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Abstract

In this paper, the uncertain transition matrices for inhomogeneous Markov de-
cision processes are described by use of fuzzy sets. Introducing a v-step contractive
property, called a minorization condition, for the average case, we fined a Pareto
optimal policy maximizing the average expected fuzzy rewards under some partial
order. The Pareto optimal policies are characterized by maximal solutions of an opti-
mal equation including efficient set-functions. As a numerical example, the machine
maintenance problem is considered.
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1. Introduction and notation

In modeling in term of Markov decision processes (MDPs for short, cf.[1, 7, 9, 16, 20]), we
often encounter the following case:

(i) The information on the state-transition probabilities include imprecision or ambigu-
ity.

(ii) The state-transition matrix fluctuates at each step in time and its fluctuation is
unknown or unobservable.

In order to deal with uncertain data and flexible requirements, we can use a fuzzy set
representation (cf.[21]).

In our previous paper [14], we have developed a fuzzy treatment for inhomogeneous
MDPs with uncertain transition matrices. The transition matrices are described by the
use of fuzzy sets and a Pareto optimal policy for the discounted reward problem has found
and characterized by an optimality equation.

In this paper, the average case is considered in the same framework as that in our
previous work [14]. That is, a Pareto optimal policy maximizing the average expected
fuzzy reward(AEFR) under some partial order is found. In order to insure the ergodicity
of the process, we introduce a v-step contractive property for the average case (cf.[6, 10]),
called a minorization condition, which is often used in the study of Markov chains (cf.[19]).
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By use of this property, a Pareto optimal periodic stationary policies are characterized as
a maximal solution of optimality equation including efficient set functions. As a numerical
example, the machine maintenance problem is considered.

Recently, applying Hartfiel’s interval method[4, 5] for Markov chains, Kurano et al. [12]
have introduced a decision model, called a controlled Markov set-chain, which is robust for
rough approximation of transition matrices in MDPs. Also, under a contractive property
for the average case, Hosaka et al. [8] treated the average reward problem for a controlled
Markov set-chain. Another approach to the average case has be given in [13].

Our fuzzy decision model examined in this paper includes a controlled Markov set-chain
as a special case. So, the results obtained here can be thought of as a fuzzy extension of
those in [8]. For the optimization of fuzzy dynamic system, refer to [11, 23].

In the remainder of this section, we shall give some notations and preliminary lemmas
on fuzzy sets and interval arithmetics. In Section 2, we describe a nonhomogeneous MDPs
by the use of fuzzy sets and specify the optimization problem under average reward criteria.
In Section 3, the AEFR from a periodic stationary policy is characterized by a fixed point
of a corresponding operator, whose results are applied to derive the optimality equation
in Section 4.

We adopt the notation in [4, 5, 14, 17]. Let R, R™ and R"*" be set of real numbers,
real n-dimensional column vectors and real n x n matrices, respectively. Also denote by
Ry, R} and R}*", the subsets of entrywise non-negative elements in R, R™ and R™*",
respectively. We provide R, R™ and R™*” with the componentwise relation < and <. For
any set X, we will denote a fuzzy set @ on X by its membership function @ : X — [0, 1].
Denote by F(X) the set of all fuzzy sets on X. For the theory of fuzzy sets, refer to
Zadeh [24] and Novék [18]. The a-cut (a € [0,1]) of the fuzzy set @ € F(X) is defined as

o :={r e X |a(z)>a}l (a>0) and do:=cz € X |a(z) > 0},

where cl denote the closure of the set. For any interval Y in R, @ € F(Y) is called a fuzzy
number on Y if @ has the following properties (i) — (iv):
(i) @ is normal, i.e., there exists an z¢ € Y with a(zo) = 1;
(ii) @ is convex, i.e., a(ax+ (1 —a)y) > a(xz) Aa(y) for all z,y € Y and « € [0, 1], where
a Ab=min{a,b};
(iii) @ is upper semi-continuous;
(iv) do is a compact subset of Y.
Denote by F.(Y) the set of all fuzzy numbers on Y. Let C(Y') be the set of all closed
and bounded intervals in Y. We note that @ € F.(Y) means a, € C(Y) for all « € [0,1].
Let F.(Y)" be the set of all n-dimensional column vectors whose elements are in F.(Y),

le.,

Fo(Y) = { = (G, Ua, ..., U) | € Fo(Y) (1<i < n)},

where d' denotes the transpose of a vector d.
Let S:={1,2,... ,n} and P(S) the set of all probability distributions on S, that is,

