/)st subinterval.

E(R(αづ))≦ E(R)≦ Σ進lE(R(αづ))・Ｍ
に

Σ１
一ν

We now approximate ARL of the htzzy CUSUM chart, which is E(R). It is well known that an

approximation of ARL for ordinary CUSUM chart usually means to compute the ARL of one.sided

S,r-chart or of Q-chart, since ^9,, and Tn can not signal simultaneously ([t9] (1991),[20] (1994)).

However, now the situation becomes so complicated that the S, andi; might simultaneous signal
at some special o-levels. We only consider the case in which ARL of fuzzy CUSUM chart can be

approximated through one-sided ,5, chart or fr-chart.
In the following, we employ Markov chain method to approximate the ARL(aa)s, ARL(a)i.
Consider the one-sided ,Sr-chart on o6-level, we divide the interval [0, hro,] into t subintervals

as fo1lows:

Let ι∈N, {αl,… 。,αM}⊆ (0,1)。

(i)δ
づ:=罪野,2δ

t is the length of subinternls。

(ii)

(iii)

(iV)

(b;一 δ
づ
,弓 十 δ

づ
1,1≦ J≦ ι-l iS the(プ +F)St Subinterval.

p,δり]; b3:=曽 ; 考:=(ん lαぅフ∞).

In Markov chain method, we need to compute the transition probability

一一
　

一一・
　

〓

％

写

“島

Pf] :-

pf; can be approximated by pii, i.e.,

P(Sれ
+1)α t∈ 考IS札を∈野)・

p″ %P:プ
,
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where

P:プ : = P(Sれ
+1)αを∈考IS札う=b:)

= P(κ +(J― J)2δ
づ一δじ<X占

+1)αを
≦κ +(プ ーJ)2δ

Z tt δ2),

ι=0,1,.… ,t-1; J=0,1,0… ,t-l and X■ =κl,κ2,κ 3・

Thus we obtain an approximat市 e transition probability matr破 P,a(t+1)不
(ι +1)matr破 as

fo1lows:

P=(を勢 (EID)α )

where D=(η毎)。≦ι,バ t_l is a t× ι matrix,αT=(1,1,… 。,1),ο T=(0,0,… 。,0)and E iS the t× t

unit lnatrix.

Theorem 4.2五θι ιんθ οbscrυ αιづοηαJ pttccsS{Xづ}bθ α Sθ 9%cη cCげ づηαの Cηごθηι αηαづαθηιづcα JJν

αづstttbttι θα μ.づ 。αり LRイ蹴Ztt mηαοtt υαttα bJcs,υんθtt cacん Xル stんθ ttκαηげ θ"Ψ  SαηpJθ げ SづZC

c αιιづ7ηθ ι。.「heη づιんοJαs tん αι

スRЦαづ)g～ poT(E一 D)~lα。

υんc“ PoT:=(po,pl,… 。,pt_1)αCηοιes tん c stα tt p"bα bづ Jづιν υcctο r.

P"げ Since{為 }are ioi・ d・ fuzzy random variables,then tt can be viewed as a sum of

independent increment in term of fuzzy random variables,for each α∈(0,ll the process{s札 }Can
be viewed as a real― valued L〔 arkov process. IBy the approxillrlation method mentioned above, we

seё that

note that here

P(R(αじ)≦ πlS払ぅ∈考)

P(Sれ
+1)αを∈考 IS拠 J∈ 考)

N((E― D電 )α )ι ,

where((E-5p)α
)ι denotes the Jst component of the vector(E一 Dπ )αo Let pι :=P(sttt∈ 野 ),

then ΣI二:2=l and let the vector pO=し o,Pl,。 っPι -1)T be the start probability vector.Then

we have

P(R(αじ)く 2)

t-1

= ΣEPIP({R(αづ)≪ πlStt∈ 野})

ι=0

N P『 (E-5燿 )α .

and

P(R(α
`)>2)ミ

1-P『 (E-5r)C=P『 (Dη )α ,

and

P(R(αづ)=2)〒 P(R(αづ)く η)一 P(R(αづ)≦ η-1)

πp『 (Dπ
~1-Dπ

)α
。

一
＜
一
ヽ
、
１
‥
ノ
／

≦ι，
Ｖ

Ｏ

　
　
ｎ
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・
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Ｅ

＋
ｈ

Ｓ
　

　

π
　

Ｔ
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by the proof for theorem 3.11 of [20], w€ obtain that

E(n(o,)) - EnP@(a):n)
k

x efi'(ktl1 t ,(D'-t - n\a)

This completes the proof.

In a similar way, we can compute ARL(a6)i.
Based on Corollary 4.1 and Corollary 4.2, we can approximate ARL of l}:,e fuzzy CUSUM control

chart provided that the number M and. the key number z are predetermined.
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ON THE MASAMI YASUDA STOPPING GAM[E

KRZYSZTOF J.SZAJOWSKI

ABsTRACT. The sero―sum stopping game for the stochastic sequences has been

formultted in l乱 e sixties ofthe twenty century by Dynkin国 .The fOrmulttion

had the assumption about separability of decision moment ofthe players which

simpliied the construction of the solution.Further research by Neveu卜 」
extended the model by adΠ litting more general bё haviour of the players and

their pay― ofso ln new formulation there is the problem with existence of

the equilibrium. The proper approach to solution of the problem without

restriction of former models was developed by Yasuda 11.」 .The results was

crucial in these research.The author rrlade often reference to the Yasuda'sI‐ 1:1,1

result in his works(see[1‐ |,二T,1月 )as well as see results of others stimultted
by this paper. Withal,in this note another stopping game model,developed

by Yasuda with coauthors(see e.g.[1ll and卜 呵)iS reCalledo The applic乱 lon

ofthe modelto an analysis ofsystem of detectors shows the power ofthe game

theory methods.

In the last part ofthe paper l would like to express my persond relation to

the Masanli Yasuda game.

1. IxrRonucuoN

The mathematical modelling of economic and engineering systems in stochas-
tic environment leads to various mathematical optimization and game theory
problems. If the decision problem relies on choice of intervention moments one

can formulate the model of such case as the optimal stopping problem. If it is

allowed to react more than once the approach depends on the number of deci-
sion makers and their aims. If there is one decision maker and two reactions
(or fix number of possible moment of actions) we have the optimal two stopping
(multiple stopping) problem. When there are two decision makers with their
prescribed aims we usually treat the problem as the stopping game. The related
models bring very subtle mathematical questions concerning the correctness of
the model, possibility of inference about rational strategies, their realization and
the existence of solution in the formulated mathematical model. In this note
I would like to focus our attention of two group of models not very precisely

Date: March 8,2012.
L99t Mathemati,cs Subject Classi,fication. Primary 60G40; Secondary 62L15.
Key words and, phrases. voting stopping rule, majority voting rule, monotone voting strat-

egy, change.point problems, quickest detection, sequential detection, simple game.
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deinedo The■rst one is related to the existence of solution under mild as―

sumption on the processes deining the payolis in the zero― sunl stopping game

related to problem introduced by Dynkin卜 ](see the section l.1)。 The second

group Ofthe problems,which l have applied recently to modelling the sensor net―

works,developed by Yasuda with c6-authors(See eog。 [11::]and[:1:::1),iS devoted

to multivariate stopping problem when there are decision makers having some

interactions between each others(See the section l.2)。

1.1。 The rando]mize strategies in Dynkins ga]mee E.B.Dν ηれη 卜|]pre_

sented the following problenl: two players observe a stochastic sequence Xη ,

η =1,2,¨  ̈Each of them chooses a stopping time,saly λ (resp・ μ)be the
stopping time chosen by the irst(reSpe the second)player.It is additionally

assumed that the Arst player can stop at odd and the second at even moments.

