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1 O8aK

d\N(Ts,$NN^k3Uhjax (Markov Decision Processes, MDPs)NrOO, G`dj!rQ$
klg (cf. [2, 5, 6, 10])HY$:dj!rQ$klg (cf. [14, 5, 11]),"k. Y$:dj!K*$FO, v0
,[r$+K_j9k+,lDNdjG"k. =N_jK*$F, @p-H;L-KYs@hrJbGkr=
.9k3HO=BdjXN~QK*$FEWG"k.
\@8GO De Robertis and Hartigan[1],s'7?v0,YhVKhkhVY$:!NM(}r,~7F,
d\N(Ts,$NNMDPsNrOrn_k. =N?aK, $NNd\N(Tsr"khVGdj7?lg
NbGkH7F, hVdj MDPs(Interval estimated MDPs)rj0=7=NrOrT&. 3NrOkLr
u1F, v0psrhVY$:! ([1])KbHE/h}+i@il?hVrQ$?bGkH7F, hVY$:
MDPs(Interval Bayesian estimated MDPs) r=.9k.
^k3U"?Nd\N(TsNhVY$:djO, p\*KO, ?`,[N8/N(NhVdjK"e5l
kNG, 3lKX9kW;!H$/D+NtMcr?(k. Kurano et al.[7, 8]GM!5l? “Controlled
Markov set-chain model” O, d\N(TsrhVGHi(kM(}K*$FO\@8H18G"k,, 0T
K*$FOF|Gd\N(Ts,hVbKQ09k3HbD=Jlgrhj7CF$k. hVdjMDPsG
O, 4axrL7Fd\N(TsOljG"klgr7&.

2 -fHp\?j

33GO, $/D+N-fH3/aGQ$ilkp\djr?(F*/.
R, Rn, Rm×nr=l>lBt, n!5BsY/Hk, m× n?BTsN4Nr=9. R = R1×1, Rn = Rn×1H
9k. ^?, R+, Rn

+, R
m×n
+ O=l>l R, Rn, Rm×n NF.,,siG"kh&JbNN8gH9k.

Rm×n N>gx �,≺O!Gjak:
Rm×n ∋ A = (aij), B = (bij)KP7F

(2.1)

{

A � B (aij 5 bij (1 5 i 5 m, 1 5 j 5 n)NH-)

A ≺ B (A � B +D A 6= B NH-)

H9k.
A � AJk A = (aij), A = (aij) ∈ R

m×n
+ KP7FhV 〈A,A〉r!Gjak:

(2.2) 〈A,A〉 =







Q = (qij) ∈ R
m×n
+

∣

∣

∣
aij 5 qij 5 aij , qij = 0,

n
∑

j=1

qij = 1 (1 5 i 5 m, 1 5 j 5 n)







.

n × n?NN(TsNhV8g4NrMn G=9.

(2.3) Mn =
{

〈Q,Q〉
∣

∣〈Q,Q〉 6= ∅, Q � Q,Q,Q ∈ R
n×n
+

}

Mn ∋ Q1,Q2 KP9kQQ1,Q2 r!Gjak.

(2.4) Q1Q2 =
{

Q1Q2

∣

∣Q1 ∈ Q1, Q2 ∈ Q2

}
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^?, Q ∈ Mn KP9k?EQO`!*KjA5lk:

(2.5) Qk = Qk−1Q (k = 2).

C(R+)r R+N-&DhVN4NH9k. ^?, C(R+)nr C(R+)NWGr.,K}D n!5sY/HkN
4NH9k:

(2.6) C(R+)n =
{

D = (D1,D2, . . . ,Dn)′
∣

∣Di ∈ C(R+) (1 5 i 5 n)
}

?@7, d
′ OY/Hk dN>Vr=9.

C(R+)n eN;! (C!, 9+i<\) O!Gjak: D = (D1,D2. . . . ,Dn)′, E = (E1, E2, . . . , En)′ ∈
C(R+)n, h ∈ Rn

+, λ ∈ R+ KP7F,

(2.7) D + E = {d + e|d ∈ D, e ∈ E}, h + D = {h + d|d ∈ D}, λD = {λd|d ∈ D}.

D = ([d1, d1], [d2, d2], . . . , [dn, dn])′ ∈ C(R+)n r D = [d, d]H-9. ?@7, d = (d1, d2, . . . , dn) ∈ Rn
+, d =

(d1, d2, . . . , dn) ∈ Rn
+ H9k. D = (D1,D2, . . . ,Dn)′ ∈ C(R+)n Ht,8g G ⊂ R

1×n
+ KP7F, =NQ

GDr!Gjak:

(2.8) GD = {gd|g = (g1, g2, . . . , gn) ∈ G, d = (d1, d2, . . . , dn)′ ∈ D, di ∈ Di (1 5 i 5 n)}

!,.j)D.

Lemma 2.1. ([4, 7])

(i) $UNQ ∈ Mn O n × n!5Y/HkuV Rn×n NL?LNG"k.

(ii) 3sQ/HLt,8g G ⊂ R
1×n
+ HD = (D1,D2, . . . ,Dn) ∈ C(R+)n KP7F GD ∈ C(R+)G"k.

