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Abstract:

The purpose of this paper is to further investigate the convergence in measure of
sequence of measurable functions on fuzzy measure spaces. Several classical results on
measurable functions are generalized to fuzzy measure spaces by using the property
(p.g.p.), null-additivity and exhaustivity of fuzzy measures.
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1. Introduction

An important problem in measure theory is to describe the convergence of sequence of
measurable functions on measure spaces. We hope that most of properties in classical
measure theory remain valid for fuzzy measures, but it is very difficult to generalize those
properties [1, 3, 6, 7, 8].

This paper is a continuation of our previous efforts [6]. Our purpose is to further
investigate the convergence in measure of measurable functions on a fuzzy measure space
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possessing the property (p.g.p.). The main theorems are stated in Section 3. We show
that a sequence of measurable functions converges in measure if and only if it is
fundamental in measure. In Section 4, we introduce a new concept which is called to be
almost uniformly bounded, and obtain some interesting results on the convergence of
sequence of measurable functions.

In the last section, we prove that fuzzy mean convergence and fuzzy mean fundamental
are equivalent. Some relevant examples are also given in this paper.

2. Preliminary

Let X be a non-empty set and ‘F be a o-algebra of subsets of X, and let N ={1,2,....}
and R, =[0,+e0]. Unless stated otherwise, all subsets are supposed to belong to F and
we make the following conventions: sup{i|i€0}=0, «o—oo=0 and 0-c0c=0. The
following terminology will be used without any further reference.

A set function u: F — R, is said to be exhaustive if w(E,)— 0 for any infinite
disjoint sequence {E,}; order continuous if u(E,)— 0 whenever E, 0; null-additive
if W(EUF)=u(E) for any E whenever u(F)=0; and autocontinuous from above if
u(F,)— 0 implies u(E U F,) — u(E) for any F.

A fuzzy measure is a set function p: F — [0, +oo] with the properties:

(EM1) 1(0)= 0;
(FM2) Ac B= u(A)< u(B);
(FM3) A chdc=

{04, )= tim aca;
n=1 Ao

(FM4) A D A, -+, and there exists n, 21 with @(4, ) < +oo
=i A4 ]=tim aca).
n=1 n—vee

Definition 1. Set function u is said to have the property (p.g.p.) if for any ¢>0,
36> 0 such that u(E)v u(F)<d implies (E U F)<e.

The following three propositions concerning properties of fuzzy measures are given in
[2,3].

Proposition 1. Let i be a fuzzy measure. Then u is exhaustive if and only if it is order
continuous.

Proposition 2. Any finite fuzzy measure is exhaustive.

Proposition 3. If a fuzzy measure is autocontinuous from above, then it has the
property (p.gp.).



Property (p.g.p) of Fuzzy Measures and Convergence in Measure 701

Let F be the class of all finite measurable functions on (X, F), and let f, g, [,
g, € F(n=>=1). We denote that {f,} everywhere converges to fby f, — f. We say that
{f,}, almost everywhere converges to f on X if there is subset Ec X with u(E)=0
such that f, — f on X\E, and denote it byf, —:— f; {f,}, almost uniformly
converges to f on X if for any ¢> 0 there is subset £, ¢ X with u(E,)<e such that f,
converges to f uniformly on X\ E., and denote it by f, —%— f.

Definition 2. {f,} is said to be convergent in measure to f on fuzzy measure space

(X, F,w), if
lim ulle: |50 )|z ) =0

for any > 0, denoted by f, —~— f; and be fundamental in measure if

lim pu({z:|f,(2)-f,(2)[2€})=0

7,111 +eo

for any €> 0.

We know that the convergence in measure and fundamental in measure are equivalent
if 4 is a o-additive measure. The relations among convergences of sequence of
measurable function on fuzzy measure spaces are discussed [8]. Some generalizations are
demonstrated in [6].

3. Convergence in measure

We generalize some results about convergence in measure from classical measure
spaces to fuzzy measure spaces.

Theorem 1. Let i be a fuzzy measure with the property (p.g.p.). If {f,}, is
fundamental in measure, then there are f€F and a subsequence { j;‘,‘}k of {1}, such

that f, ——f, f, —*—f and [, —£ f.

Proof. From the property (p.g.p.) of i, there is 9, € (0,1/2) such that
WE)WY u(FY< 6, = u(E U F) <%.

For above d,, there exist 8, € (0,8, A1/2) and n, > 1 satisfying
WE)YW W(F)<d, = m(EUF)<d,

and

e

L@ 1, (1)‘ 2%}) <6, (Vnzn)
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since {f,}, is fundamental in measure. If we take n, > n, to satisfy

e

L@ -1, @) 251;})< 8, (Vn=n,),

then

e

For above 4, there exists d; € (0,8, A1/2*) such that

@)= 1@/ Hole | £.@- 5, @[ 1) <1

WE) u(F)< 8, = W(EUF)<6,.