P(S):={p = (pr,p2- - ,pa) |9 20 (1< j<n), ) pj =1}
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JFrom any p = (p1,p2,.-.,p) € F([0,1])", we will construct the fuzzy set [p] =
[P1, P25 - -, Pu] on P(S) by the following:

[p](p) = @isnn{ﬁj(pj)} for any p = (p1,p2,...,pa) € P(5). (1.1)

The above definition will be extended to the case of stochastic matrices. Let P(S/S) be
the set of all stochastic matrices on S, that is,

P(5/S) :=1{Q = () | 45 2 0,Y ai;=1(1 <i<n)}.
7=1
For any ¢ = (Gi1, @iz, -+ »Gin) € Fe([0,1])" (1 < 1@ < n), we define the fuzzy set
Q= [Gq1,G2,- - ,Gn) on P(S/S) as follows:
Q(Q) = min {{&](¢:)} (1.2)
where Q = (q1,q2,-..,4) € P(S/S5), 4 = (¢:1,Gi2,- - - ,Gin) € P(S) and [g;] is the fuzzy
set on P(S) defined by (1.1).

In order to describe the structural properties on the fuzzy sets defined in (1.1) and
(1.2), we need the concept of intervals of matrices. For the detail, refer to [5, 12, 17]. For

any nonnegative vector ¢ = (21’22’ e ,gn) and § = (¢,,qy, ... ,q,) € R} with ¢ < g, we

define the interval (g,q) C P(S) by

Similarly, for ) = (gij),@ = (q;;) € RY" with @ < Q,
(Q.Q):={QeP(5/9)|Q<Q<Q} (1.4)

For any @ € F.([0,1]), noting a, € C([0,1]) (0 < a < 1), it will be denoted by
Gy, = [mina,, maxa,]. The structural property of the fuzzy sets defined in (2.1) and (2.2)
is given by the following Lemma 1.1.

Lemma 1.1 ([5, 14]).
(i) For any Q,@ € RY™ with ) < Q and (@, Q) # 0, (@, Q) is a polyhedral convex set

in the vector space R"*".

(ii) Forany ¢q; € F.([0,1])" (1 < < n), let Qv = [G1,G2, - .- ,Gn)" be a tuzzy set on P(S/5)
defined by (1.2). Then, the a-cut of @ (0 < a < 1) is a polyhedral convex subset of
P(S/S) and given by

Q. = <Qa’@a>’ where () = (min(quj)a) and @a = (max(@j)a). (1.5)

If w = ([a1,b1],[az,b2],...,[an,bs]) € C(R;)", w will be denoted by w = [a, b], where
a = (ay,as,...,a,), b = (by,by,...,b,) and [a,b] = {x € R} | a < 2 < b}. For any
u € C(R4)" and Q,@ € R} with @ < Q and (Q, Q) # 0, we define their product by

(Q,Q)u ={Qu| Q€ (Q,Q),u € u}. (1.6)
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The following arithmetical notation is used in the sequel. Let @ = [q1,G2, - ,qn]" be
a fuzzy set on P(S5/S) with ¢; € F([0,1])" (1 <i < n). Then, for w = (uy, Uy, ... ,u,) €
Fe(Ry)", Qu € F(R?Y) is defined as follows:

(Qu)(z) = max {Q(Q)Aw(u)}, for zeR”, (1.7)

z=Qu

QEP(S/S),uek}

where

u(u) = lrgznn{ﬂz(uz)} with = (u1,ug,... ,u,) € R}, (1.8)

