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1 O8aK

d\N(Ts,$NN^k3Uhjax (Markov Decision Processes, MDPs)NrO
O, G`dj!rQ$klg (cf. [Doshi & Shreve 1980, Hernández-Lerma 1989, Iki,
Horiguchi, Yasuda & Kurano 2007, Mandl 1974])HY$:dj!rQ$klg (cf. [van
Hee 1978, Hernández-Lerma 1989, Martin 1967]),"k. Y$:dj!K*$FO, v0
,[r$+K_j9k+,lDNdjG"k. =N_jK*$F, @p-H;L-KYs
@hrJbGkr=.9k3HO=BdjXN~QK*$FEWG"k.
3lKz(k?aK, \@8GO De Robert and Hartigan[De Robertis & Hartigan

1981],s'7?v0,YhVKhkhVY$:NM(}r,~7F, d\N(Ts,$
NNMDPsNrOrn_k. =N?aK, $NNd\N(Tsr"khVGdj7?lg
NbGkH7F, hVdjMDPs(Interval estimated MDPs)rj0=7=NrOrT&.
3NrOkLru1F, v0psrhVY$:! ([De Robertis & Hartigan 1981])KbH
E/h}+i@il?hVrQ$?bGkH7F, hVY$:MDPs(Interval Bayesian
estimated MDPs) r=.9k.
^k3U"?Nd\N(TsNhVY$:djO, p\*KO, ?`,[N8/N(

NhVdjK"e5lkNG,3lKX9kW;!H$/D+NtMcr?(k. Kurano
et al.[Kurano, Song, Hosaka & Huang 1998, Kurano, Yasuda & Nakagami 2002]GM!
5l? “Controlled Markov set-chain model” O, d\N(TsrhVGHi(kM(}
K*$FO\@8H*J8G"k,, 0TK*$FOF|Gd\N(Ts,hVbKQ
09k3HbD=Jlgrhj7CF$k. hVdjMDPsGO, 4axrL7Fd\
N(TsOljG"klgr7&.
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2 -fHp\?j

33GO, $/D+N-fH3/aGQ$ilkp\djr?(F*/.
R,Rn,Rm×n r=l>lBt, n!5BsY/Hk, m × n?BTsN4Nr=9.

R = R1×1,Rn = Rn×1H9k. ^?, R+,R
n
+,R

m×n
+ O=l>lR,Rn,Rm×nNF.,,s

iG"kh&JbNN8gH9k.
Rm×nN>gx�,≺O!Gjak:

Rm×n ∋ A = (aij), B = (bij)KP7F

(2.1)

{

A � B (aij ≦ bij (1 ≦ i ≦ m, 1 ≦ j ≦ n)NH-)

A ≺ B (A � B +D A 6= BNH-)

H9k.
A � AJkA = (aij), A = (aij) ∈ Rm×n

+ KP7FhV 〈A,A〉r!Gjak:

(2.2) 〈A,A〉 =

{

Q = (qij) ∈ Rm×n
+

∣

∣

∣
qij ≧ 0,

n
∑

j=1

qij = 1 (1 ≦ i ≦ m, 1 ≦ j ≦ n)

}

.

n× n?NN(TsNhV8g4NrMnG=9.

(2.3) Mn =
{

〈Q,Q〉
∣

∣〈Q,Q〉 = ∅, Q � Q,Q,Q ∈ Rn×n
+

}

Mn ∋ Q1,Q2KP9kQQ1,Q2r!Gjak.

(2.4) Q1Q2 =
{

Q1Q2

∣

∣Q1 ∈ Q1, Q2 ∈ Q2

}

^?, Q ∈ MnKP9k?EQO`!*KjA5lk:

(2.5) Qk = Qk−1Q (k ≧ 2).

C(R+)rR+N-&DhVN4NH9k. ^?, C(R+)nrC(R+)NWGr.,K}
D n!5sY/HkN4NH9k:

(2.6) C(R+)n =
{

D = (D1, D2, . . . , Dn)′
∣

∣Di ∈ C(R+) (1 ≦ i ≦ n)
}

?@7, d
′OY/Hk dN>Vr=9.

C(R+)n eN;! (C!, 9+i<\) O!Gjak: D = (D1, D2. . . . , Dn)′, E =
(E1, E2, . . . , En)′ ∈ C(R+)n, h ∈ Rn

+, λ ∈ R+KP7F,

(2.7) D + E = {d+ e|d ∈ D, e ∈ E}, h+D = {h+ d|d ∈ D}, λD = {λd|d ∈ D}.

D = ([d1, d1], [d2, d2], . . . , [dn, dn])′ ∈ C(R+)n r D = [d, d]H-9. ?@7, d =
(d1, d2, . . . , dn) ∈ Rn

+, d = (d1, d2, . . . , dn) ∈ Rn
+H9k. D = (D1, D2, . . . , Dn)′ ∈ C(R+)n

Ht,8gG ⊂ R1×n
+ KP7F, =NQGDr!Gjak:

(2.8) GD = {gd|g = (g1, g2, . . . , gn) ∈ G, d = (d1, d2, . . . , dn)′ ∈ D, di ∈ Di (1 ≦ i ≦ n)}

!,.j)D.
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Lemma 2.1. ([Hartfiel 1998, Kurano et al. 1998])

(i) $UNQ ∈ MnO n× n!5Y/HkuVRn×nNL?LNG"k.

