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INTRODUCT10N

The theory of Optimal stopping was first fO.― .lu■ ated in connectiOn with

the sequential ana■ ys■s and can be found in the b00k 'tSequentia■  Analys■ s'

by A. Wa■ d in 1947.  A general theory Of Optimal stOpping for stochastic

processes was deve10ped after the appearance of wOrks by J.Lo Snell in

1952.  sne110s theOry means the classica■  super martinga■ e characterization

Of the value process.  Afterwards, in Markov processes w■ th cOntinuous time

parnmeter, the connectiOn between optima■  stopping and free boundary prob―

lems was discOvered, and the methOds tO apply the theory of variatiOnal

inequa■ ities t0 0ptimal stOpping prob■ ems have been studiede  The fOmu■ a…

tion of a Markov dec■ s■ on prOCess ■s fa■ rly general, as ■t inc■ udes a broad

elass of models of sequential optinLzation. An optimal stopping problen

can be foruulated as a tro-action Irlarkov decision process, in rhich one may

either stop and receive a rerarcl, or pay a cost and go to the next state.
rf ne ignore the fiaiteness of stopping times, then, the existence of an

optinal stopping tine and the nethods for fincling the stopping tine can be

discussed und.er the franework of llarkov decision processes.

In this thesis, the author studies the theory of optinal stopping in the

discrete tine parameter processes, which have a ner structure describecl in
terms of the observer's action and the systern's d.ecision. Under this
situation of the problen the optinality equation and the optinal policy are

discussed. The notivation of the nodel comes fron the nulti-variate stop-

Ping problem and from the uncertain enploynent problen on secretary
choices' Concerning the best choice problen, which is a particular case of
the optinar stopping prob)-em, an integral equation is given as an asSrupto-



tic forn of the solution for the problem with a randon number of objects.
Under conditions on the distribution of the nunber of objects the integral
equation is solved and consequently the asynptotic forns of optirnal value

and optinal policy are erplicitly obtained.

In chapter 1, the author considers a stopping problem in which the

observer's action and the systen's two decisions are introduced. The

observer can select a strategy defined on sn action space, and the d.ecision

of the systen to stop or continue is detemined by a preseribed conditional
probabirity. For this nodel, it nay happen that the strategy to stop is
refused, or to continue is forcibly stoppecl.

One of the typical application of the above nodel is the nut ti-variate
stopping problen. A nonotone rule is introcluced in chapter 2 to sun up

individua:L declarations. This is a reasonable generalization of the sin-
ple najority, veto lnrer and hierarchical rules. The rule is rlefined by a

'nonotone logical function and turns out to be equivalent to the rinning
class of Kadane- The eristence of an equilibriurn stopping strategy and the

associated gain are discussecl for the finite and infinite horizon cases.

Chapter 5 treats the best choice problen with a random number of objects
provided its distribution is }cnown. The optinality equation of the problen

is reduced to an integral equation by a scaling Iinit. The equation is
erplicitly soLved under sorne conditions on the ttistribution, which closely
relates to the conditions for an OLA policy to be optinal in Markov deci-

sion processes. AIso this technique is applied to three different versions
of the problen and an exact forn for asynptotic optinal strategy is de-

rivetl.



1.   OPTttMAL STOPPING PROBLEM INVOLVING REFUSAL AND FORCED STOPPING

Ｓ・■
　
　
　
　
　
　
　
　
　
　
　
ｅ
　
　
　
ｄ

ｈ

　
　
　
ｎ

お

　

　

　

　

ｅ

　

　

　

　

　

　

　

　

　

　

　

　

　

　

　

，

　

　

　

　

　

　

　

　

　

　

，

Ａ
，
　

⊂

　

ｔｈ
　

　

　

　

　

　

ｏｄ
　

　

　

　

ｏｄ

・■
　
　
　
　
　
　
　
　
　
ｏ■

＞一　　̈
　　一Ｔ　，．ｓ　　　　　　　　Ｆ　　　　　Ｆ

・・，
Ｘ
ｎ

〓 ａ
＞
，

い

」

　

。
，

ｎ・
ｔｈ

　

　

ｎ¨
ｔｈ

＜ｘ．
Ｌ

ぉ

＞，

＜ｓｎ
ｔｈ

　

ｔｈｅ

where .ln(a) is a given amount.



Ap,ppp119, 101     We assume that γn(a)iS independent of n, sO that

(1.3)ザ (a)=■ (a) fOr all n.

For the space A, there ex■ st

(1.4)  メ=min´γ(a)=γ (a。 ), ρ=max γ(a)=7(al),  a。 ,ale A.
To avoid a trivial case, assume   (a), a   A is not cOnstant so that

(1.5)  o≦ ∝<β重■.

According to the setup of Our mOdel in the finite N― horizon case, the

stopping time is defined by

where fr€ f, is a strategy.

Our aim in the finite― horizon stOpping prob■ em is tO maximize the

expected ga■ n

EIX(tN(α ))~ctN(° )]

subject tO the strategy  。・G Σl・   The optimal va■ ue VN iS defined by

け )VN=Sup E卜 (tNO)~CtN01・

The optima■  strategy ts is such that E[X(tN(姜α)~ctN(た゛ )] = VN・

The difference frOm the usual stOpping prob■ em is that a conditiOna■

probability γ (a)has beei intrOduced into the connectiOn between the

observer's strategy and system.s decision.  Roughly, the observeres strategy,

which determines the system.s decisiOn is interrupted by this.  TwO extremal

probabi■ ities are significant: 1 - r= 1 _ max γ(a); that is, the probability

of refusal to stOp the process, and 
。(= min γ (a); that is, the probability Of

for9ed stOpping.  If l〆 = O and 
ρ = 1 (no interruption), then the problem

reduces tO the usua■  one.  The model is motivated by the uncerta■ n secretary

choice problem of smith(1975)with e= p (0 < p ≦[1)and 。(= 0, and also the
pulti―variate stOpping prOblem of Kurano, Yasuda, Nakagami(■ 980)inc■uding



These secretary choice problem is discussed

(i) Let X, X(n), n=L,2,... denote independent identically

both refusal and forced stopping.

in section I.4.

I.2.   OPTttMAL STRATEGY

ASSUMPTION 2.■

distributed (ioied.)randOm variables

distr■ bution function by F and let  
片

<Sup tX;F(x)く ■L.

The first assumption is not essential-

the non-identically distributed case in the

Using the notation:

their

Assume that 
ハ

to our argument and we shall treat

example of Section i.4.
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Since P(sn=1 1 Xn'%)=P(Sn=・ |%)and γ(a)=
max■ m■ ze

0,

E[II((X・‐― VN―■)γ

fOr O≦ 亀(a)≦ 1 0Ver

亀(a)=1ユfa=
and if xn   VN―

n   
°
'

(a)φtta)二 十VN_.

all the dens■ ties.

al,and亀 (a)=0

Hence if Xn   VN―
n二≧

otherw■ se

亀(a)=l if a=a。 ,and亀 (a)=0 0therwise.

That is, the pure strategy (2.3)is optimalo  lts maximum equals

E[(Xn ~ vN―
n)+β
 ― (Xn … VN―n)~α ]+ VN―n

= TC,β ( llN…n ~ C)+ μN―n  ~ C = llN― li+1°

The total optimal va■ ue is, with a cost c per observation, is

VN―
n+■   為 _n+l   C・

This proves the theorem by letting n=1.
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(ii)o(=Oandc>O.

LEMMA 3.1 Under Assumptions 1-.L, 2.L and 3.1, the limit of the sequence

(prr) or (2.2) exists:

(3.3) lim /. = v+ + c

where v* is the unique solution of the equation:

(3.4) Tar, (v) = c.

Proof. Let vr, = /rr., - .. The iteration (2.2) implie" rr, = vn_1 + tO,(r(rrr_r-)

c. It is clear that the function r * Tor.(r) of v is continuous, convex and

monotone increasing. Also g(v), the asymptote of rorp(v) as v -->oor is g(v)

"F* 
(]--d)v. Therefore (3.4) has a unique finite solution for o( ) O and for

any c. Under the conditions o( = O and c y O, it holds similarly.

= X(n) on t(C)=n,

defined by

X(t(o-)) = limsup x(n)

and c is any real number or

The property (3.3) is call-ed stable by Ross(fgZO); r^re can therefore say

the forced stopping problem is stable.

A necessary and sufficient condition that the solution v* of (3.4)

satisfies .r*ZF is that n(x - l^)* Z c/(p -ot). If c = O, the resutt is

trivial and it holds that

(3.5) l, 3 u* S sup l*; r(x) < r].
Examples of the solution v* in (3.a) with c = O are as fol1ows.

(i) Nornal distribution tt(O,f); O 5 v* €@,



where■ (v)=φ (v)― VQIV嵐 駆 v)=手 (X)dtt an:φ (x)

(11)Exponentia■  distribution with a density function

lA≦ v姜 ≦ oo,(exp(―λv))/(1-λO)=― α /(F-04

(ili)UnifOrm distribution on a unit interval (0,■ );

is a density function.

Aexp(-),x), A> o;

).

