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Abstract. Stimulated by Zadeh’s paper (Journal of Statistical Planning and Inference, 2002, 105, 233–264),

we will try to consider a perceptive analysis of the optimal stopping problem. In this paper, the fuzzy

perception value of the expectation of the optimal stopped reward is characterized and calculated by a new

recursive equation. Also, a numerical example described by triangular fuzzy numbers is given.
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1. Introduction and Notation

The stopping problem in a stochastic model is to maximize EðXdÞ over all the
stopping times d for a given sequence of random variables X ¼ ðX1;X2; . . . ;XnÞ,
which was solved elegantly by many authors, for example (Chow, Robbins and
Siegmund (1971)). However, in practice, we are often faced with the case that the
value of random variables is partially observed by dimness of perception or mea-
surement imprecision. For example, in the classical stopping problem of selling or
buying an asset (Karlin (1962)), the price of the asset may not be observed exactly.
Usually it is linguistically and roughly perceived through negotiations e.g. about
$10,000, the price considerably larger than $10,000, etc. When it will take a long time
to make an actual decision for the problem, we are still wrapped in a fog of dimness.
But immediately before our decision making, the fog mist is cleared up and we can
know the true value of the price so that the optimal procedure could be taken. Then,
under dimness of perception or measurement imprecision, how can we estimate in
advance the future reward obtained from the optimal procedure. A possible way of
handling such a case is to use the fuzzy set (Zadeh (1965)), whose membership
function can describe the perception value of price. Motivated by the example of the
above, in this paper we try the perceptive analysis (Baswell and Taylor (1987), Zadeh
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(2002)) of the stopping problem in which fuzzy perception is accommodated. In a
concrete form, if, for each sequence of random variables X ¼ ðX1;X2; . . . ;XnÞ, the
perception level of X is given, the fuzzy perception value of the expectation EðXd� Þ of
the optimal stopped reward is characterized and calculated by a new recursive
equation, where d� is an optimal stopping time w. r. t. X. The above problem of
estimating the perception value will be called the perceptive stopping problem.
In remainder of this section, we will give some notation and the definition of a

fuzzy perception function referring (Baswell and Taylor (1987)), by which the per-
ceptive stopping problem is formulated in the sequel. For non-perception ap-
proaches to fuzzy stopping problems, refer to our previous works (Kurano et al
(2002), Yoshida et al (2000)). Recently Zadeh wrote a summary paper of perception-
based theory (Zadeh (2002)).
For any set A, the fuzzy set on A will be denoted by its membership function

~a : A ! ½0; 1�. The a-cut of ~a is given by ~aa :¼ fx 2 Aj~aðxÞ � agða 2 ð0; 1�Þ and
~a0 :¼ clfx 2 Aj~aðxÞ > 0g, where clfBg is the closure of a set B. For the theory of
fuzzy sets, we refer to (Zadeh (1965)) and (Dubois and Prade (1980)).
Let R be the set of all real numbers and ~R the set of all fuzzy numbers, i.e., ~r 2 ~R

means that ~r : R ! ½0; 1� is normal, upper-semicontinuous and fuzzy convex and has a
compact support. Let C be the set of all bounded and closed intervals of R.
Then,obviously for any ~r 2 ~R, it holds that ~ra 2 Cða 2 ½0; 1�). So, we write ~ra ¼
½~r�a ; ~rþa �ða 2 ½0; 1�Þ:
A partial order relation 4 on ~R, called the fuzzy max order (Ramı́k and R̆imánek

(1985)), is defined as follows: For ~s; ~r 2 ~R; ~s4~r, if ~s�a � ~r�a and ~sþa � ~rþa for all
a 2 ½0; 1� where ~sa ¼ ½~s�a ; ~sþa � and ~ra ¼ ½~r�a ; ~rþa �. Here, we define gmaxf~s; ~rg 2 ~R by

gmax f~s; ~rgðyÞ :¼ sup
x1 ;x22R
y¼x1_x2

f~sðx1Þ ^ ~rðx2Þg ðy 2 RÞ; ð1:1Þ

where a ^ b ¼ minfa; bg and a _ b ¼ maxfa; bg for any a; b 2 R. Then, it is well-
known (Ramı́k and R̆imánek, (1985)) that ~s4~r if and only if ~r ¼ gmax f~s; ~rg.
Let ðX;M;PÞ be a probability space. A map ~X : X ! ~R is called a fuzzy perception

function if for each a 2 ½0; 1� the maps X 3 x7! ~X�
a ðxÞ and X 3 x 7! ~Xþ

a ðxÞ are
M-measurable for all a 2 ½0; 1�, where ~XaðxÞ ¼ ½ ~X�

a ðxÞ; ~Xþ
a ðxÞ� :¼ fx 2 Rj ~X

ðxÞðxÞ � ag. Let X be the set of all integrable random variables on ðX;M;PÞ. For
any fuzzy perception function ~X, the expectation E ~X 2 ~R is defined by

