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1. O8aK

^k3UhjaxO, UWhjHN(*JuVd\

r==9k?JhjaxNlDG"j, =N<or+

$?NOBellman[4]G"k. “^k3U"?”d“0*W

h!”N-<o<IO#|GOkw_<$bNG"k.

Bellman[3, 4]dHoward[9]KhkxqO?Jhjax

H7FbGk=G-kdjr7&}-$,nN&f/8

KFAr?(?. ^k3UhjaxO=N==5lk0

*79F`N=$+i}WJXdN(*JG,)f, ,

~)fJINdjH7Fj0=5l, 3sTe<?NJ

bb<$0*Wh!N$ofkV!5Nv$(Curse of

Dimensionality)WNn~K;,+1M)N=N&f,n

GbV/=X,(Reinforcement Learning)WHFPlk

Ke<m&@$J_C/Wm0i_s0KhkX,"k4

j:`N&f,h/KJ5lF$k(cf. [1, 5, 6, 13, 24]).

\FGO, TNB-N<GN^k3UhjaxNdjK

*$Fd\N(!',$NG"kbGkN,~?X,}

@KD$FRYk. ,~?^k3UhjaxNhT&fH

7FO[8, 14, 17, 18]JI,e2ilk. 33G7&bG

kOt,Q,D=J^k3Uhjax(e.g. [20])Ndj

HO[Jj, F|NuVOQ,G-k,uVd\N(,$

NG"k?a/v?|!dAM?|!KhkG,/vN

rOOG-J$. ,ZJro<K*$F, 1. uV8g,?

@lDN_$K~#D=JuV+i.klg, 2. uV8

g,lDN_$K~#D=JuV`HlDNdPC6u

V`+i.klg, 3. uV8g,^$Nj<<7gsro

r~?9H-NKe<m&@$J_C/Wm0i_s0K

hk~V9,!N,Q, KD$F`!, uVrQ,7d\

!'KX9kpsr}87J,i,~*KG,/vr=

[9kX,"k4j:`r=l>l(9.

2. `w

^k3Uhjax (Markov Decision Processes,

MDPs)O, !N4DN=.WGKhCFjA5lk:

{S,A, (qij(a)), r(·, ·)}.

∗Z5x!tX5<
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S,A O=l>luVuV(state space)HhjuV(ac-

tion space)r=7\spGO S,A NWGNtO-B

|S| = N <∞, |A| = K <∞

G"k3Hr>j9k. qij(a) OUWhjT(decision

maker),uV i Ghj a HhC?H-!N|KuV j

Xd\9kN(r=9. ^?, r(i, a) (i ∈ S, a ∈ A) O

uV i Ghj a rhC?H-Nx@Xtr=9.

^k3UhjaxK*1kp\*JG,=djK*$

FO, 04psH/Kd\N(,{NG"k3Hr0sK

7F$k,, 33GOd\N(,$NNdj(Uncertain

MDPs)KD$FM!9k. K DN$NNd\N(TsK

hkQia<?uVr

Q =
˘

q
˛

˛ q = (qij(a) : i, j ∈ S, a ∈ A),

qij(a) = 0,
X

j∈S

qij(a) = 1 (i, j ∈ S, a ∈ A)
¯

HjA9k.

-f π = (π0, π1, . . .) O/v(policy)r=9. /vN

4N8gr Π H=9. c(P, h n |KuV in Ghj

an rHkN(, pn G"lP=N~N^k3U/vO

πn(an|in) = pn

H=5lk. CK, =l>lNuV i GCjNhj ai

rNj*Khk/vrjo/vHFS, f : S → A G

f(i) = ai G"kXt f H7F==9k.

πn(f(i)|i) = 1 (i ∈ S, n = 0)

G"j f ∈ Π H=5lk. lLKh n |N/vO

πn ∈ P (A|(S ×A)n × S) (n = 0)

HroU-N(G=5lk. ^?, h n |^GNzr

(history)r=9N(Qtr

H0 := X0, Hn := (X0,∆0, X1, . . . , Xn) (n = 1)

H=9. ?@7 Xn,∆n O=l>lh n |NuVHhj

r=9N(QtG"k. ^k3UhjaxKX9k\7$

QlNjAdhj7$KD$FOc(P[22, 28]JIr2

H5l?$.

|T?Qx@(long-run expected average reward)X



tr

ψ(i, q|π) =

lim inf
T→∞

1

T + 1
Eπ

 

T
X

t=0

r(Xt,∆t)
˛

˛

˛
X0 = i, q

!