(ii) 3sQ/HLt,8g G ⊂ R1×n
+ H D = (D1, D2, . . . , Dn) ∈ C(R+)n KP7F

GD ∈ C(R+)G"k.

C(R+)eN>gx�,≺r!Gjak: [c1, c2], [d1, d2] ∈ C(R+)KP7F

(2.9)

{

[c1, c2] � [d1, d2] (ci ≦ di (i = 1, 2)NH-)

[c1, c2] ≺ [d1, d2] ([c1, c2] � [d1, d2]+D [c1, c2] 6= [d1, d2]NH-)

H9k. C(R+)n eN>gx �,≺O C(R+)eN>gxrQ$F!Khjjak: v =
(v1, v2, . . . , vn)′,w = (w1, w2, . . . , wn)′ ∈ C(R+)n KP7F

(2.10)

{

v � u vi ≦ wi (1 ≦ i ≦ n)NH-,

v ≺ u v ≺ w+D v 6= wNH-.

Rn
+N2DND8gD1, D2Nw%H7FO&9IkUw% ρrM(k:

(2.11) ρ(D1, D2) = max{ sup
x∈D1

inf
y∈D2

‖x− y‖, sup
y∈D2

inf
x∈D1

‖x− y‖}.

!K, !aJ_ND@N`wH7F-BuV^k3UhjaxKD$FRYk. "k
hjaxNuVuVr S = {1, 2, . . . , n}, T0uVrA = {1, 2, . . . , k}H9k. !N8g
rjA9k:

P (S) := {p = (p1, p2, . . . , pn) ∈ Rn
+

∣

∣

∑

i∈S

pi = 1},(2.12)

P (S|S) := {q = (qij : i, j ∈ S) ∈ Rn×n
+

∣

∣

∑

j∈S

qij = 1 (i ∈ S)},(2.13)

P (S|S × A) := {Q = (qij(a) : i, j ∈ S, a ∈ A) ∈ Rn×kn
+ }.(2.14)

8gDeNsiBtMXtN4NrB+(D)G=9. D,-B8gNH-B+(D)HRn
+

r1lk9k. ?@7 n = |D|G"kH9k.
Q = (qij(a)) ∈ P (S|S×A)H r = r(i, a) ∈ B+(S×A)KP7F,LoN^k3Uhja

x {S,A,Q, r}rM( (cf. [Puterman 1994]),33GOJ1N?aKNj* (deterministic)
Gjo (stationary)J/vN_rM(k. S+iAXNL| f N4Nr F G=9. $U
N f ∈ F KP7F, dz( β (0 < β < 1)KhCFdjz+l?m|Tx@Y/Hk
φ(f |Q) ∈ Rn

+rN(TsQ ∈ P (S|S × A)NXtH7F!Gjak:

(2.15) φ(f |Q) =
∞
∑

t=0

(βQ(f))t
r(f),

?@7, r(f) = (r(1, f(1)), r(2, f(2)), . . . , r(n, f(n)))′ ∈ Rn
+, Q(f) = (qij(f(i)) ∈ P (S|S).

F f ∈ F KP7FL| L(f) : Rn
+ → Rn

+r!Gjak:

(2.16) L(f)x = r(f) + βQ(f)x, x = (x1, x2, . . . , xn)′ ∈ Rn
+.

3NH-, !Np\dj,NilF$k.
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Lemma 2.2. (cf. [Puterman 1994])

(i) L(f)O14}C*hSL.L|G"k. 9JoA,

x ≦ x
′ JiP L(f)x ≦ L(f)x′(componentwise),

‖L(f)x − L(f)x′‖ ≦ β‖x − x
′‖ (x,x′ ∈ Rn

+).

(ii) φ(f |Q)O L(f)N#lNT0@G"k. $UN x ∈ Rn
+KP7F

L(f)t
x → φ(f |Q) (t→ ∞)

,.j)D.

3 hVdjMDPsHQl<HG,

\aGO, MDP(S,A,Q, r)Nd\N(TsQrhVQ = 〈Q,Q〉 Gdj7?lgrM!
9k. ?@7,

Q = (q
ij
(a) : i, j ∈ S, a ∈ A) ∈ Rn×kn

+ , Q = (qij(a) : i, j ∈ S, a ∈ A) ∈ Rn×kn
+ ,(3.1)

Q = 〈Q,Q〉 =
{

Q ∈ P (S|S × A
∣

∣Q ≦ Q ≦ Q
}

(3.2)

H9k. d\N(TsQrQ = 〈Q,Q〉Gdj7?hjbGkrhVdjMDPs{Q}(Interval
estimated MDPs)HFV. J<, hVdjMDPsNx@XtrjA7=NG,=KD$
FD@9k.

f ∈ F KP9kdz5l?m|T-8gY/Hk φ(f |Q)r!Gjak.

