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Abstract

In this note, we give four versions of Egoroff’s theorem in non-additive measure
theory by using the condition (E), the pseudo-condition (E) of set function and
the duality relations between the conditions. These conditions offered are not only
sufficient but also necessary for the four kinds of Egoroff’s theorem respectively.
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1 Introduction

Egoroft’s theorem is one of the most important theorem in classical measure
theory. It is stated that almost everywhere convergence implies almost uniform
convergence on a finite measure space ([1]). The researches on the theorem in
non-additive measure theory were made by Wang and Klir ([12]), Li ([3,4]),
Li and Yasuda ([2,5,7]), and Murofushi et al.([10]). These results faithfully
contribute to non-additive measure theory. In [4] Li introduced the concept
of condition (E) of set function and proved an essential result: a necessary
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and sufficient condition that Egoroft’s theorem remain valid for monotone
set function is that the monotone set function fulfil condition (E). In [10]
Murofushi et al. defined the concept of Egoroff codition and proved that it
is a necessary and sufficient condition for Egoroff’s theorem with respect to
non-additive measures. Hence the two concepts are equivalent to each other.

In this paper, Egoroft’s theorems in the sense of pseudo-convergence in
non-additive measure theory are discussed. We will introduce the concept of
pseudo-condition (E) of a set function. Three pseudo-versions of Egoroff’s the-
orem on finite monotone non-additive measure spaces by using the condition
(E) and the pseudo-condition (E) of set function and the duality relations
between the conditions are given. These conditions employed are not only
sufficient but also necessary for the different kinds of Egoroff’s theorem re-
spectively. In our discussion the set functions considered are only monotone
without the assumption of continuity from above and below, therefore the pre-
vious results we obtained in [3] are generalized and Egoroff’s theorem on finite
non-additive measure space are formulated and developed in full generality.

2 Preliminaries

Let X be a non-empty set, F be a o-algebra of subsets of X. Unless stated
otherwise, all the subsets mentioned are supposed to belong to F.

Definition 2.1 A monotone non-additive measure on a measurable space
(X, F) is an extended real valued set function u : F — [0, +o00] satisfying
the following conditions:

(2) p(A) < p(B) whenever A C B and A, B € F (monotonicity).

When g is a monotone non-additive measure, the triple (X, F, u) is called
a monotone measure space ([11]).

A monotone non-additive measure p is called finite, if u(X) < oo; order-
continuous [11], if lim, . p(A4,) = 0 whenever A, \, 0; strongly order-
continuous [6], if lim,, ., u(A,) = 0 whenever A, \, A and p(A) = 0; contin-
wous at X, if lim,, o p(A,) = pu(X) whenever A, " X; strongly continuous
at X, if lim,, o u(Ay,) = p(H) whenever A,, /" H and p(H) = p(X).

When g is finite, we define the conjugate i of p by

A(A) = u(X) — (X \A), AeF.



Obviously, the conjugate &7 of a monotone non-additive measure p is also
a monotone non-additive measure, and it holds that @ = u.

9]), we know that:

From the duality principle of non-additive measure (8,
2) The strong order-

(1) The order-continuity is dual to the continuity at X; (
continuity is dual to the strong continuity at X.

Let F be the class of all finite real-valued measurable functions on (X, F, u),
andlet f, f, € F (n=1,2,...). We say that {f,,} converges almost everywhere
to f on X , and denote it by f, == f, if there is subset £ C X such that
w(E) =0 and f, — fon X\ E; {f.} converges pseudo-almost everywhere
to f on X, and denote it by f, 2=5 f, if there is a subset F' C X such that
WX\ F)=p(X)and f, — fon X\ F; {f.,} converges almost uniformly to f
on X, and denote it by f, =% f, if for any € > 0 there is a subset E, € F such
that u(X \ E.) < € and f, converges to f uniformly on E; {f,} converges to

seudo-almost uniformly on X and, denote it by f, "= f, if there exists
p Y Yy

{Fy} C F with khrf w(X\ Fy) = pu(X) such that f,, converges to f on X \ F}
uniformly for any fixed &k =1,2,... (cf. [12]).

