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Abstract : For a dynamic fuzzy system, the fundamental method is to analyze its recursive relation
of the fuzzy states. It is similar that the Bellman equation is the important tool in the dynamic
programming. Here we will consider the existence and the uniqueness of solution of a fuzzy relational
equation. T'wo examples, which satisfies our conditions, are given to illustrate the results.

1 Introduction and notations

We use the notations in [4]. Let X be a compact metric space. We denote by 2% the collection of all
subsets of X, and denote by C(X) the collection of all closed subsets of X. Let p be the Hausdorff metric
on 2% Then it is well-known ([3]) that (C(X),p) is a compact metric space. Let F(X) be the set of all
fuzzy sets § : X — [0, 1] which are upper semi-continuous and satisfy sup,cx 5(z) = 1. Let §: X x X —
[0,1] be a continuous fuzzy relation on X.

In this paper, we consider the existence and uniqueness of solution p € F(X) in the following fuzzy
relational equation (1.1) for a given continuous fuzzy relation § on X (see [4]) :

ply) = sup {ple) Nz, y)}, yeEX, (1.1)

where a A b := min{a, b} for real numbers a and b. We define a map G, : 2%X — 2% (a € [0,1]) by
{y | §(z,y) > afor somez € D} fora #0, D€2X D#0,
Ga(D) =< cly|§(z,y) > 0for somez € D} fora=0, D€2X D+, (1.2)

X for0<a<1, D=0,

where cl denotes the closure of a set. Especially, we put §u(2) := §o({z}) for 2 € X. We note that §, :
C(X) = C(X).

Lemma 1.1 ([4, Lemma 2]). For each a € [0,1], the map o : C(X) — C(X) is continuous with respect
to p.

For § € F(X), the a-cut 54, a € [0, 1] is defined by
So ={z€eX |5(z)>a} («#0) and 3§:=cl{z € X |5(z)> 0}.
Lemma 1.2.
(i) For 5 € F(X), § satisfies (1.1) if and only if
Ja(8a) = 8o, a€1]0,1]. (1.3)

(i1) We suppose that a family of subsets {D, | o € [0,1]}(C C(X)) satisfies the following conditions (a),
(b) and (c):



(a) Dy C Dy for0< o <a<l;
(b) limyi4q Dot = Dy for o # 0;
(€) §ou(Da) = Dy for a €0,1].

Then 5(z) := sup,ep i@ A lp, (2)}, = € X, satisfies s € F(X) and (1.1), where 1p denotes the
characteristic function of a set D € 2X.

Proof. (i) is trivial. (ii) is from (i) and [4, Lemma 3]. O

2 The existence of solutions
For a € [0,1] and € X, a sequence {§%(z)}x=1 2 ... is defined iteratively by
(jg(:b) = {z}, (ji(:b) ‘= §n(z) and (jl;"'l(a:) = (ja((jﬁ(m)) fork=1,2,---

Then, let G4(z) := =, - (2) and

Fula) == | #(2) = {£} UGula). (2.1)

We now consider a class of invariant points for this iteration procedure, that is, z € G, (z). So put
Ry :={z € X |z € Gyzx)} forael0l]. (2.2)

Each state of R, is called as an “a-recurrent” state and it is studied by [7]. The following properties (i)
and (ii) hold clearly:

(1) qa(Fa(z)) = Ga(z) forae0,1]and z € X;

(ii) Ry C Ry for0<a’ <a<l.

Lemma 2.1. Ifz € Ry, the following (i) and (ii) hold:
() §a(Fa(2)) = Fa(z) for a€l0,1];

(i) Fa(z) C Fur(z) for0<oa’ <a<l.

Proof. Since z € Ry C R,, we have

So, we obtain (i). (ii) is trivial. O

For z € Ry, we define

Fol(z) = ﬂ M Fo(2)} (@ £0) and Fy(z) := cl{Fo(2)}, (2.3)

a'<a
where cl{F.:(z)} denotes the closure of Fy:(z).
Lemma 2.2. Ifz € Ry, the following (i), (ii) and (iii) hold:
(1) Gu(Fa(2)) = Falz) fora€]0,1];
CFu(z) for0<o/ <a<l;

)
(il)) Fo(z) = limgipe Far(z)  for a # 0.



