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Abstract

In this note, we give four versions of Egoroff’s theorem in non-additive measure
theory by using the condition (E) and the pseudo-condition (E) of set function and
the duality relations between the conditions. These conditions employed are not only
sufficient, but also necessary for the four kinds of Egoroff’s theorem, respectively.
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1 Introduction

Egoroff’s theorem, which states that almost everywhere convergence implies
almost uniform convergence on a finite measure space ([1]), is one of the most
important convergence theorem in classical measure theory. The researches
on the theorem in non-additive measure theory were made by Wang and Klir
([12]), Li and Yasuda ([3,4,7]), Li etc.([2,5]) and Murofushi etc.([10]). In [4]
Li introduced the concept of condition (E) of set function and proved an
essential result: a necessary and sufficient condition that Egoroff’s theorem
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remain valid for monotone set function is that the monotone set function fulfil
condition (E). Murofushi etc.[10] obtained a necessary and sufficient condition
for Egoroff’s theorem, which is called Egoroff condition there (hence the two
conditions are equivalent).

In this paper, we further discuss Egoroff’s theorem in the sense of pseudo-
convergence in non-additive measure theory. We will introduce the concept
of pseudo-condition (E) of a set function and give three pseudo-versions of
Egoroff’s theorem on finite monotone non-additive measure spaces by using
the condition (E) and the pseudo-condition (E) of set function and the dual-
ity relations between the conditions. These conditions employed are not only
sufficient, but also necessary for the different kinds of Egoroff’s theorem, re-
spectively. Therefore Egoroff’s theorem on finite non-additive measure space
are formulated in full generality.

2 Preliminaries

Let X be a non-empty set, F be a σ-algebra of subsets of X. Unless stated
otherwise, all the subsets mentioned are supposed to belong to F .

Definition 2.1 A monotone non-additive measure on a measurable space
(X,F) is an extended real valued set function µ : F → [0, +∞] satisfying
the following conditions:

(1) µ(∅) = 0;

(2) µ(A) ≤ µ(B) whenever A ⊂ B and A,B ∈ F (monotonicity).

When µ is a monotone non-additive measure, the triple (X,F , µ) is called
a monotone measure space ([11]).

A monotone non-additive measure µ is called finite, if µ(X) < ∞; order-
continuous [11], if limn→∞ µ(An) = 0 whenever An ↘ ∅; strongly order-
continuous [6], if limn→∞ µ(An) = 0 whenever An ↘ A and µ(A) = 0; contin-
uous at X, if limn→∞ µ(An) = µ(X) whenever An ↗ X; strongly continuous
at X, if limn→∞ µ(An) = µ(H) whenever An ↗ H and µ(H) = µ(X).

When µ is finite, we define the conjugate µ of µ by

µ(A) = µ(X)− µ(X \ A), A ∈ F .

Obviously, the conjugate µ of a monotone non-additive measure µ is also
a monotone non-additive measure, and it holds that µ = µ.
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From the duality principle of non-additive measure ([8,9]), we know that:
(1) The order-continuity is dual to the continuity at X; (2) The strong order-
continuity is dual to the strong continuity at X.

Let F be the class of all finite real-valued measurable functions on (X,F , µ),
and let f, fn ∈ F (n = 1, 2, . . .). We say that {fn}n converges almost every-
where to f on X , and denote it by fn

a.e.−→ f , if there is subset E ⊂ X such
that µ(E) = 0 and fn → f on X \ E; {fn}n converges pseudo-almost every-

where to f on X, and denote it by fn
p.a.e.−→ f , if there is a subset F ⊂ X

such that µ(X \ F ) = µ(X) and fn → f on X \ F ; {fn}n converges almost
uniformly to f on X, and denote it by fn

a.u.−→ f , if for any ε > 0 there is a
subset Eε ∈ F such that µ(X \ Eε) < ε and fn converges to f uniformly on

Eε; converges to f pseudo-almost uniformly on X and, denote it by fn
p.a.u.−→ f ,

if there exists {Fk} ⊂ F with lim
k→+∞

µ(X \ Fk) = µ(X) such that fn converges

to f on X \ Fk uniformly for any fixed k = 1, 2, . . . (cf. [12]).

Proposition 2.2 Let µ be a finite monotone non-additive measure. Then

(1) fn
a.e.−→ f [µ] iff fn

p.a.e.−→ f [µ];

(2) fn
a.u.−→ f [µ] iff fn

p.a.u.−→ f [µ].

3 Condition (E) of set function

In [4] we introduced the concept of condition (E) of set function and shown a
version of Egoroff’s theorem in non-additive measure theory. Now we propose
a new structural — pseudo-condition (E) — it plays an important role in
establishing pseudo-versions of Egoroff’s theorem on non-additive measure
spaces.

