RIMS 2006

Approximation of fuzzy neural networks
by
using Lusin’s theorem

Jun Li; Commun. Univ. of China, China
Jianzeng Li; Commun. Univ. of China, China
Masami Yasuda; Chiba University, Japan

September 23, 2006

right footer — 1 / 45



‘i

€
| Abstract
.
In this note, we study an approximation property of regular fuzzy
L neural network(RFNN). It is shown that any fuzzy-valued measurable
Preliminaries . . :
Aooroximation in ferey function can be approximated by the four-layer RFNN in the sense of
nzem Ly (Y fuzzy integral norm for the finite sub-additive fuzzy measure on R.
Main Theorem
Pf of Main Theorem KeyWOFdSZ
Fuzzy measure; Lusin’s theorem; Approximation; Regular fuzzy neural
network
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Introduction 1/4

Abstract

In neural network theory, the learning ability of a neural network is
i closely related to its approximating capabilities, so it is important and
Introduction 2/4 interesting to study the approximation properties of neural networks.

Introduction 3/4
Introduction 4/4

Preliminaries

Approximation in fuzzy
mean by RFNN

Main Theorem
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RIMS 2006 right footer — 4 / 45



Introduction 2/4

Abstract

The studies on this matter were undertaken by many authors and a

Introduction

ot 1 great number of important results were obtained.

e J.G Attali, G. Pages, Approximation of functions by a multilayer

Introduction 4/4 perceptron: a new approach, Neural Networks 10(1997) 1069-1081,

Preliminaries e R.M Burton, H.G. Dehling, Universal approximation in p-mean by
e neural networks, Neural Networks 11(1998) 661-667,

Main Theorem e | Scarselli, A.G. Tsoi, Universal approximation using feedforward

Pf of Main Theorem neural networks: a survey of some existing methods, and some new

results, Neural Networks 11(1998) 15-17.
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Introduction 3/4

The similar approximation problems in fuzzy environment were
investigated by

e J.J Buckley, Y. Hayashi, Fuzzy input-output controllers are universal
approximators, Fuzzy Sets and Systems 58(1993) 273-278,

e J.J Buckley, Y. Hayashi, Can fuzzy neural nets approximate
continuous fuzzy function, Fuzzy Sets and Systems 61(1994) 43-51,

e P. Liu, Analyses of regular fuzzy neural networks for approximation
capabilities, Fuzzy Sets and Systems 114(2000) 329-338,

e P. Liu, Universal approximations of continuous fuzzy-valued
functions by multi-layer regular fuzzy neural networks, Fuzzy Sets and

Systems 119(2001) 313-320.
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Abstract

In P. Liu(2001) proved that continuous fuzzy-valued function can be

Introduction

e 10 closely approximated by a class of regular fuzzy neural networks

procueren ijj (RFNNs) with real input and fuzzy-valued output.

In this note, by using Lusin’s theorem on fuzzy measure space, we show
Preliminaries that such RFNNs is pan-approximator for fuzzy-valued measurable
e function.

Main Theorem That is, any fuzzy-valued measurable function can be approximated by
P et [l Tlieszers the four-layer RFNNs in the sense of fuzzy integral norm for the finite

sub-additive measure on R.
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Preliminaries 1/3

We suppose that (X, p) is a metric space, and that O and C are the
classes of all open and closed sets in (X, p), respectively, and B is
Borel o-algebra on X, i.e., it is the smallest o-algebra containing O.
A set function p : B — [0, +00) is called a fuzzy

measure(Narukawa /Murofushi(2004)), if it satisfies the following
properties:

(FM1)
(FM2)

pu(0) = 0;
A C B implies pu(A) < u(B).

A fuzzy measure p is called null-additive (Wang/Klir(1992)), if for any
E,F € Band u(F) =0 imply u(EFU F) = u(F); sub-additive
(Pap(1995)), if for any E, F' € B we have u(E U F) < u(E) + p(F).
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Preliminaries 2/3

Abstract In this paper, we always assume that u is a finite, sub-additive and
Introduction .
continuous fuzzy measure on B.
Preliminaries . . .
Preliminaries 1/3 Consider a nonnegative real-valued measurable function f on A and

Preliminaries 2/3

the fuzzy integral of f on A with respect to i, which is denoted by

Preliminaries 3/3

Approximation in fuzzy

mean by RENN (S) fA f dlLL

Main Theorem

Pf of Main Theorem L sup [Og A ILL({;U : f(aj) > Oz} M A)]
0<a<+oo
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Preliminaries 3/3