The paJy―of is then:R(λ ,μ)=EXλ∧μo The player l seeks to ma対mize the ex―

pected pay― of,and the plalyer 2 seeks to Πlinilnize it,it means that the solution

is a pair(λ
★
,μ

★
)SuCh that

(1・
1)       R(λ ,μ

★
)≦ (λ

★
,μ

★
)≦ (λ

★
,μ )。

J.Ⅳθυθ鶴卜1黛 ]｀
modined this problem as follows:there are three random se―

quences(Xη ,九 ),(耽 ,几)and(予‰,几 )With

ALSSumptions l。 2。

xn

and the pay― of equals:

(1.4)     R(λ ,μ)=E{χλⅢ{λ<μ}十 И似Ⅲ{λ=μ}+巧メ{μ <λ}},

where λ,μ ∈ 6 are stOpping times with respect to.鳥 。ThiS prOblem haS SOlution

whi9h is presented in[1」・
When the assumption l.2 is not ful■ lled then,in general there are no equilib―

rium in the set of stopping times with respect of observed processes(χη,j覧 ),

(L,几 )and(L,几 )・
It iS M Lsttα α who shown in[1:41 thtt the mixed ex―

tension of this game has equilibrium without the assumption l。 2.The mixed
extension in this case means that the set of strategies(stopping times)is ex―

tended to include randonlized stopping tilneo First,a inite horizon problem is

considerede Next, the existeice of the value and the equilibrium point in the

ininite horizon problem with a discount factor is proved under some natural

assumption concerning the integrability of the considered processes。

In that time there Were many mathematicians doing research in stopping game

(See eOge the papers by Zabczyk卜 11,Stettner卜 41,OhtSubo Fil)O The Yasuda's

paper i薇:41 Stimulated further research of Rosenberg,Solan and Vieille卜 ]and
Laraki and Solan[1」 in the mixed extension of the stopping game for the pro―

cesses with continuous parametero                                 c
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1。 2.The stopping processes by voting procedureo Let us consider p person

stopping game related to the obserntion of a Markov chaine Let(Xη ,32,P"),
η==0,1,2,… 。,be a homogeneous Markov chain deined on a probability space

(Ω,3,P)With Sttte space(E,β).The players are able to observe the Markov
chain sequentiallyo At each moment n their kno¬ wledge is represented by ζη.

Each player has his own utility functionん :E→ R,づ =1,2,… 。,P,and tt each
moment η each player declares separately his willingness to stop the observation
of the processo The ellective ends of the process and realization of the payofs

appears when a suitable subset of players agree to it.The ailn of each player is

to maxilnize their expected payofs.In fact,the problem will be formulated as

a p person non― cooper乱市e game with the concept of Nash equilibriumド 1l as

the solution。  On the other hand, one can say that the cΘ nsidered multilateral

stopping procedure is based on sequential voting(cf r],[111,I電 :」 fOr mOnotone

rule concept and the mathemttics of voting).

Such model has been considered in mine and Yasuda paper[1:刊 and Fergu―

SOn卜
]・

BOth papers were continuation of Masami Yasuda and his co― wOrkers,

Kurano and Nakagami research published in ill],[判 ,卜」,[1:司・ They hⅣ e

investigated the multilateral version of the optimal stopping problem for inde―

pendent,identically distributed P dinlensional random vectors Xη .The gain
function of theづ ―th player is=i(づ―th COOrdintte of Xη

)。
In[11l the fo1lowing

class of strategies is used.

(1)Each player can declare to stop at any stage。

(2)The majOrity level r(1≦ r≦ P)iS ChOsen by the players tt the beginning
ofthe game。

(3)During the sequential observation process,ifthe number of players decl肛
―

ing to stop is greater than or equal to the level r,the process must be

stopped.

This clasも of strategies is generalized in[電 :暮l tO monOtOne rules.Roughly speaking,
a monotone rule is a p Ⅶritte,non― decreasing logical function deined on{0,1)p.

In both papers the problem is formulated as a p person,non― cooperative game

with concept of Nash point as a solution.Paper[14]generalizes the unanimity

case,ioeo P=r solved by Sakaguchiド 」・The mOtiVation for the model considered

is the secretary problem(see卜 l fOr the formulation of the problem)。 A solution

of some binriate version of the secretary problem is given in[1■ Presman and
Sonin llill treat this problem with another set of strategiese They considered the

modelin which each player's decisi6n dOes not arect the stopping of the process

but his reward onlye Sakaguchi卜 呵 and Kadane[1l hⅣe SOIVed a multilateral

sequential decision problem in which decisions whether to stop are made by the

plaJyers alternately,instead of silnultaneous decision under a lnonotone rule。

The rece■ paper On the voting stopping problem are[甘 110
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2.SENSORS'NETWORK AND STOPPING GAMES

In[1珂 the construction of the mathematical model for a multinritte surveil―

lance system is presented.It is assumed that there is net l】 t of P nodes which

register(obServe)signals modeled by discrete time multil略riate stochastic pro―

cesso At each node the state is the signal at moment η ∈ N which is at least

one coordinate of the vectorブη ∈ E⊂ 掟鶴。 The distribution of the signal

at each node haS tWO fOrms and depends on α P鶴質 or α Jづ付ν environment of
the nOdeo The state of the system change dynamicallyo We consider the dis―

crete time observed signal as m ≧:P dimensional process deined on the■ xed
probability space(Ω ,F,P)。 The observed at each node process is Markovian

with two dittrent transition probabilities(seё 卜1]fOr details).In the signal the

visual consequence of the transition distribution changes at moment θり,づ ∈筑

is a change of its charactero To avoid false alarnl the conirmation from other

nodes is neededo The family of subsets(coaliti9ns)of nodes are deined in such
a way that the decision of all member of some coalition is equivalent with the

clailn of the net that the disorder appearedo lt is not sure that the disorder

has had placeo The aim is to deine the rules of nodes and a construction of

the net decision based on individual nodes clailnso Lrious approaches can be

found in the recent research for description or modelling of such systems(see eog.

[1月 ,1111)O The problem is quite similar to a pattern recognition with multiple
algorithm when the fusions Of individual algorithms results are unined to a inal

decisiono The proposed solution will be based on a simple game and the stopping

game deined by a simple game on the observed signalso lt gives a centralized,

Baryesian version of the multivariate detection with a common fusion center that

it has perfect information about observations and α prづοttj knowledge of the st針

tistics aboutt the possible distrilЭ u[tion changes at each node. Each sensor(player)

will declare to stop when it detects disorder at his regiono Based on the simple

game the sensors'decisions are aggregated to fbrmulate the decision of the fusion

center.「Fhe sensors'strategies are constructed as an equilibrium strategy in a

non―cooperative game with a logical function deined by a simple game(whiCh

aggregates their decision)。

This approach uses the general description of such lnultivariate stopping games

presented in the section l.2。 The voting aggregation rules are relieved by the siln―

ple game(see Ferguson H)and the underlining processes form Markov sequences

(See[1‐判)・

The lnodel of disorder detection at each sensor are presented in the next sec―

tione lt a1lows to deine the individual pay― of of the players(senSOrs)・ It iS

assumed that the sensors are distributed in homogeneous way in the guttded

area and the intruders behaviour are well modelled by symmetric random walk.

By these assumptions in the section 3 the α prづθrづ distribution of the disorder

moment at each node can be chosen in such a way that it gives the best model of
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the structure of sensors and the behaviour ofintruder o Tho section 4:introduces

the aggregation method based on a silnple game of the sensorso The section 5

contains derivation of the non― cooperative game and existence theorem for equi―

librium strategyo The inal deCision based on the state of the sensors is given by

the fusion center and it is described in the section 6.1。 The natural direction of

further research is formulated also in the same sectiono A conclusion and resume

of an algorithn■ for rational construction of the surveillance system is included

in the section(;.2。

The extension of non― cooperative games to the case when the conlmunication

between player is a1lowed leads to various solutions conceptso The voting stopping

game is interesting approach also in this direction of research.