(1)

H9k. ?@7, Eπ(·|X0 = i, q) Oi|uV, i G

q ∈ Q NH-N/v π KhkN(,Y Pπ(·|X0 = i, q)

KX9k|TMr=9. D r Q Nt,8gH9k. 9Y

FN/v π ∈ Π H$UN i ∈ S, q ∈ D KD$F0(1)r

Gg=9kG,=djrM(k, 9JoA,

ψ(i, q) = sup
π∈Π

ψ(i, q|π)

rAMXt(value function)H7, 9YFNuV i ∈ S K

D$F ψ(i, q|π∗) = ψ(i, q) ,.j)D/v π∗ ∈ Π r

q-G,(q-optimal)/vHFS, 9YFN q ∈ D KP7F

π∗ , q-G,G"kH-, =N π∗ r D KX7F,~?

G,/v(adaptively optimal)G"kHFV.

F|N/vs {πn}∞n=0 KD$F

lim
n→∞

ψ(i, q|πn) = ψ(i, q) for all q ∈ D

G"kH-, 3N/vsr[HsIG,J,~?/v

s(asymptotic sequence of adaptive policies with

nearly optimal properties)HFV.

Je, d\N(Ts Q r3DNlgK,1F=l>lN

,~?/vr=.9k?aN"k4j:`KD$FM!

9k. ,WJQlNjAH$/D+N?jr3NaG^H

aF*/.

• ~#D=Ts: d\N(Ts q = (qij(a)) ∈ Q KD

$F, $UNuV i, j ∈ S ,_$K~#D=(communi-

cating)G"kH-, 9JoA, "k {i1 = i, i2, . . . , il =

j} ⊂ S, {a1, a2, . . . , al−1} ⊂ A, 2 5 l 5 N KD$F

qi1i2 (a1)qi2i3 (a2) · · · qil−1il
(al−1) > 0

,.j)DH-, i +i j X~#D=G"kH@$ i→ j

H=7 q r~#D=TsHFV. ~#D=TsN4Nr

Q∗ G=9.

• ~#D=`: uVt,8g E ⊂ S KD$F, q ∈ Q ,

!Nror~?9H-, E r q N~#D=`(communi-

cating class)HFV.

(i) $UNuV i, j ∈ E KD$F i→ j,

(ii) E OD8F$k, 9JoA,
X

j∈E

qij(a) = 1 (i ∈ E, a ∈ A(i)).

?@7, A(i) OuV i GN*rD=Jhj(available

actions)N8gr=9.

• 5,~#D=Ts: d\N(Ts q ∈ Q KD$F, "

kuVt,8g Ē $ S ,8_7F,

(i) Ē O q N~#D=`G"k,

(ii) T = S − Ē OlDNdPC6`(absolutely

transient class)G"k, 9JoA, 9YFN

π ∈ Π KP7F

Pπ(Xt ∈ Ē for some t = 1|X0 ∈ T ) = 1

,.j)DH-, q r5,~#D=(regularly communi-

cating)TsHFV. 5,~#D=Ts q K~8Fh^

ke-(i)N~#D=` Ē r Ē(q) G=9. uV i0 ∈ S

, i0 ∈ Ē(q) HJkh&J5,~#D=TsN8gr

q ∈ Q∗(i0) H=9.

• ^$Nj<<7gsro: $UN δ > 0 rlD*SG

j7?H-

Qδ =
˘

q = (qij(a))
˛

˛ qij(a) = δ,
X

j∈S

qij(a) = 1

for i, j ∈ S, a ∈ A
¯

(2)

r^$Nj<<7gsror~?9Ts8gHFV.

• dzCG!: dz( (1 − τ) N i ∈ S, q ∈ Q, π ∈ Π

KD$FN|Tmx@(expected total (1− τ)-discount

reward)r

vτ (i, q|π) =

Eπ

„ ∞
X

t=0

(1 − τ)tr(Xt,∆t)
˛

˛ X0 = i, q

«

(3)

HjA9k. ^?,

vτ (i, q) = sup
π∈Π

vτ (i, q|π)

rdz( (1 − τ) NAMXtHFV3HK9k. S eN

9YFNXtN4N8gr B(S) H=9, 9JoA,

B(S) = {f |f : S → R}

H*/. q = (qij(a)) ∈ Q H τ ∈ (0, 1) KP7FnQG

Uτ{q} : B(S) → B(S) rF i ∈ S, u ∈ B(S)KX7F

!Nh&KjA9k:

Uτ{q}u(i) =

max
a∈A

˘

r(i, a) + (1 − τ)
X

j∈S

qij(a)u(j)
¯

. (4)

!NdjOdzCG!(vanishing discount approach)

H7FNilF$k. (cf. [22, 23]).

dj 1.