Lemma 1.2 ([14]). For any u = (U, us,... ,u,) € F.(R4)", the following (i) and (ii)
hold:
(i) (QU)a = Qul, for a€[0,1];
(i) Qu € F.(Ry)™.
The addition and the scalar multiplication on F,(R) are defined as follows: For Zi,Z €
F.(R)and X € Ry, define

(@+b)(z):= sup {a(z1) Ab(za)},
z1,20 €ERY

z1txy=T

~ o fa(z/n) ifA>0
Ai(w) = { Loy(z) ifA=0

where 14 is the indicator of a set A. It is easily shown that, for o € [0, 1],

(I € R+)7

(@4 b)a = o+ by and  (Xd)a = Nda,

where the operation on sets is defined ordinary as A+ B:={z+y |z € A,y € B} and
M ={Xz |z € A} for A, B C R. The above operations are extended to those on F.(R)"
as follows: For w = (uy,us,... ,u,), ©v = (01,0q,...,0,) € F(R)",

?L+’6:(’121—|—51,’122—|—,1\)/2,... ,'ﬁn—l—'ﬁn)' and /\’,lvl,:(/\fdl,/\ﬁg, ,Xﬁn)'.
For a = (Gl,ag,... ,an)' € R”, [{a} = ([{a1}7[{a2}7--- 7[{an}) € fc(R)n and [{a} + u is
described simply by a4+ u. Also, w — I(,} is defined by u + I;_,}, whose arithmetic is used
in the sequel. The Hausdorff metric on C(R) is denoted by 4, i.e.,
5([“7 b]a [C, d]) = |CL - C| \ |b - d| for [aa b]a [C, d] € C(R)a

where  V y = max{xz,y} for z,y € R. This metric can be extended to F.(R)" by

0(u,v) = max fg[lfl]m“i)a’ (Vi)a)

for w = (U1, Uz,... ,u,)", © = (V1,02,...,0,) € F(R)". Then, it is known(c.f.[15]) that
the metric space (F.(R)",§) is complete.



2. The model with fuzziness

In this section, we formulate a fuzzy model for nonhomogenuous MDPs with uncertain
transition matrices.

Let S and A be finite sets denoted by S = {1,2,... .,n} and A = {1,2,... ,k}. Our

sequential decision model consists of four objects:
(9, A, {aij(a) € F([0,1]), 4,5 € 5, a € A},r),

where r = r(1,a) is a function on S x A with r > 0. We interpret S as the set of states of
some system and A as the set of actions available at each state. We denote by F' the set

of all functions from S to A. For any f € F, we define the fuzzy set Qv(f) on P(S/S) as
follows: B
QL) = la(f), a(f), - a (D], (2.1)
where
G(f) = (@ (f(0), @ f(D)), - .Gl f(i))) (1 <i<m). (2.2)
Note that the basic notations of (2.1) and (2.2) are defined in (1.1) and (1.2).

A policy 7 is a sequence (fi, f2,...) of functions with f; € F (t = 1,2,...). Let Il
denote the class of policies. For an integer v(v > 1), a policy m = (fi, fa,...) is called
v-periodic stationary or simply v-periodic (cf.[10]) if foiq4x = fi for each ¢ = 1,2,...
and k(1 < k < v —1). Such a policy will be denote by f* simply by f, where f =
(fi, fas--., fu) € F”. Let 11, denote the class of v-periodic policies. Any 7 = (f, f,...) €
I1; is called stationary.

For any f € F, let r(f) be an n-dimensional column vector whose i-th element is
r(i, f(1)). Applying Zadeh’s extension principle(cf.[18]), the fuzzy expected total dis-
counted reward up to time 7' from a policy 7 is a element of F(R;)" and defined as
follows:

or(n) = (ér(1,7), dr(2,7), ... ,dr(n, 7)) and (2.3)
%T(i,w)(x) = max{lréisnT @(ft)(Qt)} forall ze Ry, 1 <i<n, (2.4)

where the maximum is taken over

{Q1,Qz2 .. ,Qr |z = (r(fi) + Qur(fo) + -+ + Q1Q2- - Qrr(fr11))s, (2.5)
Q: € P(S/S) (1 <t <T)}

Then, for any policy 7 € II, it holds from [14, Lemma 3.1] that
or(m) € Fo(Ry)" for all T > 1.