3e DETECTION OF DISORDER AT SENSORS

{要:η l'Tミ l,(kC:Pl:;11」「l.;ilell

each sensor, coge r (getS itS Coordinatel

assumption,it is a stochastic sequence that has the Mttkovian structure given

case of such disorder detection which generalize the basic problem stated by

Shiryaev in III甘](See eOg.Brodsky and Darkhovsky[11,BOjdecki[11,POOr and
Hattiliadis P司 ,Yoshida卜呵,SZajowski卜 」)in ⅦriOus directions。

Application of the model for the detection of trattc anomalies in networks has

been discussed by T劉 此akovsky et al。 卜1].The version of the problem when the

moment of disorder is detected with given precision will be used here(see[111)・

T葛;iti壺≧ご
re E⊂ 掟鶴e On the same probability

space there are deined unobservable(henCe not lneasurable With respect to sttη )

random mriables{θ γ}肛 l WhiCh hⅣ e the geometric distributions:

(301)  P(θr=プ )=2■
19r,多 =1-pr∈ (0,1),ブ =1,2,… …

The sensor r follows the process which is based on switching between two,time

homogeneous and independent,L4arkov processes{X年 η}η∈N,づ :==0,1,γ ∈塊with

the sttte space(E,β ),bOth independent of{θ r}稚 1・
MOreOver,it is assumed

thtt the processes{Xlη }η∈N hⅣe transltion denslties wlth respect to the σ―inlte
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measure F, i..e., for any B € B we have

00勾

(3。0

P,(χ′1∈ 3)= P(Xll∈ BIX10=") ガ
0(ν

)μ (αν)・=兎

The random process"s {X,.,}, {XP.}, {X}.} and the ra,ndom variables 0, a,re

connected via the rule: conditionally on 0, - k

x,n: {{2"' ifk>n'
L ^r1"r+1-t, if.kIn,

where {X}"} is started from Xrop-, (but is otherwise independent of XP ).
For any fixed d, € {0, I,2,...} *" are looking for the stopping time ri e T

such that

P“ (lθr一 ず|≦ αr)=sup P"(lθr一 τl≦ αr)
7∈6X

where 6x denotes the set of all stopping times with respect to the filtration
{Fr,}".*. The parameters d" determines the precision level of detection and it
can be different for too ea,rly and too late detection. These payoff functions
measure the chance of detection of intruder.

IRiFよ胞:=雷l茸蹴;‖鳳路T当宣Tlill,耽翼
二η_1_α rρ =(ズr肝 1_dr,。 …,ズ rη )and Πγn is the posterior process:

Πr。 = 0,
Πrη =P"(θγ≦ηl几 ),η =1,2,… .

which is designed as information about the distribution ofthe disorder instant θrO

In this equittlent the problem ofthe payof funCtion br sensor r isん r(ブr ar+2,α )・

4。 THE AGGREGATED DECISION VIA THE COOPERATIVE GAME

There are various methods combining the decisions of several classiners or sen―

sors.Each ensemble member contributes to some degree to the decision at any

point ofthe sequentially delivered stateso The fusion algorithm takes into account

all the decision outputs fronl each ensemble member and comes up with an en―

se五ble decisiono When classiner outputs are binary,the fusion algorithms include

the majority voting[1司 ,II刊 ,nJVe Bayes combination日 ,behⅣior knowledge

space 1111,probability approximttiOn ill and SingulaF nlue decomposition 11」 .

The majority vote is the simplest.The oxtension of this method is a simple

game。

i7o



On the Masami Yasuda stopping game

4.1. A simple game. Let us assume that there axe many nodes absorbing infor-
mation and make decision if the disorder has appeared or not. The final decision
is made in the fusion center which aggregates information from all sensors. The
nature of the system and their role is to detect intrusion in the system as soon
as possible but without false alarm.

The voting decision is made according to the

recall that a coalition is a subset of the players。

the class of all coalitions.

Deinition 4el。 (see r41,[111)ASづ ηPIC gα ttc is

acteristic function,φ (0):C→ {0,1}0

Let us denote)″ ={θ ⊂境 :φ (θ)=1)and£ ={θ ⊂

":φ
(θ)=0}・ The

coalitions inンソare called the winning coalitions, and those fromだ ;are called

the losing coalitions。

Assumptions 4。 2。 Bν αssttmptづοη ιんccんαttctcrづ stづcルηctづθη Sαιづげ cs tんCP“ P―

θγtづθsf

(1)境 ∈″ メ

(2)0∈ ∠号

(3)βんθ ttθηοιθηづεづιりrT⊂ S∈ £づ鶴PJづ cs T∈ £.

4。 2.The aggregated decision rulee When the simple game is deined and the
players can vote presence or absence, "づ == l or"づ ==0, づ∈ツl, of the intruder

then the aggregated decision is given by the logical function

につ   πしb"%… っり=Σ ΠttΠ(1-銑 )0

θ∈″ づ∈θ  づ¢θ

For the logical function π we httκ (cf卜呵)

π (“

1, n(*', , r') +t . n(r',

rules of a s'imple game. Let us

Let C- {C : C C m} denote

coalition game having the char-

メリ ,ノ ).

5。 AL NON― COOPERATIVE STOPPING GAME

Fo1lowing the results of the author and Yasuda[1:1l the multilateral stopping

of a Markov chain problem can be described in the terms of the notation used

in the non―cooperttive game theory(see卜 11,[11,[1呵 ,卜疑
1)・

Let(ズη,3η ,P"),

η=0,1,2,… 。,Ⅳ ,be a homogeneous Markov chain with state space(E,β )。
The

horizon can be inite or ininiteo The players are able to observe the Markov chain

ml響t"静」Tlall■
=?∬

酎黒11蹴ぶ万,■ ti孟

player, based on gη, can declare independently their willingness to stop the
observation of the process。

。２

）
∩
Ｕ==χ

Z
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Dennition 5。 1。 (see卜呵)An individual stopping strategy of the playerづ (ISS)

is the sequence of random mriables{σ 角}縫 1,Where∂λ:Ω → {0,1),Such that

σλ iS ζがmeasurable◆

The interpretation of the strategy is fol10wing.If σれ=l then plaJyerづ declares

that they would like to stop the process and accept the realization of」 てη. ]Denote

σづ=(σ l,σ3,…・,σ得)and let 6づ be the set of ISSs of playerづ ,づ =1,2,… .,P.

Deine
c=61× 62× .… ×6P.

The element σ=(σ l,σ 2,… 。,σ
p)T∈

6 Will be called the stopping strttegy(SS)。

The stopping strategy σ∈C is a random matrixo The rows ofthe lnatrix are the

ISSs.The columns are the decisions of the plaJyers at successive lnomentso The

factual stopping of the observation process, and the plalyers realization of the

paJyofs is deined by the stopping strategy exploiting p―穐 ritte logical function。

Let π :{0,1}p→ {0,1}・ In thiS Stopping game model the stopping strttegy

is the list of declarations of the individual playerso The aggregate function π

converts the declarations to an efective stopping tilne.

Deinition 5。 2。 A stopping time tπ (σ)genertted by the SS σ ∈ 6 and the

aggregate function π is deined by

場(σ)=inf{1≦ η≦Ⅳ:π (σλ,罐 ,… 。,σ月)=1}

(inf(0)=(Ю)O SinCe π is ixed during the analysis we skip index π and write

t(σ)=場 (σ )・

We hⅣe{ω ∈Ω:tπ (σ)=η}=∩1ゴ {ω ∈Ω:π (σl,σl,… 0,σl)=0}∩ {ω ∈
Ω:π (σλ,σλ,◆ …,σ男)=1}∈ ζη,then the random Ⅷrittle場 (σ)iS StOpping time
with respect to{ζ η}催10 For any stopping time場 (σ)andづ ∈{1,2,_,P},let

μ詞={曲
:"∞  148:&

(Cf{幕 幕1,[4‐ 11)・ If players use SS σ∈6 and the indi宙 dual preferences are con―

verted to the efbctive stopping tilne by the aggregate rule π,then playerづ gets

ん(為πけ))・

Let b=(bl,し 2,… .ルp)T be nxed sse Denote

t〈づ)=(し
1,… 0ルを~1,σt,ソ +1,… .ルp)T.