(3.3) φ(f |Q) =
⋃

Q∈Q

φ(f |Q) ⊂ Rn
+

?@7, φ(f |Q)O0 (2.15)G?(ilF$k.
33G, ψ(f |Q) ∈ C(R+)nG"k3Hr(=&. LrC(R+)n+iC(R+)nXNL|

G!Nh&Kjak:

(3.4) L(f)v = f(f) + βQ(f)v, v ∈ C(R+)n,

?@7,0 (3.3)K*$FQ = Q(f) = 〈Q(f), Q(f)〉, Q((f) = (q
ij
(f(i))) ∈ Rn×n

+ , Q((f) =

(qij(f(i))) ∈ Rn×n
+ G"k. dj 2.1hjL(f)v ∈ C(R+)n (v ∈ C(R+)n)G"k3H,(

5lF$k3HKmU9k. 5iK, L(f) : Rn
+ → Rn

+, L(f) : Rn
+ → Rn

+r!Gjak:
x = (x1, x2, . . . , xn)′ ∈ Rn

+KP7F

L(f)x = r(f) + β min
q∈Q(f)

Qx(3.5)

L(f)x = r(f) + β max
q∈Q(f)

Qx.(3.6)

3NH-, !,.j)D.
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Lemma 3.1. $UN f ∈ F KP7F, !,.j)D.

(i) L(f)O14}C+DL.L|G"k.

(ii) L(f), L(f)O, HbK14}C+DL.L|G"k.

dj 2.2H 3.1r,Q7F!r@k.

Theorem 3.1. $UN f ∈ F KP7F!,.j)D:

(i) φ(f |Q) ∈ C(R+)n +D φ(f |Q)O L(f)N#lNT0@G"k. 5iK, $UN
v ∈ C(R+)nKP7F

L(f)ℓ
v → φ(f |Q) (ℓ→ ∞)

(ii) φ(f |Q) = [φ(f), φ(f)]H9kH-, φ(f), φ(f)O=l>l L(f), L(f)N#lNT0
@G"k.

f ∗ ∈ F ,Ql<HG,G"kHO

φ(f ∗|Q) ≺ φ(f |Q)

Jk f ∈ F ,8_7J$lgr@&.

Lemma 3.2. f, g ∈ F KP7F, φ(f |Q) ≺ L(g)φ(f |Q)JiP φ(f |Q) ≺ φ(g|Q).

D ⊂ C(R+)nKP7F@ v ∈ D,DN-z@ (efficient point) G"kHO, v ≺ uJ

k u ∈ D,8_7F$J$lgr@&. DN-z@N4Nr eff(D)G=9. 0 (3.1)N
Q,QN.,Y/Hk

Q
i,a

= (q
i1
(a), q

i2
(a), . . . , q

in
(a)),

Qi,a = (qi1(a), qi2(a), . . . , qin(a))

KP7FQi,a = 〈Q
ia
, Qia〉 (i ∈ S, a ∈ A)H9k. u ∈ C(R+)nKP7F!rjak:

(3.7) L(u) := (L(u)1,L(u)2, . . . ,L(u)n)′,

?@7, L(u)i := eff({r(i, a) + βQiau|a ∈ A}) (i ∈ S)G"k.
3NH-, dj 3.2rQ$F!,(5lk.

Theorem 3.2. f ∗,Ql<HG,G"k?aN,W=,roO, φ(f |Q),!NG,q
^0NGgrHJk3HG"k.

(3.8) u ∈ L(u),u ∈ C(R+)n
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4 ?`,[NhVY$:rO

^k3U"?Nd\N(TsNhVY$:djO,TsNT.,Ke\9lP, ?`,[
N8/N(NhVdjK"e5lk. 33GO, ?`,[NhVY$:djKX9kW;
!KD$FM!7, $/D+NtMcr?(k.

J<"abN^Har9k.

5 `w

-f'

,s^Xt Γ(x) =

∫ ∞

0

tx−1e−t dt (x > 0)

Y<?Xt B(x, y) =

∫ 1

0

tx−1(1 − t)y−1 dt (x, y > 0)

-A

• Γ(x+ 1) = xΓ(x),Γ(1) = 1,Γ

(

1

2

)

=
√
π

• B(x, y) =
Γ(x)Γ(y)

Γ(x+ y)

G#j/l,[ (Wilks 1962 Mathematical Statistics p.177–)
Y<?,[ B̃(ν1, ν2)N p.d.f.

(5.1) f(x) =
Γ(ν1 + ν2)

Γ(ν1)Γ(ν2)
xν1−1(1 − x)ν2−1

rH%7F, k-QtG#j/l,[ (k-variable Diriclet distribution) N p.d.f.r!Nh&
KjA9k:

(5.2) f(x1, . . . , xk) =
Γ(ν1 + · · · + νk+1)

Γ(ν1) · · ·Γ(νk+1)
xν1−1

1 · · ·xνk−1
k (1 − x1 − x2 − · · · − xk)

νk+1−1

"7,
x1, . . . , xkO k!5N?LN (simplex)

sk := {(x1, . . . , xk) : xi ≧ 0, i = 1, . . . , k,
k
∑

i=1

xi ≦ 1}

NF.,G"j, f O SkeN@J0GO 0H9k. νi ∈ RO νi > 0H9k.