If we take n; > n, to satisfy
wlfe: | £@-1,@]25) <6, (7 nzn),

then

e

f@)- .ﬁ,J(fE)‘ 2 %} U {T :

fy @)= £,@)]255}) <o,

and

e

Repeating this procedure, we can obtain n,,, >n, >n,_, >...>n, and 8, <, Al/2"
such that

f@-1,@|2 5 ofe: [£,@-1£,@)[24]) <3

u(jq {:r :

f@=£,@)]2 5 ) <8, (=230 e

for any r>1. If we put E, ={z:
E=lim, . E, =, B, then BNE, and

fun@- £, @212}, B,=UZ E and

uB)=u(UE)<0,, (7 k2.
Hence, #(F)=0. For any fixed ¢ >0 and e> 0, there exist k, > 2 and k, > 2 such that
u(B,)<e and #«1 (VEk2k,).

Ifz, € X\ E, then there is k, > k, such that
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J:UQG {1

i=k
1

3 Als>L
fru@=f,@[25]
and, therefore,

(w0)|sz—;;<a(V7~21,k2Aq),

Fo @)= £, (@)<Y

r
i=1

fnm(‘ro)_ fn

ie., {f, (z,)}, is Cauchy sequence of real numbers for any z, € X\ E. Put

lim f (z) ifzeX\FE
Jy={==
0 ifzeFE.

Then, f € F and f, —*¢—f.
Furthermore, we note that

Ulz: |, @1, @)|20} < B, (Vk=k,).

r=l

Thus, for any k> k,,

fo @ =f,(@)|<0 (Vr2lze X\B,)
and, therefore,
\f@)-f, (@)|s0 (Vze X\B,k>k, vk).
Hence, f, converges to funiformly on X\ B, , and
u{z: |f@)- £, ()| 2 20}) S u(B,) <€
whenever k > k, v k.. This shows f, —*— f and f, —£—>f.

Theorem 2. Let i have the property (p.g.p.) and {f,}, be fundamental in measure. If
there exist feF and a subsequence | j;,k} . of 4L, such that f, —*—f, then

Lh——=f
Proof. For any fixed e> 0, there exists d > 0 such that

WEYWY (Fy<d=wEVF)<e.

Since {f,}, is fundamental in measure and f, —— f, there are n,, k, 21 such that

Ty, 2Ny,
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wle: 1@ £ %}) <6 (Ym,n>n,)

and

e

£ @-f@[2Z}) <o (v k2 k).
Thus, we have

w1 f,@- f@| 2 o) < alfe: | @ 1, @2 ol | £, @) f@)]2 L) <e
whenever n > n,. This shows f, —*— f.

Theorem 3. Let i have the property (p.g.p.). Then, f,—*— f if and only if {f,}, is
Sfundamental in measure.

Proof. The "only if" part is trivial by
e | £ @ @I zo < ul{o: | 1@~ @) 22} ole: | @ - @2 Z))

and the property (p.g.p.) of u. If {f} is fundamental in measure, then there exist a
subsequence {f, } of {f.}, and f € F such that

fo > f @s k— +o0)

by Theorem 1. Thus, f, —*— f by Theorem 2.

Remark 1. The property (p.g.p.) of Theorem 3 is inevitable as shown in the following
example.

Example 1. Let X =[0, +o), F be the Borel o-algebra of X, and m be the Lebesgue
measure. Put

0 if0¢k

(E)=
“ m(E) if0e E.
Then, fuzzy measure u has not the property (p.g.p.) [4]. Put f(z)=1 and

1 if z € (0,n]
(@)= {

0 otherwise.

For any fixed e >0,

l{z:

F@) = foy |2 e} S (4 p) =0, (V n,p21)
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and
ul{z | £(@2)— f(@)| 2 €}) € ({0} U (n,Fo0)) = +o0, (V 1 21).

Therefore, f,—*“—f and {f,}, is fundamental in measure on (X,F,u), but

f,—— f and f, —*— f are not true.

Remark 2. Any o-additive measure is a fuzzy measure with the property (p.g.p.), but
the converse is not true.

Example 2. Let z=[0,1], F be the Borel v-algebra of X, and m be the Lebesgue
measure, and let

WE) = tan(i"’—‘”;ﬂj (VEe F).

Then, 4 has the property (p.g.p.), but it is not o-additive.