Here, applying the definition of the supremum of fuzzy numbers in Congxin and
Cong [2], we will define the average expected reward for the decision process operating
over a long time horizon. For each o € [0,1] and 7 € 5, let

B.(i,7) = lim inf%gra(i, ), (2.6)

T—oo

where 5T7a(z',7r) is the a-cut of gT(Z',TI') and for a sequence {D;} C C(Ry), li%n inf D, =
— 00
{z € Ry | limsupd(z, D;) =0} and d(z, D)) = inlf; |z —y| for D € C(Ry).
=00 ye
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Now, let ¢, (i,7) = ﬂ ¢.(i,m) for each a € (0,1]. Then, since ¢_(i,7) € C(Ry)
0<a/<a
and ¢, (i,7) C b,(i,7) for o/ < a, the following holds obviously.

Lemma 2.1. Fori € S and m € 1I, we have:
(1) Qboz(za’]r) € C(R-}-):
(i) ¢u(t,m) C P(1,m) for 0 <o/ <a<1;
(111) lima/Ta @al(i,’ﬁ) = ¢a(i,ﬂ).

Using the representative theorem (cf.[18]), we can define a fuzzy number

o(i,m)(x) = sup ]{a Al im(z)}, =€ Ry (2.7)
a€el0,1
Note that g(ﬂ) = (qu(l, ), %(2, T),... ,J(n, 7)) € F.(R4)". We call g(w) an AEFR vector
from a policy .
Here, we will give a partial order < on C(R) by the definition: For [a,b], [¢c,d] € C(R),

[a,b] < [¢,d] if a<cand b<d,
[a,b] < [¢,d] if [a,b] X [e,d] and [a,b] # [c,d].

This partial order < on C(Ry), called a fuzzy max order, is defined as follows: For u,
v e F(Ry),

u=<v if u, <o, forall acl0,1],
u<v if uvand u#0.

Also, the partial order on F.(R;)" is given by the definition: For w = (uy,us, ..., u,),
v = (v1,02,...,0,) € F(Ry)",

u=<xv if uyxv;forall :=1,2,...,n,

<
u<v if uxvand u#0.
The following lemma is used in the sequel whose proof is easily done.

Lemma 2.2. Let a sequence {u,} C F.(R;)" be such that uy < u, < ---, and
limg—oo wr = u for some u € F.(R;)". Then, it holds that u, < w.

In order to insure the ergodicity of the process, we introduce the minorization condition
(L,) which is assumed to remain operative throughout this paper.

Minorization Condition (L,)(cf.[6, 10]). There exists an integer v(v > 1) and € > 0
such that

QUN)---Q(fy) 2 ek forall fi,fo,---, f, €F,

where Q)(f) i= (min(qi;(f))o), Q) = (qi;(f)) for [ € Fand E = (e;;) with e;; = 1(1 <
1,7 < n).

Our problem is to maximize the q;( ) over all 7 € II with respect to the partial order
< under the minorization condition (L, ).



3. Periodic policies and operators

In this section, under the minorization condition (L,) the AEFR vector from a v-periodic
policy will be characterized by the use of a unique fixed point of a corresponding operator.

Associated with each function f € F' is a corresponding operator U(f) : F.(Ry)" —
F.(R;)™ defined as follows: For w € F.(R;)" and f € F,

U(f)a =r(f) +Q(f)z, (3.1)

where the arithmetics in (3.1) are defined in (1.7). Note that from Lemma 1.2 U(f) is
well-defined.
The following holds obviously.

Lemma 3.1. Foru € F.(R;)" and v € F.(Ry), it holds
U(f)(u+ve)=U(f)u + ve,
wheree = (1,1,...,1)" € R}.

