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In a stochastic and fuzzy environment, two kinds of stopping models are
discussed and compared. The optimal fuzzy stopping times are given under the
assumptions of monotonicity and regularity for stopping rules. Also, we find that
fuzzy stopping times are favored in a comparison between fuzzy and classical
stopping models.  © 2000 Academic Press
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1. INTRODUCTION

The fuzzy random variable, which is a “fuzzy-number-valued” extension
of classical random variables, was first studied by Puri and Ralescu [7] and
has been discussed by many authors (Stojakovi¢ [10], Puri and Ralescu [8],
etc.). It is one of the successful notions combining randomness and
fuzziness.
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This paper deals with a new optimal stopping problem for “fuzzy
stochastic systems” given by a sequence of fuzzy random variables. Classi-
cal stopping problems for a sequence of “real-valued” random variables
have been studied by many authors, and their applications are well known
in various fields (Presman and Sonin [6], Chow et al. [1], Shiryayev [9]). On
the other hand, stopping models for dynamic fuzzy systems have been
studied by Yoshida [12-14].

We discuss two kinds of optimization by stopping times regarding fuzzy
random variables: One is by “classical” stopping times and the other is by
“fuzzy” stopping times. Fuzzy stopping times as defined by Kurano et al.
[4] are introduced in dynamic fuzzy systems. In comparisons of these
stopping models in a numerical example, we find that the fuzzy stopping
model is better than the classical one, and it will be concluded that the
fuzzification of stopping times is effective in the case of fuzzy stochastic
systems.

In Section 2, the notations and definitions of fuzzy random variables are
given. Next, in Section 3, we discuss a stopping model by classical stopping
times and we give an optimal stopping time for the model. In this paper,
we estimate the randomness and fuzziness of fuzzy random variables using
expectations and scalarization functions, respectively. In Section 4, fuzzy
stopping times and their stopping model are introduced, and an optimal
fuzzy stopping time for the model is given under the assumptions of
monotonicity and regularity for stopping rules. Finally, in Section 5, we
compare these two models using a numerical example.

2. FUZZY RANDOM VARIABLES

In this section, we give some notations for fuzzy random variables. Let
(Q, #, P) be a probability space, where .# is a o-field and P is a
nonatomic probability measure. Let R and N be the set of all real numbers
and the set of all nonnegative integers, respectively. % denotes the Borel
o-field of R and .7 denotes the set of all bounded closed sub-intervals of
R. A fuzzy number is denoted by its membership function a: R ~ [0, 1]
which is normal, upper-semicontinuous, and fuzzy convex and has compact
support. Refer to Zadeh [15] for the theory of fuzzy sets. % denotes the set
of all fuzzy numbers. The a-cut of a fuzzy number a(e %) is given by

i, ={xeR|d(x) >a} (aec(0,1]) and

[e3

a, = cl{x € R|a(x) > 0},
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where cl denotes the closure of an interval. In this paper, we write the
closed intervals by

a,=|a;,a’] forac0,1].

)’ (43

A map X: Q — % is called a fuzzy random variable if
{(0,x) €QAXR|X(0)(x) = a} el xz foral ac[0,1]. (2.1)
The condition (2.1) is also written as

{(0,x) e xXR|xeX,(0)} et xz forall a€[0,1], (2:2)

where Xa(w) = [)?;(w), )f;“(w)] ={x€eR |A;(w)(x) > a} is the a-cut of
the fuzzy number X(w) for @ € Q. We can find some equivalent condi-
tions [8, 10]. However, in this paper, we adopt a simple equivalent condi-
tion in the following lemma.

_LeEmmA 2.1 (Wang and Zhang [11, Theorems 2.1 and 2.2]). For a map
X: Q — R, the following are equivalent:
() X is a fuzzy random variable.
(i) The maps w — X, (w) and w — X! (w) are measurable for all
a € [0,1].
Now we introduce expectations of fuzzy random variables for the de-
scription of stopping models for fuzzy stochastic systems. A fuzzy random
variable X is called integrably bounded if w — X (w) and o —» X/ (w)

are integrable for all « €[0,1]. Let X be an integrably bounded fuzzy
random variable. We put closed intervals

E(X), = [/Q)f;(w)dP(w),fQ)f;(w)dP(w)}, ae[0,1]. (23)