C(R+)eN>gx �,≺r!Gjak: [c1, c2], [d1, d2] ∈ C(R+)KP7F

(2.9)

{

[c1, c2] � [d1, d2] (ci 5 di (i = 1, 2)NH-)

[c1, c2] ≺ [d1, d2] ([c1, c2] � [d1, d2]+D [c1, c2] 6= [d1, d2]NH-)

H9k. C(R+)n eN>gx �,≺O C(R+)eN>gxrQ$F!Khjjak: v = (v1, v2, . . . , vn)′,w =
(w1, w2, . . . , wn)′ ∈ C(R+)n KP7F

(2.10)

{

v � w (vi � wi (1 5 i 5 n)NH-)

v ≺ w (v ≺ w+D v 6= wNH-)

Rn
+ N 2DN-&D8gD1,D2 Nw%H7FO&9IkUw% ρrM(k:

(2.11) ρ(D1,D2) = max{ sup
x∈D1

inf
y∈D2

‖x − y‖, sup
y∈D2

inf
x∈D1

‖x − y‖}.

?@7, ‖·‖O Rn K*1kf</jCIw%H9k.
!K, !aJ_ND@N`wH7F-BuV^k3UhjaxKD$FRYk. "khjaxNuVuVr
S = {1, 2, . . . , n}, T0uVr A = {1, 2, . . . , k}H9k. !N8grjA9k:

P (S) :={p = (p1, p2, . . . , pn) ∈ R
n
+

∣

∣

∑

i∈S

pi = 1},(2.12)

P (S|S) :={q = (qij : i, j ∈ S) ∈ R
n×n
+

∣

∣

∑

j∈S

qij = 1 (i ∈ S)},(2.13)

(2.14) P (S|S × A) := {Q = (qij(a) : i, j ∈ S, a ∈ A) ∈ R
kn×n
+ |qi ·(a) ∈ P (s) (i ∈ S, a ∈ A)}.

2



Interval Bayesian Method for MDPs.(Iki, Horiguchi, Yasuda, Kurano) RIMS &f8qVTNB-HUWhjNt}W, 2008.11.10-12

8gDeNsiBtMXtN4Nr B+(D)G=9. D,-B8gNH- B+(D)H Rn
+r1lk9k, ?@

7 n = |D|G"kH9k.
Q = (qij(a)) ∈ P (S|S ×A)H r = (r(i, a)) ∈ B+(S ×A)KP7F, LoN^k3Uhjax {S,A,Q, r}r
M( (cf. [12]), 33GOJ1N?aKNj* (deterministic)Gjo (stationary)J/vN_rM(k. S +
i AXNL| f N4Nr F G=9. $UN f ∈ F KP7F, dz( β (0 < β < 1)KhCFdjz+l?m
|Tx@Y/Hk φ(f |Q) ∈ Rn

+ rN(Ts Q ∈ P (S|S × A)NXtH7F!Gjak:

(2.15) φ(f |Q) =

∞
∑

t=0

(βQ(f))t
r(f),

?@7, r(f) = (r(1, f(1)), r(2, f(2)), . . . , r(n, f(n)))′ ∈ Rn
+, Q(f) = (qij(f(i))) ∈ P (S|S). F f ∈ F KP7

FL| L(f) : Rn
+ → Rn

+ r!Gjak:

(2.16) L(f)x = r(f) + βQ(f)x, x = (x1, x2, . . . , xn)′ ∈ R
n
+.

3NH-, !Np\dj,NilF$k.

Lemma 2.2. (cf. [12])

(i) L(f)O14}C*hSL.L|G"k. 9JoA,

x 5 x
′ JiP L(f)x 5 L(f)x′(componentwise),

‖L(f)x − L(f)x′‖ 5 β‖x − x
′‖ (x,x′ ∈ R

n
+),

?@7, ‖·‖O supNk`H9k.

(ii) φ(f |Q)O L(f)N#lNT0@G"k. 9JoA$UN x ∈ Rn
+ KP7F

L(f)t
x → φ(f |Q) (t → ∞)

,.j)D.

3 hVdjMDPsHQl<HG,

\aGO, MDP(S,A,Q, r)Nd\N(Ts QrhVQ = 〈Q,Q〉 Gdj7?lgrM!9k. ?@7,

Q = (q
ij

(a) : i, j ∈ S, a ∈ A) ∈ R
kn×n
+ , Q = (qij(a) : i, j ∈ S, a ∈ A) ∈ R

kn×n
+ ,(3.1)

Q = 〈Q,Q〉 =
{

Q ∈ P (S|S × A)
∣

∣Q 5 Q 5 Q
}

(3.2)

H9k. d\N(Ts Q r Q = 〈Q,Q〉 Gdj7?hjbGkrhVdj MDPs{Q}(Interval estimated
MDPs {Q})HFV. J<, hVdjMDPsNx@XtrjA7=NG,=KD$FD@9k.
f ∈ F KP9kdz5l?m|T-8gY/Hk φ(f |Q)r!Gjak.

(3.3) φ(f |Q) =
{

φ(f |Q)
∣

∣Q ∈ Q
}

⊂ R
n
+

?@7, φ(f |Q)O0 (2.15)G?(ilF$k.
33G, φ(f |Q) ∈ C(R+)n G"k3Hr(=&. Lr C(R+)n +i C(R+)n XNL|G!Nh&Kjak:

(3.4) L(f)v = r(f) + βQ(f)v, v ∈ C(R+)n,

?@7, 0 (3.4)K*$F Q(f) = 〈Q(f), Q(f)〉, Q(f) = (q
ij

(f(i))) ∈ R
n×n
+ , Q(f) = (qij(f(i))) ∈ R

n×n
+ G

"k.