For any policy m = (fi, fa,...), let #=" = (fi11, fiza, ... ) for each [ > 1. The sequence
{ér(m)}F_, is recursively described, whose proof is the same as that in [14, Lemma 4.1].

Lemma 3.2. Let any policy m = (f1, f2,...). It holds that

br(m) = U(U(f2) - U(fi)pr—i(n™)  for each 1> 1. (3.2)

;From Lemma 3.2, we have that for f = (fi, f2,..., f,) € FY,

bur(£) =U(H) oy (k2 1), (3.3)

where Igy € F.(R4)" is the crisp set of the zero vector 0 € R% and
UGf) = UGR) U (L), (3.4)
Applying the minorization condition (L, ), for each v-periodic policy f = (fi, f2,..., f.)

€ F" we introduce the corresponding operator V(f) : F.(R;)" — F.(R4)" defined as fol-
lows: For w = (uy, U, ... ,u,) € F(Ry)",

V()i(e) = max{min GURQ) A () (+ € RY) (35)
where the maximum is taken over
{Q1,Q2,...Qr,u|z=r(fi) +Qur(fa)+ -+ Q1 Quorr(fo-1) (3.6)
+ (@1 Qv —eF)u, Q€ P(S5/S) (1 <t<v), ueRL}
and - .o~ / n
u(u) = 12121% ui(u;) for w=(uy,ug,...,u,)" € RY. (3.7)

Obviously, V(f)u € F.(R;)" for u € F.(Ry4)", so that V(f) is well-defined.

Here are some basic properties of U(f).

Lemma 3.3. Let f € F'”. Then we have:



(i) V(f) is a contraction with modulus 1 — ne;

(i) V(f) is monotone, i.e., w < © implies V(f)u < V(f)v.
Proof. By the definitions (3.5) to (3.7), the a-cut of V(f)u is given by
(V(Ha)o = {r(fi) + Qir(f2) + -+ Q1 Quoar(fur) (3.8)
F(QrQ—eR)un | Qi€ Q(f)ai=1,2,... 1}
Thus, by the properties of the Hausdorff metric, for &, o € F,(R4)", it holds that

S(V(Hu),V(fv) <supd((Qr,-+-, Q) —eb)u, (Qr,--+,Q,) —ek)v)

<s
<(1—-ne)é(u,v), from (L,),

where the supremum is taken over Q; € Q(f:), t =1,2,... ,v. The monotonicity of V(f)
follows obviously. O

For any f € I, let E(f) € F.(R4)" be a unique fixed point of V(f), that is,

h(f) = V(f)h(S). (3.9)
Then, by (3.1), (3.4) and (3.5) to (3.7), we observe that

(VH)R())a =tmin(U(£)R(f))a = min(eEh(F))a.

max(U(f)R(F))a — max(e ER(F))a].
Noting [a — ¢, b — d] + [¢,d] = [a, b], we get from (3.9)

h(f) +Fh(f) = U(HR(F). (3.10)
Theorem 3.1. For any v-periodic policy f = (f1, fo,... , f,) € F¥,

o(f) = —Eh Zh (3.11)

where E(f) = (hi(f), h2(f),... ,ha(F)) is a unique fixed point of V(f).

Proof. Note first that cEh(f) = 6(2?:1%]'(]‘))8. Operating both-side of (3.10) by
U(f), we get from Lemma 3.1 that U(f)lNL(f) + aElNL(f) = U(f)QfNL(f), which implies
from (3.10) U(f)*h(f) = 2¢Eh(f) + h(f). By induction on k we obtain that

U(f)*h(f) = keER(f) + h(f) (k> 3). (3.12)

By boundedness of h(f), it holds from (3.3) and (3.12) that there exists a,b € R” such
that kEEh(f) I, < gbyk(f) < keFEh(f)+1, forall k> 1. Thus, we have, for: € S and

€ [0,1), Buli, £) = ~(X7_, hj(F))as where &,(i, £) is defined in (2.6). Through (2.7),
v
we obtain that g;(f) = 5(2?21 }L/j(f))e, as required. [
v
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As a simple example, we consider a fuzzy treatment for a machine maintenance problem
dealt with in ([16, p.1,pp.17-18]).

