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Abstract .

The purpose of this paper is to investigate the convergence of sequence of measurable functions on fuzzy measure spaces.
Several classical results on the convergence of measurable functions, such as Egoroff’s theorem, Lebesgue’s theorem and
Riesz’s theorem, are extended to fuzzy measure spaces by using the pseudometric generating property and order-continuity

of fuzzy measures. © 1997 Elsevier Science B.V.
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1. Introduction

In classical measure theory, several types of
convergence were introduced for sequence of mea-
surable functions on a measure space, and basic
relations among these types were established [1].
Egoroff’s theorem, one of the most important of these
results, states that almost everywhere convergence im-
plies uniform convergence outside a negligibly small
set. In the proof of the theorem [1], the following two
properties of a measure, u, are needed: subadditivity,

w(U5.) < Euen

n=
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and continuity,

E,\0= lim u(E,)=0.
n—+o0

Both these properties are direct consequences of o-
additivity of u, which is called order-continuity in this
paper.

Fuzzy measure theory is a generalization of classi-
cal measure theory. This generalization is obtained by
replacing the additivity axiom of classical measures
with weak axioms of monotonicity and continuity,
[9]. As elaborated in [6-9], some generalizations of
Egoroff’s theorem, Lebesgue’s theorem, and Riesz’s
theorem for sequence of measurable functions on
classical measure spaces remain valid for fuzzy mea-
sures with the finiteness and autocontinuity.

In this paper, we further investigate these conver-
gent theorems under weaker characteristics, such as
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the pseudometric generating property, property (s),
and order-continuity, to generalize the classical re-
sults and obtain many fundamental results. Qur main
results are presented in Section 3. They are interest-
ing not only as generalizations of their counterparts in
classical measure theory, but also as an indication for
the importance of many structural characteristics of
set fuctions. In Section 4, we discuss some relations
among these properties in the class of fuzzy measures.

2. Preliminary

Let X denote a non-empty set, # denote a o-algebra
of subsets of X, N = {1,2,...,}, and R, = [0, +00].
Unless stated otherwise, all the sets are supposed to
belong to % and we make the following conventions:
sup{i:i € 0}=0,00—00=0, and 0-00=0. The follow-
ing terminology is used without any further reference.

A set function yu : F — R, is said to be exhaus-
tive if lim,,—, +.oc H(E,) =0 for any infinite disjoint se-
quence {E, },; order-continuous if lim,_, ; oo u(E,)=0
whenever E, \, 0; null-additive if y(E UF)= uwE)
for any E whenever u(F) = 0; and autocontinuous if
limy 400 U(Fy)=0 implies limy . oo WEUF,)=u(E)
and lim,, ;oo #(E — F,) = u(E) for any E.

A fuzzy measure is a set function u : F — [0, +00]
with the properties:

(FM1) u(@) =0;

(FM2)ACB = u(A) < u(B);

(FM3)4,c4,Cc- =

o0
H (nglAn) = nlipgo W(4n);

(FM4) Ay DA D+, and there exists ny with
WAp) < + 00

(o]

= /‘( nAn> = lim u(4,).
n=1 n—o0

Definition 1. x4 is said to have the property (s)

if for any {E,}, with lim,— o u(E,) = 0, there

exists a subsequence {E,;}; of {E.}s such that

ﬂ(limi—o+ooEn(i)) =0 [6].

Definition 2. u is said to have the pseudometric gen-
erating property, abbreviated as p.g.p., if forany ¢ > 0,

3 6 > 0 such that
WE)V u(F)<d implies pEUF)<e.

Now we present some propositions concerning the
introduced properties of fuzzy measures.

Proposition 1. Let p be a fuzzy measure, then u is

~ exhaustive if and only if p is order-continuous [2].

Proposition 2. Any finite fuzzy measure is exhaus-
tive [2].

Proposition 3. If a fuzzy measure is autocontinuous,
then it has the pseudometric generating property.[3].

Proposition 4. If fuzzy measure u is null-additive
and order-continuous, then lim, . oo W(A4,)=0 when-
ever A, \, A and u(4) =0 [5].

Proposition 5. If fuzzy measure y has the pseudo-
metric generating property, and lim,_, o W(E,) =
0, then there exist a sequence {5,}, of R;, and a
subsequence {En)}i of {En}n such that 6, \,0 and

+00
1( T o) <awr> 1151

i=r+1

Proposition 6. If a fuzzy measure has the pseudo-
metric generating property, then it has the property

(s) [5}

Proposition 7. Let fuzzy measure u be exhaustive
and null-additive. Then, u has the pseudometric
generating property if and only if it has the property
(s) [5] '

3. Convergence of sequence of measurable functions

Let F be the class of all finite measurable func-
tions on fuzzy measure space (X, %, ), and let f,g,
Jurgn € F (n€N). We denote that { f,}, everywhere
converges to f by f, — f. We say that {f,}, al-
most everywhere converges to f on X if there is sub-
set E C X such that y(E)=0and f, —» fonX —E,
and denote it by f, = f; {f}n almost uniformly
converges to f on X if for any ¢ > 0 there is subset
E,; C X such that u(X —E;) < ¢ and f, converges to f
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uniformly on E,, and denote it by f, —— f; {fuln
converges to f in fuzzy measure p on X if for
any ¢ > 0, hmn_mu({x |fa(x) = f(x)] = &}) =
and denote it by f, SLAN f; and {fy} is funda-
mental in fuzzy measure p if limuam—too u({x :
|fa(x) = fm(x)| = €}) =0 for any & > 0.