D̃(ν1, . . . , νk; νk+1) =

∫

· · ·
∫

Sk

f(x1, . . . , xk) dx1 · · · dxkH=9H-!,.j)D:

6
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• k = 1NH-, D̃(ν1; ν2)O B̃(ν1, ν2)G"k.(jA+i@i+)
• k ≧ 2NH-, 0 (5.2)ON+KN()YXtr=7, Y<?Xt (,[GOJ$) NM
B(x, y)rQ$F

D̃(ν1, ν2, . . . , νk; νk+1)

=
Γ(ν1 + · · · + νk+1)

Γ(ν1)Γ(ν2) · · ·Γ(νk+1)
B(ν1, ν2 + · · · + νk+1)B(ν2, ν3 + · · · + νk+1) · · ·

· · ·B(νk, νk+1)

=
1

B(ν1, ν2 + · · · + νk+1)
D̃(ν2, . . . , νk; νk+1)

(5.3)

,.j)D.
B],N()YXtHJk3HOJ<Nh&JQtQ9rHk3HG(5lk:

x1 = θ1

x2 = θ2(1 − x1) = θ2(1 − θ1)

x3 = θ3(1 − x1 − x2) = θ3(1 − θ1)(1 − θ2)

...

xk = θk(1 − x1 − x2 − · · · − xk−1) = θk(1 − θ1)(1 − θ2) · · · (1 − θk−1)

(5.4)

H9kH Sk = {(x1, . . . , xk) : x1 + x2 + · · · + xk ≦ 1, xi ≧ 0)} O

0 ≦ x1 ≦ 1, 0 ≦ x2 ≦ 1 − x2, 0 ≦ x3 ≦ 1 − x1 − x2, . . . ,

0 ≦ θ1 ≦ 1, 0 ≦ θ2 =
x2

1 − x1

≦ 1, 0 ≦ θ3 =
x3

1 − x1 − x2

≦ 1, . . . ,

NX80hj k-!5>}NUk := {(θ1, . . . , θk) : 0 ≦ θi ≦ 1, i = 1, 2, . . . , k} K 1P 1P~
G\5lk.d3S"sO
∣

∣

∣

∣

∣

∂(x1, . . . , xk)

∂(θ1, . . . , θk)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 · · · 0
−θ2 1 − θ1 0 · · · 0

−θ3(1 − θ1) −θ3(1 − θ2) (1 − θ1)(1 − θ2) · · · 0
...

...

−θk

∏

r 6=1,
1≤r≤k−1

(1 − θr) −θk

∏

r 6=2,
1≤r≤k−1

(1 − θr) · · · · · · −θk

∏

1≤r≤k−2

(1 − θr)
∏

1≤r≤k−1

(1 − θr)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= (1 − θ1)
k−1(1 − θ2)

k−2 · · · (1 − θk−2)
2(1 − θk−1)
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HJk. >CF,

D̃(ν1, . . . , νk; νk+1)

=

∫

· · ·
∫

Sk

f(x1, . . . , xk) dx1 · · · dxk

=

∫

· · ·
∫

Uk

Γ(ν1 + ν2 + · · · + νk+1)

Γ(ν1)Γ(ν2) · · ·Γ(νk+1)
θν1−1
1 (1 − θ1)

ν2+···+νk+1−1θν2−1
2 (1 − θ2)

ν3+···+νk+1−1 · · ·

· · · θνk−1
k (1 − θk)

νk+1−1 dθ1dθ2 · · · dθk

=
Γ(ν1 + · · · + νk+1)

Γ(ν1)Γ(ν2) · · ·Γ(νk+1)
B(ν1, ν2 + · · · + νk+1)B(ν2, ν3 + · · · + νk+1)B(νk, νk+1)

=
Γ(ν1 + · · · + νk+1)

Γ(ν1)Γ(ν2) · · ·Γ(νk+1)

Γ(ν1)Γ(ν2 + · · · νk+1)

Γ(ν1 + · · · + νk+1)

Γ(ν2)Γ(ν3 + · · · νk+1)

Γ(ν2 + · · · + νk+1)
· · · Γ(νk)Γ(νk+1)

Γ(νk + νk+1)

= 1

(5.5)

r@k. 0 (5.3)Nh 2Ny0NX8KD$FOeNX80hj

(5.6) D̃(ν1, ν2, . . . , νk; νk+1) =
Γ(ν1 + · · · + νk+1)

Γ(ν1)Γ(ν2 + · · · + νk+1)
D̃(ν2, . . . , νk; νk+1)

G"k3H+i@i+G"k.