DeinitiOn 5。 3。 (cf.[111)Let the aggregate rule π be■xedo The strttegy

b=(bl,し 2,7° °
'bp)T∈

6 iS an equilibrium strategy with respect to π if for

eachづ ∈{1,2,。 .。 ,P}and any σづ∈6t we have

E"ん (ズ tπ (む))≧ E」ん(ズ tπ (む。))・に4)
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The set of SS 6,the vector of the utility functions∫ =(A,/2,…・,ん)and the
monotone rule π deine the non― cooperative game g=(6,ノ ,π).The construction
of the equilibrium strategy b∈ 6 in g is prO宙 ded in[1::」 O For completeness

this construction will be recalled hereo Let us deine an individual stopping set

on the state space.This set describes the ISS of the playero With each ISS of
player t the sequence of stopping events D角 ={ω :鋭 =1}COmbineso For each
aggregate rule π there exists the corresponding set value function Π : ζ―)13
such thtt π(4,磁 ,0… ,σ月)=π {IDλ ,IDλ ,… 。,ID縄 }=Ⅱ Π(Dλ ,Dλ ,“ "D見 )O For solution
of the considered game the important class of ISS and the stopping events can

be deined by subsets(90∈ ig of the state space lEo A given set θZ∈ ig will be

called the stopping sё t for playerづ at moment n if D角 ={ω :Xη ∈θづ}is the
stopping event。

For the logical function π we have

0                        0

π("1,0… ,"p)=ノ・π("1,◆ …,I,・ …戸′)十 プ・π(χ

l,…
0,ё,… 。,πP).

It implies that for De∈ ζ

Π(Dl,… 0,Dp)= {Dt∩ Π(Dl,… 。,め ,… .,Dp)}

∪{フ
ア∩Π(Dl,… .力 ,… 。,bp)}.

Let fi,9a be the real valued, integrable (i.e. EAfo(Xt)l < *) function defined
on IE. For fixed Di, j : L,2,...,p, i + i,, and Ci € B define

tlt Q 
u 

) : n, lf ,(x, ) IIra, (oi ) + g n6 r)\u,-, @iS

where iDr(A): II(DI, ...,D'r-t,A,D'r*',...,Ur) and Di : {w: Xn e Ci}. Let
a+ : max{0, a} and o- : min{0, -a}.

Lemma 5.6. Let f,i, gi, bei,ntegrable andlet Ci eB, j:L,2,...,p, j li,, be

fired. Then the set *Ci : {r €E : fa(n) - g{r) > 0} e B i,s such that

ψ(*θ
2)=Sup 

ψ(θ
Z)

σづ∈β

ψ(*θ
づ
)= E"(ん (Xl)一 θ:(Xl))+Ⅲり1(Ω )

一E"(ん (Xl)一 gづ (Xl))~Iり 1(Ω)十 E"gづ (Xl)・

Based on Lemma 5.6 we derive the recursive formulae deining the equilibrium

point and the equilibrium payof for the inite horizon game.

αηα

“

.7)
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5elo The inite horizon gameo Let horizon.ハ r be inite◆ If the equilibrium

strttegy b exists,then we denote%,N(χ )=E"ん (為け))the equilibrium payof
ofづ―th player when XO=="◆  For the backward induction we introduce a useful

notation.Let 6角 ={{σλ},た =η ,… 。,Ⅳ}be the set of ISS for moments η≦
た≦Ⅳ and 6η =6λ ×6λ ×.… ×6統 O The sS for moments not earlier than η
iS跨 =(り 1,路 2,… 。ルp)∈

6η ,Where bづ =(σ角,σ角+1,… 。,σ得)・
Denote

tη =サη(σ)=t(ησ)=inf{η ≦た≦Ⅳ:π (σ力,σl,… 。,σl)=1}
to be the stopping time not earlier than η。

Deinition 5。 8。 The stopping strttegy ηb=(ηし1,ηむ2,… 。,ηbp)is an equilib―

rium in 6η  if

E"ん (Xtnけ ))≧ E"ん (XtncσO)))P"~aoee

for everyづ ∈{1,2,… 。,P},Where

nち
〈づ)=(ηし1,… 。,ηソ

ー1,ησづ,電プ+1,… .ノbp).

Denote

υt,Ⅳ _η+1(Xη_1)=E″ Iん (Xtπけ))lζη_11=Exπ _1ん (Xtπ cσ ))。

At moment η=Ⅳ the players have to declare to stop and υづ,0(χ)=ん (").Let us
assume that the processis not stopped up to moment η,the players are using the
equilibrium strttegiesし た,づ =1,2,… 。,P,at momentsた =η +1,… .,Ⅳ .Choose
playerづ and assume that other players are using the equilibrium strttegies号 乳,

ブi≠ づ, and player t is using strategy σλ deined by stopping set θ
Oo Then the

eXpeCted payofり N_バXη_1,C戸 )Of player t in the game starting tt moment η
,

when the s焼沈e ofthe Markov chain tt moment η-l isス耽_1,iS equal to

ψⅣ_η (■_L♂ )=Exπ _1レI為ルっπωゎ+%,N―バ為)Ⅲ。っれのゎ1,
where tつη(■)=Π (つλ,_,つ炉

1,■
,つが

1,。 …,つ男)。

By Lemma5.6 the conditional expected gain ψⅣ_バXN_η ,C“ )attains the max―
imum on the stopping set*(耽 ={"∈ E:ん (")一 υづ,N一η(")≧ 0}and

υt,N_レ巨 (Xη_1)= E"[(ん (Xη )一 υづ,Ⅳ_η (Xη ))+Lっ π(Ω)lζη_11

-E二 I(ん (ス耽)一 υづ,N_η (ス耽))~Ⅲをっπ(0)lζη_11

“

01)

十E"レづ,N_η (Xη )lζη_11

P"一 a.e。 . It allows to formulate the following construction of the equilibrium

strttegy and the equilibrium value for the game g.

Theorem 5.2. In the game Qwi,th fi,ni,te horizon N we haue the followi,ng solu-

t'ion.
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(i):動θ θgZダjb西鶴鶴υαιttc υづ(∬ )′
づ=1,2,… .,P,げ ιんC gα ttθ g cαη bc cαι_

czJαtcα ttcz%づυcJν αsル JJθυSf

(1)υづ,o(・)=∴ (・ )メ

(2)此)rη =1,2,… 。,Ⅳ υcれαυC P″一αoc.

υづ,η (")=E“ [(∴ ∈穫Ⅳ _π+1)一 υづ,電-10KN_η +1))+Ⅱをっ N_η+1(Ω )lζN_η ]

一 E"[(∴ ∈種N_η +1)一 υづ,電
_1∈穫Ⅳ _η+1))~Iを っ N_π+1(0)13N_π ]

+E″ [υづ,電_1(XN_η+1)13Ⅳ一ηl,

ルrづ =1,2,… 0,p.

(ii):動θ θαZづκb西鶴m stttι りνむ ∈ 6づsごげ ηCご bν ιんc SSげ ιんθ pJανCrsしれ,

υ ん θ留 し
れ =1ゲ χ η ∈ て

魂 ′ αη ご て
耽 ={″ ∈ E:光 (″ )一 υj,N一 η (″ )≧ 0}フ

π=0,1,_.,Ⅳ ,

Иそんαυc υづ(■)=υt,N("),αηα E"∴υQ(弩))=υt,N(π ),づ =1,2,_。 ,P.

6.INFINITE HORIZON GAME

In this class of games the equilibriunl strategy is presented in]Deflrlition 5.3

but in class of SS

6)={σ ∈6*:E″″(為レ))<∞  br every″ ∈E,づ =1,2,_,p}.

Letむ ∈6)be an 9quilibrium strategy.Denote

υt(χ)=E"∴ (χtけ ))・

Let us assume that(π +1)号 ∈Gテ
,η+l iS Constructed and it is an equilibrium

stratey.If playersプ =1,2,… .,P,J≠ づ,apply tt moment η the equilibrium
strategies t,playerづ the strategy σt dcined by stopping set`づ andけ⇒むat

moments 2-卜 1,η ■ 2,… .,then the expected payof of the player t,when history

ofthe process up to moment η-l is known,is g市 en by

ψη(為_1:♂)=Ex2_1卜 (為 )Lっ絶0紛 +比 (為)L頭覇 1,

whereづつπ(■)=Π (つλ,一 ,つケ
1,ス

,つ篇
1,0…

,つ湾),つ角={ω ∈Ω:t=1},
ブ=1,2,… .,P,J≠ づ,and D角 ={ω ∈Ω:σλ=1}=1}={ω ∈Ω:χη∈

`こ

}.By
Lemma 5.6 the conditional expected gain 9ぼ Xπ _1,C戸)attains the mttimum on
the stopping set*α ={π ∈E:∴ (■)≧ υt(")}and

9η (ス耽_1,*θ
e)= E″

[(光 (ス■)一 υづ(ス耽))+Ⅲりπ(f〕)lζη_1]

―E″ I(∴ (ス耽)一 場(ス耽))~LっπOI視―」
十E"[υづ(χη)lζπ_11・
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Let us assume thtt there e対 sts solution(り 1(χ ),υ2("),… 0,切P(χ ))Ofthe equ訃
tions

(6。
1)   υ。(")= E"(ん (Xl)一 υc(Xl))+Ⅲ づっ1(Ω )

一 E"(ん (Xl)一 υ づ(Xl))~L*Dlm)+E"υ づ(Xl),

づ=1,2,.… ,PO COnsider the stopping game with the following payof function
forづ =1,2,… 。,P.