3



Interval Bayesian Method for MDPs.(Iki, Horiguchi, Yasuda, Kurano) RIMS &f8qVTNB-HUWhjNt}W, 2008.11.10-12

Lemma 2.1 Khj L(f)v ∈ C(R+)n (v ∈ C(R+)n) G"k3H,(5lF$k3HKmU9k. 5iK,
L(f) : Rn

+ → Rn
+, L(f) : Rn

+ → Rn
+ r!Gjak: x = (x1, x2, . . . , xn)′ ∈ Rn

+ KP7F

L(f)x = r(f) + β min
Q∈Q(f)

Qx(3.5)

L(f)x = r(f) + β max
Q∈Q(f)

Qx.(3.6)

3NH-, !,.j)D.

Lemma 3.1. $UN f ∈ F KP7F, !,.j)D.

(i) L(f)O14}C+DL.L|G"k.

(ii) L(f), L(f)O, HbK14}C+D supNk`KX7FL.L|G"k.

Lemma 2.2H Lemma 3.1r,Q7F!r@k.

Theorem 3.1. $UN f ∈ F KP7F!,.j)D:

(i) φ(f |Q) ∈ C(R+)n +D φ(f |Q)O L(f)N#lNT0@G"k. 5iK, $UN v ∈ C(R+)n KP7F

L(f)ℓ
v → φ(f |Q) (ℓ → ∞)

(ii) φ(f |Q) = [φ(f), φ(f)]H9kH-, φ(f), φ(f)O=l>l L(f), L(f)N#lNT0@G"k.

f∗ ∈ F ,Ql<HG,G"kHO
φ(f∗|Q) ≺ φ(f |Q)

Jk f ∈ F ,8_7J$lgr@&.

Lemma 3.2. f, g ∈ F KP7F, φ(f |Q) ≺ L(g)φ(f |Q)JiP φ(f |Q) ≺ φ(g|Q).

D ⊂ C(R+)n KP7F@ v ∈ D, DN-z@ (efficient point) G"kHO, v ≺ uJk u ∈ D,8_7F
$J$lgr@&. DN-z@N4Nr eff(D)G=9. 0 (3.1)N Q,QN.,Y/Hk

Q
i,a

= (q
i1

(a), q
i2

(a), . . . , q
in

(a)), Qi,a = (qi1(a), qi2(a), . . . , qin(a))

KP7FQi,a = 〈Q
i,a

, Qi,a〉 (i ∈ S, a ∈ A)H9k. u ∈ C(R+)n KP7F!rjak:

(3.7) L(u) := (L(u)1,L(u)2, . . . ,L(u)n)′,

?@7, L(u)i := eff({r(i, a) + βQi,au|a ∈ A}) (i ∈ S)G"k.
3NH-, Lemma 3.2rQ$F!,(5lk.

Theorem 3.2. f∗,Ql<HG,G"k?aN,W=,roO, φ(f∗|Q),!NG,q^0NGgrHJk
3HG"k.

(3.8) u ∈ L(u),u ∈ C(R+)n
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4 G#j/l,[

^k3U"?Nd\N(TsNhVY$:djO,TsNT.,Ke\9lP, ?`,[N8/N(NhVd
jK"e5lk. =3G,!aJ_KQ$ilkhVY$:!Khkd\N(Nv0&verON?aKG#
j/l,[ (?!5Y<?,[)KX9k$/D+N-Ar(9.
O8aK,,s^Xt Γ(x) (x > 0)HY<?Xt B(x, y) (x, y > 0)HJ1J-AKD$F^HaF*/.

,s^Xt: Γ(x) =

∫ ∞

0

tx−1e−t dt (x > 0), Y<?Xt: B(x, y) =

∫ 1

0

tx−1(1 − t)y−1 dt (x, y > 0)

-A:

• Γ(x + 1) = xΓ(x),Γ(1) = 1,Γ

(

1

2

)

=
√

π,B(x, y) =
Γ(x)Γ(y)

Γ(x + y)

G#j/l,[ ([15]):
Y<?,[ B̃(ν1, ν2)N p.d.f.

(4.1) f(x) =
Γ(ν1 + ν2)

Γ(ν1)Γ(ν2)
xν1−1(1 − x)ν2−1

rH%7F, k-QtG#j/l,[ (k-variable Dirichlet distribution)D̃(ν1, . . . , νk; νk+1) N p.d.f.r!Nh
&KjA9k:

(4.2) f(x1, . . . , xk) =
Γ(ν1 + · · · + νk+1)

Γ(ν1) · · ·Γ(νk+1)
xν1−1

1 · · ·xνk−1
k (1 − x1 − x2 − · · · − xk)νk+1−1

"7, x1, . . . , xk O k!5?LN

sk := {(x1, . . . , xk) : xi = 0, i = 1, . . . , k,

k
∑

i=1

xi 5 1}

NF.,G"j, f O Sk eN@J0GO 0H9k. νi ∈ RO νi > 0H9k.