O:G#j/lQ,,9JoA,

D(ν1, ν2, . . . , νk; νk+1)

:=

∫

· · ·
∫

Sk

xν1−1
1 xν2−1

2 · · ·xνk−1
k (1 − x1 − x2 − · · ·xk)

νk+1−1 dx1dx2 · · · dxk

=
Γ(ν1) · · ·Γ(νk+1)

Γ(ν1 + · · · + νk+1)

(5.7)

G"k+i,

D(ν1, ν2, . . . , νk; νk+1)

=
Γ(ν1)Γ(ν2 + · · · + νk+1)

Γ(ν1 + · · · + νk+1)

Γ(ν2)Γ(ν3) · · ·Γ(νk+1)

Γ(ν2 + · · · + νk+1)

= B(ν1, ν2 + · · · + νk+1)D(ν2, ν3, . . . , νk; νk+1)

= B(ν1, ν2 + · · · + νk+1)B(ν2, ν3 + · · · + νk+1)D(ν3, ν4, . . . , νk; νk+1)

= · · ·
= B(ν1, ν2 + · · · + νk+1)B(ν2, ν3 + · · · + νk+1) · · ·

· · ·B(νk−1, νk + · · · + νk+1)D(νk; νk+1)

=
n=k
∏

n=1

B

(

νn,

k+1
∑

l=n+1

νl

)

(5.8)
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r@k.

0 < λ < 1KP7F,

D(ν1, . . . , νk; νk+1|λ)

:=

∫

· · ·
∫

Sk∩{0≤x1≤λ}

xν1−1
1 · · ·xνk−1

k (1 − x1 − · · · − xn)νk+1−1 dx1 · · · dxk

(5.9)

H9kH, 0 (5.4)H1MNQtQ9Khj

D(ν1, . . . , νk; νk+1|λ)

=

∫ λ

0

θν1−1
1 (1 − θ1)

ν2+···+νk+1−1 dθ1

∫ 1

0

θν2−1
2 (1 − θ2)

ν3+···+νk+1−1 dθ2 · · ·

· · ·
∫ 1

0

θνk−1
k (1 − θk)

···+νk+1−1 dθk

= B(ν1, ν2 + · · · + νk+1|λ)B(ν2, ν3 + · · · + νk+1)B(ν3, ν4 + · · · + νk+1) · · ·B(νk, νk+1)

G"k3H,o+k. 33G, m,nr5N0tH9kH- B(m,n|λ) =

∫ λ

0

xm−1(1 −
x)n−1dx (m,n > 0)r x = λθH7FV9Q,7F_kH

B(m,n|λ) =

∫ 1

0

(λθ)m−1(1 − λθ)n−1λ dθ

= λm

∫ 1

0

θm−1(1 − λθ)n−1 dθ

= λm

∫ 1

0

θm−1

(

n−1
∑

i=0

(

n− 1

i

)

(−λθ)i

)

dθ

= λm

n−1
∑

i=0

(

n− 1

i

)

(−λ)i

∫ 1

0

θm+i−1 dθ

=
n−1
∑

i=0

(

n− 1

i

)

(−1)iλm+i 1

m+ i
.

^?,

(5.10)
d

dλ
B(m,n|λ) = λm−1(1 − λ)n−1

G"k3HbmU7F*3&.

6 hVY$:Khkv0&verO

P (S) = Pn = {p = (p1, p2, . . . , pn)|pi ≥ 0,
∑n

i=1 pi = 1}
((0aN k!5?LN SkHNX8O PnN 0 ≤ pn ≤ 1 KX9k
ZRNuV {(p1, . . . , pn−1)|

∑n−1
i=1 pi ≤ 1, pi ≥ 0, i = 1, 2, . . . , n− 1}O Sn−1Ky7$.)

9
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L(·):PneNkY<0,Y (lower bound measure)
U(·) := kL(·) (upper bound measure),,YLN k(k > 0)KX9k proportional measure

v0,YhV:[L, kL] = [dp, kdp]H9k.
G<? σ = (σ1, σ2, . . . , σn)O σ :=

∑n

k=1 σksNH)nTB3G=l>l state i, σis

/-?3Hr=9. state i N8/N(, piG"kH-, p = (p1, . . . , pn) ∈ PnKP9k σ

N p.d.f.O?`,[G=5lF

(6.1) f(σ1, σ2, . . . , σn|p) =
(σ1 + · · · + σn)!

σ1! · · · σn!
pσ1

1 p
σ2

2 · · · pσn

n

HJk.3lOG#j/l,[ D̃(σ1 + 1, σ2 + 1, . . . , σn−1 + 1;σn + 1)N p.d.f.G"k.

p1KX9kve,YhV

{
∫

Pn
p1Q(dp)

∫

Pn
Q(dp)

∣

∣

∣

∣

∣

Lσ ≦ Q ≦ Uσ

}

KD$F4Yk.

@8 (Robertis & Hartigan “Bayesian Inference using intervals of measures”)+i,e
NhVO [λ, λ]O!N}x0NlUNrG"k.