Since the map « — E(X), is left-continuous by the monotone conver-
gence theorem, the expectation E(X) of the fuzzy random variable X is
defined by a fuzzy number [3, Lemma 3]

E(X)(x) = sup min{a, 1,y (x)] forxeR, (24)
ac(0,1]

where 1, is the classical indicator function of a set D.
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3. A STOPPING MODEL

In this section, we deal with a stopping model for fuzzy stochastic
systems. Let {X,};_, be a sequence of integrably bounded fuzzy random
variables such that E(sup, X, ;) < %, where X o(w) is the right end of
the O-cut of the fuzzy number X, (w) for n =0,1,2,.... For n = 0,1,
2,...,#, denotes the smallest o-field on () generated by all random
Varlables Xk and Xk (k=0,1,2,...,n; « €[0,1]), and .#, denotes
the smallest o-field generated by Uizo//z’n. Then {X,, .Z,,n € N} is
called a “fuzzy stochastic system.” A map 7:  — N U {9} is said to be a
stopping time if

{o|7(w) =n} e, foralln=0,1,2,.... (3.1)

Then we have the following lemma.

LemMA 3.1.  For a finite stopping time 7, we define
X.(0) =X/(0), we{r=n} forn=0,12,.... (3.2)

Then )fT is a fuzzy random variable.
Proof. This lemma follows from the definitions. [

Let g: #+— R be a o-additively homogeneous map; that is, g satisfies

f Za) - Tete (33

n=0

for bounded closed intervals {c,}_, €.# such that X7 _,c, €. and

g(Ac) = Ag(c) (3-4)

for bounded closed intervals ¢ €. and real numbers A > O where the
operation on closed intervals is defined ordinarily as X _ ¢, = cli{¥X},_,x,
|x, €c, =0,1,2,...} and Ac ={lx|x ec}. Welghtlng functions,
which satisfy (3.3) and (3.4), are used for the evaluation of fuzzy numbers
(Fortemps and Roubens [2]). Let 7 be a finite stopping time. Now we
consider the definition and evaluation of the fuzzy random variable X..

Let w € Q. From (3.2), the a-cut of the fuzzy number X (o) must be a
closed interval XT(m) (). Therefore, from the definition (2 3), the expec-

tation is given by the closed interval

T’

E(X, ). (3.5)
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Using the scalarization function g in (3.3) and (3.4), we give its estimation
by

g(E(X., ) (3.6)

Therefore the evaluation of the fuzzy random variable X is given by the
integral

folg(E( (. ,)) da. (3.7)

LemMA 3.2.  For a finite stopping time T, it holds that

folg(E(A;T,a))da - fOlE(g(Xﬂ'T’a))da - E(folg()?w(-))da). (3.8)

Proof. The properties (3.3) and (3.4) of g imply

g(E(X..)) = E(s(X..)).

Therefore

['e(E(X,.))da = ['E(s(%...)) da.

0

Also, by Fubini’s theorem, we have

[ E(s(X..)) da = E(folg(i,,a(o)da).

These complete the proof of this lemma. |

From Lemma 3.2, for a finite stopping time 7, we define a random
variable

G.(w) = folg()?m(w))da, we Q. (3.9)

Note that since g()?ﬁa(w)) is a real number and the function « —
g(X, ,(w)) is left-continuous on (0,1], (3.9) is well defined. Thus, the
expectation E(G,) is the estimation (3.7) of the fuzzy stochastic system
stopped at a finite stopping time 7. In this approach, for a stopping time
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which is not necessarily finite, we can also define a random variable

[Olg()?w(w))da if 7(w) <o
G(o) =1 | ) for o € Q.
[ limsupg(X, (0))da  ifr(w) =0

0 n— o

(3.10)

Now we present the following optimal stopping problem for fuzzy stochas-
tic systems.

Problem 1. Find a finite stopping time 7* such that E(G,:) > E(G,)
for all finite stopping times 7.

Then 7* is called an “optimal stopping time.” To consider this stopping

problem, we define random variables

Z, = ess sup E(G, |#,) (3.11)

n
7 :stopping times, 7>n

for n = 0,1,2,... . Refer to [5, Proposition 6-1-1; 1, Chaps. 1-6] regarding
the definition of the essential supremum. Define a stopping time

c*(w) =inf{n|G,(w) = Z,(w)}, w e Q, (3.12)

where the infimum of the empty set is understood to be +oc. Then we
immediately obtain the following result from Chow et al. [1, Theorems 4.1
and 4.5].

