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PROOF.
(1) If there exist some x € B N By, the inequality

Py(z) < p(z) < %(z) < Py(z)

must hold simultaneously. Since B; and B; are closed by Assumption 2.2(1), Xo = z
implies X; € BN By a.e. P®, z € S. So EX1 TbAkw: < ﬁﬁumuv < \.\\AN‘HV < EX: —\SANMZ
Repeating this, we have, for each n, E*[p(X,)] < ¢(z) < ¥(z) < E*[(Xy,)],z € B1NBs.
So limsup,, E®[p(X,)] < ¢(z) < ¥(z) < liminf, E*[$)(X,)], for z € By N Ba. But this
contradicts (2.16). Hence, the sets B; and Bz must be disjoint.

(2) Since B; and B; are the stopping region of each player, if z € By, then vp, = 0 and
0 < vp, = 00 a.e. P?, x € B;. So we have w(z) = ¢(x), z € By. Similarly w(z) = ¥(z),
z € B, and w(z) = Pw(z), = € C. To show the relation (2.17), note that Pw(x) = Py(z),
z € B; and Pw(z) = Py(z), z € By by the closedness of Assumption 2.2(1). Therefore,
the conclusion (2.17) follows easily.

(8) The result is immediate from the closedness of sets by Assumption 2.2(1).

REMARK. In the case of the one-player problem, the finiteness of the hitting time (1.9) is assumed
to obtain the expression (1.6). But, for this game version, we are not in this situation because
v(B;) = 00 a.e. P® in z € By and v(B;) = o a.e. P® in z € B;.

Let us consider two standard stopping problems:

B(e)= s B [p(X,), (2.19)
@) = inf FW(X),  z€S; (2.20)

then, each value function is obtained by the OLA rule. Define C; = {z € C;v(B1) < o0 a.e. P*}
and C, = {z € C;v(B2) < ¢ a.e. P*}. Since the OLA rule is the least criterion of considering
one-period-after and 0 < v(B;) < oo a.e. P*, x € By U (], the optimal strategy exists in this
region and the value is E®[p(X,(p,))] = ¢(z) + N(Pp — ¢)* (z). If X, is not in By, it would be
foolish to stop at such a state and forego. Hence, we have

— SAHV+ZANu€|€v+A&Y z € BiUCGC,
p@)={ 0 | (221)
imsup,, E®[¢(Xpav(B,))], otherwise.
Similarly,
P(z) ~N(Py—9)~(z), z€BUCy,
o ={ <% (222)
liminf, E®[Y(Xnau(B,))], otherwise.

By Assumption 2.2(1), we note that @(z) = limsup, E®[p(X,)] for z € By and ¥(z) =
liminf, E®[(X,)] for = € By hold. ,

THEOREM 2.2. Under Assumption 2.1 and 2.2,
w(z) = E°[R(vp,,vB,)l, =€S (2.23)

satisfies the optimality equation (2.7) and the inequality (2.10). The OLA rule is optimal; that
is, the stopping times v(B;),i = 1,2 are the optimal strategy for each player.
ProoF. To prove that w(z),z € S satisfies (2.7), it is enough to show that the set B; equals
{z € S;p(x) > Pw(z)}, the set C equals {z € S;¢(z) < Pw(z) < ()} and the set By equals
{z € S;9(z) < Pw(z)} by the comparison of (2.9) and (2.17).

First, the inclusive relation By C {z € S;¥(z) > Pw(z)} is clear because Pw(z) = Py(z),
z € By. Inversely, if x € S such that ¢(z) > Pw(z), then

0, forz € C,
¥(z) — PY(z) <0, forz € Bs.

w(z) - p(z) < w(z) — Pu(z) = A