0.5≦ v姜 ≦ ■,

The functional equation of V(x) , x € R:

V(x) - max(-{ (a)x +

where tl^'1 , a € A is in $.a1, has a unique solution in a functional, space

{v(x), x € R ; E(v(x)) <ooJ under Assumption 3.1. It is given by

(3.7) v(x)二 (x_v姜声ρ―(x_vtt l~04+v姜

●
　

　

　

ｅLEMMA 3.2

(3.6)

where v* is determined by Lemma 3.1.

Proof. We can show by straightforward calculation that (A.7) satisfies

E(V(x)) < o and (3.6). The uniqueness can be proved from the fundanental

property of rmax' napping in (3.6), as in Bellman(1957).

THEOREM 3。 3 In the infinite horizon case under Assumptions 1.L, 2.1 and

3.1, the strategy *6- = (*6-1r.. r*fn,.. ) eX with

(3.8) f"., x-(q,)! v*,
*trn(o) =1 4 rl

L"o
D=1,2,... is optimal and the optimal value V* is given by

(S.g) V* = y*.

Proof. Let v(x) denotes the optimal value when the first
By the optimality principle, V(x) satisfies the optimality

forlows that, with the i.ncumed cost c, the optimal value

- c. Hence (3.9) ls immediately obtained from (3.7) and E
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THEOREM 3.4 工n the case of c = 0, a sufficient condition that P(t(■ γ)<び⇒

=l is that ス >o。

Pr00fo   Since X(k), k=1,2,.. are i.i.d。 ,

P(t(■,)= n)= P(X(k)く  v姜 , k=1,。 。,n-1,  X(n)二≧ v・ )

= (1 - F(v姜 ―))(F(v姜―))n_1.

Now c=O imp■ ies that E(X― v■ )十 /E(X―vI)~ = ダ/ρ  .  If ∝ ン・ 0, then  E(X― v姜 )+ >

yields  v姜 くく Suptx;F(x)< ll and sO F(v姜 )< 1.  From these, the conclusion

■mmediate.

■。4.   APPLICATION To A BEST CHoICE PROBLEM

, N be independent

the secretary choice

not assume ( t.3 ) and use

the time parameter,

… x)α
n

for n=0,..,N-l in place of (2。 1)。   From (4.■ ),

Ｏ

　

　

　

ＳＯ■

r(t) (*)
β

　

β

　

α

Ｆ

り

‐

Ｌ

〓

n/N 
― βnX   if  X≦3° '

n/N 
― (α
n + (β n~αn)/Nn)X

n/N 
― α
n    ・
f Nn/Nロニx,

if Nn/N,0く xく



where N  =
n

following

(4。 3)

ASSUMPTION 4.1

(1) 0≦

(ii) en≧

(ili)α  ―
n

for each n.

LErtWA 4.■

ho■ ds a■so

Proof.  If

boundary VN
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for later n.

VN_r, is eoncave in n, the lemma is

at il=O is strictly positiV€, that

by (2.4) , and so consider the

immediately proved since

is, the i,nj-tial- position

it is enough to show that

vr, = vrr_l * ,(n-t',ur.r_r), D=2,3,...

This is different from the usual problem; tt dn f o, we note that the

sequence V' is not generally monotone increasing.

Let メ , Fn PatiSfy the conditions:

び五く βn≦ 1'

亀+1'

メn+1+メnan+1≦ 0

Under Assumption 4.1, if n/N ZVn_r, for some n, then it

ｅｈ

　
　
　
ｓ

・ｔ

　

　

ｏ■

above the straight line n/N. To prove this,

(4.4) T(rr,Urr)-T(r-t)(Vr,_r) €O.

First,we show that T(n)(x)≦ T(n~・ lx),。 ≦ xく ∞ ;this fo1lows because

T(n)(x)is a convex function of x and is composed of three ■ine segments。

Hence ■t is suffic■ ent to cons■ der the ■nequality at l = Nn+1/N and x = Nn/N.

The result is ■mmediate at these po■ nts for the ■ncreas■ ng αt and decreasi,g

an fO110Wing from Assumptions 4.1 (i),(iii)。

To prove (4。 4), we restrict Fn t°  be a constant in n, without loss of

genera■ ity.  Becausel f° r a general β , the gradient of T(n)(x)。 n o ≦:x ≦

Nn N decreases, the above arguments hold independently of Fl on X i≧ Nn/N.

Cons■der a function of x:



,  s(n)(x)= T(n+1)(x+y)―  T(n)(x)

whιre y=T(n)(x)。 On o≦ x≦ Nn/N:if y=T(n)(x)≦ 。,S(n)(x)≦ O fo1lows by

considering

S(YL)(NrL/N)= 04.キ 1/N ― メn十 1(N./N+y)―  (― γλNYtキ 1/N)

=(ott― メ.ォ| + メ筑嵌れ十1 )N■キ1/N ≦ 0.

If y ≧10, clear■ y T(n+1)(x+y)≦LT(n+1)(x):≦LT(n)(x)hclds by the monotOne

decreasing prOperty of T(n)(x)in n and x.  For x> Nn/N, we easily see that

y=T(n・ )(x)く O aAd

suに
)(x)=tメ

7L+1/N―  αLキ l(x+y)一 y= (メ n- Ol嗅 キ|十 バπ ot五十1)(X~■ /N)≦ 塁  o

by Assumption 4。 1(ili)。   We have thus obtained s(n)(x)≦LO on o ≦:X and s。

completed the proOf Of the lemma.

The Optimal pO■ icy ttσ  is, by (2.3)in Theorem 2.■ , such that ttOl = a. if

Xn E≧ VNttn 6ccurs or n/N:≧  VN―n; that iS' we dec■ are 
‖stOp.' if the re■ ative

best applicant has appeared.  Define

(4.5)  n姜 =inftn;n/N ≧vN―
n3・

By AssumptiOn 4。 l and Lemma 4.■ , the Optimal strategy of the cOns■ der■ n量

problem is the oLA po■ iёy(refer tO Ross(■ 970)).  The resu■ t is summarized as

fo■ lows.

Theorep 4.ュ     The Optimal strategy of the secretary choice  prob■ em is ttch =

ao fOr n=1,。 。,n姜-l and ttch = al f° r n=n誉 ,。 。,N.  That is, Observe applicants

until n姜 -l and then declare ‖stOp‖  if an appeared One is relatively the best

among the prev■Ous Ones.

In the rest of the section' we study the limiting procedure by allowing N

tend to lnfinity. Two speciaL cases of the coefficients d,., and p' are

considered.

■1



(I)REFUSAL AND NO― FORCED STOPPttNG

Let

(4.6) 0.-=p and d -Oln - n

where p is a constant(O < p € 1). Since dr, = O, there occurs no_forced

stopping' and this is the uncertain employment case considered by Smith(1975).

By (a.3) and (4.5), we have

(4'7) D* = inr{ n ; e(* + ,*,# + ... . ,*,r#1..,*rtF,$l .

+(¥Hヽ議)占 ≦・}

where p = ■ _ p.  If p=1, (4.7)becomes

n誉 =inf tn;■ /n+./(n+■ )+..+1/(N―■)≦  ■i
as is we■ l…knOwn。

If p.く  l and vl = p/N, (4.3)and (4.5)imply

(4.8)n姜 =infln;p(・ギ3/n)(1+百 /(n十■))・ 。(■5/(N―■))≦ ■3.
li.This result iS Obtained by smith(1975).  The limit is

(4。 9)   lim n姜 /N = p1/(l… P).

This value holds fOr both the cases (4.7)and (4。
8)。  This is seen in the next

generalized s■tuation.

(II)    REFUSAL AND FORCED STOPPING

Let

(4.10) ρn=p and t=q/(N― n)

where p and q are cOnstants with O 
≦:qく  p:≦: 10

The situati9n in thiS Oecretary chOice prOblem is that there are twO

observers, One ■s a young man whO wants tO ch00se a secretary and the Other 
■s

his grandmother whO also Observes applicants.  Each of the applicants ranks

12



indedendently and also assume that there are no relation between two

components of the rank. The problem is to find the best one with respect to

the young manrs rank. As a stopping rule, he could choose a candidate if he

thinks she is best, in accordance with the possibility of refusal p. Aside

from this case, there occurs forced stopping. That is, although he thinks

that a candidate is not the best, he is forcibly stopped and must accept her

when his grandmother thinks her the best one. The factor q denotes the

strength of this effect.

Clearly this reduces to case(I) if e = O and (4.10) satisfies Assumption

4-1. Now we proceed to calculate lim n*/N as before where n* is given in
(4.s). By (4.3), if Nn/N

Vn+■
 = Vn + (キ 

ー
 雨
il p 
二 翌
:|二・ nvn

=p/N tt  η v
nn

where nn=qn + ( an~ p)/Nn andこ
n = 1 _α n・   HenCe we have, from the

iteration (4.3)and the prOperty of the optimal strategy, that

(4,11)Vn+1下 p(・ +η
n+η nη n―■+・・+η ttn_1…η.)/N+(■―p)η nn n_.… n./N

(4.12) ηn = ・ ― (p+4)/Nn + q/Ni = δnNn+■ /Nn

where

δ
n = ・
 + (p―q)/Nn+1 + q/(NnNn+■ )= ■ + 百/NA+. ― q/Nn

and p = 1 _ p.   substituting (4。 12)in (4。 ■1), we Obtain

v計1=午 {p(七 十
≒
十
ギ ■ …

fnδトゴ…
61)+洋

十
二 〇

By (4。 5), we must find l first n such that  n/N ≧:VN― nI S°

13



(4■3)infl n;p嗜 +6Nn+1轟 δ
Nn+16Nn+2

δ
Nn+1° °

6・

N―■ 二 ■ )

ｎ
　
　
　
‥

Ｉ

　

　

Ｎ

the limiting procedure, it is enough to consider the relation between n and

(4.r4) t/p = r/n +

+ .(r +

From the principal

δ
Nn+1 = ・

(■ +里 +高ぉ)/(n+・ )n   】

¥+面缶 )。バ・+置 +
terms Of δ

n' We can wr■ te

+ (p― q)/n + 0(■ /n)

+ ...

