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The best hoie problem by Markov Potential and Differentialequation method.Here we dare to try a lassial analysis to obtain its optimal value forthe problem on Markov proesses.(1) Optimaility equation(Non-linear Differentila equation) withrandom number objet.

MHoriguhi, M Yasuda The best hoie problem for random number of objets with a refusal probability



背景画像の取り込み

IntrodutionFormulation and NotationsMarkov PotentialThe best hoie ProblemRandom number of objetsAbstrat:
The best hoie problem by Markov Potential and Differentialequation method.Here we dare to try a lassial analysis to obtain its optimal value forthe problem on Markov proesses.(1) Optimaility equation(Non-linear Differentila equation) withrandom number objet.(2) In�nitesimal approah(saling limit).

MHoriguhi, M Yasuda The best hoie problem for random number of objets with a refusal probability



背景画像の取り込み

IntrodutionFormulation and NotationsMarkov PotentialThe best hoie ProblemRandom number of objetsAbstrat:
The best hoie problem by Markov Potential and Differentialequation method.Here we dare to try a lassial analysis to obtain its optimal value forthe problem on Markov proesses.(1) Optimaility equation(Non-linear Differentila equation) withrandom number objet.(2) In�nitesimal approah(saling limit).(3) In generally ase, it is hard to solve analitially (LambertW-funtion).
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IntrodutionFormulation and NotationsMarkov PotentialThe best hoie ProblemRandom number of objets
� Markov Deision Proesses� One-Look-Ahead Poliy� Markov Potential Theory� In�nitesimal Analysis(Saling limit)� Variations from the lassial problem Random Number objet,Refusal probability, Zero-sum Game version, et.
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IntrodutionFormulation and NotationsMarkov PotentialThe best hoie ProblemRandom number of objets
� Chow/Robbins/Siegmund(1971), Siryaev(1973),Dynkin/Yushkevith(1969): monotone stopping problem, themartingale theory, the potential theory,� Ross(1983); One-Look ahead poliy, the optimality priniple in themathematial programming,� Ferguson(2006), Bruss(2003), Tamaki(2002): the sum-the-oddstheorem.
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The last thing one knows when writing a book is what to put �rst.Blaise Pasal(1623-1662)from J.Havil �Gamma� exploring euler's onstant with a foreword byFreeman Dyson
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IntrodutionFormulation and NotationsMarkov PotentialThe best hoie ProblemRandom number of objets
Let xn,n = 0, 1, 2, � � � be a Markov Chain with a transitionprobability P = P(i, j), i, j 2 S over a state spae S in R1.v(i) = supt<¥v(i, t) = supt<¥E "r(xt)� tån=0 (xn) ��� x0 = i#
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IntrodutionFormulation and NotationsMarkov PotentialThe best hoie ProblemRandom number of objetsThe relation between Markov potential theory and DynamiProgramming or Markov deision proesses is well known. Theoptimality equation* is redued as follows.v(i) = maxfr(i), Pv(i)� (i)g, i 2 S.Consider the set of states for whih stopping immediately is at leastas gppd as stopping after exatly one more period. Denote this set byB = fi 2 S j r(i) � Pr(i)� (i)gwhere Pr(i) = åj2S P(i, j)r(j).MHoriguhi, M Yasuda The best hoie problem for random number of objets with a refusal probability
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The poliy, de�ned by hitting time of this set B, is alled a One-stageLoog Ahead(abridged as OLA) poliy, refer to Ross(1983).It is suf�ient that the OLA poliy is optimal if B is losed andeventually hits to the set. That the set is losed means ifP(i, j) = 0 for i 2 B, j 2 Bwhere B denotes the omplement of the set B.
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Markov stopping theory as the exessive funtion, the martingaletheory and so on.However the general framework does not over for spei� solutionin the exploit struture or interesting features.The aim of this note is to obtain the expliit optimal value assoiatedwith OLA poliy and various problems in the asymptoti form.