Theorem 4. Let i be a fuzzy measure with the property (p.g.p.), and let f, f, €F.
Then f,—“>f if and only if, for any subsequence {f;u}k of {f,},, there exists a
subsequerce {f,,,“} Of{‘ﬁ"n}k such that f, —== f.

Proof The "only if" part is trivial by Theorems 1 and 3. Suppose that "if" part is not
true. Then there are ¢,, &, >0 and a subsequence {f, }, of {f,}, such that

w{z]| £, @)~ [@)|2 &) 2,

for any k1. For sequence { f,,k}k, there exists a subsequence { fo, } of {f,,k} . such that
f,, —*— [ by the supposition of the theorem. It follows that there exists B, € F, and
an integer i, such that u(B, ) <4, and

@)= f@)|<e (Vizize X\B,).

Hence, we have

e

whenever 7> 4,. This is a contradiction with the fact that

£ @)= f@)| 26 }) < u(B,) < 6,

ufz| £, @)= f@)|z )20,

for any 7 >1. The theorem is now proved.

From Theorems 3 and 4, we can immediately obtain the following corollaries.
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Corollary 1. Let a fuzzy measure have the property (p.g.p.). Then, {f}, is
fundamental in measure if and only if there is f € F and, for any subsequence {fm}} of

{£.},, there exists a subsequence { £, } of { o, }k such that f, —**—f.

Corollary 2. Let u be an order continuous fuzzy measure with the property (p.g.p.).
Then, {f,}, is fundamental in measure if and only if there is feF and, for any

subsequence { f,,k}k of {f.},, there exists a subsequence { F } of { fm}k such that

f;rm L)f

Remark 3. (1) The property (p.g.p.) in Corollary 1 is inevitable as shown in Example
1.

(2) The order continuity in Corollary 2 is inevitable, as shown in Example 3. It is
possible for a fuzzy measure, which has neither null-addtivity nor the property (p.g.p.),
that there exist f and a sequence {f,} of measurable functions which is fundamental in

measure and f, —“— f (see Example 1).

Example 3. Let X =[0,+), F be the Borel o-algebra of X, and let u be the
Lebesgue measure m. Then, # is null-additive and has the property (p.g.p.). Since
E,=[n,+0)N0 as n—+o and u([n,-+ee)) =+, we know that x4 is not order
continuous. Put

1 ifxe[0,n]

0 ifze(n,tee).

J(z)= {

Then, f, =1, but

w{z: | £ @)= Loy |2} = (un+p) =p, (V n,p=1)

for any fixed €€ (0,1). i.e., {f,}, is not fundamental in measure on the fuzzy measure
space (X, F, ).

Let £, E, € F, and let

@) JO ifreE
)=
PR fzer
and
. 0 ifzeE,
:L. =
xs. 1 ifzekE,

Then, ¥z , (n 21), are measurable functions on measure space (X, ) and
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w{z: | 2, (@) 25, @) 2 €)) = 4(B,\E,)U(E,\E,) = w(E, AE,) (v m.n21)
for any e (0,1). Thus, the following lemmas are easy to prove.

Lemma 1. Lef u be a fuzzy measure and {E,} < F. Then, {x E,.}n is fundamental in
measure if and only if lim,, . w(E, AE_ )=0.

m

Lemma 2. Let # be a fuzzy measure and E, E, € F. Then, yz —*— x if and only
iftim, . 4(E, AE)=0,

Theorem 5. Let u have the property (p.gp.) and {E,}, c F. Then, {XE} is

n

Sfundamental in measure if and only if there is E € F such that lim,_,,, w(E, AE)=0.

Proof. The "if" part is trivial by Lemma 2 and Theorem 3. Now, we prove the "only
if" part. If {x E,,},; is fundamental in measure, then there exist f € F and a subsequence

{X £, };; of {x Eu}” by Corollary 1 such that

XE, ot f (as k — +oo)
and, therefore,

Xp, 25 [ (as k- +eo).
Put £ = l—i_rﬁg»_)mE‘m. Then, f =y (a.c.). Hence,

Xe, — X5 (as k — +o0)
and

Xp, > xp (@S 1 —> +oo)

by the property (p.g.p.) of u# and Theorem 2. We can immediately obtain
lim, ,,. #(E, A E)=0 by Lemma 2. The theorem is now proved.

Corollary 3. Let u have the property (p.g.p.) and let {E} cF. Then,
lim, . E,AE)=0 if and only if there is FEeF such that
lim, .. 4(E, AE)=0.

Proof. Trivial by Lemma 1 and Theorem 5.