ν佃―J +~pp

6N五

+1 
。6..`′

N-1    .

where o ( r /n) denotes terms of order smaller than L/n. Hence (4 .14) impl ies

■/p=■/n+(■+¥)/(n+1)+

where o ( r ) is a term of negligible order as n -> oo.

(4 .I4) r w€ have

(1+¥)00(1+置 )/い,1) +:

Reamanging the sum in

(■―q)/p=(1+雫H■ +黒Ll,十守 ≒■ +ば .)

provided p + q I t. The last two terms of the above equality are negligible.
Using the approximation l+x *. exp(x),

loe( ( l-q)/p) = tF-alf,f.' x-1 + o( r )

Therefore we have obtained the result that

1a.rs) rim n*/N = (p/(1-q))l/(r-p-q) for p + q. I t.
If p + e = 1, by (a.14), we have

t/p = L/n + ... + l/(trl-r) + o(r)

14



whiqh implies

(4。 ■6)       lim n姜 /N = exp(-1/p).

In (4.15), since

lp/t卜o)Vll~p‐ =は メ _   )

when l ― q ―, p, we have exp(― ■/p)。  So there is no gap between (4.15)and

(4.16).  Letting q = O in (4.■ 5), this・ reduces to p1/(1-p)as in smithes

・ (1975)refusal and norforced stOpbing Case, while letting p = l in (4.■ 5), it

reduces to (1-q)・ /q as in the fOrced stopping case.  From this, we see that p

and l―q in 
亀 = p and メ = q/N  have a dual property。

■5



2.   MuLTI― VARttATE STOPPING PROBLEMS WITH A MONOTONE RULE

2.1。   STATEMENT OF THE PROBLEM

Let Xn' n=1,2,.。   be p― dimentional randOm vectOrs On a prObability space

(≦≧, お , P ).  The prOcess t XnI  Can be interpreted as the payoff to

a grOup Of p p■ayers.  Each of p p■ ayers observes sequentia■ ly values Of x  。
n

Its distr■ butiOn ■s assumed to be knOwn to al1 0f them.  Players must make a

declaratiOn tO either ‖stOp.' Or O'cOntinue'' on the basis Of the observed value

at each stage.  A group dec■ s■ On whether tO stOp the process or not is summed

up frOm the individual declaratiOns by using a prescribed rule.

工f the decisiOn is tO stOp at stage n, then player iOs net gain iS

(1・ ■)     Yl= Xi_ nct

where c・  is a constant observatiOn cost.  AccOrding to the individual

declarations, let define randOm var■ ables di, n=1,2,.., i=■
,。 。,p by

(1.2)    di  =  :    if player i deClareS t°

 ::i::Flue.

We assume, fOr each n and i,

に 3)di`角 は
n)

where ぬ (xn)denotes the r_algebra generated by xn°

pFFINITION l。 1.  An individual stOpping strategy(abro by ttss)is a

sequence of random var■ ables

に4)di=“卜lr"dir→
satisfying (1.3).  8・  denotes the set Of all lss.s for player i.   A p―

dimentiOnal to,11-valued randOm vectOr

に5)dn=“ ltti… dl)

denotes the declaratiOns Of p players at stage n.   A stOpping strategy(abr。

by SS)is the sequence

16



(1。 6)     d = (dl,d2'・・ 'dn,..)

and D  denotes the whole set of the SS.s.

Now we shall define a stopping rure by which a group decision is

determined from the declarations of p players at each stage. A p-variate

fO,fJ-vafued logical function

(t.z) ?g= zc(xl,..,xF) : to,:.1P-rto,11

is said to be monotone (cf. Fishburn(1971_)) if
1n1(1.8) Tt (xt,..,XP)€ rc(yr,..,yP)

whenever *ig yi for each i.

DEFrNrrrON 1.2. A stopping rule(abr. by sR) is a non-constant logical

function lE, and a monotone SR is an SR ?L with

(i) monotone and

(ii) ?c(1,1,..,1) = 1.

In this paper an SR means not ttwhen to stopt' the process but rrhow to sum

up'r the whole players' declarations. The property (ii) is called unanimity in

Fishburn(L971). Its dual property TG(0,0,..,O) = O is not needed to assume

here. A constant function makes the problem trivial because the decision is
always to stop from ( ii ) .

The monotone SR has a wide variety in.choice systems of our real life and

shows a natural requirement in the analysis of our problem. Some examples for
the monotone SR are given as follows.

EXAMPLE 1.1-. (i) (Equal majority rute) rn the group of p players, if no less

than r(5 p) members declare to stop, then the group decision is to stop the

process. That is,
.1(r..e) zc(dl,...,a1)= 1(o) rrXl ,oiL-l rr

For instance, a simple majority for three players, (p,r)=(3,2), is

lc(d:,o|,oi) = oi.oi. ui.al . ol.o|

17



Ofis a logical product. The stopping problem

in Kurano, Yasuda and Nakagami ( fgSO ) .

straightforward extension of ( 1.9 ) is
. A r-P
]-I ) !

uL-, rtol z r

ｌ
　
　
ａｓ
　
　
ｉｔ
　
　
「
　
　
　
　
　

　̈
　
ｗ

・中　　ｕ・ｅｗ　　・̈　・・｝・・　　　　ｉ〓．，　ｈａｖｅ　　ｏ

い
¨

２，．。
０

　

響
ａ

　

ｔｈｅ

ｎｅｔ

ｎ〓． ，

＜・
．
．

　

Ｆｏｒ

＜．
。
．

　

Ｗｈｅｎ

ａｓ ａ

電

　

＞

―

一

ｔｏｒ

，ヽ
Ｉ
ｌ

　
　
　
　
Ｃ

・■
　
＋
　
　
　
　
ｅ

ｏ

　

　

　

ｒ
ヽ

・■
　
　
　
　
ｖ

ｔ

　

　

ｄ

　

ｄ

Ｉ
　
　
姜
　
　
　
　
ｅ

ザ
鶴
∴
ｔｔｈ
£

ｒｅｓ
　

　

Ｅ
‐

ｉ
．
．

　

　

　

ｒｅａ
　

　

ｄ ｅ

ｔｈ

≧一
周

ｅｔ

，

ｗ．

　

＞

―

一
　

ｗ

　

＞

ｌ

Ｓ
　
　
「
１
，
　
ｅｒ
　
　
ｍ

ｉｕｍｓ
鴫
皐
『
Ｌ

ｉｂｒ

Ｅ

Ｏ

ｔｈｉ

Ｅ

if <  r

en weighting constants. rncluding these cases,

ies . See Table 3. 1 in Section2. 3 for; s€v€ral

(iii) (Hierarchical rule)A hierarchical system or Murakami.s representative

system(cfo Fishburn(1971))is regarded as a cOmpOsed ruleo  Since a

compositiOn Of twO monotOne logical functiOns is monOt6ne and (ii)Of Def。 1.2

holds, the hierarchical rule ■s also a monotOne sR.

DEFttNITION l.3.  For an ss d=(dl,d2'° °)Ca with dn=(dl,… ,dl),

is defined by＞
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In

SRo  We call キd= (誉 dl,.。 ,・ dp)

if, for each i and any d・ G D・ ,

*dp).

valued expected net gain
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and our objective is to fined an equilibrium SS *d €,$ for a given monotone

SR rc. The notion of equilibrium owes to the non-cooperative game theory by

Nash(1951).

工n order to denote a stopping event of the system for a given SR, we need

set valued function on ぉ
p(Xn).  For an SS d=(dl,d2'・

・ )' we ca■ l

(■。■5) Dl=lω eΩ l di(い )=116J3(Xn)
an individual stopping event(abro by ISE)for player i at stage n.  If

Dl occurS, i・ e., wc Dl, then player ■ declares to stop.  So

(1.16)

where ttD

function

that

(1.17) =IT(Dl,…
,Dl)°

Clearly two functions ?L and Jf are related to each other. For example,

?L(d1,ui,oi) = d1+ ui.ui co*esponds tolf tol,tl,o3) = o:.rtoinoi).
The stopping event(abr. by SE) of the process at stage n is denoted by

(r..18) Dr, = {t,lece f rcta1,..,dP)=1J =lT(o1,..,o:).
We note that, if an SR ttr is monotone, Ai6 Bi for each i implies

(r.rg) TI tot,..,AP) c fftel,..,BP)
from ( 1.8) .

DEFIflITION 1.5. For a given (monotone) SR 7t, a corresponding set valued

function T[ i" cal1ed a (monotone) stopping event rule(abr. by SER).