Uσ(p1 − λ)− + Lσ(p1 − λ)+ = 0(6.2)

Uσ(p1 − λ)+ + Lσ(p1 − λ)− = 0(6.3)

?@7, x+ = max{0, x}, x− = x− x+ = min{0, x}G"k.
Uσ = kLσG"k+i, (6.2),(6.3)O

kLσ(p1 − λ)− + Lσ(p1 − λ)+ = 0

kLσ(p1 − λ)+ + Lσ(p1 − λ)− = 0

HJk.>CF,

k

∫

· · ·
∫

0≤p1≤1,p∈Pn

(p1 − λ)−Lσ(dp) +

∫

· · ·
∫

0≤p1≤1,p∈Pn

(p1 − λ)+Lσ(dp) = 0(6.4)

k

∫

· · ·
∫

0≤p1≤1,p∈Pn

(p1 − λ)+Lσ(dp) +

∫

· · ·
∫

0≤p1≤1,p∈Pn

(p1 − λ)−Lσ(dp) = 0(6.5)

G"CF,

(6.6) (p1 − λ)− =

{

0, (λ ≤ p1 ≤ 1)

p1 − λ, (0 ≤ p1 < λ)
, (p1 − λ)+ =

{

p1 − λ, (λ < p1 ≤ 1)

0, (0 ≤ p1 ≤ λ)

KmU9lP, lower bound λH upper bound λ KX9k λNQ,}x0O!Nh&K

Jk:

10
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lower bound λ

k

∫

· · ·
∫

0≤p1≤λ,p∈Pn

(p1 − λ)pσ1

1 · · · pσn

n dp+

∫

· · ·
∫

λ≤p1≤1,p∈Pn

(p1 − λ)pσ1

1 · · · pσn

n dp = 0(6.7)

upper bound λ

k

∫

· · ·
∫

λ≤p1≤1,p∈Pn

(p1 − λ)pσ1

1 · · · pσn

n dp+

∫

· · ·
∫

0≤p1≤λ,p∈Pn

(p1 − λ)pσ1

1 · · · pσn

n dp = 0(6.8)

0 (6.8)KD$F,

(6.9) k

∫

· · ·
∫

λ≤p1≤1,p∈Pn

pσ1+1
1 pσ2

2 · · · pσn

n dp− λk

∫

· · ·
∫

λ≤p1≤1,p∈Pn

pσ1

1 p
σ2

2 · · · pσn

n dp

+

∫

· · ·
∫

0≤p1≤λ,p∈Pn

pσ1+1
1 pσ2

2 · · · pσn

n dp− λ

∫

· · ·
∫

0≤p1≤λ,p∈Pn

pσ1

1 p
σ2

2 · · · pσn

n dp = 0

>CF,

(6.10)
k (D(σ1 + 2, σ2 + 1, . . . , σn−1 + 1;σn + 1) −D(σ1 + 2, σ2 + 1, . . . , σn−1 + 1;σn + 1|λ))

−kλ (D(σ1 + 1, σ2 + 1, . . . , σn−1 + 1;σn + 1) −D(σ1 + 1, σ2 + 1, . . . , σn−1 + 1;σn + 1|λ))

+D(σ1+2, σ2+1, . . . , σn−1+1;σn+1|λ)−λD (σ1 + 1, σ2 + 1, . . . , σn−1 + 1;σn + 1|λ) = 0
G"k+i,0}9kH,

(6.11) kD(σ1 + 2, σ2 + 1, . . . , σn−1 + 1;σn + 1)

−(k−1)D(σ1 +2, σ2 +1, . . . , σn−1 +1;σn +1|λ)−kλD(σ1 +1, σ2 +1, . . . , σn−1 +1;σn +1)

+ (k − 1)λD(σ1 + 1, σ2 + 1, . . . , σn−1 + 1;σn + 1|λ) = 0
r@k.33G, 0aN0 (5.8)+i

D(ν1, ν2, . . . , νk; νk+1) = B(ν1, ν2 + · · · + νk+1)D(ν2, ν3, . . . , νk; νk+1)(6.12)

D(ν1, ν2, . . . , νk; νk+1|λ) = B(ν1, ν2 + · · · + νk+1|λ)D(ν2, ν3, . . . , νk; νk+1)(6.13)

NX8r,Q9kH0 (6.11)OY<?XtB(x, y)HB(x, y|λ)rQ$F

(6.14) kB(σ1 + 2, σ2 + · · · + σn + n− 1) − (k − 1)B(σ1 + 2, σ2 + · · · + σn + n− 1|λ)

− kλB(σ1 + 1, σ2 + · · ·+ σn + n− 1) + λ(k − 1)B(σ1 + 1, σ2 + · · ·+ σn + n− 1|λ) = 0
H=5lk. 33GY<?XtNh/Nil?-A+i

(6.15) B(x+ 1, y) =
Γ(x+ 1)Γ(y)

Γ(x+ 1 + y)
=

xΓ(x)Γ(y)

(x+ y)Γ(x+ y)
=

y

x+ y
B(x, y)

G"k3HKmU9kH

(6.16) B(σ1 + 2, σ2 + · · · + σn + n− 1)

=
σ1 + 1

(σ1 + 1) + (σ2 + · · · + σn + n− 1)
B(σ1 + 1, σ2 + · · · + σn + n− 1)

G"k+i, σ = σ1 +σ2 + · · ·+σn, p = σ1 +1, q = σ−σ1 +n− 1HV/H0 (6.8)OkI

(6.17) G(p, q, λ) := k

(

p

p+ q
− λ

)

B(p, q) − (k − 1) (B(p+ 1, q|λ) − λB(p, q|λ)) = 0

11
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1MK, lower bound λ KD$F4YkH0 (6.7)hj,