THEOREM 3.1. If P(c* < ») = 1, then o* is an optimal stopping time
for Problem 1.

4. A “FUZZY” STOPPING MODEL

In this section, we introduce a “fuzzy” stopping time for the fuzzy
stochastic system {X,, #,, n € N} defined in Section 3, and we discuss a
fuzzy stopping model.

DEFINITION 4.1. A map 7: N X Q — [0,1] is called a fuzzy stopping
model if it satisfies the following:

(1) For each n =0,1,2,..., the map w = 7(n, w) is .#,-measura-
ble.
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(ii) For almost all w € Q, the map n — 7(n, w) is non-increasing.
(iii) For almost all w € Q, there exists an integer n, such that
7(n, ®) = 0 for all n > n,.

Definition 4.1 is similar to the idea of fuzzy stopping times given for
dynamic fuzzy systems by Kurano et al. [4]. Regarding the membership
grade of fuzzy stopping times, 7(n, @) = 0 means “to stop time at n” and
7(n, ) = 1 means “to continue at time n,” respectively. We can easily
check the following lemma regarding the properties of fuzzy stopping times

(see [4]).

LEMMA 4.1. () Let T be a fuzzy stopping time. Define a map 7,: Q —
N by

T(w) =inf{n|7(n,0) <a}, 0o€Q  foraec(0,1], (4.1)
where the infimum of the empty set is understood to be + . Then we have

(@ {7,<n}es, forn=0,1,2,...;

®) T(w) <7 (w)aa o Qifa>a;

© lim,,, 7 (0) =7(0)aa o€ Qif a>0;

(d 7(w)=lim, 7 (0) <®aa Q.

(i) Let {7}, cp,1) be maps 7,: Q — N satisfying (a), (b), and (d)
above. Define a map 7: N X Q — [0, 1] by

7(n,w) = sup min{a,lﬁ >n)(w)}
«el0,1] :
forn=20,1,2,... and weQ. (4.2)

Then 7 is a fuzzy stopping time.

Now we consider the estimation of the fuzzy stochastic system stopped
at a fuzzy stopping time 7. Let w € (). A fuzzy stopping time 7 is called
finite if 7(w) = lim, 7,(w) < o for almost all w € Q. Let 7 be a finite
fuzzy stopping time. From Lemma 4.1(i.a), its a-cut is X i o(@) =

i (), a(@), Where 7 (w) is a “classical” stopping time given by (4.1).
Therefore, similarly to (3.9), we define a random variable

G.(w) = j:g(f;ma(w))da, we Q. (4.3)

Note that the function a g()f;wa(w)) is left-continuous on 0 < a < 1,
so that (4.3) is well defined. Therefore the expectation E(G;) is the
evaluation of the fuzzy random variable X.. In this section, we discuss the
following problem.
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Problem 2. Find a fuzzy stopping time 7* such that E(G..) > E(G.)
for all fuzzy stopping times 7.

In Problem 2, 7* is called an “optimal fuzzy stopping time.” On the
other hand, by Fubini’s theorem, we have

1 (= 1 -
E(G;) =FE X: ,()|da| =] ElglX: da 4.4
(G) = B( ['¢( %, 00))da) = ['E(g X)) da  (4)
for a fuzzy stopping time 7. For a fuzzy stopping time which is not
necessarily finite, we can also define a random variable
1 (= «” -
G.(w) = X w)|da + limsupg( X, w))da
() = [ 8% (o)) dat [ msupg (%X, ()
for w € Q,
where

inf{a| T(w) < 00} if T(w) <
1 if 7(w) = .

In order to analyze Problem 2, we first need to discuss the following
subproblem induced from (4.4).

Problem 3. Let «€][0,1]. Find a stopping time 7* such that
E(g(X,« ) > E(g(X, ,)) for all stopping times 7.

In Problem 3, 7* is called an “«-optimal stopping time.” Let « € [0, 1].
We define a sequence of subsets {A,}_, of Q by

A, = {0lg(X, .(0) = E(g(X,01.) M) (@)
forn =0,1,2,....
This paper deals with the following monotone case (Chow et al. [1]).