Next, a one-stage stopping model is considered to clarify an SS of our

problem. Each player observes a random variable X =(X1,..,XP) with nlxil <o

and player i receives a net gain xi - ci if the group decision is to stop, or

,ri - "i if not, where .ri i" a given constant. rf they use a monotone SR 7c,

the SE of the system becomes T[to1,..,DP) for ISE Di, i=1,..,p. then the

di = IDi
n

■s an ■ndicator of a set D on gL.  Hence there ex■ sts

Ttt On β
p(xn)COrresponding to a logical function KL on
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expected

(1.20)
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+V ― C。

e written generally as
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of (1.20),

By (1。 ■9), it is

Therefore we can

PROPOSttT工 ON l.■ .

max■mum expected

(1.23) 姜D・ =tX・

and it equals

where

net gain
i.t

= r*J,

x*=max(x,O) and x

= lltptr. .rfr..,DP), prayer

constant not depending on

. .,gL, . .,oo ) 
-. tTf(p1, . 

.

.,pr (Xt-.rt)aP + .rt
t t t oL) I

t ttT(Dl,.., ,..,Dp)― ITIDl,…
, ,..,Dp):≧

e next prOpos■tione

,..,Di~1,Di+・ ,..,Dp  are fixed, player ils

subject to D・ 6 dB(X)is attained by

,…£,… ,Dp)dP―
~V)工
π(D・ ,…φ,… ,Dp)dP

=ffi?.X(-x,o). Espeeially, when Tf (D1 ,.. ,SL. .,op)

i 's expected net gain ( 1. 22) or ( 1. 24) is

Di.

By Prop.l.l, we have solved a one-stage problem where the seeking

equilibrium SS is given as (1.23) and we showed that player i's ISS depends on

the i-th component Xi only among the p-dimensional vector X. In fact, it is

seen intuitively as follows. Because the larger he observes his value, the

|
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larger he obtains his net gain, so he is eager to declare to stop.  This

situation holds under a monotonicity of the rule, but does not hold under

another rule including negationo  The negation is quite the opposite of one.s

intention.  It is known that the monotone logical function does not include

negation and vice versa。   Other essential one is ・・non― cooperative'l character

in a reward, sO other p■ ayerse net gains do not affect his gain.  Therefore,

he observes hi, Own Value closely.

In the end of this sectiOn we refer to the winning class of Kadane

(19778).  He proved the conjecture of Sakaguchi(1978), that is, the

reversibility in the juror problem by the choice of many persons.  To prove

the revers■ bility affirmative, he used a notion of the w■ nn■ ng c■ ass as a

cho■ ce ru■ e.

p==:N:T工 ON l。 6.     Let p denotes a number of players.  A fam■ ly π  of

subsets of integers 11,2,..,pl is called a Winning class if

(i)11,2,… ,pl C冨

(ii) W cLJ, W・
=》

W implies W・ 〔つJ。

Assume that r players, e.二 ., player i.,。 。,ir declare to stop.  Then the

process must be stopped if a set lil,・ .,irl iS an element of π , Or cOntinued

■f otherw■ se.

For a non― empty subset W=lil,..,ir1 0fモ 1,2,..,p: there COrresponds a

vertex x Of the p― dimensional unit cube whose il― ,i2~'・・ and ir~th component

are equal to l and remaining components Oo  For two cOrrespondences between

Wl' W2 and x., x2 respectively, a necessary and sufficient condition that Wl

⊂ W2 iS that xl ≦ x2 (C°mpo,ent~WiSe)。   Let V be a set of vertices

corresponding to a winning class π .  Define a logical function ん  by

π (xl,..,xp)=l     if (xl,..,xp)● V,

-O otherwise.
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Then the following proposition holds immediately.

PRoPosrrroll 1.2. The stopping rule by a winning crass of players, Def.1.6,

is equivalent to the one by a monotone logical function, Def.1.2.
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2.2.   A FINITE HORIZON CASE

Cons■der the fin■ te hor■ zOn case restr■ cted by a prescr■ bed number Nく ∞ .

Our object is tO find an equilibrium ss fOr a given sR and determine the

assoc■ ated expected net ga■ n under the s■ tuation fOrmulated in the prev■ ous

sectiOn.

ASSUMPTIoN 2。 1.

(a)For any ss d=(dl,…
`dn'・
・)GD'di=l for i=1,… ,p with prob.1。

(b) Random vectors xl,。 。,xN are independent and EIXil<0010「
 さach n,i。

(c) A 10gica■  functiOn に  is a monotone SR.

Let us cOnsider a sequence Of vectOrs Vn=(Vi,。 .,Vl) defined by

(2.1) vユ .=vl― ci+E[(1_n― Vl)+β II式 (可
il11_n)]

―E[(く_n―Vl)~まIIi)(lillXittn)], ・)■ ,
(2.2)vi=E[〈 ]― ci
where ttil=(1,"・

,電
~・

,v卦・,… ,《)e RP~・ , i=1,… ,P,
(2。 3)己 増

(電
封
1卓P=P(π ←Dl_トニ,士Di:lユ ,士D置 ""ダD爵_PI《_P

(2.4)メ
T封 (電

対
1車P=P(T← Di_n'… ,士Di:l,゛ ,費D置 … ダDl_♪ |《_P
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(2.6)姜 di(ω )=1,a.e.ω〔Ω.

Then ttd is an equilibrium SS under the monotone SR  ■  and

(2.7)  E[Ytπ
(姜 d'= VN

holdso  That is, vl iS the equ■ libr■ um expected net ga■ n for player ■.

Proof.  Define

tA = tn(・d)= firstim2≧ n  Such that π:(姜 dm)=1:

for n=1,… ,N.C■ early n tt tA C_N and ti=t(・ d).Where t(子 d)=tに (姜り

and πL is fixedo  We will show that

い )EドlA l=Vi_n+1-伍―⇒c・ ,i=L…押
by backward induction on n。

From t爵
 = N and (2。

2), it lS trivial for n=No  Assume that it is true

fOr n+1.From the definition of SE ttDn=T(・ Dl,… ,姜Dl)G輝 (Xn),

tA = n      °n ttDn'

= tA+1   °n ttDn

Hence

The first・ term of the right hand s■ de ■n the above equation ■s rewr■ tten as

E[(《―vi_.)+3π (士Dl,… ユ ,… ダ Dl)]― E[(《―vi_n)~;T(士 Dl,".,φ ,… ダ Dl)]

=E[(電 ―
《 _.)+ρ ttI(く i却 《 )]― E[(電

―
《 _n)~メ撃 I(《ill《)]
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So, from (2.1),
i = ErxitN-rr+l - b n

This implies ( 2.8 ) and

letting D=1 in (2. B ) .

―Vi_n;★ Dn]+Vi_n   C ・

we have proved the latter part of the theorem by

Next we must show that, for fixed i,

(2.e) rttf ,*u,rr,I < ntrf ,*u,l
where *d(i)=(*dl,..,di,..,*dP) and at=tal,..,ui) is any rss for player i.
Define ndi ,D=o,J-,..,N by

tdi =(d1,..,ai,*di*r,..,*oi) if n=1,..,N

- *di if n=o

using di and *di. This ISS for player i is consistent with *di after

n-th period. Also define a strategy na1il by

na(l) =(*dl,..,tdi,..,*dP).

clearly Na(i)= *d(i) and od(i)= *d.

We show

{{(2.10) rt"i("a(il)l a ntvi,n-lu(r))l

for n=1,..,N because (2.9) is proved immediately from (2.1-O). By the strategy

na(i), it is enough to consider a stopping time t' instead of t. It is seen

that
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Q.E.D.

This is an extension of Theorem 3.L in our previous work, Kurano, Yasuda

Nakagami(1980). In the result, the player i's region for declaring to stop
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has the forrn of X: 
= f a certain value ] . Itn--L

this rule is called a cri-tical leve1 strategy.

we can see the following corollary.

is intuitively

ln the proof

natural and

of the theorem

COROLLARY 2.I. A necessary condition for

■S

for

{姜 di = ・ 1=tXi≧:a certain value;, n』 ≧1

that an SRlに SatiSfies  t.(姜 dl,・・ ,0,..,誉 dl)1≦  氏 (姜 dl,00,・ ,..,■ dl), A屁≧1,

the equilibrium SS Id.

工f we iTnpose further assumpti6ns, then next two corollar■ es are obta■ ned

immediately.

COROLLARY 2.2.

independent and

(2。 11) vュ
.

where

β

「

■

and

dII式

COROLLARY 2.3.

For eac, n, if C° mpOnents of (xl,・・,Xl)are mutually

identically distributed with X:, th9ユ  (2。 1)implies

= Vl ―C二 十 1♂Iti〕 E(苓ξ n~Vl)+― {メ

IIfilE(X爵 In―vl)~

={f・ (可・ )=P(T(士Dl_.,"・ ,■ ,…士Dれn))

=可 ‖ 01■ )=P(青 (士Dl_.,"0,ψ ,… 士D長_.))。

In additon, if the stopping rule zc is symmetric

for ■ and

(2.12)

and if  c・

this leads

(1980).