(6.18) k

∫

· · ·
∫

0≤p1≤λ,p∈Pn

pσ1+1
1 pσ2

2 · · · pσn

n dp− kλ

∫

· · ·
∫

0≤p1≤λ,p∈Pn

pσ1

1 p
σ2

2 · · · pσn

n dp

+

∫

· · ·
∫

λ≤p1≤1,p∈Pn

pσ1+1
1 pσ2

2 · · · pσn

n dp− λ

∫

· · ·
∫

λ≤p1≤1,p∈Pn

pσ1

1 p
σ2

2 · · · pσn

n dp = 0

+i

(6.19)
kD(σ1 + 2, σ2 + 1, . . . , σn−1 + 1;σn + 1|λ)− kλD(σ1 + 1, σ2 + 1, . . . , σn−1 + 1;σn + 1|λ)

+ (D(σ1 + 2, σ2 + 1, . . . , σn−1 + 1;σn + 1) −D(σ1 + 2, σ2 + 1, . . . , σn−1 + 1;σn + 1|λ))

− λ (D(σ1 + 1, σ2 + 1, . . . , σn−1 + 1;σn + 1) −D(σ1 + 1, σ2 + 1, . . . , σn−1 + 1;σn + 1|λ))

= 0
H=5lF$F,0 (6.12)H (6.13)hj

(6.20) kB(σ1 + 2, σ2 + · · · + σn + n− 1|λ) − kλB(σ1 + 1, σ2 + · · · + σn + n− 1|λ)

+B(σ1 + 2, σ2 + · · · + σn + n− 1) −B(σ1 + 2, σ2 + · · · + σn + n− 1|λ)

− λB(σ1 + 1, σ2 + · · · + σn + n− 1) + λB(σ1 + 1, σ2 + · · · + σn + n− 1|λ) = 0
HJk.0}9kH

(6.21) B(σ1 + 2, σ2 + · · · + σn + n− 1) − λB(σ1 + 1, σ2 + · · · + σn + n− 1)

+(k−1)B(σ1 +2, σ2 + · · ·+σn +n−1|λ)−(k−1)λB(σ1 +1, σ2 + · · ·+σn +n−1|λ) = 0
HJk+i lower bound λ KX9k!Nh&J}x0r@k3H,G-?:

(6.22) K(p, q, λ) :=

(

p

p+ q
− λ

)

B(p, q) + (k − 1) (B(p+ 1, q|λ) − λB(p, q|λ)) = 0

7 p1Nve,YhV [λ, λ]H?`0

0aGaa? p1Nve,YhV [λ, λ]NM λ, λO=l>l0 (6.22)H (6.17)+iqN*
KO!N (σ + n)!?`0NrKJCF$k.

(7.1) K(p, q, λ) =

(

p

p+ q
− λ

)

B(p, q)+

(k − 1)

(

q−1
∑

i=0

(

q − 1

i

)

(−1)i+1λ(p+1)+i

(

1

(p+ 1 + i)(p+ i)

)

)

= 0

(7.2) G(p, q, λ) = k

(

p

p+ q
− λ

)

B(p, q)

− (k − 1)

(

q−1
∑

i=0

(

q − 1

i

)

(−1)i+1λ(p+1)+i

(

1

(p+ 1 + i)(p+ i)

)

)

= 0

?@7, σ =
∑n

i=1 σi, p = σ1 + 1, q = σ − σ1 + n− 1.
K(p, q, λ), G(p, q, λ)OHbK9A14XtG, K(p, q, λ)OeKL, G(p, q, λ)O<K

LG"k.

12
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dG

dλ
= −kB(p, q) − (k − 1)

(

λp(1 − λ)q−1 −B(p, q|λ) − λp(1 − λ)q−1
)

= −kB(p, q) + (k − 1)B(p, q|λ)

≦ −kB(p, q) + (k − 1)B(p, q) = −B(p, q) < 0

(7.3)

d2G

dλ2
= (k − 1)λp−1(1 − λ)q−1 > 0(7.4)

dK

dλ
= −B(p, q) + (k − 1)

(

λp(1 − λ)q−1 −B(p, q|λ) − λp(1 − λ)q−1
)

= −B(p, q) − (k − 1)B(p, q|λ) < 0
(7.5)

d2K

dλ2
= −(k − 1)λp(1 − λ)q−1 < 0(7.6)

^?, λ, λ,lUNrG"k3HOj} (cf. Robertis& Hartigan) G@i+G"k,,

G(p, q, 0) = kB(p+ 1, q) > 0, G(p, q, 1) = − q

p+ q
B(p, q) < 0(7.7)

K(p, q, 0) = B(p+ 1, q) > 0, K(p, q, 1) = − kq

p+ q
B(p, q) < 0(7.8)

HG,KN14-+i λKX7F [0, 1]G,:rr}D.

8 A numerical experiment

0a^GN?`,[KX7F n = 3NH-rM(k.
P3 = {p = (p1, p2, p3)|

∑3
i=1 pi = 1, pi ≥ 1, i = 1, 2, 3}

k = 2H9k,9JoAv0,YhVr [L, 2L]H9k.σ = 6sNnTr7F, σ1 = 3, σ2 =
1, σ3 = 2rQ,7?H9k.