4. Almost uniform bound
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Let u# be order continuous and f € F. It is easy to prove that for any e >0 there exist
M=>0 and set E e F with u(E.)<e such that | f(z)|<M for any z€ X\E.). By
using the property (p.g.p.) of #, we have the following lemma.

Lemma 3. Let an order continuous fuzzy measure, y, have the property (p.g.p-) and
fieF (i=1,2,...,ny). Then, for any €>0 there exist M, >0 and set A € F with
W(A) < € such that

| f(@)| <M, (VzeX\A,,i=12,...,n,).

For the above mentioned fact, we introduce a new concept, which is called to be almost
uniformly bounded, and obtain some results on convergence of sequence of measurable
functions on fuzzy measure spaces.

Definition 3. Let {f,}, < F. We say that {f,: n2>1} is almost uniformly bounded,
if, for any fixed ¢>0, there exist M, >0 and set A € F such that u(A)<e and
| f(@)| <M, forany Vze X\ A, and n>1.

Lemma 4. Let u have the property (p.g.p.), and let {f} and {g,}, be almost
uniformly bounded. Then, for any real numbers a and f, {a-f,+p-g,: n=1} and
{f,-g,: n=1} are almost uniformly bounded.

Proof We only prove that {f,-g,: n>1} is almost uniformly bounded. In fact, for
any fixed € > 0 there exists 0 > 0 such that

HWE)YY u(FY<d= w(FUF)<e.

Since {f.}, and {g,}, are almost uniformly bounded, there exist M, ]Wy >0 and E,,
E, € F such that

WE)V u(E,) <8,
|L@)|SM, (Yze X\E,, n>1),

and
lg.(x)|<M, (Vze X\E,, n21).
Put M, =M, M, and E =E, UE . Then, u(E)<e and
| f(z)-g.(D)| <M (Vze X\E, n21).
The lemma is now proved.

Theorem 6. Let u be order continuous and have the property (p.g.p.). If f, —2—f,
then {f,: n21} is almost uniformly bounded.
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Proof By using the property (p.g.p.) of i, for any e> 0, there exists d > 0 such that
WEYW u(FY<d= uEUF)<e.
Since f, —%—s f, there are set E, and integer n, such that u(E,)<d and
[ (@) <] f@+1,(Vze X\Ey, n2ny).
Furthermore, by Lemma 3, we may find M, > 0 and a set F} such that u(F;)<d and
| f(x)| S My (Ve X\F;, 0<i<n,)
where f,=f. Put M, =M;+1 and E, = E, U F;. Thenu(E ) <e and
| f()|SM, (Vze X\E_, n21).

The theorem is now proved.

By using Egoroff's theorem given in [6], and Theorems 1, 4 and 6, we can immediately
obtain the following results.

Theorem 7. Let i be order continuous and have the property (p.g.p.). If f,—“—f,
then {f,: n 21} is almost uniformly bounded.

Theorem 8. Let ¢ be order continuous and have the property (p.g.p.). If {f,}, is
Sfundamental in measure, then there exists a subsequence {fn‘}k of {1,}, such that

{£,, : k=1} is almost uniformly bounded.

5. Fuzzy mean convergence

Let F, be the class of all non-negative finite measurable functions on (X, F), f€F,,
and let u be a fuzzy measure on (X, F). The fuzzy integral of f with respect to u is
defined by

0L r<too

(S)j Jdu= sup [anulfz: f@)2a))].

Definition 4. Let f, f, €F,, n=12,.... We say that {f,}, fuzzy mean converges ({-
mean converges, for short) to fif

sim p(f,, )= lim <S)f | £, fldu=0;

and {f,}, be fuzzy mean fundamental, if
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lm p(f.f,)= lim (5)j o £l =0,
mn—+es X

m,—tes

Let €>0 and f, g € F,. By using the definition and the elementary properties of fuzzy
integral, we have

(S)J NS -glduzenp{z: | f(@)-g(@)|2 €}
and
ﬂ({m: lf(x)—g(m)lzg})«ﬂ(s)J |f-gldu<e.

Thus the following lemmas are easily proved.

Lemma 5. Let (X, F,u) be a fuzzy measure space and f, f, €¥,, n=12,.... Then
f,—*—> [ ifand only if {f,}, fuzzy mean converges to f[2].

Lemma 6. Let (X, F,u) be a fuzzy measure space and {f,} CF,. Then, {f,}, is
Sfuzzy mean fundamental iff {f,}, is fundamental in measure.

Theorem 9. Let 1 be a fuzzy measure with the property (p.g.p.). Then, {f,}, is fuzzy
mean fundamental if and only if there exists f € F, such that {f,}, fuzzy mean converges
to f.

Proof Trivial by using Theorem 3 and Lemmas 5 and 6.
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