J, that is,

L(。 。,d・ ,… ,dJ,

= cJ, then vi =

to the majority

-.) = 7L(..rdJ,
1

vJ for each Fr.

l.=" discussed

●■
ｄ

　

　

ｆ

，
　

　

一上

,・ ● )

に  is symmetric for any pairs,

Kuramo, Yasuda and Nakagam■■n

EXAMPLE 2。 1. Similar to Example 4.2 in Kurano, Yasuda and Nakagami (fSeO1,

we consider a variant of the the secretary problem(cf. Chow, Robbins and

Siegmund(fgzf), Gilbert and Mosteller(L966)) with a monotone rule. Three

players want to chosse one secretary and we impose the followi.ng unequal SR:

(2.13) tc(*1,*2,*3) = "1**2*3, *i e{o,rJ, i=l,2,3.
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This means that a secretary is accepted only when either player ■ says .:yes'1,

or both of player 2 and player 3 say ‖yes‖ .

From Thm.2.1, the equilibrium SS Id is determined by the sequence of lvi

; n=1,2,..l in (2.11)where ci=O and vi=1/No  Since tle SR πL Of (2.13)is

symmetr■ c for players 2 and 3, vi =vi from COr.2.3.  Define

rl = inf ιr ; vi_ぃ≦彗r/N],  r2 = inf tr ; V〔 _r≦:r/N].
The strategy fOr player l is that he obsё rves until the (rl― ■)th stage and

then declares tO accept if the re■ ative best One appearso  For players 2 and

3, the strategy is sini■ ar.  Numerica■ resu■ ts are as fO110ws.

翌二___二J_式 メ く
10       3    .3642    1    .1685

30      1o    。3649    2    .0801

100      36    .3673    3    .0322

300     ■■o    .3677    4    .0135

1000     367    .3678    5    。0050

10000    3678    .3679    6    。0007

We have applied our result to a secretary problem with an unequal SR and

showed the equilibriun SS is a critical level strategy. But, as a remark,

the asymptotic numerical resu]ts for N= @ is non-interesti-ng. Under the

sn (2.13), player 1 behaves as if it were a one-person-game and player 2, 3

are neglected. A modified setting of the secretary problem is discussed

by Presman and Sonin(1925) aad Sakaguchi(1980)
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2.3.   AN INFINttTE HORIZON CASE

In this section we treat an infinite horizon case N = 6ro. The SS,s class

is therefore {d eOiP(trc(d) s oo ) = 1}. The problem is worth studying when

the observation cost j-s non-negative. Theorem 3.1 discusses the case of ci
o for all i, in which case the stopping time is finite. rn case of "i = o,

i=L, ",p, some trouble occures in the multi-variate problem. Though we have
idefined vf = tim Fllp Y: it (r.12) on the analogy of one dimentionat problem,ryr+oo- n

apparently this definitlon is not natural for all players under some SR,s. To

avoid this, we assume that the equilibrlum stopping time is finite. Then we

can establish the continuity from the finite horizon case and compare the

expected gains between rules and between players. From the formuLation of our

model' this assumption is often satisfied because the process is forced to
stop by the conflict among players.

ASSIJMPTION 3. ]..

(a) Random vectors x1, X2,.., X=(Xl,..,xP) are independent and

identically distributed with nlXil(Dofor all i.
(b) Each element of a cost vector c =(c1,..,cF) is strictly positive.
(c) The sR 7E is monotone and ret J[ be the corresponding sER.

(d) The following slmultaneous equation of V =(v1,..,vP):
(3.1) r[ (xi-rrl)*Fqri (vf r]l xil I - E[ (xi-vi)- drr{i} auti) I xi) ] = "ii=1r..,p has a solution. where u{i} -,,rr,..,ri-}.rt*}..,vP) € Rp-1,

BTT{1) (v{1) I xl1=p(Tr'(Dl,...,o,-.,DP) lxi),
c(IT{i} (v f 1} I x}1=p1Tr(DI, ...,g, -.,op) lxi)

and Di= [ xi], .ri3 , i=1 ,2, . . ,p .

THEOREM 3.■ . Under Assump.3.1, an Ss ttd =(姜 dl

=1(0)if Xiω )2(く )

i, is the equilibrium ss fOr the

,。・言dP)determined by

姜V・  ,

class td← 0;P(tJd)≦・・)=1}

は 2)姜 di(→

for each n and
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and

(3.3)    P(tに (*■ )(")= 1,

(3.4)  EIYt〔 tt(*よ ))]=*サ t,i=1,… ,p

hold where  ttv =(姜 vl,..,.vp) is a sOlution of (3.1).

By (3.4), 姜v is called an equilibrium expected net gain.  The proof is

similar tO that of Thm.5。 3, 5。 4 of Kurano, Yasuda and Nakagami(■ 980).  So 
｀

we omit it here.

工n the rest of the sectiOn we restr■ ct Our attens■ on tO the case of

(bl)C=o.

Under the assumption (b・ ), it may happen that the equilibrium stopping time is

not finite.  But if we assume the next (e), the fO110wing cOro■ laries hOld.

(9) P(t.(姜 d)く ●・ )=l  where ttd is defined by (3.2).

It is seen in Example 3.2 that there are cases which satisfy (e).

COROLLARY o.1.  Assume (a), (b.), (c), (d)and (e).  ェf X is bounded with

prob.1, then ttd is an equ■ libr■ um sS for the restr■ cted class [de め ;

P(ttld)く ば→=ll and(3.4)holds。

The proOf is ■mmediate by Thm.5.3, 5。 4 of Kurano, Yassuda and Nakagam■

(1980).  Hereafter we assume that

(aO) (a)and components Of (x・
,。 。,Xp)are independent.

COROLIハ早y3。 2.Under assumptュ onS(aO),(bl),(c),(d)and(e),if

P(X・= y)=O where y=sup[y;P(Xi l> y)ン 0 :   , then ttd is an equilibrium SS

for the class ld GD;P(tttd)≦∞)=ll and(3.4)holds.

Pr00f・ By AssumptiOn(e),P(π (・Dl,… ,誉Dp))>。 where ttDi=IXi≧ 姜vり  工f we

assume that P(1「 (・ Dl,。 。,¢ ,..,姜Dp))=。 , then P(T(誉 Dl,。 .,sL,..,・ Dp))j> O frOm

the monotonicity Of the rule.From(3。 1),(aO)and P(T(・ D・ ,。 .,.,… ,姜Dp))>。

and P(T(姜 Dl,… ,,,… ,姜Dp))=。 implies(Xi― 姜vi)+=Oa.e.,that iき ,姜vi≧ y.

This means ID・ =φ , a.e..  by the assumptione  we have
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p(TI(*D1,..,*Di,..,*DP) )=p( lT(*o1,,.,/,..,oDp)).

This is a contradiction because the left hand side is " ) O" but the right one

equals ze?o. Hence we obtain P(T[(*D1,. ., F,..,*DP)) > o. For the ss

Ii] 1 i n lil*6tal-1*dr,..,dt,..,*dF) where dr is any rss, it is seen that P(trc(*6trJ ) <oo)

=1. Hence the proof is immediately completed from Thm.3.1.

Q. E.D.

In the case of SR rc, with P(tp(*6)=oo)-1, there is a player I such that

(3.5) *vi = sup I y;e(Xi> V)

CIearIy (3.4) is satisfied for player i by (L.Iz). But for other player

j(li), *vi does not necessarily satisfy (3.4). Therefore the solution of

(3.1) does not always consist with the equilibrium expected gain in this case.

In order to discuss the associated gain including this case, we simply call an

expected gain (omitting'requilibrium") by the solution *V which is the

Iimiting value as N +oo in the finlte horizon case. Refer to Figure 4.1 1n

Kurano, Yasuda and Nakagami(l-980) and Tab1e 3.L.

Now we shal1 give the bound of the expected gain by varying SR. The

expected gain vi=vi(o) 
""=ociated 

with an SR satisfies that

(3.0) nxiS .ri g 
",rp lv;P(xi>v)> o ]

for any monotone SR ?c. In fact, this is proved by using a ratio (3.8) as

follows. By (a') and (b'), the equatlon (3.1) implies

(3.r) s[ (xt-vi)*] /r1 (xi-,ri)-l = fll] tvfr],
where

(3.8) ..,
f{f,} luril 

' 
_ dTrfil (vfi} )/ pn{rl 1yf 

i} 
1

= p(Tf (D1,-., 9,-.,DP))/p(n (D1,...,0,-.,oP))

provided the denominatOr is non― zero。

m O≦ ポ卍 )≦ 1
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holds. Therefore (3.9) implies (3.6) lmmediately.

From the above argument, jif;1v{il )=1 impties vi=Exi, 
"r,o 1l.fi},uti\ 1=o

inplles n'l=sup Iy;P(Xl>y) > o J. The second assertion corresponds to P(t79

(*d)=*1=1 as.remarked at (3.5). Here these two extreme cases are interpreted

as follows.