颯→={夕811二神
Lemtta 6。 2。 五ctし ∈6)bθ αη θg鶴づあbrづ鶴m st%ιりνれιんθづヴηづtCんοttzοη gαttθ

g.乃rθυθη Ⅳ υθんαυθ

E"φり,N(Xt*)=υo(")・

Let us assume that forづ ==1,2,。 …,P and every"∈ ]E we have

“

.3)       E"卜upη∈N″ (為月<∞・

Theorem 6。 4,五θι(χη,32,P")鷹。 bθ αんο鶴り θηθθttS yαttOυ  cんαづη αηαιんc Pαν―

イ ル ηCtjθηS O/tん C PIανCrsル
『

J:“。

'Jt*=t(b),り

∈ 6)tん Cη E"ん (Xt*)=

υo(").

Theorem 6。 5。 五θι ιんc stοPPづηg st%ιりνし∈6)bθ αげηCα bν ιんθ stο PPづηg scts

て現={π ∈E:ん (χ )≧ υづ(χ )}′ づ=1,2,。 …,P,ιんθηしづstんθ θα鶴づJづ brれm stttιりν
づηιんθづηβηづtC StοPPづηg gα富レθg.

6。 1。 Determining the strategies of sensors. Based on the model constructed

in Sections 3-5 for the net of sensors with the fusion center detern五 ned by a siln―

ple game,one can determine thё  rational decisions of each nodeso The rationality

of such a construction refers to the individual aspiration for the highest sensitivity

to detect the disorder without false alarm.The Nash equilibrium fulf11ls require…

ment that nobody deviates from the equilibrium Strategy because its probability

Of detection will be smaller◆  The role of the simple game is to deine wining

coalitions in such a way that the detection of intrusion to the guarded area is

maxilnal and the probability of false alarm is lninilnal. The lnethod of construct―

ing the optimum winning coalitions family is not the subject of the research in

this〔Ⅱlticleo However,there are some natural lnethods of solving this problem。

The research here is focused on constructing the solution ofthe non― cooperative

stopping game as to determine the detection strategy ofthe sensorso To this end,

the game analyzed in Section 5 with the paJyof function of the players deined

by the individual disorder problem formulated in Section 3 should be derived。

The proposed model disregards correlation of the signals.It is also assumed

that the fusion center has perfect information about signals and the information

″
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On the Masanli Yasuda stopping gme

is available at each nodeo The further research should help tO qualify these real

needs of such models and to extend the model to more general caseso ln some

type of distribution of sensors,eoge when the distribution of the pollution in the

given direction is observed,the lnultiple disorder lnodel should work better than

the game approach.In this case the α prづοtt distribution of disorder moment

has the fbrnl of sequentially dependent random moments and the fusion decision

can be formulated as the threshold one: stop whenた
*disorder is detectedo The

method of a cooperative game was used in H tO ind the best coalition ofsensors

in the problem of the target localizationo The approach which is proposed here

shows possibility of modelling the detection problem by multiple agents at a

general level.

6。 2。 Final conclusion conCerning the disorder detection systemo ln a
general case the consideration of the paper卜沖l leads to the algorithm of con―
structing the disorder detection system。

FIGURE lo Sudety l唖 ountains.

ematical Statistics Sllノ ¥r'2000。

2000

International Conference on Math-
Szklarska Porgba, Poland, August,
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FtcuRp 2. RIMS Conference 2002, Kyoto, Japan. Flom the left:

the author of this note, professors Masami Yasuda, Vladimir V.

Maaalov and Mitsushi Tamaki

6.2.1◆ 五むθttιん鶴.

(1)Deine a simple game on the sensors。

(2)Describe signal processes and α prづθrづ distribution of the disorder mo―

ments tt all sensors.Establishthe αpο sicttθ rづ processes:言 η=(Π 12,・ …,Πmη ),

where Πたη=P(θ ≦ηl几 )・

(3)Solve the multinriate stopping game on the simple game tO get the in―
dividual strategies of the sensors。

7。 THE CONTRIBUTION TO THE IMATHEMATICAL EDUCATION,THE

SCIENTIFIC COOPERATION AND THE FRIENDSHIP

It was 1994 when l came to Japan forthe■ rst tilne based on Prof。 〕置inoru Sak―

aguchi and Profe Katsunori Ano invitation to take part in the lnternational Con―

ference on Stochastic〕 √odels and Optilnal Stopping,Nanzan University,Nagoya。

Since this event Professor Masanli Yasuda is my guide in the lnathematics and

the Japanese culture. When the lnternet connected the people we discussed

the game lnodel,which l call myself the Masalni Yasuda game described in this

note in the sections l.2 and 2。  Based on the discussion we have written the

papers卜 畢l and卜 11◆ Our meeting and discussion were in Poland(see Figure l),

Japan(See Figure 2)and Russia(see Figure 3).Last year,during the one day

workshop,the possible further resettch and acadeⅡ lic cooperation was the topic

of our discussion.:Based on European Union integration processes the Polish
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FIGURE 3。  13th Symposium ofISDG 2008,St.Petersburg,Russia

educational system is under very intensive reconstruction processo The mathe―

matical education of engineering faculties students is very fragile task. Professor

Yasida provides us his extensive academic experience by his contribution to our

local conferences devoted to teaching mtthematics for non― mathematical major

students.Such organized events wero in lbaraki National College of Technology,

Hitachinaka(2006)and WrOClaw Univeristy of Technology(2008).
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Why is lJncertainty Theory lJseful?

Baoding Liu
Uncertai,nty Theory Laboratory
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li,u@tsinghua.edu. cn http: //orsc. edu. cnfli,u

This presentation is based on the book: B. Lil, Uncertainty Theory,4th ed., http://orsc.edu.cn/liu/ut.pdf.

1 What is uncertainty theory?

When the sample size is too small (even no.sample) to estimate a probability distribution, we have to invite
some domain experts to evaluate their belief degree that each event will occur. Since human beings usually
overweight unlikely events, the belief degree may have much larger varia.nce than the real frequency. Perhaps
some people think that the belief degree is subjective probability. However, it is inappropriate because
probability theory may lead to counterintuitive results in this case. In order to distinguish from randomness,
this phenomenon was named "uncertaintytt.

How do we understand uncertainty? How do we model uncertainty? In order to answer those questions,
an uncertainty theory was founded by Liu [6] in 2007 and refined by Liu [9] in 2010. Nowadays uncertainty
theory has become a branch of mathematics for modeling human uncertainty.