(4.3) D̃(ν1, . . . , νk; νk+1) =

∫

· · ·
∫

Sk

f(x1, . . . , xk) dx1 · · · dxk

H=9H-!,.j)D:

• k = 1NH-, D̃(ν1; ν2)O B̃(ν1, ν2)G"k.(jA+i@i+)
• k = 2NH-,0 (4.2)ON+KN()YXtr=7,Y<?Xt (Y<?,[GJ$3HKmU)NMB(x, y)
rQ$F

D̃(ν1, ν2, . . . , νk; νk+1)

=
Γ(ν1 + · · · + νk+1)

Γ(ν1)Γ(ν2) · · ·Γ(νk+1)
B(ν1, ν2 + · · · + νk+1)B(ν2, ν3 + · · · + νk+1) · · ·B(νk, νk+1)

(4.4)

,.j)D.
B],N()YXtHJk3HOJ<Nh&JQtQ9rHk3HG(5lk:

x1 = θ1, x2 = θ2(1 − x1) = θ2(1 − θ1), x3 = θ3(1 − x1 − x2) = θ3(1 − θ1)(1 − θ2),

...

xk = θk(1 − x1 − x2 − · · · − xk−1) = θk(1 − θ1)(1 − θ2) · · · (1 − θk−1)

(4.5)
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H9kH Sk = {(x1, . . . , xk) : x1 + x2 + · · · + xk 5 1, xi = 0)} O k-!5>}N Uk := {(θ1, . . . , θk) : 0 5
θi 5 1, i = 1, 2, . . . , k} K 1P 1P~G\5lk.d3S"sO

˛

˛

˛

˛

˛

∂(x1, . . . , xk)

∂(θ1, . . . , θk)

˛

˛

˛

˛

˛

= (1 − θ1)
k−1(1 − θ2)

k−2
· · · (1 − θk−2)

2(1 − θk−1)

HJk. >CF,

D̃(ν1, . . . , νk; νk+1) =

∫

· · ·
∫

Sk

f(x1, . . . , xk) dx1 · · · dxk

=

∫

· · ·
∫

Uk

Γ(ν1 + ν2 + · · · + νk+1)

Γ(ν1)Γ(ν2) · · ·Γ(νk+1)
θν1−1
1 (1 − θ1)

ν2+···+νk+1−1θν2−1
2 (1 − θ2)

ν3+···+νk+1−1 · · ·

· · · θνk−1
k (1 − θk)νk+1−1 dθ1dθ2 · · · dθk

=
Γ(ν1 + · · · + νk+1)

Γ(ν1)Γ(ν2) · · ·Γ(νk+1)
B(ν1, ν2 + · · · + νk+1)B(ν2, ν3 + · · · + νk+1)B(νk, νk+1)

=
Γ(ν1 + · · · + νk+1)

Γ(ν1)Γ(ν2) · · ·Γ(νk+1)

Γ(ν1)Γ(ν2 + · · · νk+1)

Γ(ν1 + · · · + νk+1)

Γ(ν2)Γ(ν3 + · · · νk+1)

Γ(ν2 + · · · + νk+1)
· · · Γ(νk)Γ(νk+1)

Γ(νk + νk+1)

= 1

(4.6)

r@k.

G#j/lQ,,9JoA,G#j/l,[Njt8tr|$?oQ,Xtt,KX7F

D(ν1, ν2, . . . , νk; νk+1)

:=

∫

· · ·
∫

Sk

xν1−1
1 xν2−1

2 · · ·xνk−1
k (1 − x1 − x2 − · · ·xk)νk+1−1 dx1dx2 · · · dxk

=
Γ(ν1) · · ·Γ(νk+1)

Γ(ν1 + · · · + νk+1)

(4.7)

G"k+i,

D(ν1, ν2, . . . , νk; νk+1) =
Γ(ν1)Γ(ν2 + · · · + νk+1)

Γ(ν1 + · · · + νk+1)

Γ(ν2)Γ(ν3) · · ·Γ(νk+1)

Γ(ν2 + · · · + νk+1)

= B(ν1, ν2 + · · · + νk+1)D(ν2, ν3, . . . , νk; νk+1) = · · ·
= B(ν1, ν2 + · · · + νk+1)B(ν2, ν3 + · · · + νk+1) · · ·

· · ·B(νk−1, νk + · · · + νk+1)D(νk; νk+1)

=
n=k
∏

n=1

B
(

νn,

k+1
∑

l=n+1

νl

)

(4.8)

r@k.

0 < λ < 1KP7F,

D(ν1, . . . , νk; νk+1|λ)

:=

∫

· · ·
∫

Sk∩{0<x1≤λ}

xν1−1
1 · · ·xνk−1

k (1 − x1 − · · · − xn)νk+1−1 dx1 · · · dxk (k = 1)
(4.9)

H9k. CK
B(α, β|λ) = D(α;β|λ) (α, β > 0)
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H=93HK9k. 0 (4.5)H1MNQtQ9Khj

D(ν1, . . . , νk; νk+1|λ)(4.10)

=

∫ λ

0

θν1−1
1 (1 − θ1)

ν2+···+νk+1−1 dθ1

∫ 1

0

θν2−1
2 (1 − θ2)

ν3+···+νk+1−1 dθ2 · · ·(4.11)