Firstlyゞ
11(V ti})=。 is equivalent to T(Dl,… ,φ ,… ,Dp)=φ aOe.ah
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identically

(3.12)FT

Vキ ≧
暉 )≦ ギ"P)
叫・then

COROLLARY 3.4.  工f, for player i,

(3.■3) T(Dl,… ,兌 ,… ,Dp)⊃ γ(Dl,… ,Ω ,… ,Dp)

and   π(Dl,。 .,φ ,。 。,Dp)⊂ ■(Dl,… ,φ ,… ,Dp)
for every DI Gお (X),k≠ i,Or

(3.14)ダギ(U Lilり ≦ Tゞ(U ti〕 )
for every Uti3=(ul,..,ui~l  i+1,u   ,..,up)suCh that EXk≦ :uk≦

Ol,  k≠ i, then  vキ _2 サir  holdS・

2.4。   EXAMPLES

EXAMPLE 3.1.  Consider a maJority

′
　

＞

ｋ
ＸＰｙｐｕＳ y)を

is a majority level.  Let X・ , i=1,

with X.If EXく suply;P(X汀 )対′then

Hence

rule階]=(p,r)Of p players,where r(1≦ ζp)

..,p be ■ndependent, identically distr■ buted

the equ■ libr■ um expected ga■ ns for each

rule are

(3。 15) V Tr[PI >V TIP― ■1> …・ >VT[■ 1・
工n fact, since the SR is symmetric, we can set the players' gains being

equal:

Vπ
[r]=V≒ [r],i=・ '2,… ,p.

Fキ:ir](Vfil)=FT[r](V)=11資 (r,葛り,
where
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1(r,V)=  (1:1)(・ごT)r_.:▼
p―r /Σ
Li:1_. (PI・ )(・ゴτ)|マ:P~k~・

and  v=P(X≦  v).   since ?(r,V) iS increasing

we can see,Ц
fr](V)iS decreasing in v and FTTrr]

Similarly as Cor.3。 4, it implies (3。 15).

and 7(r,v)<々 (r+1,V),

ン タ
TTEr+11(V)f°

r each ve

■n v

(v)

Figure 4.1, in Kurano, Yasuda and Nakagami, shows each expected gain of
(3.f.5) for p=g players. For r=1,..,p-1, lT["] is an equilibrium SR 

"rO rTf["]

is an equilibrium expected gain from cor.3.2. But for r=p , each player has

the veto power and so ,fu[p-j ="rplv;e(x 2 v)>oJ. Thougth its stopping time is
P(trr1o-1=F)=1 , the associated expected gain is equillbrium directly from

(1.12), (r.rs) and (3.4).

Example 3.2. Let components of random processes be independent, identically

distrlbuted with a conmon uniform distribution U(O,l). Table 3.1 shows a

numerical example with p=3 for non-trivial monotone SR's. In the first four

rules P(t*(*d)

players who attain its maximum expected gain unity in the last four rules.

Each expected gain ls the limiting value of the finite horizon case. Except

5-th,6-th,7-th rule, the value is an equilibrium one by Cor.3.2.
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Table 3 .1 Monotone SR r s wi.th p=3 .

Mono tone

r(xL r*2

Ｒ

３

Ｓ
　
　
ｘ 【2   xl慨生3  x≒亀亀|七■■

l is     asymmetric   maj ority

case         ru■ e fOr
(P,r)=(3,■ ) Outsider                 (P,r)=(3,2)

0.5437 (卜■)/2 ,2   ,2
≒0.6180     ≒o。 707■

0.5437       (13_■ )/2    2-「百         ,2
≒0。 5858

0。 5437   o。 5    2-^「F     5ノつ

ComnenEs

for the rule

(Equi―

■ibrium)

exPected

ga■n v

■
ｖ

可
~′

p■ e■ is

a dictator

x≒ 7慨、3

p■。■ has

veto

power

■

(「■)/2
(卜■)/2

■ 2
XX

p1.3 is
an

outs id er
■

■

0。 5

123
XXx

unan■ mity

(P,r)=(3,3)

■

0.5

0.5

■

　

■

　

■
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3.   ASYMPTOTttC RESULTS FOR THE BEST CHOICE PROBLEM

3.1. STATEIIENT OF TTIE PROBLEII

An optimal stopping problem is related to a Markov decision process

with two actions: stop and continue. The equation for v(i), the expected

reward under an optimal policy when starting from state i, is givon by

(1.1) v(i) = maxflr(i), -c(i) + /, n(i,j)"(j)J, i 6t1 ,2,.. ]
where r(i) is an immediate reward, c(i) is a paying cosi arrO p(i,j) is

a transition probability on the state space, L1,2,...]. The best choice

problem, variously called the secretary problen, Googol, Dowry problem in

Chow et a1.(1964), in Gi.lbert and Mosteller(fg0O) and else, is an optimal

stopping problem based

fashion; the objective

ｎ
　
　
　
Ｓ

Ｏ

　

　

・■

relati-ve ranks for obj ects amiving in a random

to find the stopping rule that maximi zes the

probability of attaining the best object of the sequence.

To consider the problem as a Markov decision process, suppose that

the model is in state i iff the ith object to be examined is better than

all its predecessors(the relatively best object) and the two actions are

to accept this object, or reject lt and wait for the successors. The

immediate reward r(i) is a probability that the object accepted ln state

i is the absolutely best one. And the transition probability p(i,j) is

a conditional probability that the next relatively best object to appear
ihwill be the jrn object in the sequence, given that the ith obSect in the

sequence was relatively best.

The Markov chain formulation is considered, for example, by Dynkin

and Yushevich(L969) and so its details are omitted. The practical situa-

tion for the well-known problem of one choice among n objects then becomes:

The state space is a set of integers 1f,2,..,n\, the reward r(i) = i/n and
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the transiti9n prObability  p(1,j)= i/((j-1)j)for l≦ iく j≦ n, p(1,j)= 0,

otherwise. Hence (1.1) implies

(1.2) v(i) = m f., 's'nax[i7n, ilj=i*1"(i)/((i-1)i)J, i=!,2,..,D-l, v(n) = 1.

By solvlng this equation, one obtains the optimal value, i.e., the maximal

probability of attaining the best object, and the optimal strategy, i.e.,

how to accept or reject an object.

Although the solution can be obtained easlly in this case, let us

consider the following alternatlve method. We lnvestigate the conditional

optimal value.when the decision-maker rejects all objects until and including

trre ith relatlvely best, instead of the optimal value. Denote by w(i;n) the

second term on

the rejection

optimal value.

n-1 and w(n) =

determine the optimal value and the

and Sonin (L972) . A relatively best

occumence of this objects belong to

belong to this set, then the interval

optimal value equals rsr* = lim v(f ;n)

the right hand side of (l-.2). Since thls term corresponds to

and v(i) is the optimal value, w(i;n) will be the conditional

That is, 1et w(i;n) - w(i) = t[3=r*rr( j)/( ( j-1) j), i=L,Z,..,

O. Then clearly w(i)-w(i+1) = (v(i+L)-w(1+1))/ (i+1) and so

(1.3) w(i) - w(i+t) = ((i+1)/n - w(i+t))*/(i+t), i=L,2,..,r-1

where a+ = max(a,O).

Fo■■owing Mucci(1973)and Lorenzen(1981), wё  consider a scaling ■imit of

(1.3), f(x)= lim w(i;n) ao i and n tend to infinity subject to i/n=x.  This
颯 → o0

1eads to the differential equation:

(1.4)  df(x)/dx = 二x… 1(x―f(x))+,  0 < x・( 1

with boundary conditlon f(1)=0. Immediately we obtain f(x) = -xlog(x) On

u-1Sxgl , f(x) = e-L on O<xse-1 . From thls solution, w€ can

StOpping island named after Pressman

object is accepted iff the time of

the stopping set. If krk+1, . r . rrn

I t<, m I is a stopping island. The

= lim max[t/", w(r;")] = f(o+) = e-l-
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and the stOpping island is the interval[メ 。・ , 1l whereば姜 = inf tx; x」≧f(x)i
-1

= e  .

The attm of this chapter is tO apply this method to the best choice

problem with a random number of objects, and obtain some explicit sOlutions

in the asymptOtic fOrm.  Instead of the differential equation, an integral

equation is cOnsidered so as to treat the case with a general distribution

of the number of Objects.  But here we assume that the total number of

objects is a bounded randOm variable・ with known distribution.  Presman and

Sonin(1972)considered this problem by an approximation method of the

parameter assOciated with its distribution, rather than by using the scal…

■ng lim■ t.  For another problem of m■ n■ m■ z■ng the expected rank of the

individual selected, Gianini(■979)has used a differential equation method.

In sectiOn 3.2 an integral equation with a general distribution of the

number of Objects is derived by adapting the above method.  How9ver, if the

distribuliOn is absolute■ y continuous, it reduces to a differential equation,

the simplest one being ( 1 . 4) " To find an optimal strategy, w€ determine the

stopping island. A certain condition implies that the stopping set is a

single island of which the lower bound can be found, and of which the upper

bound is 1. This condition i.s fundamental to our discussion and contributes

to obtaining a solution of the integral equation exactly. As an extension

of the uniformly distributed case, we obtain an i-ntermediate result between

the non-random case and the Rasmussen and Robbins(1g75) problem. Another

intermediate case of a distribution, which is not absolutely continuous, is
also considered. The next three sections are devoted to discussing three

different variants of the best choice problem.