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IntrodutionFormulation and NotationsMarkov PotentialThe best hoie ProblemRandom number of objetsFirstly the motivated ase for the lassial sereraly hoise problemand then for the variation of the ase with the refusal probability.Let PA denote the restrition to a subset A of S for the transitionprobability P, that is, PA(i, j) = P(i, j)1A(i)where the indiator of A is1A(i) = � 1 (i 2 A)0 (i /2 A)
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IntrodutionFormulation and NotationsMarkov PotentialThe best hoie ProblemRandom number of objetsA potential N of P for a funtion f :Nf(i) = limn hfI+P+ P2 + � � �+ Pkgfi (i) i 2 S.Assume that limk �(PB)kr� (i) = 0[NB(PBr� )℄ (i) < ¥ for i /2 B.
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IntrodutionFormulation and NotationsMarkov PotentialThe best hoie ProblemRandom number of objetsThen(i) the OLA poliy tB is optimal,(ii) the optimal value v(i), i 2 S is given byv(i) = r(i) +N(Pr� r� )+(i)= � r(i) on BNB(PBr� )(i) on B
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IntrodutionFormulation and NotationsMarkov PotentialThe best hoie ProblemRandom number of objets Classial ProblemProblem with a refusal probability
The seretary problem is an optimal stopping problem based onrelative ranks for objets for objets arriving in a random fashion.The objetive is to �nd the stopping rule that maximizes theprobability of stopping at the best objet among the sequene.The formulation of the problem as Markov proesses is given byDynkin/Yushkevith(1969).
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IntrodutionFormulation and NotationsMarkov PotentialThe best hoie ProblemRandom number of objets Classial ProblemProblem with a refusal probabilityThe state spae is S= f1, 2, 3, � � � ,ng and the reward, its win ofprobability is r(i) = i/n, i 2 S.The transition probability isP(i, j) = ij(j� 1) ,on 1 � i < j � n, and= 0, otherwise.The optimal value v(i) satis�es, for i = 1, 2, � � � ,n� 1,,v(i) = max( in , nåj=i+1 ij(j� 1)v(j)) ,v(n) = 1.MHoriguhi, M Yasuda The best hoie problem for random number of objets with a refusal probability
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IntrodutionFormulation and NotationsMarkov PotentialThe best hoie ProblemRandom number of objets Classial ProblemProblem with a refusal probabilityTaking a sale limit of in ! x as i,n! ¥, it beomes thatv(x) = max�x, x Z 1x v(y)y2 dy� , x 2 S = [0, 1℄,v(1) = 1.The solution is well known asv(x) = � e�1 on [0, e�1℄,x on [e�1, 1℄.
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By extending the reward r(x) in general, that is,v(x) = maxfr(x), x Z 1x v(y)y2 dyg, x 2 S= [0, 1℄,v(1) = 1.It is also the OLA poliy is still optimal if the following assumptionholds.
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Assumption:The funtion h(x) = r(x)� x Z 1x r(y)y2 dyis �nite on [0, 1℄ for a given r(x) andit hanges its sign from� to+ only one as x inreases 0 to 1.So there exists a unique solution a of the equation h(x) = 0, that is,a = inffx;h(x) � 0g.
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IntrodutionFormulation and NotationsMarkov PotentialThe best hoie ProblemRandom number of objets Classial ProblemProblem with a refusal probability
Theorem:Using this solution a, the assumption impliesv(x) = � r(a) on [0, a℄,r(x) on [a, 1℄.
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IntrodutionFormulation and NotationsMarkov PotentialThe best hoie ProblemRandom number of objets Classial ProblemProblem with a refusal probability
Beause of using Markov potential, it is alulated asPBr(x) = r(a) xa ,�PB�nPBr(x) = r(a) xa logn �ax� /n!and NBPBr(x) = r(a)diretly. Here B = [0, a℄.
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The basi idea based on the in�nitesimal operator of Markovproesses.It is equivalent to,�xd v(x)dx = �r(x)� v(x)�+, x 2 [0, 1℄, v(1) = 1.This method is derived by Mui(1973).