Proof. (ii) is trivial from Lemma 2.1 and (iii) is also trivial from the definition. To prove (i), let o =
0. From Lemma 2.1(i), we have §o(Fo(2)) = Fo(z). By the continuity of ¢, we can check go(cl{Fo(z)}) =

cl{Eo(z)} in a similar way to the proof of [4, Lemma 1]. Therefore, §o(Fa(z)) = Fo(z). Let @« > 0 and y €

Ja(Fa(z)). By Lemma 1.1, we have

ve () dale{Fu(2)}) = () dalc{Famt/mvol2)}).

a'<a

From the continuity of ¢, for n > 1, there exists 2, € F(a_1/n)vo(2) such that §(z,,y) > a — 1/n. By

Lemma 2.1(i),
Y € G(a—1/n)vo(Fla—1/n)vo(2)) = Flac1/nyvo(2) Ccl{Fa—1/nyvo(2)}

for alln > 1. So, y € Fa(z) Therefore, we obtain

Ga(Fa(2)) C Fa(2).

While, from Lemma 2.1(i), we have

i For(2)} C qor(cl{Far(2)})

for o' < o' < a. Then

Faz) = (| {Far(2)} C () dor(ci{Far(2)}) = dal(cl{Far(2)})

a'<a a'<a
for o' < a. So, we get
Fa(z) C [ dalcl{Fan(2)}) = da ( N Cl{Fa“(Z)}> = Ga(Fa(2)).
al’<a o

Therefore, we can obtain (i). O

Let z € Ry. Since {F,(z) | a € [0,1]} satisfies the conditions (a) — (c) of Lemma 1.2(ii), we obtain the

following theorem.
Theorem 2.1.
(i) If Ry # 0, then there exists a solution of (1.1).

(i1) Let z € Ry. Define a fuzzy state

§(z) := su alAlg x)p, z€X.
()= sup {anip @)}

Then §* € F(X) satisfies (1.1).
Assume that R; # ). We introduce an equivalent relation ~ on R, as follows: For 21,25 € R,,
z1 ~ z3 means that 21 € F,(z2) and z2 € Fo(21).
Then we could identify the states of R, which is equivalent with respect to ~, and so put

R} = Ro/ ~ .

Lemma 2.3. For z1,25 € Ry,

z1~zg ifand only if Fu(z1) = Fu(z2) for all « € [0, 1].

(2.4)



Proof. Let z; ~ z3. Then, we have z; € Fy(z2) C Fu(z2) for any o € [0, 1]. From the definition (2.1) of
Fo(z1), we obtain Fy(z1) C Fu(z2). Since we have Fy(z2) C Fy(z1) similarly, Fy(21) = Fo(z2) holds. The
reverse proof is trivial. O

From Theorem 2.1 and Lemma 2.3, the number of solutions of (1.1) is greater than or equals to the num-
ber of “l-recurrent” sets. To consider the class of solution (1.1),let P := {p € F(X) | §is a solution of (1.1)}.
Then P has the following property:

Theorem 2.2. Let p* € P (k=1,2,---,1). Then:
(i) Put

Then p € P.
(ii) Let {a® €[0,1]| k =1,2,---,1} satisfy maxg=12...,a" = 1. Put
p(z) = ,max l{ak ApF(z)} forz € X.

=1,2,-,

Then p € P.

Proof. (ii) Taking the a-cut of p € F(X), we have
Pa = U ﬁi
k:ak>a

Then,

Il
3
R

ga(ﬁoc):(joz U ﬁ[; = U ‘ja(ﬁi): U ﬁ[;
k:ak>a k:ak>a k:ak>a

Therefore, we obtain (ii) from Lemma 1.2(i). (i) is proved similarly. O

3 The uniqueness of solutions

In this section, we discuss the uniqueness of solutions of the equation (1.1) under convexity and compactness.
Let B be a convex subset of an n-dimensional Euclidean space R"™ and C.(B) the class of all closed and
convex subsets of B. Throughout this section, we assume that the state space X is a convex and compact
subset of R™. The fuzzy set § € F(X) is called convex if its a-cut §, is convex for each a € [0, 1]. Let
Fe(X) :={§ € F:§is convex}.

By applying Kakutani’s fixed point theorem ([2]), we have the following.

Lemma 3.1. Let a € [0,1] and §,(z) is convex for each x € X. Then, for any A € C.(X) with A =
qa(A), there exists an x € X such that §(z,z) > a.

Proof. The map ¢, : A = C.(A) with §u(2) € C.(A) for all z € A is continuous from Lemma 1.1, so
Kakutani’s fixed point theorem guarantees the existence of an element z € A such that z € §,(z), which
implies §(z, z) > a. This completes the proof. O

We assume that §,(z) is convex for each £ € X. As a consequence, we have a property of the solutions

of (1.1).