Proposition 2.2 Let i be a finite monotone non-additive measure. Then
(1) Jn A f[:u] iff fn = [ﬁL
(2) fo = flu) iff fo == flm).

3 Condition (E) of set function

In [4] we introduced the concept of condition (E) of set function and shown a
version of Egoroft’s theorem in non-additive measure theory. Now we propose
a new structural — pseudo-condition (E) — it plays an important role in
establishing pseudo-versions of Egoroff’s theorem on non-additive measure
spaces.

Definition 3.1 A set function u : F — [0, +00] is said to fulfil condition (E)
(resp. pseudo-condition (E)), if for every double sequence { E{™} € F (m,n €
N) satisfying the conditions: for any fixed m = 1,2,.. .,

+o00
EM™ N, E™ (n — o) and p ( U E<m>> =0

m=1

there exist increasing sequences {n; };cy and {m;};cn of natural numbers, such



that

lim p (U E(ml ) =0 (resp. lim @ (U E(ml ) =0)

k——4o00 k——4o00

It is easy to prove the following results (The first conclusion has been shown
in [7,10]).

Proposition 3.2 Let i be a finite monotone non-additive measure. Then
(1) If p fulfils condition (E), then it is strongly order continuous.
(2) If @ fulfils condition (E), then p is strongly continuous at X.

(3) If v fulfils pseudo-condition (E), then it is continuous at X and i < i,
i.e., for any N € F, u(N) = 0 implies u(N) = 0.

(4) If @ fulfils pseudo-condition (E), then p is order continuous and p < i,
i.e., for any N € F, i(N) = 0 implies u(N) = 0.

The condition (E) and pseudo-condition (E) are independent of each other.

Example 3.3 Let X = [0, 1], F be the class of all Lebesgue measurable sets
on [0,1], and A be Lebesgue’s measure. Put

1

“ANE) if ME) <1,
m(E): 2 )
1 if \M(E)=

Then gy is a monotone non-additive measure. It is easy to verified that pu,
fulfils the condition (E). Since 4 is not continuous at X, by Proposition 3.2,
we know that p; does not fulfil pseudo-condition (E). In fact, if we take E, =
0,1 = 2Ju{l}, n=1,2,- thenE /' X.But (B, =11-1) (n=
1,2,--+), therefore p;(E ) T # m(X).

Example 3.4 Let (X, F,\) be the same Lebesgue measure space as Exam-
ple 3.3, and us the monotone non-additive measure on F defined as

0 if A(E)=0,
po(E) =
1 it A(E) > 0.

Then pus is not strongly order continuous, therefore it follows from Proposi-
tion 3.2 that uy does not fulfil condition (E). But it is easy to verified that ps



fulfils the pseudo-condition (E).

Note 3.5 In Example 3.3 and 3.4 above, both p; and ps are null-additive.

4 Egoroff type theorem

Now we present the main results — four versions of Egoroff’s theorem in
finite monotone non-additive measure spaces. The first conclusion in Theo-
rem 4.1 below has been shown in [7].

Theorem 4.1 (Egoroff’s theorem) Let pu be a finite monotone non-additive
measure. Then,

(1) w fulfils condition (E) iff for any f € ¥ and {f,}, CF,

i at

(2) 7 fulfils condition (E) iff for any f € F and {f,}, CF,

p.a.e. p.a.u.

fh—f = fnh—1F

(3) p fulfils pseudo-condition (E) iff for any f € F and {f,}» C F,

p.a.u.

o= f =

(4) @ fulfils pseudo-condition (E) iff for any f € F and {f,}» C F,

p.a.e.

= = fa > f

Proof. In [4] we have proved (1). From (1) and Proposition 2.2, we can obtain
(2). From (3) and Proposition 2.2, we can obtain (4). Now we only prove (3).