Abstract Theorem 0.1 (Lusin’s theorem (Li/Yasuda(2004), Song/Li(2003))
'Pt::C:"es Let (X, p) be metric space and i be null additive fuzzy measure on B.
Preliminaries 1/3 If f is a real-valued measurable function on E/ € B, then, for every

e > 0, there exists a closed subset F, € B such that f is continuous on
Approximation in fuzzy Fe and ,LL(E — Fe) < €.

mean by RFNN

Main Theorem

Pf of Main Theorem
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Approximation 1/10

Abstract

In this section, we study an approximation property of the four-layer
RFNNs to fuzzy-valued measurable function in the sense of fuzzy
integral norm for fuzzy measure on R.
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= Approximation 2/10

Cie
postract. Let Fo(IR) be the set of all bounded fuzzy numbers, i.e., for
'Fi‘”l‘_’df“"_’" A € Fy(R), the foIIowing conditions hold:
ppodmationinfuzzy () o € (0,1], Ag = {x € R| A(z) > a} is the closed interval of RR;

Approimation 1/10 (i) The support Supp( )2 cl{x € R| A(z) > 0} C is a bounded set;
i
/ (i) {zeR|A(x)=1}+#0.

Approximation 3/10
Approximation 4/10

Approximation 5/10 For simplicity, supp(fl) is also written as Aj. Obviously, Apis a
Approximation 6/10 . e

et 20 bounded and closed interval of R. For A € Fy(R), let A, = [a;,a}]
N for each o € [0, 1] and we denote

Approximation 8b/10
Approximation 8c/10

Approximation 9/10 e A — +
Approximation 10/10 |A’ - \/ (|a’a | \/ ’a/a ’)

Main Theorem C(G[O,l]

Pf of Main Theorem
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Approximation 3/10

Abstract

Proposition 0.1 Liu(2001) Assume fl,fil,AvQ e Fo(R), and
Preliminaries WZ? ‘/’L S fO(R)(Z — ]-7 2, IR n)

Approximation in fuzzy Then
mean by RFNN

Approximation 1/10 (1) d(A . A17 A . AQ) < ’A| . d(Avl, AVQ),

Approximation 2/10

Introduction

N
N
3

Approximation 3/10

Approximation 4/10 ~ ~ ~ ~
Approximation 5/10 (2) d(z Wi, Z ‘/z) < d( 9 Z)
Approximation 6/10 . - .

Approximation 7/10
Approximation 8a/10
Approximation 8b/10
Approximation 8c/10

Approximation 9/10
Approximation 10/10

Main Theorem

Pf of Main Theorem
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Approximation 4 /10

Abstract

For A, B € Fy(R), define metric d(A, B) between A and B by

Introduction

Preliminaries

~ o~ A ~ ~
Approximation in fuzzy d(A7 B) — Sup dH (AO” BQ)
mean by RFNN a€el0,1]

Approximation 1/10

Approximation 2/10 .
Approximation 3/10 where dy means Hausdorff metric: for A, B C R,

Approximation 4/10

Approximation 5/10

Approximation 6/10 dH(A7 B)
Approximation 7/10
Approximation 8a/10
Approximation 8b/10 A 3 f . 3 f _
. = INNax § Sup 11 X sup 11 X .
Approximation 8c/10 {xeg yGB(’ y|)7y€g JZGA(’ y’)

Approximation 9/10
Approximation 10/10

Main Theorem

Pf of Main Theorem
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Approximation 5/10

Abstract

It is known that (Fy(R),d) is a completely separable metric space

':”:dfcm_’" (Diamond /Kloeden(1994)).
Let 7" be a measurable set in R", (T, BN T, i) finite fuzzy measure
space. Let L£(T') denote the set of all fuzzy-valued measurable function

Approximation in fuzzy
mean by RFNN

Approximation 1/10

Approximation 2/10

~

Approximation 3/10 F : T — FO (R)

Approximation 4/10

Approximation 6/10 ~ - - ~ . .
o 7110 For any F, F} EIE(T?, d(Fy, Fg). is measurable function on
Approximation 8a/10 (T,BNT), we will write a fuzzy integral norm as

Approximation 8b/10

Approximation 8c/10

Approximation 9/10 ~ ~ A ~ ~

Approximation 10/10 As(Fl, F2) = (S) d(Fl, F2)d/,l/
T

Main Theorem

Pf of Main Theorem
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Approximation 6/10