Let I be a nonempty set, and I a a-algebra over l. Each element A in ,C is called an event. A set function
M from f, to [0, 1] is called an uncertain measure if it satisfies the following axioms (Liu [6]):

Axiom 1. (Normality Axiom) lvt{f} : 1 for the universal set f;
Axiom 2. (Duality Axiom) M{A} + M{4"} : 1 for any event A;

Axiom 3. (Subadditivity Axiom) For every countable sequence of events At , Az, . . . , we have
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The triplet (f , f,, M) is called an uncertainty space. In order to obtain an uncertain
event, a product uncertain measure was'defined by Liu [8], thus producing the fourth
theory:

Axiom 4. (Product Axiom) Let (l;,,f,6,M6) be uncertainty spaces for k: !,2,... The product uncertain
measure M is an uncertain measure satisfying

Ⅳ〔
{ilAん }=ilλ

tん {Aん } (a

6)

where A6 are arbitrarily chosen events from Lp for k : t,2,.' . , respectively.
An uncertain variable is defined as a measurable function { from an uncertainty space (l,I,,JVt) to the set

of real numbers. i.e.. for anv Borel set B of real numbers. the set

{ξ ∈B}={γ ∈
「 lξ (γ )∈ B}

is an event. In order to describe an
defined by

uncertain variable in practice, the concept of uncertainty distribution is

o(") -M{€Srl;, Vre ffi. (4)
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Peng and lwamura [14] proved that a function O : ft ---+ [0, 1] is an uncertainty distribution if and only if it is
a monotone increasing function except O(") : 0 and O(r) : 1. The expected value of an uncertain variable
{ is defined by Liu [6] as an average value of the uncertain variable in the sense of uncertain measure, i.e.,

provided that at least one of the two integrals is finite. If { has an uncertainty distribution Q, then the
expected value may be calculated by

/n+oo fo
E't€l : Jo ]!r{€ ) r}dr - J_*}yt{€ 

< r}dr

/+oo f0
E't€l : Jo (1 - o("))d" - J_*o(r)dr.

(5)

(6)

(7)

(8)

(e)

(10)

Let €r,€2,...,tn be independent uncertain variables with uncertainty distributions i01,Q2,... ,(Dr, re-
spectively. If the function f(*r,tz,.'. ,frn) is strictly increasing with respect to r1,x2,'.. , tm and strictly
decreasing with respect to r*11,frnt2r... tfin, then { : f ($,42,.. . ,€r) is an uncertain variable with inverse
uncertainty distribution

v-1(o) - /(oit(o) , ,e;'(o),o;t*1(1 - o),... ,e;t(t - CI)).

This is the operational law of uncertain variables. For example, Iet {1 and {2 be independent uncertain
variables with regular uncertainty distributions (D1 and (D2, respectively. Since ry I 12 is a strictly increasing
function with respect to (q,a2), the sum € : (r * €z is an uncertain variable with inverse uncertainty
distribution

u/-1(o) - o, t(o) + ott(o).
In addition, since 11 - 12 is strictly increasing with respect to 11 and strictly decreasing with respect to c2,
the inverse uncertainty distribution of the difference {1 - {2 is

Ψ
~1(α

)=Φ「
1(α

)一 Φ
『

1(1-α
)・

Furthermore, Liu and Ha [12] proved that the uncertain variable { : /(€r, t2,... ,€n) has an expected value

E[ξ
l /(o, t(o), ,e;'(o), o",t*r(1 - a),. . . ,e;t(t - a))da.

ｆ

ノ
。

〓

For exploring the recent developments ofuncertainty theory, the readers may consult my book Uncertaintg
Theory at http: //orsc.edu.cn/liu/ut.pdf.

2 What is uncertainty?
Uncertainty theory is a branch of mathematics for modeling human uncertainty. Perhaps some readers may
complain that I never clarify what'uncertainty is. In fact, I really have no idea how to use natural language to
define the concept of uncertainty clearly, and I think all existing definitions by natural language are specious
because they are just Iike riddles. A very personal and ultra viewpoint is that the words like randomness,
fuzziness, roughness, vagueness, greyness, and uncertainty are nothing but ambiguity of human language!
Perhaps those concepts cannot be defined directly by natural language.

However, fortunately, some "mathematical scalest' have been invented to measure the truth values of propo-
sitions, for example, probability measure, capacity, fuzzy measure, possibility measure as well as uncertain
measure. All of those measures have been defined clearly and precisely by axiomatic methods.

Let us go back to the first question "what is uncertainty". Perhaps we can answer it this way. If it happens
that some phenomenon can be quantified by uncertain measure, then we call the phenomenon uncertainty.

How do we verifr that a phenomenon can be quantified by uncertain measure? In order to answer it,
let us consider the question "how many students are there in Uncertainty Theory Laboratory". Assume the
"number of students" is not exactly known but between 7 and 9. In this case, we may derive 8 events (i.e., a
a-algebra) from the concept of "number of students". The 8 events are listed as follows,

0,{7},{8),{9},{7,8),{7,9},{8,9},{7,8,9}.
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In order to indicate the belief degree that each event will occur, we must assign to each event a number
between 0 and 1, for example,

M{7} - 0.6,

Ir{7,8} - 0.8,

}t{8} - 0.3, lvt{e} : 0.2,

M{7,9} - 0.7, M{8,9} : 0.4,

- o, M{7,9,9} - 1.rvt{0}

This assignment implies that a set function M is defined from those 8 events to [0, 1]. If it happens that such
a set function satisfies the axioms of uncertainty theory (i.e., it is an uncertain measure), then the "number
of studentst' is an uncertain va.riable.

Perhaps the above approach is the unique scientific way to judge if a phenomenon is uncertainty. Liu
[9] suggested that uncertainty is anyth'ing that satisfies the acioms of uncer-tainty theory. In other words,
uncertainty is anything that can be quantified by the uncertain measure.

Please note that the word "uncertainty" has been widely used or abused. In a wide sense, Knight [4] and
Keynes [3] used uncertainty to represent any non-probabilistic phenomena. This type of uncertainty is also
known as Knightian uncertainty Keynesian uncertainty, or true uncertainty. Unfortunately, it seems impos-
sible for us to develop a unified mathematical theory to deal with such a broad class of uncertainty because
the concept of non-probability represents too many things. In a narrow sense, Liu l9l defined uncertainty as
anything that satisfies the axioms of uncertainty theory. It is emphasized that uncertainty in the narrow sense
is a scientific terminology, but uncertainty in the wide sense is not.

Some people think that uncertainty and probability are synonymous. This is a wrong viewpoint either in
the wide sense or in the narrow sense. Uncertainty and probability are undoubtedly two different concepts.
Otherwise, the terminolory "uncertainty" becomes superfluous and we should use "probability" only.

Some people believe that euerythi.ng'i,s probabil'ity or subjectiue probabilifur. When the sample size is large
enough, the estimated probability may be close enough to the real one. Meanwhile, perhaps the viewpoint is
somewhat true. However, we are frequently lack of observed data, and then the estimated probability may
be far from the real one. Liu [11] asserted that probability theory may lead to counterintuitive results in this
case. More extensively, Hicks [2] concluded that '\ve should always ask ourselves, before we apply [stochastic
methods], whether they are appropriate to the problem at hand. Very often they are not."

Some people affirm that probabili,ty theory is the only legit'i,rnate approach. Perhaps this misconception is
rooted in Cox's theorem [1] that any measure of belief is "isomorphic" to a probability measure. However,
uncertain measure is considered coherent but not isomorphic to any probability measure. What goes wrong
with Cox's theorem? Personally I think that Cox's theorem presumes the truth value of conjunction of two
propositions is a twice differentiable function of the truth values of individual propositions, and then excludes
uncertain measure from its start. In fact, there does not exist any evidence that the truth value ofconjunction
is completely determined by the truth values of individual propositions, let alone a twice differentiable function.

3 In what situations does uncertainty arise?

Frequency is the percentage of all the occurrences of an event in the experiment. An event's frequency is a
factual property, and does not change with our state of knowledge. In other words, the frequency in the long
run exists and is relatively invariant, no matter if it is observed by us.

A fundamental premise of applying probability theory is that the estimated probability is close enough to
the real frequency, no matter whether the probability is interpreted as subjective or objective. Otherwise, the
law of large numbers is no longer valid and probability theory is no longer applicable.

However, very often we are lack ofobserved data about the unknown state ofnature, not only for economic
reasons, but also for technical difficulties. How do we deal with this case? It seems that we have to invite
some domain experts to evaluate their belief degree that each event will occur. Since human beings usually
overweight unlikely events (Tversky and Kahneman [15]), the belief degree may have much larger variance
than the real frequency, and we should deal with it by uncertainty theory.