Proposition 3.1. Let p € F.(X) be a solution of (1.1). Then, for each o € [0, 1], there exists an z € p,
with §(z,z) > a.

Proof. By Lemma 1.2, po = §o(Ps) for each a € [0, 1]. Thus, Lemma 3.1 clearly proves the desired result.
O

Now, we give sufficient conditions for the uniqueness of solutions of (1.1). Let U, := {z € X| §(z,z) >
a} for a € [0,1].

Assumption A. The following A1 — A3 hold.



A1l. The set U; is a one-point set, say u. That is, Uy = {u}.
A2. U, C Fo(u) for each o € [0, 1], where u is given by Al and F,(u) is defined by (2.1).
A3. Let e € [0,1] and A € C.(X). If A = §o(A), then

A= ] Falx)

rzeUsNA

Theorem 3.1. Under Assumption A, the equation (1.1) has a unique solution in F.(X).

Proof. Let p,p’ € F.(X) be solutions of (1.1). By Lemma 3.1, py NU; # and pj N U; #. Since U is a
one-point set, v € p1 and u € p). Thus, by A3, p1 = Fy(u) and p} = Fy(u), which implies p; = p}. We
now show that p, = Fa(u) for 0 < a < 1. Since u € Por = G (Por), it holds that Fo:(u) C por. Therefore,
since P, 1s closed,

Fa(u) = |J {Far()} C |J far(u) = Fo.

a'<a a'<a
On the other hand, we have

Po CUrevonp, HFa(2)}, (from A3)
CUI€F 5. H{Fa(z)},  (from A2)

C UzeFa CI{F ()}
From that z € F,, (u) means Fa(m) - Fa(u), it holds that

Pa C cl{Fa(u)} C Folu).

The above shows p, = F(u). Similarly p, = F,(u). Thus, p, = j,. This completes the proof. O

4 Numerical examples

Here two numerical examples of Section 2 and 3 are given to comprehend computational aspect of this
paper.

Example 1. Let X =[0,1]. For any g : [0,1] — [0, 1], let

q(z,y) = (=]y—g(x) ) V0, =z,ye€l0,1].
We assume that g(-) is strictly increasing and continuous and that there exists a unique zg € [0, 1] with
2o = g(xo). Under the above condition, Ry = {z¢} and for each « € [0, 1),
Uy = [2,,T0a], (4.1)

Loy

when z,,, %, is a unique solution of z = g(z) — (1 — a), 2z = g(z) + (1 — ) respectively and z, = 0,%, =1
if the solution does not exist in [0,1].

Clearly, U, is a unique solution of the equation A = p,(A) in C,([0, 1]), so that Assumption A in Section
3 holds in this case. Thus, by Theorem 3.1,

§(z) = sup {aAly, (2)} (4.2)
a€l0,1]

is a unique convex solution of (1.1). For a concrete example such as g(z) = (2224 1)/4, then it is seen that

Ry ={(2-+/?2)/2} and
xa:(l—\/M)\/O,
1, 3/4< «
{ 1—y2a-3/2, 3/4<a<l.

To =



By (4.1) and (4.2), the unique solution is as follows (Fig.1):

5(z) = —22/24x+3/4, 0<x<1-2/2
T #¥/2—x4+5/4, 1-V2/2<zx< 1.

n.s
n.&
0.4

0.2

1] n.2 0.4 n.& n.a 1

Fig.1 The unique solution s.

Example 2. This example has two peaks for the fuzzy relation. Let X = [0, 1] and
q,y) = (= y— @+ 1)/4) V(- |y - (@ +2)/4]).
for z,y € [0,1]. Then, Ry = {a, b}, where a = 2 —/3,b = 2 — /2. By simple calculation, we get
Fa(a) = [25,75] and  Fa(b) = [z, 0]

for a € [0, 1], where

« |0 0<a<3/4
La=\ 2-\T—4a, 3/4<a<l,
[ 0<a<7/8
Ya= 1 2-VIa—1, 7/8<a<l,
[0, 0<a<7/8
La=\ 2-\6—4a, T/8<a<l,

[, 0<a<3/4
Ya= 1 2-VIa—2, 3/i<a<l,

By Theorem 2.1, the solutions of (1.1) are given as follows(Fig.2):

2 —dr+5/4, 2-/3<x<2-/10/2
7/8, 2-/10/2<z <1,

{7/8, 0<x<2-+10/2

{ —2?4+2x+43/4, 0<x<2-3

—2? 4 dx4+2/4, 2-/10/2< <22
2?2 —4r4+6/4, 2-\V2<z<l.
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Fig.2 The unique solutions 5% and 3°.
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