· · ·
∫ 1

0

θνk−1
k (1 − θk)···+νk+1−1 dθk

= B(ν1, ν2 + · · · + νk+1|λ)B(ν2, ν3 + · · · + νk+1)B(ν3, ν4 + · · · + νk+1) · · ·B(νk, νk+1)(4.12)

G"k3H,o+k. 33G, m,nr5N0tH9kH-

B(m,n|λ) =

∫ λ

0

xm−1(1 − x)n−1dx (m,n > 0)

r x = λθH7FV9Q,7F_kH

B(m,n|λ) =

∫ 1

0

(λθ)m−1(1 − λθ)n−1λ dθ(4.13)

= λm

∫ 1

0

θm−1

(

n−1
∑

i=0

(

n − 1

i

)

(−λθ)i

)

dθ(4.14)

= λm

n−1
∑

i=0

(

n − 1

i

)

(−λ)i

∫ 1

0

θm+i−1 dθ =

n−1
∑

i=0

(

n − 1

i

)

(−1)iλm+i 1

m + i
.(4.15)

^?,

(4.16)
d

dλ
B(m,n|λ) = λm−1(1 − λ)n−1

G"k3HbmU7F*3&.

5 hVY$:!Khkv0&verO

33GO, De Robertis & Hartigan[1]Khkv0,YhVrQ$?hVY$:!rjo^k3UhjaxN
d\N(TsNhVdjX,Q7,hVdjMDPsKD$FM!9k.
P (S) = Pn = {p = (p1, p2, . . . , pn)|pi ≥ 0,

∑n
i=1 pi = 1}H*/. ((0aN k!5?LN Sk HNX8O Pn

N 0 ≤ pn ≤ 1 KX9kZRNuV {(p1, . . . , pn−1)|
∑n−1

i=1 pi ≤ 1, pi ≥ 0, i = 1, 2, . . . , n − 1}O Sn−1 Ky7
$.)

L(·)r Pn eNkY<0,Y (lower bound measure)
U(·) := kL(·) (upper bound measure)r,Y LN k(k > 0)KX9k proportional measure H7,v0,Y

hVr [L, kL] = [dp, kdp]H9k.
G<? σ = (σ1, σ2, . . . , σn)O σ :=

∑n
k=1 σk sNH)nTB3G=l>l state i, σi s/-?3Hr=

9. state i N8/N(, pi G"kH-, p = (p1, . . . , pn) ∈ Pn KP9k σN p.d.f.O?`,[G=5lF

(5.1) f(σ1, σ2, . . . , σn|p) =
(σ1 + · · · + σn)!

σ1! · · ·σn!
pσ1

1 pσ2

2 · · · pσn

n

HJk.
G<? σK*1kv0,YhVr [Lσ, Uσ] = [Lσ, kLσ]H9k.!N|KuV iXd\9kN( piN&A, ^
:, p1 KX9kve,YhV

{
∫

Pn

p1Q(dp)
∫

Pn

Q(dp)

∣

∣

∣

∣

∣

Lσ 5 Q 5 Uσ

}

7
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KD$F4Yk. @8 [1]+i,eNve,YhV [λ, λ]O!N}x0NlUNrG"k.

Uσ(p1 − λ)− + Lσ(p1 − λ)+ = 0(5.2)

Uσ(p1 − λ)+ + Lσ(p1 − λ)− = 0(5.3)

?@7, x+ = max{0, x}, x− = x − x+ = min{0, x}G"k.
Uσ = kLσ G"k+i, (5.2),(5.3)O

kLσ(p1 − λ)− + Lσ(p1 − λ)+ = 0, kLσ(p1 − λ)+ + Lσ(p1 − λ)− = 0

HJk.>CF,

k

∫

· · ·
∫

0≤p1≤1,p∈Pn

(p1 − λ)−Lσ(dp) +

∫

· · ·
∫

0≤p1≤1,p∈Pn

(p1 − λ)+Lσ(dp) = 0(5.4)

k

∫

· · ·
∫

0≤p1≤1,p∈Pn

(p1 − λ)+Lσ(dp) +

∫

· · ·
∫

0≤p1≤1,p∈Pn

(p1 − λ)−Lσ(dp) = 0(5.5)

G"CF,

(5.6) (p1 − λ)− =

{

0, (λ ≤ p1 ≤ 1)

p1 − λ, (0 ≤ p1 < λ)
, (p1 − λ)+ =

{

p1 − λ, (λ < p1 ≤ 1)

0, (0 ≤ p1 ≤ λ)

KmU9lP, lower bound λH upper bound λ KX9k λN}x0O!Nh&KJk:

lower bound λ

k

∫

· · ·
∫

0≤p1≤λ,p∈Pn

(p1 − λ)pσ1

1 · · · pσn

n dp +

∫

· · ·
∫

λ≤p1≤1,p∈Pn

(p1 − λ)pσ1

1 · · · pσn

n dp = 0(5.7)

upper bound λ

k

∫

· · ·
∫

λ≤p1≤1,p∈Pn

(p1 − λ)pσ1

1 · · · pσn

n dp +

∫

· · ·
∫

0≤p1≤λ,p∈Pn

(p1 − λ)pσ1

1 · · · pσn

n dp = 0(5.8)

33G, 0aNkL

D(ν1, ν2, . . . , νk; νk+1) = B(ν1, ν2 + · · · + νk+1)D(ν2, ν3, . . . , νk; νk+1)(5.9)