Could we deal with the belief degree by probability theory when the belief degree deviates from the
frequency? Some people do think so and call it subjective probability. However, it is inappropriate because
probability theory may lead to counterintuitive results in this case.
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Probabilitv Uncertainty

Figure 1: When the estimated probability (curve) is close enough to the real frequency (solid histogram),
we should use probability theory. When the belief degree (curve) has much larger variance than the real
frequency (dashed histogram), we should deal with it by uncertainty theory.

Consider a counterexample presented by Liu [11] . Assume the weight of a truck is 90 tons and the strengths
of 50 bridges a.re iid normal random variables,A/(100, 1) in tons (I am afraid this fact cannot be verified without
the help of God). For simplicity, it is admitted that there is only one truck on the bridge at every time, and
a bridge collapses whenever its real strength is less than the weight of truck. Now let us have the truck cross
over the 50 bridges one by one. It is easy to verify that

Pr{ "the truck can cross over the 50 bridges" } = 1. (11)

That is to say, the truck may cross over the 50 bridges successfully.
However, when there do not exist any observed data for the strength of each bridge at the moment, we

have to invite some domain experts to evaluate the belief degree about it. As we stated before, usually the
belief degree has much larger variance than the real strength of bridges. Assume the belief degree looks like a
normal probability distributionl/(100, 100). Let us imagine what will happen if the belief degree is treated
as probability. At first, we have no choice but to regard the strengths of the 50 bridges as iid normal random
variables with expected value 100 and variance 100 in tons. Ifwe have the truck cross over the 50 bridges one
by one, then we immediately have

Pt{ "the truck can cross over the 50 bridges" } = 0. (12)

Thus it is almost impossible that the truck crosses over the 50 bridges successfully. Unfortunately, the results
(11) and (12) are at opposite poles. This conclusion seems.unacceptable and then the belief degree cannot be
treated as probability.

Within the research area of information science, Liu [11] suggested a basic principle that a possible propo-
sition cannot be judged impossible. In other words, if a proposition is possibly true, then its truth value should
not be zero. Equivalently if a proposition is possibly false, then its truth value should not be unity. Thus
probability theory is not appropriate to human uncertainty on the basis of such a principle.

In summary, Liu [11] wrote that "when the sample si,ze is too small (euen no-sample) to estimate a
probability distribution, we haue to ina'i,te some domain experts to eaaluate their belief rlegree that each euent
will occur. Since human beings usuallg ouenaeight unlilcelg eaents, the belief d,egree may haue much larger
uariance than the real frequency and then probability theory is no longer ualid. In this s'ituation, we should deal
with i,t by uncertaintg theory." When the sample size becomes large, the uncertainty disappears. Meanwhile,
the problem at hand becomes probabilistic and we should use probability theory instead of uncertainty theory.

4 What is the difference between uncertain variable and uncertain
set?

Uncertain variable (Liu [0]) and uncertain set (Liu [10]) are two basic tools in uncertainty theory. What is
the difference between them? As their names suggest, both of them belong to the same broad category of
uncertain concepts. However, they are differentiated by their mathematical definitions: an uncertain set is a
set-valued function while an uncertain variable is a real-valued function. In other words, the former refers to
a collection of values, while the latter to one value.
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Essentially, the difference between uncertain variable and uncertain set focuses on the property of eaclu-
si,uity. ln fact, the same word can be either uncertain variable or uncertain set. They will be distinguished
from the context. If the concept has exclusivity, then it is an uncertain variable. Otherwise, it is an uncertain
set. A few examples will illustrate the difference between the two concepts.

Example 1: Consider the statement "Tom came into the classroom at approximately three o'clock". Is
"approximately three o'clock" an uncertain variable or an uncertain set? If we are interested in when Tom
came into the classroom, then the phrase "approximately three o'clock" is an uncertain variable rather than
an uncertain set because it is an exclusive concept (Tom's arrival time cannot be more than one value). For
example, if Tom came into the classroom at 2:59, then it is impossible that Tom came into the classroom at
3:01. In other words, "Tom came into the classroom at 2:59') does exclude the possibility that "Tom came into
the classroom at 3:01". By contrast, if we are interested in what time can be considered "approximately three
o'clock", then "approximately three o'clock" is an uncertain set rather than an uncertain variable because
the concept now has no exclusivity. For example, both 2:59 and 3:01 can be considered "approximately three
o'clock". In other words, "2:59 is approximately three o'clock" does not exclude the possibility that "3:01 is
approximately three o'clock".

Example 2: Consider the statement "John is a young mantt. Is "young" an uncertain va,riable or an uncertain
set? If we are interested in John's real age, then "young" is an uncertain variable rather than an uncertain
set because it is an exclusive concept (John's age cannot be more than one value). For example, if John is 20
years old, then it is impossible that John is 25 years old. In other words, "John is 20 years old" does exclude
the possibility that "John is 25 years old". By contrast, if we are interested in what ages can be regarded
'loungtt, then "youngtt is an uncertain set rather than an uncertain variable because the concept now has no
exclusivity. For example, both 20-year-old and 25-year-old men can be considered "young". In other words,
"a 2O-yea.r-old man is young" does not exclude the possibility that "a 25-year-old man is young".

Example 3: Consider the statement "James is a tall man". Is "tall" an uncertain variable or an uncertain
set? Ifwe are interested in James'real height, then "tall" is an uncertain va.riable rather than an uncertain set
because the concept now is exclusive (James' height cannot be more than one value). For example, if James
is 180cm in height, then it is impossible that James is 185cm in height. In other words, "James is 180cm in
height" does exclude the possibility that "James is 185cm in height". By contrast, if we are interested in what
heights can be considered "tall", then "tall" is an uncertain set rather than an uncertain variable because
the concept in this case has no exclusivity. For example, both 180cm and 185cm can be considered "tall". In
other words, "a l80cm-tall man is tall" does not exclude the possibility that "a 185cm-tall man is tall".

Example 4: Consider the statement "today is a warm day". Is "warm" an uncertain variable or an uncertain
set? If we axe interested in today's real temperature, then "warm" is an uncertain va.riable rather than an
uncertain set because the concept now is exclusive. For example, if today is 20"C, then it is impossible that
today is 25'C. In other words, "today is 20oC" does exclude the possibility that "today is 25oC". By contrast,
if we are interested in what temperatures can be regarded "warmt', then "warm" is an uncertain set rather
than an uncertain variable because the concept now has no exclusivity. For example, both 20"C and 25"C
can be considered "warm". In other words, "20oC is a warm day" does not exclude the possibility that "25"C
is a warm daytt.

Example 5r Consider the statement "most students are boys". Is "most" an uncertain.variable or an
uncertain set? If we are interested in what percentage of students are boys, then "mosttt is an uncertain
variable rather than an uncertain set because the concept in this case is exclusive. For example, if 80% of
students are boys, then it is impossible that 85% of students are boys. By contrast, if we are interested in
what percentages can be considered "most", then "most" is an uncertain set rather than an uncertain variable
because the concept now has no exclusivity. For example, both 80% and 85% can be considered "most".
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5 Why is fuzzy variable not suitable for modeling uncertain quan-
tities?

A hnzy variable is a function from a possibility space to the set of real numbers (Nahmias [13]). Some people
think that fuzzy va,riable is a suitable tool for modeling uncertain quantities. Is it really true? Unfortunately,
the answer is negative.

Let us reconsider the counterexample presented by Liu [11]. If the strength of bridge, "about 100 tons",
is regarded as a fuzzy concept, then we may assign it a membership function, say

μO={｀品」f?織,II:譜Л::0
(13)

(1→

that is just the triangular fuzzy variable (80,100,120).
Please do not argue why I choose such a membership function because it is not important for the focus of

debate. Based on the membership function p and the definition of possibility measure

Pos{B}: supP(z),

the possibility theory will immediately conclude the following three propositions:

(a) the strength is "exactly 100 tons" with possibility measure 1,

(b) the strength is "not l-00 tons" with possibility measure 1,

(c) "exactly 100 tons" and "not 100 tons" are equally likely.

However, it is doubtless that the belief degree of "exactly 100 tons" is almost zero. Nobody is so naive to
expect that "exactly 100 tons" is the true strength of the bridge. On the other hand, "exactly 100 tons" and
"not 100 tons" have the same belief degree in possibility measure. Thus we have to regard them "equally
likely". It seems that no human being can accept this conclusion. This paradox shows that those imprecise
quantities Iike "about 100 tons" cannot be quantified by possibility measure and then they are not fizzy
concepts.