(i) nQG Uτ{q} O8t (1− τ) r}DL.L|G

"k.

(ii) dz( (1 − τ) N\*Xt vτ (i, q) OnQG

Uτ{q} NlUJT0@G"k. 9JoA,

vτ = Uτ{q}vτ

r~?9.



(iii) fτ r0(4)N&UNGg=(maximizer)XtH9

kH-,

vτ (i, q) = vτ (i, q|fτ ), lim
τ→0

τvτ (i, q) = ψ(i, q)

,.j)D.

O8aK, ~#D=Ts q ∈ Q∗ KX9kG,}x0r

3/. µ = (µ1, µ2, . . . , µN ) ∈ P (S) rQ$F, q KX

9k]0d\N(Ts qτ,µ = (qτ,µ
ij (a)) r!Nh&Kj

A9k: i, j ∈ S, a ∈ A N=l>lKD$F

q
τ,µ
ij (a) = τµj + (1 − τ)qij(a). (5)

0(5)O N -!5sY/Hk (1, 1, . . . , 1) N>VY/H

k e = (1, 1, . . . , 1)t rQ$F

qτ,µ = τeµ+ (1 − τ)q

HTsG=;k. P (S) r S eNN(,[H9k.

j} 1. ( Q∗ GNG,}x0) ~#D=Ts q ∈ Q∗ r

$UKlD*SGj9k. 3NH-

(i) ψ(i, q)(:= ψ(q)) OuV i ∈ S KM87J$.5

iK"kXt u ∈ B(S) O!NG,}x0r~

?9: i ∈ S KD$F

u(i) =

max
a∈A

˘

r(i, a) +
X

j∈S

qij(a)u(j)
¯

− ψ(q) (6)

(ii) $UN µ ∈ P (S) KP7F τ → 0 H9kH-

ψ(qτ,µ) → ψ(q).

!K Qδ KX9kG,}x0r(=&. ^$Nj<<

7gsror~?9d\N(Ts q ∈ Qδ KP7FnQ

G U{q} : B(S) → B(S) r!Nh&KjA9k:

U{q}u(i) = max
a∈A

˘

r(i, a)+
X

j∈S

`

qij(a)−δ
´

u(j)
¯

(7)

3NH-, U(q) ,L.L|G"k3HOFWK(5lk.

h(q) ∈ B(S) r U(q) NlUNT0@H9k, 9JoA,

h(q) = U{q}h(q) (q ∈ Qδ) (8)

G"kH9kH-, 0(8)K*$F

ψ∗(q) = δ
X

j∈S

h(q)(j)

H9lP

h(q)(i) = max
a∈A

˘

r(i, a) − ψ∗(q) +
X

j∈S

qij(a)h(q)(j)
¯

(9)

H?Q|Tx@KX9kG,}x0H7F=5lk3H

+i!Nj}r@k:

j} 2. ( q ∈ Qδ KX9kG,/v)

ψ∗(q) = ψ(i, q) (i ∈ S)

G"k. 9JoA, ψ(i, q) NMOi|uVKM87J$.

5iK, b7, 9YFN i ∈ S KP7F f(i) ∈ A∗(i|q)

H9lP f O q G,jo/vG"k. ?@7 A∗(i|q) O

uV i GNG,hj(optimal action)N8gG0(9)N&

UNmaximizerNhj8gG"k.

3. ,~?/vN=.

$NNd\N(Tsr}D^k3UhjaxGN,~

?/vN=.}!KD$Fb@7h&. h n |KuV

i ∈ S Ghj a ∈ A(i) rhC?H-N!N|NuV,

j ∈ S G"kQYr!Nh&KjA9k:

Nn(i, j|a) =
n
X

t=0

I{Xt=i,∆t=a,Xt+1=j}, (10)

Nn(i|a) =
n
X

t=0

I{Xt=i,∆t=a}. (11)

?@7 ID O8g D NX(XtG"k. qn
ij(a) r!N

h&KjA9k.

qn
ij(a) :=

8

<

:

Nn(i, j|a)

Nn(i|a)
, Nn(i|a) > 0 NH-,

0, =N>.

3NH- qn
ij = (qn

ij(a)) O$NNd\N(TsKP9k

G`djLr=7F$k. q0 = (q0ij(a)) ∈ Q r$UK

*S q̃n = (q̃n
ij(a)) ∈ Q r

q̃n
ij(a) =

(

qn
ij(a), Nn(i|a) > 0 NH-,

q0ij(a), =N> .