D(ν1, ν2, . . . , νk; νk+1|λ) = B(ν1, ν2 + · · · + νk+1|λ)D(ν2, ν3, . . . , νk; νk+1)(5.10)

HY<?XtN-ArxQ7F, 0 (5.7)H0 (5.8) O!N λKX9k?`0N}x0NrG"k3H,(5
lk.
σ = σ1 + σ2 + · · · + σn, p = σ1 + 1, q = σ − σ1 + n − 1H*/H, 0 (5.7)H0 (5.8)OkI

K(p, q, λ) :=

(

p

p + q
− λ

)

B(p, q) + (k − 1) (B(p + 1, q|λ) − λB(p, q|λ)) = 0(5.11)

G(p, q, λ) := k

(

p

p + q
− λ

)

B(p, q) − (k − 1) (B(p + 1, q|λ) − λB(p, q|λ)) = 0(5.12)

H=5lk.

Theorem 5.1. G<? σ = (σ1, σ2, . . . , σn), σ =
∑n

i=1 σi H9k. v0,YhVr [Lσ, kLσ]H9kH-,
p = (p1, p2, . . . , pn)N pi KD$FNve,YhV [λ, λ]O!N=l>lN}x0NlUNrG"k.

K(σi + 1, σ + n − σi − 1, λ) = 0, G(σi + 1, σ + n − σi − 1, λ) = 0

8
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6 p1Nve,YhV [λ, λ]H?`0

0aGaa? p1Nve,YhV [λ, λ]NM λ, λO,qN*KO,=l>l0 (5.11)H (5.12)+i!N (σ + n)
!?`0NrKJCF$k.

(6.1) K(p, q, λ) =

(

p

p + q
− λ

)

B(p, q)+

(k − 1)

(

q−1
∑

i=0

(

q − 1

i

)

(−1)i+1λ(p+1)+i

(

1

(p + 1 + i)(p + i)

)

)

= 0

(6.2) G(p, q, λ) = k

(

p

p + q
− λ

)

B(p, q)−

(k − 1)

(

q−1
∑

i=0

(

q − 1

i

)

(−1)i+1λ(p+1)+i

(

1

(p + 1 + i)(p + i)

)

)

= 0

?@7, σ =
∑n

i=1 σi, p = σ1 + 1, q = σ − σ1 + n − 1.
K(p, q, λ), G(p, q, λ)OHbK9A14XtG, K(p, q, λ)OeKL, G(p, q, λ)O<KLG"k.

dK

dλ
= −B(p, q) + (k − 1)

(

λp(1 − λ)q−1 − B(p, q|λ) − λp(1 − λ)q−1
)

= −B(p, q) − (k − 1)B(p, q|λ) < 0
(6.3)

d2K

dλ2
= −(k − 1)λp(1 − λ)q−1 < 0(6.4)

dG

dλ
= −kB(p, q) − (k − 1)

(

λp(1 − λ)q−1 − B(p, q|λ) − λp(1 − λ)q−1
)

= −kB(p, q) + (k − 1)B(p, q|λ)

5 −kB(p, q) + (k − 1)B(p, q) = −B(p, q) < 0

(6.5)

d2G

dλ2
= (k − 1)λp−1(1 − λ)q−1 > 0(6.6)

^?, λ, λ,lUNrG"k3HO [1]NkL+i@i+G"k,,

G(p, q, 0) = kB(p + 1, q) > 0, G(p, q, 1) = − q

p + q
B(p, q) < 0(6.7)

K(p, q, 0) = B(p + 1, q) > 0,K(p, q, 1) = − kq

p + q
B(p, q) < 0(6.8)

H G,K N14-+i λKX7F [0, 1]GO,:lDNrN_r}D3H,o+k.

7 A numerical experiment

0a^GN?`,[KX7FuVNDt n = 3NH-rM(k. P3 = {p = (p1, p2, p3)|
∑3

i=1 pi = 1, pi ≥
1, i = 1, 2, 3}H*-, k = 2H9k,9JoAv0,YhVr [L, 2L]H9k. "kh^C?uV+i σ = 6sN
nT,J5l, 6sf,uV 1K 3s,uV 2K 1s,uV 3K 2sd\7?H9k. hCF, σ1 = 3, σ2 = 1, σ3 = 2
G"j,

σ = σ1 + σ2 + σ3 = 6, p = σ1 + 1 = 4, q = σ2 + σ3 + (n − 1) = 5
NG<?,@ilF$kH9k.
0 (6.2)N λKX9k?`0O

(7.1) 2

(

4

6 + 3
− λ

)

B(4, 5) −
(

4
∑

i=0

(

4

i

)

(−1)i+1λ5+i

(

1

(4 + i)(5 + i)

)

)

= 0

hj
(7.2) 8 − 18λ + λ5(126 − 336λ + 360λ2 − 180λ3 + 35λ4) = 0
HJk.3NH-,r λ ; 0.489r@k.