Assumption A (Monotone case). The following conditions hold almost
surely:

AyCA, CA,CAyC - and Ua,=2q.

In order to characterize a-optimal stopping times, we let

y, & = esssup  E(g(X, )] forn=012,.. (45)

7 :stopping times, 7>n
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We define a stopping time g.*: ) — N by
0 (0) = inf{n |g(X, () = % ()} (4.6)

for o € O and « € [0, 1], where the infimum of the empty set is under-
stood to be +o. Then the next lemma is as given by Chow et al. [1,
Theorems 4.1 and 4.5].

LEMMA 4.2. Let o €10,1]. Suppose Assumption A holds. Then, the
following (1) and (ii) hold:

() %(w) = max{g(X, (o), % (0)} aa. 0€Q for n=0,1,
2,...;

(i) o) is a-optimal and E(yg) = E( g()?%*’ »))

In order to construct an optimal fuzzy stopping time from the a-optimal
stopping time {0}, < o.1), We need the following regularity condition.

Assumption B (Regularity). The map « — ¢*(w) is non-increasing for
almost all w € Q.

Under Assumption B, we can define a map ¢*: N X Q — [0, 1] by

6'*(1’1, a)) = Ssup min{aal{(r*>n}( (1))}
ael0,1] ‘

forn=0,1,2,... and we€ Q. (4.7)

We put the a-cut (4.1) of ¢*(n, ®) by ¢*(w). Then we note that G*(w)
and ¢*(w) may not equal at most countable many 0 < a < 1.

THEOREM 4.1. Suppose Assumptions A and B hold. Then &¢* is an
optimal fuzzy stopping time for Problem 2. Further it holds that

af(w) =min{n|o*(n,0) <a}, 0o€Q  foraec(0,1]. (4.8)

Proof. From Assumption B and Lemma 4.1, ¢* is a fuzzy stopping
time. Lemma 4.2 implies

(G = [ (¥, ) o= [ E5) b= [ E(s( ...
(4.9)

for all fuzzy stopping times 7. Since 7*(w) # 0,*(w) holds only at most
countable 0 < a < 1, we have

E(/;lg()?ga*,a)da) =E(f01g( ~-a*)a)da). (4.10)
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By (4.9), (4.10), and Fubini’s theorem, we obtain

E(G,) < folE(g()qu,a)) da = E(folg()?ﬁ’a)da)

=f01E(g( Cova) ) da = E(Gye). (4.11)

«

Therefore ¢* is optimal for Problem 2. Finally, (4.8) is trivial from

Lemma 4.1. |

The following result implies a comparison between the optimal values of
the “classical” stopping model (Problem 1) and the “fuzzy” stopping model
(Problem 2). Then we find that the fuzzy stopping model is more favorable
than the classical one.

COROLLARY 4.1. It holds that
E(G,x) < E(G;+), (4.12)

where 7*

time.

is the optimal stopping time and &* is the optimal fuzzy stopping

Proof. For all stopping times 7, we have

E(G,) = E(folg()?w)da) < /01 supE(g(X, ,))da = E(G;-).

Therefore this corollary holds. |

In the next section, we compare the optimal values of Corollary 4.1
through a numerical example.

5. A NUMERICAL EXAMPLE

An example is given to compare the results of the stopping models in
Sections 3 and 4. Let {Y,}’_, be a uniform integrable sequence of indepen-
dent, identically distributed real random variables. Let ¢ and d be con-
stants satisfying 0 < d < 3c. Let {a,)_, be a sequence given by a, = d(n
+1)forn=0,1,2,....Put

M, = max{Y,,Y;,Y,,....Y,

n

} —c(n+1) forn=0,1,2,.... (5.1)
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Hence we take a sequence of fuzzy random variables {X,};_, as

L(M,(w) —x)/a,) if x <M,(w)

L((x —M,(w))/a,) if x>M,(w) (5:2)

X, (0)(x) =

forn =0,1,2,..., 0w € Q, and x € R, where the shape function L(x) =
max{1 — |x|,0} for x € R (see Fig. 5.1). Then their a-cuts are

Xn,a(w) = [Mn(w) _(l_a)an’Mn(w) +(1_a)an]’ w &

for n =0,1,2,... and a € [0, 1].