Abstract Proposition 0.2  Let I}, Iy, Iy € L(T), then

Introduction

Preliminaries

Approximation in fuzzy AS(F]J FS) S Q(AS(F]J FQ) + AS(F27 F3)) )
mean by RFNN

Approximation 1/10

Approximation 2/10
Approximation 3/10
Approximation 4/10
Approximation 5/10

Approximation 6/10
Approximation 7/10
Approximation 8a/10
Approximation 8b/10
Approximation 8c/10
Approximation 9/10
Approximation 10/10

Main Theorem

Pf of Main Theorem
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Approximation 7/10

Al Proof. From subadditivity of u, we have

Introduction

Preliminaries

Approximation in fuzzy As(ﬁ]_, F3) — (S) / d(ﬁ]_, F3)d/,b
mean by RFNN T
Approximation 1/10

Approximation 2/10
Approximation 3/10

Approximation 4/10 \/ {Oé /\ 'LL(T m (d(ﬁl7 F3)>a}

Approximation 5/10 OéG[0,00)

Approximation 6/10
\/ {aAp(T N
a€l0,00)

VAN

Approximation 7/10
Approximation 8a/10
Approximation 8b/10
Approximation 8c/10
Approximation 9/10

Approximation 10/10 (d(ﬁ’h FQ)% U d(FQ, FS)% )}

Main Theorem

Pf of Main Theorem

VAN

\/ {a A (T Nd(Fy, F2)%)
a€[0,00)

~ ~

+u(T" N d(Fy, F3) 2 )]}
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Approximation 8a/10

Abstract

we have

Introduction

Preliminaries AS(F’l, F‘3> < \/ {a A\ ,U/(T M d(F]J Fb) %>

Approximation in fuzzy

mean by RFNN OéG[O OO)
Y
Approximation 1/10

Approximation 2/10 ~ ~
Approximation 3/10 +()é VAN ,LL(T M d(FQ, F3)Q)}
Approximation 4/10 2
Approximation 5/10
Approximation 6/10

VAN

Approximation 7/10 \/ [a /\ M(T m d(F17 F2) % )]
ae[0,00)

Approximation 8b/10

Approximation 8c/10 - -
Approximation 9/10 \/ o N\ T M d F F a
Approximation 10/10 + [ ILL( ( 2 3) 2 )]
a€[0,00)

Main Theorem

Pf of Main Theorem
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Approximation 8b/10

Abstract

VA

Preliminaries

Introduction « ~ ~
\/ [5 A (T Nd(Fy, Fy)a)

Approximation in fuzzy oE [0,00)
mean by RFNN

Approximation 1/10

roximation Qv
+ 5 AT Nd(F, Fo)g)]

Approximation 3/10

Approximation 4/10
Approximation 5/10

. 8%
Approximation 6/10 + \/ |:§ /\ /’L(T M d(FQ, F3>%)

Approximation 7/10

Approximation 8a/10 e [0,00)
Approximation 8b/10

Approximation 8c/10 :|

Approximation 9,10 + - VAN ,LL(T M d(ﬁg, F3)

Approximation 10/10 p

(V] [o)

Main Theorem

Pf of Main Theorem
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Approximation 8c/10

Abstract

Introduction 8 ~ ~
Preliminaries < \/ {5 A (T Nd(Fy, F?) 2 )}
Approximation in fuzzy % = [0,00)

mean by RFNN
Approximation 1/10

pproximation a ] 2

Approximation 3/10

Approximation 4/10 @ 10
> >0
Approximation 5/10 2 [ ’ )

Approximation 6/10
Approximation 7/10 @ - -
Approximation 8a/10 + \/ |:§ /\ IU’(T m d(F27 FS) % >:|
Approximation 8b/10 @ =10

) [ 700)

Approximation 8c/10

Approximation 9/10

Approximation 10/ 8% ~ ~
i + AR NdR, F)sg)

Main Theorem

Pf of Main Theorem
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Approximation 9/10

Abstract

Definition 0.1 (Liu(2001)) A fuzzy-valued function ® : T — Fo(R)
N is called a fuzzy-valued simple function, if there exist
Approximation in fuzzy Al, AQ, . o e ,Am c FO (R), SUCh that V xr € T,

mean by RFNN
Approximation 1/10

Introduction

Approximation 2/10
Approximation 3/10

XTk )

|M3

Approximation 4/10
Approximation 5/10 ==
Approximation 6/10

pproximation T/19 where Ty, € BNT (k=1,2,...,m), T, NT; =0 (i # j) and

Approximation 8a/10

Approximation 8b/10 T = U’Z’L_l T

Approximation 8c/10

Approximation 9/10
Approximation 10/10

Main Theorem

Pf of Main Theorem
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Approximation 10/10

Abstract

Immediately, if S(7T") denotes the set of all fuzzy-valued simple
'Pt::c?es functions, then S(T') C L(T).