KhCFjA9k. $UN τ ∈ (0, 1) KP7F97Xt

(update function) {ṽn}∞n=0 KX9k!Nh&J?|9

-<`(iterative scheme)rM(k.

ṽ0 = 0, ṽn+1 = Uτ{q̃
n}ṽn (n = 0) (12)

0(12)Nh2N0K*1k&UNGg=XtNRHDr

ãn+1 H=7, FuV i K*1kGg=XtGjA5lk

hj/vO ãn+1(i) H=5lk. 9JoA,

ãn+1(i) ∈ arg max
a∈A(i)

{r(i, a)+

(1 − τ)
X

j∈En+1

q̃n+1
ij (a)ṽn(j)}. (13)

{bn}∞n=0 O b0 = 1 G"k5N9A14:/tsG"

kH7 φ : [0, 1] → [0, 1] O

φ(bn) = bn+1 (n = 0) (14)

r~?99A14}CXtH9k. ,~?/vr=.9k

?aNX,"k4j:`(learning algorithm)O0(12)

NGg=Xt an+1 HXt φ +i.k.

π̃τ
n(a|i) = P (∆n = a|X0,∆0, . . . , Xn = i)



H*/H-, F?|GN,~?/v π̃τ
n O!Nh&K~j

5lk: ai = ãn+1(i) (i ∈ S) H9kH-,

π̃τ
n+1(ai|i) = 1 −

X

a6=ai

φ(π̃τ
n(a|i)),

π̃τ
n+1(a|i) = φ(π̃τ

n(a|i)) (a 6= ai).
(15)

/vs π̃τ = (π̃τ
0 , π̃

τ
1 , . . .) Oi|/v π̃0 r?(,

π̃τ
n (n = 1) r0(12)H(15)KhCF`!hak.

φ

bnbn+1bn+2

^1 φ H {bn}∞

n=0 NX8

33G$/D+N@KD$F@Z7F*/. 0(12)

O Federgruen and Schweitzer[7]KhCFsF5l?s

joAM?|9-<`(non-stationary value iteration

scheme)NlDNQAHHi(k3H,G-k. 5iK,

0(12)GN97AMXt ṽn KX7FGg=Xt ãn+1

rhak3HO, =N~@G@ilF$kd\H97X

tNMNps+il|VhKd\7?~NAMrGgK

9kh&JE_/v(greedy action)r*r9k3HG

"CF, 0(15)OXt φ KhCF!N|KhkY-/v

O ãn+1(i) N*r5lkN(,}C5l>NhjN*r

5lkN(O:/5lkh&K975lk. ^?, φ N

-AKD$F\7/b@9kH, 5N9A14:/ts

{bn} G0(14)NX8r~?9h&JXtO, >rB8?

LGN>~ y = x (x = 0) N0iUN<&KXt φ ,

"CF^1Nh&K>~ y = x eK@ (bn+1, φ(bn)) ,

hlk3HHkP*KN'G-k. 0(15)NX,"k4j

:`Ox@3b(reward-penarty)?$W[15]HFPlk

(cf. [16, 19, 24]). ^?, ~#D=TsH5,~#D=T

sK*1kJ<NkLOKurano[15]K*1kd\N(T

s,

Q+ := {q = (qij(a)) ∈ Q|

qij(a) > 0 for all i, j ∈ S and a ∈ A} (16)

G?(ilk,~?G,/vNkLNH%G"j\sp

GRYilkj}NZ@}!Olt=NkLN,QKhC

F$k.

3.1 ~#D=Ts

?|9-<`K*1k q̃n, ṽn, π̃
τ
n KX9k=l>lN

}+-r@k?aK!N>jr9k:

>j 1.

(i) bn → 0 (n→ ∞),

∞
X

n=0

bNn = ∞.

(ii) 9YFN i ∈ S, a ∈ A KP7F π̃τ
0 (a|i) > 0.

3NH-!Nh&Jdj,@ilk.

dj 2. q ∈ Q∗ H9k. >j 1NbHGJ<N (i)–(iii)

, Pπ̃τ (·|X0 = i, q)-a.s. G.j)D:

(i) q̃n → q (n→ ∞),

(ii) ṽn(i) → vτ (i, q) (n→ ∞),

(iii) π̃τ
n(A∗

τ (i|q)|Hn, Xn = i) → 1 (n→ ∞),

?@7 A∗
τ (i|q)O0(6)N&UNmaximizerN8gG"k.