Let a weighting function g([x, y]) == (x + 2y)/3 for x, y € R satisfying
x <y. Then g satisfies the properties (3.3) and (3.4), and we can easily
check that

- 1
g(X, W(0)) =M,(0) +
for o € [0,1], and so

G,(w) = /Olg()fn,a(w))da “M(0)+ta, we.

M,(w)—a, M,(w) M,(w)+a,

FIG. 1. Fuzzy random variable X,(w)(x).
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Next we check Assumptions A and B. Let a, a’ € [0,1] satisfy o' < «
and let o € Q. If g(X, (o)) = ¥,*(w) for some n, then we have

§(%, (@) = M,(0) + ——a,

1—a o —a

= M,(0) +

a — o

=g(X, () +

!

3

E(g(X, o) ) (w) +

, o
=7 (o) +

o —«a

3

%

E(a,|42,)(w)

!

I
Dﬁ

(8(%.0) + a4 (o)

E(g()ffu)|%)(w) aa. w€e )

for all stopping times 7 such that 7 > n. It follows g()fma(w)) = 3 (o).
Therefore we obtain ¢*(w) < ¢%(w) for almost all w € Q, and Assump-
tion B is fulfilled. On the other hand, we have

8(X, o(@)) = M,(w) +

= max{Yy(®),Y\(0),Y;(@),....Y, ()}

a,

1-a
—c(n+1)+

d(n+1)
= maX{YO( w),Yl( ‘”)ayz( (,o),...,Yn( (,o)}
1—-a
—(C - Td)(n + 1).

Since ¢ — 15%d = ¢ — 1d > 0, this is the monotone case (Assumption A)

from Chow et al. [1, Chaps. 3—5 (3.22)]. Then the finite a-optimal stopping
times in Problem 3 are

05 (w) = inf{n|g(X, ,(0)) = (@)} = inf{n|Y,(0) = B(a)},
weQ, (53)
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where B(«a) is a constant and is the unique solution 8 = B(«a) of the
equation
l—-«a

d
3

E((Y,—B) )=c-

for @ € [0, 1]. Therefore the optimal fuzzy stopping time in Problem 2 is

oc*(n, w) sup min{aﬂl{a'a*>n)( w)}

acl0,1]
sup{e € [0,1]| Y, (@) < B(a)}, (54)

for n =0,1,2,... and o € . We can similarly check that the finite
optimal stopping time in Problem 1 is

() = inf{n | G,(0) = Z,(w)} = inf{n | Y,(w) = B(1/2)),
we Q. (55)
Finally we compare the optimal expected values in the both models.

From Chow et al. [1, Chaps. 3—5 (3.22)], the optimal expected value in
Problem 1 is given by

E01g=iEE“dX#m»da=BU/m.
On the other hand, we have

E(g(X,: .)) = B(e)

for a € [0, 1]. Therefore, from (4.11), we obtain the optimal expected value
in Problem 2 as

E(Gs+) = f()lE(g(A;(,n*’a))da= Llﬂ(a)da.

For example, if Y,,Y;,Y,,... are independent and uniformly distributed
on [0, 1], then

1 1—ad 'fl 11—«
— —c+
2 3 o —¢ 3

B(a) = T—a 1 1-a
1—1/2|c - d) o —c+ d=0
3 2 3

d<0
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Let ¢ = 2/3 and d = 1. Then the optimal expected value for the “classi-
cal” stopping problem in Problem 1 is

E(G,-) = B(1/2) = 0. (5.6)

On the other hand, we can easily check that the optimal expected values
for the “fuzzy” stopping problem in Problem 2 are

1-2a 1

- f— <a<l

6 2

E(Gr) = Bla) = [2(1 + ) 1

1—qy 22— if0<a<—

3 2

and

E(G ! da= 21 06sss 57
(Go) = [ Bla)da = 50 = 2o = 020588, (57)

The difference between (5.6) and (5.7) implies the excellence of fuzzy
stopping times rather than classical stopping times.
Finally we consider a special case. By letting d equal zero in this

example, the fuzzy random variables X, are reduced to the classical
random variables. Then we can easily check E(G,«) = E(Gj+). This shows
that the fuzzification of stopping times is effective for “fuzzy” stochastic
systems, but not for “classical” stochastic systems.
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