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A variant for the lassial best hoie problem is onsidered bySmith(1975) induing a refusal probability.A given p (0 < p < 1) means the probability of not refused ase andthe quality 1� p is a probability of the refusal. When there oues norefusal(1� p = 0), that is, the usual standard problem orrespondsto p = 1.
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The asymptoti form of the transition probability is given asP(x,dy) = 8<: py� xy�p dy, 0 < x < y < 1,0, otherwise.
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IntrodutionFormulation and NotationsMarkov PotentialThe best hoie ProblemRandom number of objets Classial ProblemProblem with a refusal probabilitySimilarly beforeAssumption: The funtionhp(x) = r(x)� p Z 1x r(y)y (x/y)p dyis �nite on [0, 1℄ for a given r(x) and it hanges its sign from� to+only one as x inreases 0 to 1. Its unique solution is denoted by ap ofthe equation hp(x) = 0, i.e.,ap = inffx;hp(x) � 0g.
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Theorem: Using this solution ap, the assumption implies thatv(x) = � r(ap) on [0, ap℄,r(x) on [ap, 1℄.
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IntrodutionFormulation and NotationsMarkov PotentialThe best hoie ProblemRandom number of objets Classial ProblemProblem with a refusal probabilityIt is also known the tehnique of using a differential equation byMui(1973).Let V(x) = p Z 1x r(y)y (x/y)p dy, x 2 [0, 1℄whih means a ontditional optimal value.This satis�es8><>: �xdV(x)dx = p�r(x)� V(x)�+, x 2 [0, 1℄,V(1) = 0.MHoriguhi, M Yasuda The best hoie problem for random number of objets with a refusal probability
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The optimal value at the beginingv� = V(0) = r(ap).Con�rming that the ase of r(x) = x, the equation hp(x) = 0 solvesx = ap = p1/(1�p)whih onsist with the result by Smith(1975).
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IntrodutionFormulation and NotationsMarkov PotentialThe best hoie ProblemRandom number of objets Formulation for random number of objetsRandom number of objets with refusalThe disussion on the stopping hoie problem with a randomnumber of objets is �rstly by Presman/Sonin(1972). ThenRasmussen/Robbins(1975), Tamaki(1979), Irle(1980),Petruelli(1983) et.If we restrit ourselves that the support of distribution for a numberof objets is bounded, the tehnique of the previous saling limitould be applied.This assumption links to the tehnique of the saling limit. It shouldbe noted that Presman/Sonin disussed the number of objets isPoisson distribution, so we ould not apply this tehnique in thatase. The next is a fundamental assumption of the disussion in here.MHoriguhi, M Yasuda The best hoie problem for random number of objets with a refusal probability
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IntrodutionFormulation and NotationsMarkov PotentialThe best hoie ProblemRandom number of objets Formulation for random number of objetsRandom number of objets with refusal
Assumption:A random number of objets N is bounded and letn = inffk � 1;P(N > k) = 0g.
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IntrodutionFormulation and NotationsMarkov PotentialThe best hoie ProblemRandom number of objets Formulation for random number of objetsRandom number of objets with refusalBy using the notation of pi = P(N = i) andpi = P(N � i) = åk�i pi, the transition probability matrix for thisase is as follows:p(i, j) = ipjj(j� 1)pi , 1 � i < j � n,p(i,n) = nåk=i+1 i pkkpi , 1 � i < n, p(n,n) = 1,r(i) = nåk=i i pkkpi , (i) = 0, 8i.
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IntrodutionFormulation and NotationsMarkov PotentialThe best hoie ProblemRandom number of objets Formulation for random number of objetsRandom number of objets with refusalIf we denote the distribution by F(x), x 2 [0, 1℄ of its randomnumber for objets, and taking the sale limit of k,n! ¥ withk/n = x, then v(i)! V(x) and pk = P(N = i)! dF(x),pk = åk�i pi ! 1�F(x), sopk/pk ! dF(x)/(1�F(x)),r(k+ 1) = nåk=i i pkkpi = ipi nåk=i pkk! R(x) = x1�F(x) Z 1x y�1 dF(y).
MHoriguhi, M Yasuda The best hoie problem for random number of objets with a refusal probability