τ Q∗ := {qτ,µ|µ ∈ P (S), q ∈ Q∗}H*/. ]0d\

N(TsN2 τ Q∗ KD$F!Nj},@ilk:

j} 3. >j 1NbHG π̃τ O τ Q∗ X7F,~?G,

/vG"k.

33GO\7/hje2J$,, τn → 0 (n → ∞) H

9k3HKhkAMXt vτn
N"3-H]0Ts qτn,µ

N"3-JIKhj, ?|9-<`rJaF$/3HG@

ilk/vs,2a*KG,/vHJk[HsIG,J

,~?/vr@k3H,(5lk[11]:

j} 4. >j 1 NbHG, /vs {π̃τn}∞n=1 (τn →

0 as n → ∞) O Q∗ KX9k[HsIG,J,~?/

vsG"k.

3.2 5,~#D=Ts

!K5,~#D=Ts Q∗(i0) GNG,/vN8_K

X7Fb@9k. E $ Ē(q) rhjJ<Nh&JuVt

,8gs Jk(E) (k = 1, 2, . . .) rF"*KjA9k:

J1(E) = {i ∈ E|
X

j∈Ē(q)−E

qij(a) > 0

for some a ∈ A(i)}

Jk(E) = {i ∈ E −
k−1
[

l=1

Jl(E)|

X

j∈Jk−1(E)

qij(a) > 0 for some a ∈ A(i)} (k = 2).

^?,

K(Ē(q)) = {(i, a, j)|pij(a) > 0,

i, j ∈ Ē(q), a ∈ A(i)}

HjA7, 3N K(Ē(q)) KX9kd\N(Ts q N.

,NG.Mr δ H*/, 9JoA,

δ = min
(i,a,j)∈K(Ē(q))

pij(a)



H*/. 3NH-, J<Ndj,(5lk.

dj 3. $UN q ∈ Q∗(i0) (i0 ∈ S) H E $ Ē(q) r*

VH-, "k+3t l(E) (1 5 l(E) 5 N) G

Jk(E) 6= ∅ (k = 1, 2, . . . , l(E)), Jl(E)+1(E) = ∅

r~?9bN,8_9k.

dj 4. q ∈ Q∗(i0) (i0 ∈ S) H9k. /v π̃ =

(π̃0, π̃1, . . .) H5NBtN14:/s {εn}∞n=0 O, F

n = 0 KD$F π̃n(a|hn) = εn (a ∈ A(xn), hn =

(x0, a0, x1, . . . , xn) ∈ Hn) H9k. 3NH-$UNu

Vt,8g E $ Ē(q) KP7F

Pπ̃(Xn+l ∈ Ē(q) − E for some l(1 5 l 5 N)|

Xn ∈ E) = (δεn+N )N .

,.j)D.

uV i0 ∈ S KD$F q ∈ Q∗(i0) rlD*s@H-,

d_~os {σn} H=lKhCFjailkt,8gs

{Eσn
} ⊂ Ē(q) r!Nh&KjA9k:

E0 := {i0}, T0 := Ē(q) − E0,

σ1 := min{t|Xt ∈ T0, t > 0},

Eσ1
= E0 ∪ {Xσ1

}, Tσ1
:= Ē(q) − Eσ1

,

H*-J<F"*K n = 2, 3, . . . , KD$F

σn := min{t|Xt ∈ Tσn−1
, t > σn−1},

Eσn
= Eσn−1

∪ {Xσn
}, Tσn

= Ē(q) − Eσn

(17)

HjA9k. ?@7 min ∅ = ∞ G"k.

E ⊂ Ē(q) KP7F

n̄(E) = min{n = 1|Eσn
= Ē(q)}

H*/. 3NH-, b7 n̄(E) < ∞ JiPd\N(Ts

q KX9kQ?<sTs(pattern-matrix) M(q) r=.

9k3H,G-k(cf. [10]). Q?<sTsO?E^k3

U"?(multi-cahin)K*1k~#D=t,8g`r5w

9k]KQ$ilkTs==G"j, 5,~#D=Ts

q ∈ Q∗(i0) KP7FO

M(q) =

„

E O

R T

«

H=5lk. 33G Ē(q) NWGtr n(Ē(q)) H=7?

H- E O n(Ē(q))!5}.TsG, T O n(S− Ē(q))×

n(Ē(q)) .Ts, E H R .,O9YF1G"CF M(q)

K*$F i → j O (i, j) .,,1G"k3HKjv9k.