σ = σ1 + σ2 + σ3 = 6,

p = σ1 + 1 = 4,

q = σ2 + σ3 + (n− 1) = 5
0 (7.2)KX9k?`0O

(8.1) 2

(

4

6 + 3
− λ

)

B(4, 5) −
(

4
∑

i=0

(

4

i

)

(−1)i+1λ5+i

(

1

(4 + i)(5 + i)

)

)

= 0

hj

(8.2) 8 − 18λ+ λ5(126 − 336λ+ 360λ2 − 180λ3 + 35λ4) = 0
HJk.3NH-,r λ ; 0.489r@k. ^?,0 (7.1)KX9k?`0O

(8.3)

(

4

6 + 3
− λ

)

B(4, 5) +

(

4
∑

i=0

(

4

i

)

(−1)i+1λ5+i

(

1

(4 + i)(5 + i)

)

)

= 0

hj

(8.4) 4 − 9λ− λ5(126 − 336λ+ 360λ2 − 180λ3 + 35λ4) = 0
HJk.3NH-,rH7F λ ; 0.400r@k. hCF p1Nve,YhVO [0.400, 0.481]
HM(ilk.
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2M8%K Robertis& Hartigan(1981)H Kurano& Song & Hosaka & Huang(1998)
N@8rIC9k.

9 hVY$:dj

GiK, hVdjMDPs{Q}NQ ∈ MnKX9k"3-rZ@9k. !K, v0psr
hVY$:!KhCFh}7?G<?rHCFhVY$:MDPsrjA9k.
^:, Q = 〈Q,Q〉 ∈ MnNQ,Q ∈ Rn×n

+ N"3-KD$F(=&.
!,.j)D. ?@7, }+OFuVKP~7Ff</jCIw%HO&9IkUw

%KP~7F$k.

Lemma 9.1. (i) Q
t
↓ Q,Qt ↑ Q (t→ ∞), 〈Q

t
, Qt〉 6= ∅ (t ≧ 1).

3NH-, 〈Q
t
, Qt〉

ρ−→ 〈Q,Q〉 (t→ ∞)

(ii) Q
t
↑ Q,Qt ↓ Q (t→ ∞), 〈Q,Q〉 6= ∅ (t ≧ 1).

3NH-, 〈Q
t
, Qt〉

ρ−→ 〈Q
t
, Qt〉 (t→ ∞)

eNdj 9.1rQ$F!,(5lk.

Theorem 9.1. Q
t
→ Q,Qt → Q (t→ ∞),Qt := 〈Q

t
, Qt〉 6= ∅ (t ≧ 1),Q := 〈Q,Q〉.

3NH-, !,.j)D:

(i) Qt → Q (t→ ∞)

(ii) φ(f |Qt) → φ(f |Q) (t→ ∞) (f ∈ F ).

Q ∈ P (S|S ×A)KhkMDPs{Q}N t|NuVHT0rXt,∆T (t ≧ 0)G=7, t|
^GNzrrHt = (X0,∆0, X1,∆1, . . . , Xt)H9k. $UN i, j ∈ S, a ∈ AKP7F

(9.1) NT (j|i, aHT ) :=
T−1
∑

t=0

I{Xt=i,∆t=a,Xt+1=j} (T ≧ 1)

H*/. F i ∈ S, a ∈ AKP7F, ?`,[N8/N( {pj = pij(a), (1 ≦ j ≦ n)}KP9
kQ,M {NT (j|i, a,HT , 1 ≦ j ≦ n}KhkY$:hVr [q

ij
(a|HT ), qij(a|HT )]H9k.

Q(HT ) := (q
ij
(a|HT ) : i, j ∈ S, a ∈ A) ∈ Rn×nk

+(9.2)

Q(HT ) := (qij(a|HT ) : i, j ∈ S, a ∈ A) ∈ Rn×nk
+(9.3)

H7F,
(9.4) Q(HT ) = 〈Q(HT ), Q(HT )〉
H9k.

Q ∈ P (S|S × A)KP7F, MDPs{Q}rv0psHT NhVY$:Q(HT )Gdj7
?MDPsrhVY$:djMDPs{Q(HT )}H@&.

(9.5) NT (i, a|HT ) :=
∑

j∈S

NT (j|i, a,HT ) (i ∈ S, a ∈ A)

H*/.
hVY$:N-A ([De Robertis & Hartigan 1981])*hSj} 9.1rQ$F!NkL

r@k.

14



Interval Bayesian Method for MDPs.(Iki, Horiguchi, Yasuda, Kurano) Draft.2. September 26, 2008

Theorem 9.2. {X0,∆0, X1,∆1, . . .}rMDPs{Q}+iNaxH9k. $UN i ∈ S, a ∈
AKP7F, N( 1G

NT (i, a|HT ) → ∞ (T → ∞)

H9k.3NH-, N( 1GhVY$:djMDPs{Q(HT )}OMDPs{Q}K}+9k,
9JoA, !,.j)D.

(i) Q(HT ) → {Q} (T → ∞)

(ii) φ(f |Q(HT )) → φ(f |Q) (T → ∞), (f ∈ F )
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