In section 3.3 the result of Smith(1-979) involving a refusal probability
is extended to that of a uniformly distrlbuted number of objects with non-
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non― constant refusal.  For the variation of the multiple choice permitting r

offers, Gilbert and MOsteller(1966)had formulated and Tamaki(1979a)had

obtained the result fOr r=2 土n the unifOrm case.  In section 3。 4, we give a

further result Of the optimal value of r ■n an ■terative fOrm fOr the same

situation.  For the multiple choice problem, the aim is tO select the best

and the second best objects, a problem so■ ved by Niko■ aev(1977)and Sakaguchi

(1979)。   we consider this problem with a random pumber of Objects and

calculate results fOr the un■ formly distr■ buted case ■n sectiOn 3.5.

In the rest Of this section we set out nOtations and prelim■ nar■ eso  For

integration with respect tO the probability measure dtt On the unit interval

10,11: V(A)=∫ AV(X)d壺 (x)for all intervals A in[0,1], We Shall use the

abbrev■ ation:

(1.5)     dv(x)= v(x)dO(x)。

For any bounded function u(x)the relation (1.5)obvi6usly implies u(x)dV(x)=

u(x)v(x)d亜 (x)(p.137, Feller(1966)).  Using tliS ShOrt hand notation, an

■ntegral equatiOn Of the fOrm:

貿
"―
嘲 =∫ Itttfltlldel→ +∫Ib(tfrtl海 t

for a11 0 < xく  y< l  iS equivalent to

(1.6)    df(x)= a(xlf(x))dl(x)+ b(x,f(x))dx,  0 く xく  1.

Let f(x)and g(x)be two functions of bOunded varietiOn OVer[0,11, right

continuous and with left― hand limits, then, by Fubinies Theorem,

(1.7) d(fg)(x)=f(x)dg(x)+g(x)df(x)―
[f(x)一 f(xT)ldg(x)

holds(p.336, Brじ maud(1981)).  If f(x)is continuos in O く x < 1, then

d(fg)(x)= f(x)dg(x)+ g(x)df(x)

fo1lows immediately。
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3.2e   A SCALING LIMIT OF THE OPTIMALITY EQUAT10N

The probability model for the best choice problem with a random number

of objects has been considered by Presman and Sonin(■ 972)。  We therefore

omit detai■ s of

ourselves to the

ASSUMPTION(工 ).

its construction here. To take a scaling limit, we restrict

case where the number of objects is bounded.

A random number of objects N is bounded with a probability

one, that is, there is a positive integer n such that
a(2.i) n = inr{kzr ; P(N2k) = o};

The state space is a set of integers [f,2,..,n]. State i in the model

means that the ith object appearing is the relatively best one (better that

all its predecessors). The neanings of the transition probability and reward

are similar to those for the deterministic case introduced in the previous

section, with some learning procedures included. Let us denote p. -
P(N = i) and tc, =Xf,=rnn. The transition probabillty matrix P = (p(i,j);

1€ i' j 3n) is defined by
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The expected reward r(1)is

(2。 3)r(1)=r(iin)=Σ
l=iipk/(k■ )'

and the cost is c(1)=O for each i.  From the general equation(■ .■ ), the

optimal value v(i) = v(i;n) satisfies an'optimality equation:

(2.4) v(i) = max{r(i), Pv(i) }, i=I,2,..,n-l, v(n) = 1

where P, r are defined as in (2,2), (2.3) respectively.

ASSUMPTION(II) There is a probability measure dO on [0, fl such

for k/n = x

p(1,j)=iЪ /(j(j~1)■ ),

p(1,n)〒Σl=i+lipk/(k■ )'

<jζ n,

i`く n   and p(n,n) = 1.

(x)
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w(x) = ["(k+]- ) / (k+t ) + w(k+ r)k/(k+1 )]Ek*,/*u

holds, (2.4) implies that

(2.7) w(k+t) - w(k) = w(k+1) icnlnn - (k+r)-t["tr*t)-w(k+rl]*&*r/\.

PROPOSITION 2.1. A scaling limit of the siquence, f(x) = lim w(k;n)
h'n+oo

for k/n=x exists. Using the abbreviation (1.6), f(x) satisfies the

equation

df(x) = f(x)(r-flx))-laD(*) -x-1(n(x)-r(*))+ox, o( x1L,
Q.8)

f(1) = o,

where R(x) = x(l-flx))-1 Jlv-la$(v), o ( x ( 1, is well defined by (2.Si)

and (2.5ii).

Proof. The standard Picard iteration method implies the existence of the

equatlon and the scaling limit. As k and n tend to infinlty, provided k/n

=Xr w€ see that .iton + (r-g(x))-laqt*), r(k+l) + R(x), a*r/\ --r l- and

(k+1)-1=n1t+r)-1 (t/n.) -r *-1d*. Thus (2.8) is immediatery obtained by

taking the sum of (2.7).
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THEOREM 2.2. The optimal value v* of the problem in the asymptotic form

is given by v姜  = f(0+).

Proofo  since w(1;n)≧  0, v姜 = lim v(1;n)= lim max(r(1;n), w(1;n))=
飢 → ●O        n→ ●●

lim w(1;n)= f(0+).
■うぃ

Now let h(x)=∫
ly~ldttty)and

(2.9)    H(x)= h(x)―
 ∫ly~lh(y)dy = (1+log(x))h(x)+」 l■og(y)dh(y)

fOr O≦ x≦ 1.

CoNDITION(I). H(x) = H(x;I) changes its sign once from - to + as x

varies from O to l-.

Define

continuous for O ≦:X < 1, then the optimal value iS given by

(2.11)   vキ =(1-亜 (Ⅸ・ ))f(α・ )=fh(メ誉).

The stopp■ ng ■sland E試姜, 1]iS determined by the un■ que so■ ution of the

equation:

(2。 12) H(x)=0, 0<x<1.

Proof.  By (1.6), (2。 8)is equivalent to

(1-壺 (X))df(x)= f(x)d亜 (X)―  X~1(■ ―亜(x))(R(x)一 f(x))+dx, 0<x< ■.

Since =Kx)―亜(x― )= O for every O< x く 1, (1.7)implies that (1-IIx))f(x)

is differentiab■ e in O < x く l and g(x)〒  x~・ (1-豆(x))f(X)satisfies the
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"a* 
lh(x), c(x) J dx, o ( x (, 1,

es that (2.t2) has a unique solution and this differen-

xplicitly solved as

-1., i-h(y)dy on {n(x) : oJ = [og, 1],

nst)/x on { n{x) < o.} = ( o, o*9.

heorem 2.2, (2.1J) is obtained immediately.

lon provides a solution of the problem with the random

ndition([). From equation(2.12), the lower bound of the

r the threshold of the acceptance region for the rela-

is determined; the optlmal value is also calculated from

(2.11 ).

f the measure df(x) is absolutely continuous with

respect to Lebesgue measure dx and l(x) is its density function,

(2.13) dⅨ x)= φ(x)dX,

then (2.8)is reduced to a differential

(2.14) df(X)/dx=`(x)(1-豆
(x))~・ f(X)

f(1)=0。

Hence メr iS a so■ ution of the equation:

equation:

-1- x-r(R(x)-f(x) )*, o

鯰調 Hlxl=∫
ly~1に

-1。メ_log対 )畑dy=¨
It is noted that x ≦[R(x)≦: l fOr o≦ x■ 1。  The case R(x)= x for

O<X<1, gives a model for the non random number of objects, that is, pk

= l for k=n, pk = O otherwise.  Since 亜(x)= 0, 0≦ xく 1,(2.14)becomes

the differentia■  equation (■ .4), which is known to be the simp■ est case.

The other equality, R(x)= l for o < x く l and R(0)= 0, implies f(x)= 0

because no stopping occureso  Generally, 1l Rl(x)1≦  R2(X)' °くxく l then the
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corre,ponding Optimal value is vI:≦
 V菫・  Hence

R(x)= x, this gives the maximum value fOr the

has a distr■ butiono  The next two examples are

intermediate result between the non― random and

cases.

EXAMPLE 2。 1.   Let the number of objects be uniformly distributed on a

partial interval i n― m,n―m+1,。 .,nl of ll,。・,n〕 f6r sOme m(o≦ m≦ n).  That is,

pi=1/(m+1)for主
=n―m,… ,n,and pi〒 °'Otherwise.Let i,m,n→ "with

θ= m/n fixed.  Taking the sca■ ing ■imit (2.5)of Assumption(II), we have

φ(x)=1/O for l― o≦ x≦ 1,and傲 1)=o,otherwise,and it is seen that

(2.5i)and (2.5ii)are satisfiedo  lnstead of sOlving the differential

equatiOn (2。 14), we obtain vl and Ot■  direct■ y from (2.1■ )and (2.15),

because each distribitiOn 亜(X)= 亜(X;0); 0く oく l  satisfies Condition(亜 )。

We conclude that

Table l

stopping island

for the non-random case,

number of objects, when this

intended to illustrate an

the uniformly distributed

optimal valuecase

1-0≧

1-0≦

ff 0 - O, the

tends to Ze-Z

Robbins(1975).

was adapted in

EXAMPLE 2.2.

[11-6e l

le-2:

２

　

　

２

一
　

　

一

ｅ
,1]

11

―(爾 θ)log(1_o8~■

2e~2/θ

optimal value tends to e-' (non-random case). If g _> 1, it
as discussed in Presman and sonin (tezzy , and Rasmussen and

Stewart(1981) treated the same distribution but his model

a Bayesian sense.