Example 3.1 (a machine maintenance problem). A machine can be operated syn-
chronously, say, once an hour. At each period there are two states; one is operating(state
1), and the other is in failure(state 2). If the machine fails, it can be restored to perfect
functioning by repair. At each period, if the machine is running, we earn the return of $
3.00 per period; the fuzzy set of probability of being in state 1 at the next step is (0.6,
0.7, 0.8) and that of the probability of moving to state 2 is (0.2, 0.3, 0.4), where for any
0 <a<b<c<1, the fuzzy number (a,b, c) on [0,1] is defined by

z—a)/(b—a)V0 if 0<2<b
T R e VP S

If the machine is in failure, we have two actions to repair the failed machine; one is a
rapid repair, denoted by 1, that yields the cost of § 2.00(that is, a return of —$2.00) with
the fuzzy set (0.5, 0.6, 0.7) of the probability moving in state 1 and the fuzzy set (0.3,
0.4, 0.5) of the probability being in state 2; another is a usual repair, denoted by 2, that
requires the cost of $1.00(that is, a return of —$1.00) with the fuzzy set (0.3, 0.4, 0.5) of
the probability moving in state 1 and the fuzzy set (0.5, 0.6, 0.7) of the probability being
in state 2.

For the model considered, S = {1,2} and there exists two stationary policies, F' =
{f1, fo} with f1(2) = 1 and f,(2) = 2, where f; denotes a policy of the usual repair and
f2 a policy of the rapid repair. The state transition diagrams of two policies are shown in
Figure 1.

[0.6.0.7,0.8]  10.2,0.3,0.4]

0.3,0.4,0.5]  (P) Rapid repair

[0.5,0.6,0.7]

Figure.1 Transition diagrams.

[0.6.0.7,0.8]  10.2,0.3,0.4]

0.5.0.6.0.7] (a) Usual repair fi

[0.3,0.4,0.5]

We easily observe that

(3 ~ . {(0.6,0.7,0.8) (0.2,0.3,0.4)
rifi) = (-2) and Q(f1) = <(0.5,0.6,0.7) (0.3,0.4,0.5))’



Now, applying Theorem 3.1, we can obtain the AEFR 5(]61) We observe that
Qv(f) B < 0.6+ 0.1 0.2+ 0.1« 0.8 —0.1aa 0.4 —0.1x >
Pe = 0.5+ 0.1 03401 )\ 0.7—0.1v 0.5—=0.1x } /’

which is a convex hull of

0.6 +0.1ao 04—-0.1c 0.8 -0.1ao 0.24 0.1
0.5+ 0.1 0.5—-0.1c 0.7—-0.1a 0.3+0.1x

0.64+0.1c 0.4—-0.1x 0.8—-0.10 0.2+0.1x
0.7—-0.1ao 0.34+0.1cx 0.5+0.1a 0.5—-0.1ca

Here, we observe that the minorizaton condition (L,) holds for v = 1 and € = 0.2. So,
putting h(f1)a = ([z7,y7], [23,y5]), v = 1 and € = 0.2, the a-cut interval equations (3.9)
become:

7 =34+ {0.427 + 0.225 + 0.1a(zy — 25)} A {0.627 + 0.1a(—2§ + 25)},
yi =3+ {0.4y7 +0.2y5 + 0.1a(yy —y5)} vV {0.6y7 + 0.la(—y? +y35)},
2y = =24 {0.32¢ + 0.3z5 + 0.1a(x5 — z9)} A {0.525 + 0.125 + 0.1a(—2f + z3)},
ys = =24+ {03y} + 0.3y5 + 0.1a(yy —yi)} vV {0.5y7 + 0.1y5 + 0.1a(—y7 +y5)},

where a Vb = max{a,b} and a A b = min{a, b} for a,b € R. After a simple calculation, we
find

h(fi). =
which leads to

([85 + 25a 135 — 25a] [—15 + 25 35 — 25a]>'
18 18 ’ 18 ’ 18 ’

8y 110 135 —15 10 35.\/
W= (G515 18 G 15 18)
By (3.11),

~ 712 17 7 12 17
Qb(fl) = ((67?7?)7(67?7?)) .