背景画像の取り込み

IntrodutionFormulation and NotationsMarkov PotentialThe best hoie ProblemRandom number of objets Formulation for random number of objetsRandom number of objets with refusalThe resulting the differential equation is given as8>>>><>>>>: �x dV(x) + x V(x)1�F(x) dF(x)= (R(x)� V(x))+ dx, x 2 [0, 1℄V(1) = 0where R(x) = x1�F(x) Z 1x y�1 dF(y).The details refer to Yasuda(1984).MHoriguhi, M Yasuda The best hoie problem for random number of objets with a refusal probability
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Assumption:We assume that dF satis�es the onditions:1 (1�F(x))�1 Z 1x y�1dF(y)! 1 as x! 1,2 x Z 1x y�1dF(y)! 0 as x! 0.
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This assumtion implies that R(x)! 0 (x! 0) and! 1(x! 1).In the usual non-random ase, R(x) = x, these onditions aresatis�ed sine 11�F(x) Z 1x y�1 dF(y) = 1 for x 6= 1.
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IntrodutionFormulation and NotationsMarkov PotentialThe best hoie ProblemRandom number of objets Formulation for random number of objetsRandom number of objets with refusal
Example:Example of a random number N:Uniformly distributed ase on a partial intervalfn�m,n�m+ 1, � � � ,n� 1,ng of f1, 2, � � � ,ngLetting q= m/n is �xed for n,m! ¥,F(x) = � 0, (0 < x < 1� q),(x� 1+ q)/q, (1� q< x < 1)
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ase a: threshold v�:optimal value1� q� e�2 p1� qe�1 �p1� qq log(1� q)e�11� q� e�2 e�2 2e�2/q
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If q! 1 it tend to 2e�2 as disussed in Presman/Sonin(1972) et.Alternatively, if q! 0, this redues to the non-random lassialproblem and it tend to e�1 as is well known. However it isinteresting that the threshold a = e�2 does not depent on q in ase of1� q� 0, that is, ase of the ambiguity is being in spread.
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Here we would like to impose a refusal probability for the model.Instead of V(x) in the optimality equation onsiderdv(x) = dV(x)� V(x)1�F(x) dF(x). Then, it holds thatv(x) = max�R(x), x1�F(x) Z 1x (1�F(y))y�2v(y) dy�
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IntrodutionFormulation and NotationsMarkov PotentialThe best hoie ProblemRandom number of objets Formulation for random number of objetsRandom number of objets with refusal
The optimality equation of stopping problem:v(x) = maxfR(x),Pv(x)g, 0 � x � 1have a modi�ation with a refusal probability p(x), 0 � x � 1beomesv(x) = maxfp(x)R(x) + (1� p(x))Pv(x), Pv(x)g.
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IntrodutionFormulation and NotationsMarkov PotentialThe best hoie ProblemRandom number of objets Formulation for random number of objetsRandom number of objets with refusalBy letting Pv(x) = x1�F(x) Z 1x (1�F(y))y�2v(y) dy,q(x) = exp� Z 1x y�1(1� p(x)) dy�andh(x) = Z 1x y�1 dF(y),
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Assumption:Assume that Hp(x) = h(x)� q(x) Z 1x h(y) p(y)yq(y) dyhanges its sign one from� to+ as x inrease.
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Theorem:The solution is given as the valuea�p = � inffx;Hp(x) � 0g1 if emptydetermine its threshold poliy and so the optimal value v(0+).
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However in order to display the above assertion or expliit form, it isnot easy for us.Even the simplest ase ofp(x) = p (0 < p < 1)and F(x) = x (0 � x � 1),it needs the disussion on Lambert W funtion.
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