5,~#D=TsNuV8gO.Ts E KP~9k1D

N~#D=`H T NP~9k1DNdPC6`K,`5

lk. 7?,CF, 0(17)KhCF n̄(E) < ∞ HJk3

H,o+lPQ?<sTs M(q) r=.9k3H,G-

F5,~#D=TsKX9k,~?/vNX,"k4j

:`O~#D=TsKX9kdjK"eG-k.

dj 5. d\N(Ts q r q ∈ Q∗(i0) (i0 ∈ S) H9k.

π̃ Odj 4N>jr
P∞

t=0 ε
N
t = ∞ HJk {εt}∞t=0 K

D$F~?7F$kH9k. 3NH-$UN E $ Ē(q)

KP7F!,.j)D:

(i) Pπ̃(n̄(E) <∞|X0 = i0, q) = 1,

(ii) $UN k 5 n̄(E) KP7F

Pπ̃(σk <∞|X0 = i0, q) = 1.

e-Ndj5Khj, q ∈ Q∗(i0) KX7Fi|uV i0

+iP/7?-, h n̄({i0}) |J_KO i0 r^`~#D

=` Ē(q) r+D1k3H,G-, !Nj}r@k.

j} 5. >j 1NbHG, /vs {π̃τn}∞n=1 (τn →

0 as n→ ∞) O Q∗(i0) KX9k[HsIG,J,~?

/vsG"k.

3.3 Ke<m&@$J_C/Wm0i_s0

d\N(Ts q ∈ Qδ K*$FN(ax {Xn}∞n=0

KP9k97Xt {ṽn}∞n=0 NN("k4j:`H7

FKe<m&@$J_C/Wm0i_s0[5] (Neuro-

dynamic programming, Neuro-DP)K*1k~V9,

!(Temporal Difference method, TD-method)N,Q

KD$Fb@9k.

$UNL| H : B(S) → B(S) KX7F, 97Xt ṽn

rJ<N}x0GF i ∈ S KD$F

ṽ0(i) ≡ 0, ṽn+1(i) =
`

1 − γ̃n(i)
´

ṽn(i)+

γ̃n(i)
`

Hṽn(i) +Wn(i) + un(i)
´

, (n = 0) (18)

H?(k. ?@7, γ̃n(i) O~o n GN9FCW5$:r

=7, 0bCF?(ilk {γn(i)} KhCF

γ̃n(i) =

(

γn(i), Xn = i NH-,

0, =N>

HjA5lk. ^?, {Wn(i)} H {un(i)} OHbKFu

V i ∈ S GNis@`N$:(random noise)r=9.

dj 6.(cf. Proposition 4.5 in [5]) J<Nro (i) –

(v) ,.j)DH>j9k.

(i) F i ∈ S KP7F E[Wn(i)|Fn] = 0.

(ii) "k A,B > 0 ,8_7F

E
ˆ

Wn(i)2
˛

˛ Fn

˜

5 A+B‖ṽn‖
2 (n = 0, i ∈ S)

,.j)D.

(iii) H OlUNT0@ v∗ ∈ B(S) r}DL.L|

G"k.

(iv) γ̃n(i) = 0,
P∞

n=0 γ̃n(i) = ∞,
P∞

n=0 γ̃n(i)2 <

∞ (n = 0, i ∈ S).



(v) i ∈ S, n = 0 KD$F |un(i)| 5 θn(||ṽn|| + 1)

r~?9siNN(Qts {θn} ,8_7, N(

1G {θn} O 0 K}+9k.

3NH-, 0(18)N ṽn ON(1G v∗ K}+9k. ?@

7 || · || OsupNk`(supremum norm)G"j Fn O
˘

Xℓ(ℓ 5 n),Wℓ(ℓ 5 n− 1), Uℓ(ℓ 5 n− 1)
¯

KhCF

8.5lkG.Nσ-8gNr=9.

dj 7. /v π = (π0, π1, · · · ) ∈ Π OuV i, j ∈ S H

d\N(Ts q ∈ Qδ KD$F

πn

`

A∗(j|q)
˛

˛ X0,∆0, · · · ,∆n−1, Xn = j
´

→ 1 (n→ ∞) with Pπ(·|X0 = i, q)-prob. 1

G"kH-, π O Qδ KX7F,~?G,/vG"k.

q ∈ Qδ KX9kX,"k4j:`r=.9k?aK,

97Xt ṽn H,~?/v π̃n rJ<Nh&Kjak:

ṽ0 ≡ 0, ṽn+1(i) =
`

1 − γ̃n(i)
´

ṽn(i)+

γ̃n(i)
`

r(i,∆n) + ṽn(Xn+1) − δ
X

ℓ∈S

ṽn(ℓ)
´

(n = 0) (19)

π̃0(a|i) > 0 (a ∈ A, i ∈ S),

π̃n+1(a|i) =

8

<

:

εn(i)

K(i) − 1
, a 6= ãn+1(i) NH-,

1 − εn(i), a = ãn+1(i) NH-.