Similar to the proof of Proposition 0.2 and by using subadditivity of L,
we can obtain the following proposition.

Approximation in fuzzy
mean by RFNN

Approximation 1/10

Approximation 2/10
Approximation 3/10

Approximation 4/10 Proposition 0.3 Let i be a finite, sub-additive and continuous fuzzy
o o measure on R. If F € L(T), then for every e > 0, there exists

Approximation 7/10 b, € S(T) such that o

R Ng(F,d,) < e

Approximation 8c/10
Approximation 9/10

Approximation 10/10

Main Theorem

Pf of Main Theorem
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Abstract
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Main Theorem

Main Theorem 1/6
Main Theorem 2/6
Main Theorem 3/6
Main Theorem 4/6

Main Theorem 5/6 M ain Theorem

Main Theorem 6/6

Pf of Main Theorem




Main Theorem 1/6

Abstract Defl ne
Introduction n

A ~ ~ ~
Preliminaries 7—[ [O'] — H H(fL‘) = E W’L ‘/’L [O‘]
Approximation in fuzzy .
mean by RENN 1=1

Main Theorem Where

Main Theorem 1/6 m

Main Theorem 2/6 A 2 : ¥ -

Main Theorem 3/6 ‘/; [O-] T Z] ) O-( U @ )
Main Theorem 4/6

Main Theorem 5/6
Main Theorem 6/6

j=1

and o is a given extended function of ¢ : R — R (bounded, continuous
and nonconstant), and = € R, W;,V;;,U;,0; € Fy(R).

Pf of Main Theorem
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Main Theorem 2/6

Abstract

For any H € H[o], H is a four-layer feedforward RFNN with activation

. function o, threshold vector (©4,...,0,,) in the first hidden layer(cf.
Approximation in fuzzy Ll u (2001) .

mean by RFNN

Introduction

Main Theorem

Main Theorem 1/6
Main Theorem 3/6
Main Theorem 4/6
Main Theorem 5/6
Main Theorem 6/6

Pf of Main Theorem
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Main Theorem 3/6

Abstract

Restricting fuzzy numbers ‘zj, f]j, éj € Fo(R), respectively, to be real
numbers v;;,u;,0; € R, we obtain the subset H[o] of H][o]:

Introduction

Preliminaries

Approximation in fuzzy

mean by RFNN n
Main Theorem L jv{ H — 1 .99
Main Theorem 1/6 7-[0 [O.] (ﬂ;) z : W’L v [O.]
Main Theorem 2/6 1=1

Main Theorem 3/6

Main Theorem 4/6
Main Theorem 5/6
Main Theorem 6/6

m
A
Pf of Main Theorem ,Ui [O-] — Z ,Uij ) O.(:B ) u] —I_ 9])
j=1

where
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Abstract
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Main Theorem

Main Theorem 1/6
Main Theorem 2/6
Main Theorem 3/6
Main Theorem 5/6
Main Theorem 6/6

Pf of Main Theorem
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.

Main Theorem 4/6

Let define two classes of pan-approximation which is fundamental to
our results.

Definition 0.2

(1)  Holo] is call the pan-approximator of S(T') in the sense of Ag, if
forV ® € S(T), V € > 0, there exists H, € Ho[o] such that
As((i), ﬁe) < €.

(2)  For F € L(T), H[o] is call the pan-approximator for F in the
5en5e~of~A5, If¥Y € > 0, there exists fle € H|o] such that

AS(F, He) < €.
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Main Theorem 5/6

Abstract

By using Lusin’s theorem (Theorem 0.1), Proposition 0.2 and 0.3 we
can obtain the main result in this paper, which is stated in the
following.

Introduction

Preliminaries

Approximation in fuzzy
mean by RFNN

Main Theorem

Main Theorem 1/6
Main Theorem 2/6
Main Theorem 3/6
Main Theorem 4/6
Main Theorem 5/6
Main Theorem 6/6

Pf of Main Theorem
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Main Theorem 6/6

Abstract

Theorem 0.2 Let (T,BNT,u) be fuzzy measure space and . be
finite, sub-additive and continuous. Then,

Introduction

Preliminaries

menoerenn (1) Holo] is the pan-approximator of S(T) in the sense of A\g.
Main Theorem ~
Main Theorem 176 (2) H|o| is the pan-approximator for F' in the sense of Ag.