Definition 3.1 A set function µ : F → [0, +∞] is said to fulfil condition (E)
(resp. pseudo-condition (E)), if for every double sequence {E(m)

n } ⊂ F (m,n ∈
N) satisfying the conditions: for any fixed m = 1, 2, . . .,

E(m)
n ↘ E(m) (n →∞) and µ

(
+∞⋃

m=1

E(m)

)
= 0

there exist increasing sequences {ni}i∈N and {mi}i∈N of natural numbers, such
that

lim
k→+∞

µ

(
+∞⋃

i=k

E(mi)
ni

)
= 0 (resp. lim

k→+∞
µ

(
+∞⋃

i=k

E(mi)
ni

)
= 0 ).
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It is easy to prove the following results (The first conclusion has been shown
in [7,10]).

Proposition 3.2 Let µ be a finite monotone non-additive measure. Then

(1) If µ fulfils condition (E), then it is strongly order continuous.

(2) If µ fulfils condition (E), then µ is strongly continuous at X.

(3) If µ fulfils pseudo-condition (E), then it is continuous at X and µ ¿ µ,
i.e., for any N ∈ F , µ(N) = 0 implies µ(N) = 0.

(4) If µ fulfils pseudo-condition (E), then µ is order continuous and µ ¿ µ,
i.e., for any N ∈ F , µ(N) = 0 implies µ(N) = 0.

4 Egoroff type theorem

Now we present the main results — four versions of Egoroff’s theorem in
finite monotone non-additive measure spaces.

Theorem 4.1 (Egoroff’s theorem) Let µ be a finite monotone non-additive
measure. Then,

(1) µ fulfils condition (E) iff for any f ∈ F and {fn}n ⊂ F,

fn
a.e.−→ f =⇒ fn

a.u.−→ f.

(2) µ fulfils condition (E) iff for any f ∈ F and {fn}n ⊂ F,

fn
p.a.e.−→ f =⇒ fn

p.a.u.−→ f.

(3) µ fulfils pseudo-condition (E) iff for any f ∈ F and {fn}n ⊂ F,

fn
a.e.−→ f =⇒ fn

p.a.u.−→ f.

(4) µ fulfils pseudo-condition (E) iff for any f ∈ F and {fn}n ⊂ F,

fn
p.a.e.−→ f =⇒ fn

a.u.−→ f.

Proof. In [4] we have proved (1). From (1) and Proposition 2.2, we can obtain
(2). From (3) and Proposition 2.2, we can obtain (4). Now we only prove (3).
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Necessity: Suppose µ fulfills pseudo-condition (E) and fn
a.e.−→ f . Let D be

the set of these points x in X at which {fn(x)} dose not converge to f(x). If
we denote

E(m)
n =

+∞⋃

j=n

{
x ∈ X : |fj(x)− f(x)| ≥ 1

m

}

and E(m) =
⋂+∞

n=1 E(m)
n for every n,m = 1, 2, . . ., then we have

D =
+∞⋃

m=1

+∞⋂

n=1

E(m)
n .

Since fn
a.e.−→ f , µ(D) = 0. Thus we obtain a double sequence {E(m)

n } ⊂
F (m,n ∈ N) satisfying the conditions: for any fixed m = 1, 2, . . .,

E(m)
n ↘ E(m) (n →∞) and µ

(
+∞⋃

m=1

E(m)

)
= 0

Applying the condition (E) of µ to the double sequence {E(m)
n } ⊂ F (m,n ∈

N), then there exist increasing sequences {ni}i∈N and {mi}i∈N of natural
numbers, such that

lim
k→+∞

µ

(
+∞⋃

i=k

E(mi)
ni

)
= 0,

that is,

lim
k→+∞

µ

(
X \

+∞⋃

i=k

E(mi)
ni

)
= µ(X).

Put Fk =
⋃+∞

i=k E(mi)
ni

(k = 1, 2, . . .), then lim
k→+∞

µ(X \Fk) = µ(X). Now, we

prove that fn converges to f on X \ Fk uniformly for any fixed k = 1, 2, . . ..

Since

X \ Fk = X \
+∞⋃

i=k

E(mi)
ni

=
+∞⋂

i=k

+∞⋂

j=ni

{
x ∈ X : |fj(x)− f(x)| < 1

mi

}
,
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then for any i ≥ k,

X \ Fk ⊂
+∞⋂

j=ni

{
x ∈ X : |fj(x)− f(x)| < 1

mi

}
.