6 Why is fuzzy set not suitable for modeling unsharp concepts?

Ah;zzy set is defined by its membership function p which assigns to each element r areal number p(r) in the
interval [0, L], where the value of p,(r) represents the grade of membership of r in the fizzy set. This definition
was given by Zadeh [16] in 1965. However, there are too many fiizzy sets that share the same membership
functions. Perhaps this is the root of debate about fuzzy set theory. A more precise definition states that a
finzy set is a function from a possibility space to a collection of sets.

Some people believe that fiizzy set is a suitable tool to model unsharp concepts. Unfortunately, it is not
true. In order to convince the reader, let us examine the concept of "young". Without loss of generality
assume '!oung" has a trapezoidal membership function (15,20,30,40), i.e.,

p@) -

0,    if"≦ 15

(π -15)/5, if 15≦
"≦

20

1,   if 20≦ ″≦30

(40-“ )/10, if 30≦ "≦
40

0,    if"≧ 40。

oung" may take any values of α―cut.of μ. Thus we immediatelyIt follows from the fuz zy set theory that
conclude two propositions:

(u) "young" includes [20yr, 30yr] with possibility measur€ 1,

(b) "young" is just [20yr, 30yr] with possibility measure 1.
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The first conclusion sounds good. However, the second conclusion seems unacceptable because it is almost
impossible that "young" does mean the ages just from 20 to 30. This fact says that "young" cannot be
regarded as a finzy set.

Liu [11] claimed that "we should always ask ourselves, before we apply fuzzy set theory, whether it is
appropriate to the problem at hand. Almost it is not."

7 What is the difference between uncertainty theory and fuzzy
mathematics?

Uncertainty theory (l,iu tO]tS]) is a branch of mathematics for modeling human uncertainty, while fuzzy
mathematics (Zadeh [16]) is a branch of mathematics for studying the behavior of fiizzy phenomena.

What is the difference between uncertainty theory and fuzzy mathematics? The essential difference is that
fuzzy mathematics assumes

Pos{A u B} : Pos{A} v Pos{B} (15)

for any events A and B no matter if they are independent or not, and uncertainty theory assumes

M{A u B} : M{,4} v M{B} (16)

only for independent events A and B. However, a lot of surveys showed that the measure of the union of
events is usually greater than the maximum when the events are not independent. This fact states that human
brains do not behave fuzziness.

Both uncertainty theory and fuzzy mathematics attempt to model human belief degree, where the former
uses the tool of uncertain measure and the latter uses the tool of possibility measure. Thus they are complete
competitors.

8 What is the difference between uncertainty theory and proba-
bility theory?

Uncertainty theory (l,iu l0] [O]) is a branch of mathematics for modeling human uncertainty, while probability
theory (Kolmogorov [5]) is a branch of mathematics for studying the behavior of random phenomena.

What is the difference between uncertainty theory and probability theory? The main difference is that
the product uncertain measure is the minimum of uncertain measures of uncertain events, i.e.,

3vt{.4 x B} : M{Al 
^ 

M{B}, (17)

and the product probability measure is the product of probability measures of random events, i.e.,

Pr{A x B}: Pr{A} x Pr{B}' (18)

This difference implies that uncertain variables and random variables obey different operational laws.
Probability theory and uncertainty theory are complementary mathematical systems that provide two

acceptable mathematical models to deal with the phenomena whose outcomes cannot be exactly predicted in
advance. Personally I think probability measure should be interpreted as frequency while uncertain measure
should be interpreted as belief degree. Probability theory is not an appropriate tool to model belief degree,
just like that uncertainty theory is not an appropriate tool to model frequency.

I Conclusion

When the sample size is too small (even no-sample) to estimate a probability distribution, we have to invite
some domain experts to evaluate their belief degree that each event will occur. Since human beings usually
overweight unlikely events, the belief degree may have much la.rger variance than the real frequency and then
probability theory is no longer valid. In this situation, we should deal with it by uncertainty theory.
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安田先生ヘ

江連馨

私が大学三年生で、次年度の研究テーマを悩んでいる時でしたj他のゼミのテーマ紹介では、非

常に小難しい単語が並び、あまり魅力を感じなかったのですが、安田先生の文章には、「最も恐い

ジェットコースターとはどんなものか、などを研究します」と書かれており、「これだ !」 と即決

しました。最大最小問題というのは、実生活でも非常に役に立ちます。例えば、民間企業で働く際

には、様々な条件下で利益を最大にするという考え方は、当たり前のようで実践するのは難しいも

のです。私は安田先生の元でその概念を基礎から徹底的に学べたため、日々働く中で、周囲よりも

正解に辿り着くのが早いと実感する場面が多々あります。また、数学科というのは、定理の証明の

繰り返しで、非常に単調な授業が多かったのですが、安田先生はそういう難しい話を、具体例を交

え、学生に分かりやすく説明してくれました。授業に出席するのが、楽しかった記憶があります。

また、社会人になった今でも、卒業研究、そして大学院で学んだ知識を、周囲に説明する機会が存

在します。あの頃、安田先生の元で研究した内容というのは、実生活にも応用できるものが多く、

スピーチや飲み会でのネタで話すと、皆が感心します。安田先生の元で学べて、本当に感謝してい

ます。あと、安田先生といえば、忘れてはいけないのが焼肉です。学業の節目には、安田先生のご

自宅近くの焼肉屋さんに、よく連れていっていただきました。ユッケを初めて食べたのもあの時で

すし、焼肉の美味しい焼き方を学んだのも、あの時でした。以上のように、私は恵まれた環境で、

公私ともに沢山のことを学ばせていただきました。安田先生は退任されますが、ご指導いただいた

弟子達は社会に飛び出し、活躍しています。我々は安田ゼミ卒業生として恥ずかしくないよう、こ

れからも社会に貢献していきます。あたたかく見守っていただければ、幸いです。しばらくごゆっ

くり、お過ごしください。そしてまたいつか、あの焼肉屋さんで美味しい食事ができることを夢見

ています。

師の影みえず

影山正幸 (統計数理研究所、4月 より名古屋市立大学赴任予定)

この 10年 もっとも多くの時間を共有したのが安田正賞教授です。しかし、初めて会ったときから

全く距離が近くならいな、というのが正直なところです。物静かで穏やかな語り口で数学を教示し

ていただき、Teacherと Professorの 違いを語らずとも教えてくれた大切な恩師です。学位論文作

成のための夜遅くまでのセミナー、初めての論文投稿での試行錯誤、北京、ストックホルムで過

ごした夜、今となってはどれも大切な財産です。昨今の理論研究に対する風あたりの厳しい環境下

で、本当の意味で次世代を見据えたその研究態度に、僕は北川敏男先生のDNAを感じずにはいら

れません。学生時代読んだ、北川先生と湯川秀樹先生との対談本「物理の世界 数理の世界」 (中公

新書)のなかで北川先生は「数学者は楽屋を見せてはいけない」といつた趣旨のことを述べられて

いますが、今日の安田先生、蔵野正美先生に間違いなくその北川イズムは受け継がれているんだな

と思うと同時に、僕もこのDNAを後世に残していかなくては、と身の引き締まる思いでいます。

北川敏男先生のご子息であられる北川源四郎統計数理研究所所長の下で 3年間勉強させていただい

たことも何かの縁かな、とその幸運さに今は感謝の気持ちでいつぱいです。いつの日か師の影くら

|い は確認したいものです。安田先生、いつまでもお元気で。

91:



グ

　

ル′

一
　

　

　

　

　

（

敦
、

侯
　
　
　
　
　
　
　
　
　
　
・０

　

　

　

　

　

　

　

　

　

、

■

夕
弓

署 n‐ た      
｀

■キ関モ  を■台
上津,t

=ろ
′キ 督贅、1

ヽ つ

戌る書■1たキ入め  'η
崎,t朴

'い
入ア｀観 多ヽ

4■うべЬ喜豊れ海′

■1こ、′ネ 、た,乃 "な .

0い ll●  4

92