E ~XðxÞ ¼ sup
X2X
EX¼x

~lð ~XÞðXÞ; ð1:2Þ

where ~lð ~XÞ is a fuzzy set of X and defined by

~lð ~XÞðXÞ ¼ inf
x2X

~XðxÞðXðxÞÞ for all X 2 X: ð1:3Þ
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Obviously, we have

Eð ~XÞa ¼
Z

~X�
a ðxÞdPðxÞ;

Z
~Xþ
a ðxÞdPðxÞ

� �
; ða 2 ½0; 1�Þ: ð1:4Þ

Note that a fuzzy set ~lð ~XÞ onX is called fuzzy random variable induced ~X (Baswell
and Taylor (1987)). Regarding the another (equivalent) definition of fuzzy random
variables, we refer to (Kwakernaak (1978)) and (Puri and Ralescu (1986)). In this
paper, the definition of fuzzy random variables from a perceptive stand point by
(Baswell and Taylor (1987)) is adopted for modeling a fuzzy perceptive stopping
problem.

2. Stopped Fuzzy Perception Rewards

Let Xn be the set of all n-dimensional row vectors whose elements are in X, i.e.,

Xn ¼ fX ¼ ðX1;X2; . . . ;XnÞjXt 2 X; t ¼ 1; 2; . . . ; ng:

A random variable r : X ! Nn :¼ f1; 2; . . . ; ng is said to be a stopping time corre-
sponding to X ¼ ðX1;X2; . . . ;XnÞ 2 Xn if fr ¼ kg 2 BðXkÞðk ¼ 1; 2; . . . ; nÞ where
Xk ¼ ðX1;X2; . . . ;XkÞ and BðXkÞ is the r-field on X generated by the random vector
Xk. The set of such stopping times will be denoted by RfXg.
The map d on Xn with dðXÞ 2 RfXg for all X 2 Xn is called a stopping time

function. A stopping time function d is monotone if for any X ¼ ðX1;X2; . . . ;XnÞ;
Y ¼ ðY1; Y2; . . . ;YnÞ 2 Xn with X � Y, i.e., Xt � Ytðt ¼ 1; 2; . . . ; nÞ P-a.s., it holds
that EXd � EYd, where Xd :¼ XdðXÞ and Yd :¼ YdðYÞ.
For any X ¼ ðX1;X2; . . . ;XnÞ;Y ¼ ðY1;Y2; . . . ;YnÞ 2 Xn and b 2 ½0; 1�, let

Z :¼bXþ ð1� bÞY
¼ðbX1 þ ð1� bÞY1; . . . ; bXn þ ð1� bÞYnÞ 2 Xn:

Then d is called convex if EZd � bEXd þ ð1� bÞEYd for all b 2 ½0; 1�, where
Z ¼ ðZ1;Z2; . . . ;ZnÞ and Zd :¼ ZdðZÞ . The set of all monotone and convex stopping
time functions will be denoted by D.
Let eX ¼ ð ~X1; ~X2; . . . ; ~XnÞ be a sequence of fuzzy perception functions. For any

d 2 D, the d-stopped fuzzy perception reward eXd is defined by

~XdðxÞðxÞ :¼ sup
XdðxÞ¼x

X¼ðX1 ;...;XnÞ2Xn

~X1ðxÞðX1ðxÞÞ^ � � �^ ~XnðxÞðXnðxÞÞ
� �

: ð2:1Þ

Note that ~XdðxÞðxÞ may be a fuzzy set on R but not necessarily a fuzzy perception
function.
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Similarly as (1.2), we define the expected value of ~XdðxÞðxÞ by

E eXdðxÞ :¼ sup
EðXÞ¼x
X2X

inf
x2X

~XdðxÞðXðxÞÞ
� �

: ð2:2Þ

For each a 2 ½0; 1�, we use notations that ~X�
a :¼ ð ~X�

1;a; . . . ;
~X�
n;aÞ 2 Xn and ~Xþ

a :¼
ð ~Xþ

1;a; . . . ;
~Xþ
n;aÞ 2 Xn in component wise, where the a-cut of ~Xk is described by

~Xk;a ¼ ½ ~X�
k;a;

~Xþ
k;a� respectively.