9
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^?,0 (6.1)N λKX9k?`0O

(7.3)

(

4

6 + 3
− λ

)

B(4, 5) +

(

4
∑

i=0

(

4

i

)

(−1)i+1λ5+i

(

1

(4 + i)(5 + i)

)

)

= 0

hj
(7.4) 4 − 9λ − λ5(126 − 336λ + 360λ2 − 180λ3 + 35λ4) = 0
HJk.3NH-,rH7F λ ; 0.400r@k. hCF p1 Nve,YhVO [0.400, 0.489]HM(ilk.
1MK7F,uVt N = 3,B3st σ r$m$mQ=5;?H-N p1, p2, p3 Nve,YhVr^Hak
(Table 1). σ1, σ2, σ3 O=l>luV iGNQ,M (st)H9k.

Table 1: tMB3c (uVt N = 3)
σ = 6(B3st), σ1 = 3, σ2 = 1, σ3 = 2NH-,

p1 = [p
1
, p

1
] p2 = [p

2
, p

2
] p3 = [p

3
, p

3
]

[0.400, 0.489] [0.187, 0.260] [0.292, 0.376]

σ = 15, σ1 = 7, σ2 = 3, σ3 = 5NH-,

p1 = [p
1
, p

1
] p2 = [p

2
, p

2
] p3 = [p

3
, p

3
]

[0.413, 0.476] [0.197, 0.249] [0.304, 0.364]

σ = 30, σ1 = 16, σ2 = 5, σ3 = 9NH-,

p1 = [p
1
, p

1
] p2 = [p

2
, p

2
] p3 = [p

3
, p

3
]

[0.491, 0.539] [0.164, 0.201] [0.281, 0.325]

σ = 50, σ1 = 24, σ2 = 9, σ3 = 17NH-,

p1 = [p
1
, p

1
] p2 = [p

2
, p

2
] p3 = [p

3
, p

3
]

[0.453, 0.491] [0.174, 0.204] [0.322, 0.358]

k = 1,9JoA,v0,YhVH7FkY<0,YrM(?H-,ve,YhVraak}x0+i

pi = [p
i
, pi] =

σi + 1

σ + n
H 1@G=5lk.3lO,lMv0,[rM(?H-NQ,M (σ1, σ2, σ3)KhkG#j/l,[ (?!5
Y<?,[)NQia<? pi N~U,[N|TMKy7$.
33G,qN*K L(·) :kY<0,Y, v0,YhV [L, kL](kOjt)KD$F, k = 2HM(FtMB3r
T$ve,YhVrbHK7?Markov set-chainNdjrr$F_k.

uVt N = 3, S = {1, 2, 3}, policyOGj (deterministic stationary policy)H7Fi|uV x1 = 1+iu
Vd\NQ, 20sG, =l>lNuV+i!N|Kd\7?QYr4Y?H3m





3 1 2
1 3 2
1 2 4





G"C?.c(P,uV 2+iNd\GO, eNTsNh 2T\r+F, 6sNnTB3G!N|K=l>lu
V 1K σ1 = 1s, uV 2K σ2 = 3s,uV 3K σ3 = 3sNd\rQ,7?H9k.
FuV iK*1k pi1, pi2, pi3 Nve,YhVO, \8N Theorem 5.1+iJ<Nh&K@ilk (Table 2).
σ1, σ2, σ3 O=l>luV iGNQ,M (d\st)H9k.

Table 2: Intervals of posterior measures
σ = 6(B3st), σ1 = 3, σ2 = 1, σ3 = 2NH-,

p̂11 = [p
11

, p
11

] p̂12 = [p
12

, p
12

] p̂13 = [p
13

, p
13

]

[0.400, 0.489] [0.187, 0.260] [0.292, 0.376]

σ = 6, σ1 = 1, σ2 = 3, σ3 = 2NH-,

p̂21 = [p
21

, p
21

] p̂22 = [p
22

, p
22

] p̂23 = [p
23

, p
23

]

[0.187, 0.260] [0.400, 0.489] [0.292, 0.376]

σ = 7, σ1 = 1, σ2 = 2, σ3 = 4NH-,

p̂31 = [p
31

, p
31

] p̂32 = [p
32

, p
32

] p̂33 = [p
33

, p
33

]

[0.168, 0.235] [0.262, 0.334] [0.458, 0.542]

Q = 〈Q,Q〉 = {Q ∈ P (S|S×A)|Q 5 Q 5 Q}H9kH-, QO Lemma 2.1hjL?LNG"k+i,"k<

@N8g {Q(1), Q(2), . . . , Q(l)}KhCFQ = conv{Q(1), Q(2), . . . , Q(l)}H=93H,G-k. Q ∋ Q = (qij)

KD$F,F iT\4HKd\N(TsNro
∑3

j=1 qij = 1 (i = 1, 2, 3)r_?9<@4Yk. QNh iT\

10
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KX9kL?LNr q̂i (i = 1, 2, 3)H*/H-,=N<@N8g ext(q̂i)O=l>lJ<Nh&KJk.
ext(q̂1) = {(0.437, 0.187, 0.376), (0.4, 0.224, 0.376), (0.448, 0.26, 0.292), (0.489, 0.219, 0.292),
(0.4, 0.26, 0.34), (0.489, 0.187, 0.324)},
ext(q̂2) = {(0.187, 0.437, 0.376), (0.224, 0.4, 0.376), (0.26, 0.448, 0.292), (0.219, 0.489, 0.292),
(0.26, 0.4, 0.34), (0.187, 0.489, 0.324)},
ext(q̂3) = {(0.196, 0.262, 0.542), (0.168, 0.29, 0.542), (0.208, 0.334, 0.458), (0.235, 0.307, 0.458),
(0.168, 0.334, 0.498), (0.235, 0.262, 0.503)} r@k.
QN<@N8gO, q̂1, q̂2, q̂3 N<@+i=l>llD:D*sGnkd\N(Ts Q(l) +i.k (63 D).
c(P, ext(q̂1)+i.kL?LNr^(9kH!Nh&J x+ y + z = 1N?LeN;QAHJk (Figure 1).