(n = 0) (20)

?@7, ãn+1(i) O0(19) KhCFaail?97Xt

ṽn+1 KX9k!0NmaximizerNRHD

ãt+1(i) ∈ arg max
a∈A

˘

r(i, a)+

X

j∈S

q̃n
ij(a)ṽn+1(j)

¯

(i ∈ S) (21)

G"j K(i) OuV i GN*rD=JhjNDtr=9.

97XtN}+H,~?G,/vN8_r(9?aK

!N>jr9kH-, J<NkL,(5lk.

>j 2.

(i) limt→∞ εt(i) = 0,
P∞

t=0 εt(i) = ∞,

(ii) 9YFN i ∈ S KP7Fγt(i) = 0,
P∞

t=0 γt(i) = ∞,
P∞

t=0 γt(i)2 <∞.

dj 8. >j 2N(i)Nror~?7, q ∈ Qδ (δ > 0) G

"kH9k. 3NH-,

(i) j ∈ S, a ∈ A KP7F limt→∞Nt(j|a) = ∞

with Pπ̃(·|X0 = i, q)-prob. 1,

(ii) i, j ∈ S, a ∈ A KP7F qt
ij(a) → qij(a) (t→

∞) with Pπ̃(·|X0 = i, q)-prob. 1.

j} 6. >j 2Nro(i), (ii)r~?7, q ∈ Qδ (δ > 0)

G"kH9k. 3NH-, ṽt(i) → h(q)(i) (t → ∞)

with Pπ̃(·|X0 = i, q)-prob. 1.

4. X,"k4j:`

3NaGO, 3l^GK(7?3DNbGkN=l>l

KD$FF|NuVd\rQ,7J,i,~?/vr@

k?aNX,"k4j:`r^Hak.

0aG(7?h&K~#D=Ts Q∗ H5,~#D=T

s Q∗(i0) KX9kX,"k4j:`GOdz( (1−τk)

KX7F"k4j:`rBT7 τk → 0 (k → ∞)

H9k3HG2a*KG,HJk,~?/v π̃τk =

(π̃
τk

0 , π̃
τk

1 , . . .) r@k3H,G-k. ^2, ^3K=l>l

Q∗ H Q∗(i0) N"k4j:`r(9. IAiNlgb>

j 1Nro,~?5lk3H, 0(14)r~?99A14}

CXt φ rQ$k3HKmU9k.

Step 1. n = 0H;h. τ (0 < τ < 1)rlD*SG

j;h. ṽ0(i) = 0 (i ∈ S) H;h. π̃0 ∈

P (A|S) r π̃0(a|i) > 0 (a ∈ A, i ∈ S) H

Jkh&K$UKhah. q0ij(a) r$UK

*Y.

Step 2. =_NuV Xn = i K~8Fhj ai ∈ A(i)

r/v π̃τ
n +i*S!N|NuV Xn+1 = j

rQ,;h. =7F Nn(i, j|a), Nn(i|a) r

W;7

q̃n
ij(a) =

8

<

:

Nn(i, j|a)

Nn(i|a)
(Nn(i|a) > 0 NH-),

q0ij(a) (=N>NH-),

H*1.

Step 3. FuV i ∈ S KD$F ãn+1(i) r

ãn+1(i) ∈ arg max
a∈A

˘

r(i, a)+

(1 − τ)
X

j∈S

q̃n
ij(a)ṽn(i)

¯

HJkh&K*Y.

Step 4. ãi = ãn+1(i) (i ∈ S) H=9~, !N|N

/v π̃τ
n+1(i) (i ∈ S) r

π̃τ
n+1(α|i) = φ(π̃τ

n(α|i)) (α 6= ãi)

π̃τ
n+1(ãi|i) = 1 −

X

α6=ãi

φ(π̃τ
n(α|i))

H7F97;h.

5iK, ṽn+1 = Uτ{q̃n}ṽn KhCF ṽn r

97;h.

Step 5. n r n+ 1 H7FStep 2Xal.