Now consider the limit distribution,

E(tl1 ) = 1 -g and dE(x) - gdx for o(x<1 with some ososl.
There is a polnt mass of probability at the point 1. This is another i.nter-
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mediate exanple between the non-random case and the uniformly

case, which is not absolutely continuous. Since it satisfies

and is continuous in O4x(1, we can apply Proposition 2.3.

distributed

Condition ( { )

We see that

d* = exp ( ( r -20-lt t -2e*2g2 ) ) / o)

by solving equation (2.L2). Hence the optimal value is

v* = (0+l tt -zr'+202) )exp( ( r -ze-Jt 1,-ze*za2)) /0)

by (2.11). We observe that the optimal value is monotone decreasing as B

increases.
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3.3. THE PROBLEI,I WITH A REFUSAL PROBABILITY

One of the variations in the best choice problem is a model which

induces a refusal probability into the decision "acceptance't. Smith

(1975) ca11s the secretary problem with this change "uncertain employ-

ment". Sakaguchi(1979) generalized this model to the multiple choice

probJ-em, on which a random structure will also be imposed in section 3.5.

The optimality equation for a finite(deterministic) number of objects n

with a refusal probability p is

(3.1) v(i) = maxfoi/n + (1-p)rll=r*r'( i)/(i(i-l-) ), t)l=r*r'( i)/(i(i-l) )]
where p is a constant such that 0<p91. Following the same procedure

with the scaling limit, thi.s leads to the differential equation:

(3.2) df(x)/dx = ― px~・ (x― f(x))+ ,  0 く xく 1,  f(1)= 0。

Solving it, we obtain the optimal value v* = f(o+) = pL/(1-P) and trre

stopping island Ip1lt1-p), 1], namely smith(1975)rs result.

Now we consider a model with a random number of objects and inducing

the non constant refusal probability p(i) = p(i;n). We can describe the

model by the optimality equation using the same notation as in section 3.2:

v(i) =r"*[p(i)r(i) + (1-p(i))Pv(i), Pv(i)J, i=1,--,n-L,
(3.3)

v(n) = p(n).

As in the previous section, we have the following theorem under the same

assunptions.

Let h(x) = Jlv-taOtv) and

(3.4) Ho(x) = h(x) - q(x) tli,tvlntv)/(vq(y) )dy

where q(x) = "*p(.1lt-t,l-p(y))Ay1 
and p(x) is a scaling limit of p(i)=

p(i;n) with i/n=x. From a realistic point view, the refusal probability

should not depend on the order in which the objects are examined. In

thi.s case, (3.4) becomes as Ho(x) = h(x) - pxp-ltlv-or,tv)dy where, as
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. H* ( x ) changes its sign
p

is assumed to be

once from to +

constant.

as x increases.

(3.5)

THEOREM 3。 1.

(■ 6)df(X)=f(I)(1~IX)
f(1)=0.

)z ol

equation of the problem is
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姜

ｐ
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ｄ

ｐ

　

　

〓

工f 壺(X)iS COntinuous for Oく (x`(l with Condition(亜
3), then the optimal

value vtt with
p

(3。 7)  v姜  =
p

a refusal prObability

f(0+)=(14は
3))fは3)

The stopping island[。
43‐ , ll iS deterttined by the solutionOt3 0f Hp(X)= 0.

EXAMPLE 3.1.   We consider the case of E(")=x, O<x< 1, where the number of

objects is uniformly distributed on ll,2,。 .,nl and p(1)= p fOr oく 〔xく(■ .

Since.dttrx)= dx, 。(3。 6)leads to a differential equation:

df(x)/dx = (1-x)~lf(x)―  px~・ (R(x)一f(x))+, 01く  xlく 1, f(1)= 0

Where R(x)= ―x(■―x)~1log(x).  since h(x)= ―■og(x)and q(x)= xp― ■, the

equation H (x)= O becomes
p

p(xp~1-1)+ (1-p)log(x)= 0.

Hence(ス
3 is the uniqve sOlution of this transcendental equation ■n Oく xく(■ .

We See iTm9diately that tx ; Hp(X):≧  Ol=二 ∝
3, 1l h°

ldS' and hence vぉ
 =

~d51° g(04姜 )by 13.7)。   some numerical results are given in the Table 2.  We

note that p = 1.o 00rresponds to the non― refusal case with a uniformly

distributed number of Objects discussed in sectiOn 3.2 (See Rasmussen and

Robbins(1975))1
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Table 2

refusal probability stopping island optimal value

Eメ 3, 1] Tメ
3・
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As i.n the previous sections, we derive an integral

case of r-object choices with a random number of objects

nality equation. Following presman and Sonin(1972) and

the optimality equation becomes

3.4。   A MULTIPLE CHolcE PROBLEM (I)

Another variatiOn in the best choice problem is the case where the

decision is allowed to make r-object choices(i.e., r stops) and one wants

to choose the best among these(See Gilbert and Mosteller(1966)). Sakaguchi

(1978) has solved this by using the oLA policy and ramaki(1929a) has dis-
cussed the case where the number of objects is a uniformly distributed
randon variable, and has obtained an explicit value in the asymptotic form

for the case of F=2,

equation in the

for the opti-

Tamaki ( fgZga) ,

(4.1)

Vr(1)=max[r(1)+Pvr_1(1)'Pvr(1)1,r=1,2戸
"

V。 (1)= 0。

As in (2.4), let wr(k)= Pvr(k)k=1,2,..,n-l and wr(n)=O for each r.

ThiS CenOtes the conditional optimal value, as before.  The same Assump―

tions (I)and (I工 )hold as in section 3.2.

THFOREv 4.1.   A sё aling limit rr(x)。 f wr(k;n)prOvided k/n=x in the

multip■ e cho■ ce problem satisfies the equation

9fr(X)=(1-亜 (x')~lfr(x)d亜 (X)一 x~1(R(x)+fr_1(x)― f二 (X))・すdx,

(4.2)≒ (1)=0, r=ゴ ,2,… 。,

f。 (x)=O for Oく xく 1.

equals t(o+)・

gr(x)=x~1(1-Ⅸ x))≒ (X)fOr l=1,2,

is continuous for o ( x ( 1, then they are differentiable
(4.3) dg"(*) = -*-1 r.* [ h(x) + er_r(x), E"(x) ] u*, B"

where h(x) is defined in (e.g).

The optimal value v姜
r

PROPOSIT工ON 4.2.  Let .. . If二 (x)

and satisfy

(1)=0
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Wher? Xi = exp(― Li), i=1,2,.. and O<xr<xr-1く ・゙<Xl=e~2く 1.

value vぶ
 of r―
°bjeCt ChOices is v二

 = fr(0+)= cr・
  Therefore

mine the optimal value for every r by the iteration (4.8).
_)cL = ze-z = .2To7 and c, = "1 * 

(r+{E/s)exp(-1t:-@./s)) =

two terms are consistent with Presman and Sonin(1,972), and

respectively. Numerical calculation for. different values

following results:

Times of choice r :

Tab■ e 3

3

The optimal-

we can deter-

For example,

.4725. The first

Tamaki ( r979a )

of r gives the

Optimal value

It seems here as if the optimal value

model of the situation it must tend to

of this may be that we have taken the

number r.

V姜  :
r
。2707  。4725  .6208  .7149  .7552  .7609  .7610

converges, but in the original

unity as r increases " The cause

limit n to infinity for a prefixed
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3.5.   A MULTIPLE CHOttCE PROBLEM (工 I)

equation
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u2(j)=maxtu.(j),Σ
l=j+lj(j-1)、 /(k(k-1)(k-2)Ъ )運=lus(k)l,
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(5.1)  u.(n)=u2(n)=1,
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V(n)=0。

Define the conditional optimal value w(k)= w(k;n), k=1,2,。 。,n by

頭→=Σ :=lusにν為
w(k)=Σ

:=k+lk(k~1)7(s(S-1)(s-2)π 長)|】[=lut(S),k=2,… ,n-1,

W(n)=0。

Then

(5.2)

Also define

7(k)=

γ(n)=

Then this s

(5.3) γ(k

Hence, if A

(1-重(X
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df(x)

(5。 4)
f(1)

where R2(X)= X

-:+O as x O

next two integral equations

Let f(x) = lim w(k;n) and
lar,rl

satisfy

the sca■ ing ■imit.
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キΣ:=k+lk(k・ 1)pこ/(S(S~■】,k+.)― W(k+1)

+α
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Wは+lDキ

s), k=1,。 .,n-1,

Tq - / ((k+l)?c, )"(w(k+1)-w(k+l) )+k+l-' ' k

section 3.2, and if

->1
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given by

Proof。

By (5.4)

EXAMPLE

dγ(x)=F(x)(1_亜 (X))~ld亜(x)― X~1(f(x)一微x))+dx,
(5。 5)

f(1)=0。

THEOREM_o.2。   The optimal value v姜= lim v(r;n) in the asymptotic form is

the solution f(0+)of (5.5).

From v(1;n)=maxlw(1;n),γ (1;n)1,we have γ姜

, f(o+) = o lmplies the result, (i* = F(o*)"

5。 1。  We calculate the optimal value and the stopping island for

iform distribution d亜(x)
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that

the lSt stop .f the.relative best object appenrs
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・
,一

(iH)on卜191], We make
object appears.

the 2td stop if the relative best or 2td best
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