THEOREM 2.1 For any d 2 D, it holds that

(i) E eXd 2 ~R and
(ii) ðE eXdÞa ¼ ½Eðð eX�

a ÞdÞ;Eðð eXþ
a ÞdÞ� for a 2 ½0; 1�:

For the proof of Theorem 2.1, we need several preliminary lemmas. Here, we put,
for each a 2 ½0; 1�;

Z aðbÞ :¼ b ~X
þ
a þ ð1� bÞ ~X�

a ðb 2 ½0; 1�Þ: ð2:3Þ

Lemma 2.1 For any d 2 D;EðZaðbÞdÞ is continuous with respect to b 2 ½0; 1�.

Proof: For any b; b0 with 0 � b < b0 < 1,

Z aðb0Þ ¼ b0 � b
1� b

eXþ
a þ 1� b0 � b

1� b

� �
Z aðbÞ:

So, from the monotonicity and convexity of d 2 D, we have for 0 � b < b0 < 1,

EðZ aðb0ÞdÞ � EðZ aðb0ÞdÞ

� b0 � b
1� b

E

�
ð ~Xþ

a Þd
�
þ 1� b0 � b

1� b

� �
EðZ aðbÞdÞ;

which implies that lim
b0#b

EðZaðb0ÞdÞ ¼ EðZ aðbÞdÞ:
Similarly, we have for 0 � b00 < b < 1,

EðZ aðbÞdÞ �
b� b00

1� b00
E ð eXþ

a Þd
� �

þ 1� b� b00

1� b00

� �
EðZ aðb00ÞdÞ:

Thus, it holds that
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0 � EðZ aðbÞdÞ � EðZ aðb00ÞdÞ �
b� b00

1� b00
E ð ~Xþ

a Þd
	 


� E Z aðb00Þd
	 
	 


� b� b00

1� b00
E ð ~Xþ

a Þd
	 


� E ð ~X�
a Þd

	 
	 

:

Thus we get lim
b00"b

EðZaðb00ÞdÞ ¼ EðZaðbÞdÞ:
The following lemma follows easily from (2.1) and (2.2).

Lemma 2.2 For any d 2 D and a 2 ½0; 1�, it holds that

ðE ~XdÞa ¼
�
EXd jX ¼ ðX1;X2; . . . ;XnÞ 2 Xn;

XtðxÞ 2
�
~X�
t;aðxÞ; ~Xþ

t;aðxÞ
�

for t ¼ 1; 2; . . . ; n
�
:

The proof of Theorem 2.1 Since (ii) means (i), it suffices to show that (ii) holds. By
Lemma 2.2 and monotonicity of d, the inclusion � of (ii) is immediate. Also, the
inclusion � follow from the observation that Zað1Þ ¼ eXþ

a ;Z
að0Þ ¼ eX�

a and Lemma
2.1. h

By Theorem 2.1, we observe that E eXd 2 ~R for all d 2 D. Here we can specify the
perceptive fuzzy stopping problem investigated in the next section: The problem is to
maximize E eXd for all d 2 D with respect to the fuzzy max order 4 on ~R.

3. Optimal Fuzzy Perception Values and Recursive Equations

In this section, for any given sequence of fuzzy perception functions eX ¼
ð ~X1; ~X2; . . . ; ~XnÞ, we find the optimal stopping time function d� and to characterize
the optimal fuzzy perception value E eXd� .
For each sequence of random variables X ¼ ðX1;X2; . . . ;XnÞ 2 Xn, we denote by

d�ðXÞ the optimal stopping time for X (Chow, Robbins and Siegmund (1971)), which
is thought as a stopping time function.

Lemma 3.1 d� 2 D.

Proof: For X ¼ ðX1;X2; . . . ;XnÞ 2 Xn, involving X, we define the sequence
fcnk ¼ cnkÞðXÞg

n
k¼1 by

cnnðXÞ ¼ Xn;

cnkðXÞ ¼ max



Xk;E cnkþ1jBðXkÞ

� ��
ðk ¼ n� 1; . . . ; 1Þ;

ð3:1Þ

where Xk ¼ ðX1;X2; . . . ;XkÞ. Then, by the usual theory of optimal stopping prob-
lems (Chow, Robbins and Siegmund (1971)), we have EðXd� Þ ¼ Ecn1ðXÞ:
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Let X ¼ ðX1;X2; . . . ;XnÞ, Y ¼ ðY1;Y2; . . . ;YnÞ 2 Xn with Xt � Ytðt ¼ 1; 2; . . . ; nÞ
P-a.s.. Then, by induction on k, we can easily prove that cnkðXÞ � cnkðYÞ for
k ¼ n; n� 1; . . . ; 1. Thus, we get