For any given σ > 0, we take i0 (≥ k) such that 1
mio

< σ. Thus, as j > nio ,

for any x ∈ X \ Fk,

|fj(x)− f(x)| < 1

mio

< σ.

This shows that {fn} converges to f on X \ Fk uniformly.

Sufficiency: Suppose that for any f ∈ F and {fn}n ⊂ F, fn
a.e.−→ f implies

fn
p.a.u.−→ f . Let {E(m)

n | m,n ∈ N} ⊂ F be any given double sequence of sets
and satisfy the conditions: for any fixed m = 1, 2, · · · ,

E(m)
n ↘ E(m) (n →∞) and µ

(
+∞⋃

m=1

E(m)

)
= 0.

We put

Ê(m)
n =

m⋃

i=1

E(i)
n = E(1)

n ∪ E(2)
n · · · ∪ E(m)

n (m,n ∈ N)

and

Ê(m) =
+∞⋂

n=1

Ê(m)
n (m = 1, 2, · · ·).

Then we obtain a double sequence {Ê(m)
n } ⊂ F (m,n ∈ N) satisfying the

properties: for any fixed n ∈ N , Ê(m)
n ⊂ Ê(m+1)

n , and for any fixed m ∈ N ,
Ê(m)

n ↘ Ê(m) as n → ∞, and from
⋃+∞

m=1 Ê(m) =
⋃+∞

m=1 E(m), it follows that
µ(

⋃+∞
m=1 Ê(m)) = 0.

Now we construct a sequence {fn}n ⊂ F: for every n ∈ N we define

fn(x) =





1

m + 1
x ∈ Ê(m+1)

n − Ê(m)
n m = 1, 2, · · ·

1 x ∈ Ê(1)
n

0 x ∈ X −
+∞⋃

m=1

Ê(m)
n .
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It is similar to the proof of Theorem in [4], we can obtain fn
a.e.−→ 0 on X.

Therefore, from the hypothesis, we have fn
p.a.u.−→ 0 on X. Thus, there exists a

sequence {Fj}j∈N such that lim
j→+∞

µ(X \Fj) = µ(X) and fn converges to f on

X \ Fj uniformly for any fixed j = 1, 2, . . . Without loss of generality, we can
assume F1 ⊃ F2 ⊃ · · · (otherwise, we can take

⋂j
i=1 Fi instead of Fj). Thus

for every j ∈ N , there exist nj ∈ N such that for any x ∈ X \ Fj, we have
|fi(x)| < 1

j
whenever i ≥ nj. Therefore, for every j ∈ N , we have

X \ Fj ⊂
+∞⋂

i=nj

{
x | |fi(x)| < 1

j

}
= X \ Ê(j)

nj
.

Noting that X \ F1 ⊂ X \ F2 ⊂ · · ·, then for every k ≥ 1,

X \ Fk =
+∞⋂

j=k

(X \ Fj) ⊂
+∞⋂

j=k

(X \ Ê(j)
nj

) = X \
+∞⋃

j=k

Ê(j)
nj

and hence

µ(X \ Fk) = µ(
+∞⋂

j=k

(X \ Fj)) ≤ µ(X \
+∞⋃

j=k

Ê(j)
nj

).

It follows from lim
k→+∞

µ(X \ Fk) = µ(X) that

lim
k→+∞

µ


X \

+∞⋃

j=k

Ê(j)
nj


 = µ(X).

Noting that for m,n ∈ N, Em
n ⊂ Êm

n , thus we have chosen a subsequence
{E(j)

nj
}j∈N of the double sequence {E(m)

n } such that

lim
k→+∞

µ


X \

+∞⋃

j=k

E(j)
nj


 = µ(X),

i.e.,

lim
k→+∞

µ

(
+∞⋃

i=k

E(mi)
ni

)
= 0.

This shows that µ fulfils condition (E). 2

Combining Theorem 4.1 and Proposition 3.2, we can obtain necessary con-
ditions of Egoroff’s theorem.

Corollary 4.2 Let µ be a finite monotone non-additive measure. Then,

(1) If for any f ∈ F and {fn}n ⊂ F, fn
a.e.−→ f implies fn

a.u.−→ f , then µ is
strongly order continuous.
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(2) If for any f ∈ F and {fn}n ⊂ F, fn
p.a.e.−→ f implies fn

p.a.u.−→ f , then µ is
strongly continuous at X.

(3) If for any f ∈ F and {fn}n ⊂ F, fn
a.e.−→ f implies fn

p.a.u.−→ f , then µ is
continuous at X and µ ¿ µ.

(4) If for any f ∈ F and {fn}n ⊂ F, fn
p.a.e.−→ f implies fn

a.u.−→ f , then µ is
order continuous and µ ¿ µ.
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