p1

p2

p3

1

1

1

b b

bb
b

b

p1

p2

p3

b
b

b
b

b

b

Figure 1: Grahps of interval q̂1

β = 0.9, r = (3, 1, 2)′, F ∋ f(Gj)H7F
L(f)x = r(f) + β min

Q∈Q(f)
Qx

L(f)x = r(f) + β max
Q∈Q(f)

Qx

NT0@raaF_kH, φ(f) = (20.003, 17.508, 18.643), φ(f) = (21.732, 19.232, 20.339)r@k. >CF,

Teorem 3.1+i φ(f |Q(f)) = [φ(f), φ(f)]O!Nh&K@ilk:
φ(f |Q(f)) = ([20.003, 21.732], [17.508, 19.232], [18.643, 20, 339]).

?Nd\N(Tsr







1
2

1
6

1
3

1
3

1
3

1
3

2
5

2
5

1
5






H7?H-N value fanctionNMO φ = (22.469, 20.116, 21.135)G"k.

8 hVY$:dj

GiK, hVdjMDPs{Q}N Q ∈ Mn KX9k"3-rZ@9k. !K, v0psrhVY$:!KhC
Fh}7?G<?rHCFhVY$:MDPsrjA9k.
^:, Q = 〈Q,Q〉 ∈ Mn N Q,Q ∈ R

n×n
+ N"3-KD$F(=&. !,.j)D. ?@7, }+OFuVK

P~7Ff</jCIw%HO&9IkUw%KP~7F$k.

Lemma 8.1. (i) Q
t
↓ Q,Qt ↑ Q (t → ∞), 〈Q

t
, Qt〉 6= ∅ (t = 1) H9k. 3NH-, 〈Q

t
, Qt〉

ρ−→
〈Q,Q〉 (t → ∞)

(ii) Q
t
↑ Q,Qt ↓ Q (t → ∞), 〈Q,Q〉 6= ∅ (t = 1)H9k. 3NH-, 〈Q

t
, Qt〉

ρ−→ 〈Q,Q〉 (t → ∞)

11
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eN Lemma 8.1rQ$F!,(5lk.

Theorem 8.1. Q
t
→ Q,Qt → Q (t → ∞),Qt := 〈Q

t
, Qt〉 6= ∅ (t = 1),Q := 〈Q,Q〉.

3NH-, !,.j)D:

(i) Qt → Q (t → ∞)

(ii) φ(f |Qt) → φ(f |Q) (t → ∞) (f ∈ F ).

?Nd\N(TsQ ∈ P (S|S ×A)KhkMDPs{Q}N t|NuVHT0r=l>lXt,∆T (t = 0)G=7,
t|^GNzrrHt = (X0,∆0,X1,∆1, . . . ,Xt)H9k. $UN i, j ∈ S, a ∈ AKP7F

(8.1) NT (j|i, a,HT ) :=

T−1
∑

t=0

I{Xt=i,∆t=a,Xt+1=j} (T = 1)

H*/. F i ∈ S, a ∈ A KP7F, ?`,[N8/N( {pj = pij(a), (1 5 j 5 n)} KP9kQ,M
{NT (j|i, a,HT ), 1 5 j 5 n}KhkY$:hVrQ(HT ) = 〈Q(HT ), Q(HT )〉 = [q

ij
(a|HT ), qij(a|HT )]H9

k.9JoA,
Q(HT ) := (q

ij
(a|HT ) : i, j ∈ S, a ∈ A) ∈ R

n×nk
+(8.2)

Q(HT ) := (qij(a|HT ) : i, j ∈ S, a ∈ A) ∈ R
n×nk
+(8.3)

H7F,
(8.4) Q(HT ) = 〈Q(HT ), Q(HT )〉
H9k.
Q ∈ P (S|S ×A)KP7F, MDPs{Q}rv0psHT NhVY$:Q(HT )Gdj7?MDPsrhVY$:
djMDPs{Q(HT )}H@&.

(8.5) NT (i, a|HT ) :=
∑

j∈S

NT (j|i, a,HT ) (i ∈ S, a ∈ A)

H*/.
hVY$:N-A ([1])*hS Theorem 8.1rQ$F!NkLr@k.

Theorem 8.2. {X0,∆0,X1,∆1, . . .}rMDPs{Q}+iNaxH9k. $UN i ∈ S, a ∈ AKP7F, N( 1
G

NT (i, a|HT ) → ∞ (T → ∞)

H9k.3NH-, N( 1GhVY$:djMDPs{Q(HT )}OMDPs{Q}K}+9k, 9JoA, !,.j
)D.

(i) Q(HT ) → {Q} (T → ∞)

(ii) φ(f |Q(HT )) → φ(f |Q) (T → ∞), (f ∈ F ).
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