4. Pareto optimal policy

Here, we confine our attention to the class of v-periodic stationary policies, which simplifies
our discussion under the minorization condition (L,). A policy f* € I, is called Pareto
optimal if there is no f € II, such that gg(f*) = q;(f) In this section, we derive the
optimality equation, by which Pareto optimal policies are characterized.

The following important result is crucial to the development in the characterization of
Pareto optimality.

Lemma 4.1. For any f.g € 11, let h (f) and h( ) be the fixed points of the corre-
sponding operators V(f) and Vﬁg Supp_Q?e that

A (4.1)
Then, it holds that {

hif) {3} Hlo). (42)



Proof. Suppose (4.1) holds. Then, we have from Lemma 3.3 that
R {5} V() < V'R (1>2).

Noting h( )= lliglo Vig)' h(f) in the above, (4.2) follows from Lemma 2.2. O

Let D be an arbitrary subset of F.(R4)". A point w € D is called an efficient element
of D with respect to < on F.(Ry)” if and only if it holds that there does not exist v € D
such that © < v. We denote by eff(D) the set of all elements of D efficient with respect
to < on F.(R;)". For any u € F.(Ry)", let V(u) :=eff({V(f)u | f € F”}). Note that
V(u) C F.(Ry)™.

Here, we consider the following fuzzy equation including efficient set-functions V'(-) on
Fo(Ry)™:

ueV(u), uecF.(Ry". (4.3)

The equation (4.3) is called an optimality equation, by which Pareto optimal policies are
characterized. A solution of (4.3), @, is called maximal if there does not exist any solution
a' of (4.3) such that Fu < Fu'. Pareto optimal policies are characterized by maximal
solutions of the optimality equation (4.3).

Theorem 4.1. A policy f € II, is Pareto optimal if and only if the fixed point of the
corresponding V (f), h(f), is a maximal solution to the optimal equation (4.3).

Proof. For the proof of “only if "part, suppose that a periodic policy f is Pareto
optimal but the corresponding fixed point h(f) is not a maximal solution to (4.3). Then,

there exists g € II, such that h(_f) = V(g)fl(_f), which implies from Lemma 4.1 that
h(_f) = h( ). Thus, by Theorem 3.1, we have

4(f) = —ER(f) < ~Eh(g) = 4(g),

which contradicts that f is Pareto optimal. This completes the proof of “only if "part.
In order to prove “if "part, we assume that h(f) is a maximal solution of (4. 3) but f

is not Pareto optlmal Then, from Theorem 3.1 there exists g ell, such that Eh(f)
Eh( ). If h( ) & V( (g)), there exists f € 11, satisfying h( ) =< V(f( ))h( ), which
implies from Lemma 4.1 that h( ) < h(f ) Since 11, is ﬁnlte by repeating this method
successively, we come to the conclusion that there exists f € II, such that h(f( )) €
V(E(f(k))) and Eﬁ(f) = ElNL(f(k)) This contradicts that E(f) is maximal. O

Remark. For vector-valued discounted MDPs, Furukawa [3] and White [22] had derived
the optimality equation including efficient set-function on R”, by which Pareto optimal
policies are characterized. The form of the optimal equation (4.3) is corresponding to the
average case of MDPs with fuzziness.

For the machine maintenance problem in Example 3.1, we find that

85 110 135, —17 8 32 )’

VIR = (355550 (a1 1)

11



Recall that
85 110 135, —15 10 35)>’

i/l, = ii — _ — — -

VDR =h(h) = (5 75 79 (G5 18 18

which satisfies V(fg)fNL(fl) = E(fl) Thus, fNL(fl) € V(E(fl)), so that from Theorem 4.1
f1 is Pareto optimal in II;. In fact, we can find, by solving (3.9) for f,, that

= (23,2, G2 2)  and 3(f) < 3,
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