EðXd� Þ ¼ Eðcn1ðXÞÞ � Eðcn1ðYÞÞ ¼ EðYd� Þ;

which shows the monotonicity of d�. For Z ¼ bXþ ð1� bÞY b 2 ½0; 1�ð Þ, we have

E½Zd�ðZÞ� ¼ bE Xd�ðZÞ
� �

þ ð1� bÞE Yd�ðZÞ
� �

� bE Xd�ðXÞ
� �

þ ð1� bÞE Yd�ðYÞ
� �

;

where Z ¼ ðZ1;Z2; . . . ;ZnÞ. This shows the convexity of d�. (
By Lemma 3.1, we observe that d� is an optimal stopping time function. For

simplicity, we assume the sequence of perception functions eX ¼ ð ~X1; ~X2; . . . ; ~XnÞ is
independent with each ~Xtðt ¼ 1; 2; . . . ; nÞ. Then, in the following theorem it will be
shown that the optimal fuzzy perception value E eXd� is given by the backward
recursive equation:

~cnn ¼ E ~Xn;

~ckn ¼ Egmax ~Xk; ~c
n
kþ1

� �
ðk ¼ n� 1; . . . ; 2; 1Þ:

ð3:2Þ

Since the a-cut of ~ckn in (3.2) can be denoted by

~cnk;a ¼ ½~cn;�k;a ; ~c
n;þ
k;a � ðk ¼ 1; 2; . . . ; nÞ;

then, the a-cut expression of (3.2) is as follows: For a 2 ½0; 1�,

~cn;	n;a ¼ E ~X	
n;a

cn;	k;a ¼ Emax ~X	
k;a~c

n;	
ðkþ1Þ;a

n o
ðk ¼ n� 1; . . . ; 2; 1Þ:

ð3:3Þ

THEOREM 2 It holds that EfXd� ¼ ~cn1:

Proof: By (3.2) and (3.3), we have that, for a 2 ½0; 1�,

~cnk;a ¼ Emaxf ~X�
k;a; c

n;�
ðkþ1Þ;ag;Emaxf ~Xþ

k;a; c
n;þ
ðkþ1Þ;ag

h i
¼ Emaxf ~X�

k;a; ~c
n
ðkþ1Þð ~X�

a Þg;Emaxf ~Xþ
k;a; ~c

n
ðkþ1Þð ~Xþ

a Þg
h i

where cnðkþ1Þð ~X
�
a Þ and cnðkþ1Þð ~X

þ
a Þ are defined in (3.1). Applying Theorem 2.1, we get

ðE ~Xd� Þa ¼ ð~cn1Þa: Thus, E ~Xd� ¼ ~cn1; as required. (
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As a numerical example, we will compute the optimal fuzzy perception value for
the perception stopping problem described by simple triangular fuzzy numbers. The
triangular fuzzy number (a;m; b) with a > 0 and b > 0 is given by

ða;m; bÞðxÞ ¼ maxfðx�mþ aÞ=a; 0g if x � m
maxfðx�m� bÞ=b; 0g if x > m:




Obviously, the a-cut of ða;m; bÞ is

ða;m; bÞa ¼ m� að1� aÞ;mþ bð1� aÞ½ � a 2 ½0; 1�:

Let ~X ¼ ð ~X1; ~X2; . . . ; ~XnÞ be independent and identically distributed sequence of
fuzzy perception functions with ~Xt ¼ ðYt;Xt;ZtÞ ðt ¼ 1; 2; . . . ; nÞ: (See Figure 1). We

Figure 1. The fuzzy perception ~Xt ¼ ðYt;Xt; ZtÞ.

Figure 2. The graph of ~cn1ðn ¼ 1; 5; 20Þ:
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assume that Xt 
 U½0; 1� and Yt;Zt 
 U½0; 1=2� ðt ¼ 1; 2; . . . ; nÞ; where X 
 U½a; b�
ða < bÞ means that the distribution of X is a uniform distribution on ½a; b�.
The optimal fuzzy perception value E~Xd� ¼ ~cn1 is computed recursively by (3.3),

which is given as follows.

~cn;�n;a ¼ ð1þ aÞ=2; ~cn;þn;a ¼ ð3� aÞ=2
~cn;�k;a ¼ EmaxfXk � ð1� aÞYk; ~c

n;�
ðkþ1Þ;ag

~cn;þk;a ¼ EmaxfXk þ ð1� aÞZk; ~c
n;þ
ðkþ1Þ;ag ða 2 ½0; 1�; k ¼ n� 1; n� 2; . . . ; 1Þ:

The graph of ~cn1ðn ¼ 1; 5; 20Þ evaluated by Maple 7 is shown in Figure 2, and we
observe that ~c201 is concave on its left-side slope and convex on its right-side slope.
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