Main Theorem 2/6
Main Theorem 3/6
Main Theorem 4/6
Main Theorem 5/6

Main Theorem 6/6

Pf of Main Theorem
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Pf of Main Thm 9/13
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Pf of Main Thm 1/13

Proof. By using the conclusion of (1) and Proposition 0.3 we can
obtain (2). Now we only prove (1). Suppose that ®(z) is a
fuzzy-valued simple function, i.e.,

Ci)(a:) = Zka (x) - Ay (x eT).
k=1

For arbitrarily given € > 0, applying Theorem 0.1 (Lusin’s theorem) to
each real measurable function x1, (x), for every fixed k (1 < k < m),
there exists closed set F), € B N1 such that

and pu(Li — Fy) < -

Fi. C Ly o

and xr, (x) is continuous on Fj.
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Pf of Main Thm 4/13
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Pf of Main Thm 10/13
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Pf of Main Thm 2/13

Therefore, for every k there exist a Tauber-Wiener function ¢ and

/ / / / / /
pk; EN,Ukl,UkQ,"',Uk,pk, 8k1,€k2,"',9kpk ER, and
/ / /

Wiy, Weo, -+, Wi € R™ such that
€
m
2) | Al
k=1

for z € Ly. Note that we can assume >, |Ax| # 0, without any loss
of generality.

Pk
X1, (T) — Z%j ‘(7(<ij733> + ekzj) <
j=1
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Pf of Main Thm 3/13

Denote L = (,_, L, then T'= L U (T — L). By the subadditivity of

1, we have

pT = L) = p(Uezy (T = Li))

m €
< D g (T = Li) < 5.

2

Wetakeﬁl—O Bk—z pz,k—2

k=1,2,---,m,73=1,2,- ,p,wedenote
Vii—pyr I Br <J < Brpa,
Vgj — :
0 otherwise,

,m, and p=>_,", pi. For
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Pf of Main Thm 4/13

Abstract

Introduction s /

Preliminaries 9 o ek(J_/Bk)7 If /Bk,' < .] S /Bk,'—|—17
ky —

Approximation in fuzzy .
mean by RENN \ 0 otherwise,

7\

Main Theorem

Pf of Main Theorem Wk(]—ﬁk)7 If /Bk < ] S /Bk_|_17

Pf of Main Thm 1/13 Wi
kj

Pf of Main Thm 2/13 .
Pf of Main Thm 3/13 L 0 otherwise,

Pf of Main Thm 5/13 then, for any k € {1,2,---,m}, we have
Pf of Main Thm 6/13

Pf of Main Thm 7/13 p

Pf of Main Thm 8/13 Zj:l Vij O((ij, ZB> + ij)

Pf of Main Thm 9/13

Pf of Main Thm 10/13 Pk / ! !

Pf of Main Thm 11/13 — Zj:l Uz’j ) (7(<ij,33> +8kj)'
Pf of Main Thm 12/13

Pf of Main Thm 13/13

7\
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Pf of Main Thm 5/13

Abstract Now denote that

Introduction

Preliminaries m P

Approximation in fuzz e § : 1 § :

mz:noby I:FKIN ’ H(:I;> — Ak ’ Uk}j ’ O.(<Wl€j7 '/E> —|_ 9k]) 9
Main Theorem k=1 71=1

Pf of Main Theorem
Pf of Main Thm 1/13

Pf of Main Thm 2/13 then H c 7’[0[0‘].

Pf of Main Thm 3/13 . - . . ~ o~
o of Matn Tho 413 In the reminder part of this section we will prove A¢(H, ®) < e.

Pf of Main Thm 6/13
Pf of Main Thm 7/13
Pf of Main Thm 8/13
Pf of Main Thm 9/13
Pf of Main Thm 10/13
Pf of Main Thm 11/13
Pf of Main Thm 12/13
Pf of Main Thm 13/13
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Pf of Main Thm 6/13

Abstract Denote
Introduction
— Byj = vgj - 0((Wkj, T) + Ok;)
Preliminaries
Approximation in fuzz
mz:noby I:FKIN ’ and / / / /
Main Theorem Bk;] — Uij ’ O.(<ij7 CU> —|_ 0k])
Pf of Main Theorem . .. .
PF of Main Thm 1/13 By using Proposition 0.1 and noting (7 — L) < €¢/2, we have

Pf of Main Thm 2/13

Pf of Main Thm 3/13 ~ =~
Pf of Main Thm 4/13 AS (H, @)
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