Necessity: Suppose u fulfills pseudo-condition (E) and f, == f. Let D be
the set of these points x in X at which {f,(x)} dose not converge to f(z). If
we denote

+o0 1
B = U{ee X 1w - @) =
j=n
and E™ = Nt>< B0 for every n,m = 1,2, ..., then we have
“+0oo0 +00
D=J N E™.
m=1n=1



Since f, “% f, (D) = 0. Thus we obtain a double sequence {E(™} C
F (m,n € N) satisfying the conditions: for any fixed m = 1,2, ...,

+oo
EM N, E™ (n - o0) and p < U E(m)> =0

m=1

Applying the condition (E) of  to the double sequence {E(™} C F (m,n €
N), then there exist increasing sequences {n;};eny and {m;};eny of natural
numbers, such that

+00
lim 7| |JE" ) =0
e n([ ) -o
that is,

+o0
lim p (X\ U Eﬁ[ﬂ“) = u(X).
koo ik

Put F, = U5 E{™ (k=1,2,...), then khgl (X \ Fr) = n(X). Now, we
prove that f, converges to f on X \ Fj uniformly for any fixed £k = 1,2,. ...

Since

+oo
X\F=Xx\{JE™

i=k
400 +o0 1
:LLQﬁxeX:mwyﬁmﬂ<mj,
then for any ¢ > k,
+o0 1
X\ﬂm;ﬂ{xex:m@yﬁun<m}.

For any given o > 0, we take iy (> k) such that < 0. Thus, as j > n;,,

for any x € X'\ Fy,

1
mi,

< 0.

|[fi(z) = flz)] < @

This shows that {f,} converges to f on X \ F} uniformly.



Sufficiency: Suppose that for any f € F and {f,}, C F, f, == f implies
fo 225 f. Let {E0™ | m,n € N} C F be any given double sequence of sets
and satisfy the conditions: for any fixed m =1,2,--- |

+oo
EM N, E™ (n — o0) and pu < U E(m)> = 0.

m=1

B = | JEO = EDUE®...UE™  (m,ne N)

n n

Then we obtain a double sequence {E(™} C F (m,n € N) satisfying the
properties: for any fixed n € N, EA}%’") C E'T(Lm“), and for any fixed m € N,
EAflm) AN EM asn — oo, and from ;> Em = U E™) it follows that
M(U;ﬁ E(m)) = 0.

Now we construct a sequence { f,}, C F: for every n € N we define

1 . .
—— € EMY _EMm ;=12 ...
m+ 1
falz) =41 re EY
+oo
0 reX— |JEM.
m=1

It is similar to the proof of Theorem in [4], we can obtain f,, == 0 on X.
Therefore, from the hypothesis, we have f, ™% 0 on X. Thus, there exists a
sequence {F}};cn such that Alilll w(X\ F;) = p(X) and f,, converges to f on

j—+oo

X \ Fj uniformly for any fixed j = 1,2,... Without loss of generality, we can
assume Fy D Fy D --- (otherwise, we can take (/_, F} instead of F}). Thus
for every j € N, there exist n; € N such that for any z € X \ F}, we have
|fi(z)] < % whenever ¢ > n;. Therefore, for every j € N, we have

+o0 o
xvrc A {elnwi< - x 89

i=n;



Noting that X \ i} C X \ F» C - -, then for every k > 1,

X\F= X\ E) c N\ ED) = x\ | B9
and hence . .
PN\ F) = (X)) < p(X\ U ED).

It follows from klir+n (X \ Fr) = pu(X) that

lim p (X\UOESJ)) = u(X).

k—-4o00 =k

Noting that for m,n € N, E" C E,T, thus we have chosen a subsequence
{E,(LJJ) }ien of the double sequence {E(™} such that

“+oo
- W —
Jm g (X \jL:Jk Eni.) = pu(X),
ie.,

+oo
lim 7 (U E,W) = 0.

k—+o00 .
i=k
This shows that 7 fulfils condition (E). O

Combining Theorem 4.1 and Proposition 3.2, we can obtain necessary con-
ditions of Egoroft’s theorem.

Corollary 4.2 Let u be a finite monotone non-additive measure. Then,

(1) If for any f € F and {fu}n CF, fu == f implies f, == f, then u is
strongly order continuous.

(2) If for any f € F and {f,}n CF, fo 25 f implies f, “25% f, then p is
strongly continuous at X .

(3) If for any f € F and {f,}, CF, fu =5 f implies f, “25 f, then p is
continuous at X and i < L.

(4) If for any f € F and {f.}n CF, fu 225 f implies f, =% f, then u is
order continuous and p < [i.
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