^2 Q∗ KX9kX,"k4j:`



Step 1. n = 0H;h. τ (0 < τ < 1)rlD*SG

j;h. E0 = {i0}, T0 = S − E0, ṽ0(i) =

0 (i ∈ E0), X0 = i0 H;h. Fhj

a ∈ A(i0) KP7F π̃τ
0 (a|X0) > 0 HJ

kh&K$UKhah.

Step 2. hj ∆n+1 = an+1 ∈ A(Xn) r/v

π̃n(·|Hn)+i*Y. !N|NuV Xn+1 =

j rQ,7,

En+1 =
(

En ∪ {Xn+1}, Xn+1 ∈ Tn NH-,

En+1 = En, Xn ∈ EnNH-

H;h. i, j ∈ En+1, a ∈ A(i) KD$F

Nn(i, j|a), Nn(i|a) rW;7,

q̃n
ij(a) =
8

<

:

Nn(i, j|a)

Nn(i, a)
, Nn+1(i|a) > 0 NH-

q0j , =N>

H;h. ?@7, q0 = (q0j : j ∈ En+1) O

En+1 eN q0j > 0 (i ∈ En+1) G"kh&

J$UNN(,[G"k.

Step 3. FuV i ∈ En+1 KD$F ãn+1(i) r

ãn+1(i) ∈ arg max
a∈A(i)

{r(i, a)+

(1 − τ)
X

j∈En+1

q̃n
ij(a)ṽn(j)}

r~?9h&K*Y.

Step 4. ãi = ãn+1(i) H=9~, π̃τ
n+1(α|i) =

Prob.(∆n+1 = α|Hn,∆n, Xn+1 =

i) (α ∈ A(i)) rJ<Nh&K97;h:

π̃τ
n+1(α|i) = φ(π̃τ

n(α|i)) (α 6= ãi)

π̃τ
n+1(ãi|i) = 1 −

X

α6=ãi

φ(π̃τ
n(α|i))

5iK, En+1 eG ṽn+1 = Uτ{q̃n}ṽn K

hCF ṽn r97;h.

Step 5. n r n+ 1 H7FStep 2Xal.

^3 Q∗(i0) KX9kX,"k4j:`

GeK, >j 2NbHG, ^$Nj<<7gsror~?

9Ts Qδ KX9k"k4j:`r(9.

Step 1. n = 0, ṽ0 ≡ 0 H7 π̃0 ∈ P (A|S) r

π̃0(a|i) > 0 (a ∈ A, i ∈ S) HJkh&

K$UKlDhah.

Step 2. ∆n = an r/v π̃n K>CFlD*Y.

Xn = i H an +i!N|NuV Xn+1 = j

rQ,;h. n+1|K*$F ṽn+1 ∈ B(S)

NMr!N~V9,}x0KhCF97;h:

uV i ∈ S KP7F,

ṽn+1(i) =
`

1 − γ̃n(i)
´

ṽn(i)+

γ̃n(i)
`

r(i,∆t) + ṽn(Xn+1)−

δ
X

ℓ∈S

ṽn(ℓ)
´

?@7, 9FCW5$: γ̃n Ov0K?(i

l? {γn(i)} Khj!!!!

γ̃t(i) =

(

γn(i), Xn = i NH-,

0, =N>

H9k.

Step 3. FuV i ∈ S KP7F

ãn+1(i) ∈ arg max
a∈A

˘

r(i, a)+

X

j∈S

q̃n
ij(a)ṽn+1(j)

¯

r*S, /v π̃n+1 r!Nh&Khah:

π̃n+1(a|i) =
(

εn(i)
K(i)−1

, a 6= ãn+1(i) NH-,

1 − εn(i), a = ãn+1(i) NH-.

?@7 K(i) OuV i ∈ S GNhjNDt

r=9.

Step 4. n = n+ 1 H7F Step 2Xal.

^4 Qδ KX9kX,"k4j:`

5. *ojK

\FGO, TNB-N<GN^k3UhjaxK*1

k3DN,~?"k4j:`KD$F(7?. $NNd\

N(TsNbGk=$O=l>l[Jk,, $:lb0

*79F`GNUWhjHuVQ,KpE-5w(explo-

ration)HN1xQ(exploitation)NHl<I*Ur&^

/T$J,i!N|N/v~1r`!T&X,"k4j

:`G"j, =NjgbJ@G"k. }@N\YdtMc

KD$FO[11, 12, 27]r2H5l?$.

U- \Fr^HakK"?j, Kn/l:a, "n5~

a, BD5iaNFaHN&1&fNbFrbHK5;F

:-^7?. 33K6UNUr=7^9.
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