Obviously, f, =% f implies f, —— f. Theorems
1, 3 and 5 below are generalizations of Egoroff’s the-
orem, Lebesgue’s theorem, and Riesz’s theorem from
classical measure spaces to fuzzy measure spaces.

Theorem 1 (Egoroff’s theorem). Let u be an order-
continuous fuzzy measure with the pseudometric gen-
erating property, Then, for any sequence { fu}n,

fo 2o = fu s

Proof. Since f, == f, there is a subset E € & with
U(E) = 0 such that the sequence { f,}, coverges to f
everywhere on X — E. If we denote

E(”’)—+°o . 1
w={1{x€X-E: Ifi(x)—f(x)|<;

i=n

for any m > 1, then E™ is increasing in n for each
fixed m. Thus, we get

X-E=N U E('”)
m=1 n=1
and (X — E) — EM™ \, 0 as n — +oo for any fixed

m = 1. Therefore, we have

lim u((X —E)—EM™)=0

n—+o0

forany m > 1 by using the order-contmulty of y Thus,
there exists a subsequence {(X — E) — (m)},,, of

{(X —E)— E{™ : n,m > 1} satisfying

Vm>=1

WX -B) - <

and, then,

; (m) y —

lim (X — B) — E0)) =0.

On the other hand, from Propositions 5 and 7 there
exists a sequence {d,}, of real numbers, and a sub-

sequence {(X — E) — E(m’))}r of {(X —E) - n(m)}m

n(m

such that §, \, 0 and
o (o)
I (i=LrJ+1((X —E)— En(m,))> <6, Vrz=1l.

For any ¢ > 0, by using the p.g.p. of 4, we know that
there exists 6 > 0 such that u(E) V u(F) < & implies
W(E UF) <eé. For above é > 0, there is 7o > 1 such
that

( U -5y -Eg )))
i=ro+1
Puting E, = /52, ey, We have u((X — E) — E,)
< 6. Thus,

WX ~ E;) = p((X —E)—E,)
UX —E)NE))) <¢

and { f,}» converges to f uniformly on E,. This shows
that f, — f. O

By Theorem 1 and Propositions 1 and 7, we have
the following theorem.

Theorem 2. Let p be a null-additive and order-
continuous fuzzy measure with the property (s).
Then, for any sequence { f,}n,

fo i = fo 2 .

Definition 3. Fuzzy measure u is said to have the
Egoroff’s property, denoted by (E.p.), if f, 2 f
implies f, = f for any sequence {f;}n.

From Theorem 2 and Proposition 1, we have the
following corollary.

Corollary 1. Let p be a null-additve and exhaustive
Jfuzzy measure with the property (s). Then, u has the
(E.p.).

Remark 1. (i) If u is a finite fuzzy measure, then the
pseudometric generating property of Egoroff’s theo-
rem may be replaced by the null-additivity [8].

(ii) In general, the pseudometric generating prop-
erty and order-continuity of Egoroff’s theorem are
inevitable as shown in the following two examples.

Example 1. Let X =[0,+00), & be Borel g-algebra
of X, and u, be Lebesgue’s measure. Then y; has the
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p.g.p., but y; is not order-continuous. We denote the
fuzzy measure space by (X, #, u;) and put

1if x€[0,n],

Jlx) = { 0 if x € (n,+00).

Then, f, — 1, but f, = 1 and f, —> 1 are not
true in fuzzy measure space (X, %, ;).

Example 2. Let X =[0,+00), # be Borel g-algebra
of X, and m be Lebesgue’s measure. Put

{0 if 0¢E,
“Z(E)'{m(E) if 0cE.

Then p; is not null-additive and does not have the
p.g.p., but u is exhaustive and has the property (s)
[5]. On fuzzy measure space (X, #, uz), if we put

1 if xe€(0,n],
fux)=< 0 if x=0,
0 if xe(n,+o0),

then f, ==+ 1; but f, =2 1 and f, == 1 are not true
in fuzzy measure space (X, #, l2).

Theorem 3 (Lebesgue’s theorem). Let p be a null-
additive and order-continuous fuzzy measure. Then,

hESf=f5f
for any sequence { fn}n.

Proof. Suppose that sequence { f,}, coverges to f
almost everywhere, and let D be the set of those points
x at which f,(x) does not converge to f(x). Then,

+00 +00 +00

p=TH U= - soi> 5

. m=1n=1 k=n

and u(D) = 0; furthermore,
+00 +o00 1

w(( T {:1n0- 10013 5 }) =0
n=1 k=n m

for any m > 1. If we take 4™ = Ussnfx @ [fe(x) —
f()| = 5} and

n=1 k=n

Am =TT fri15u0 - sl > 1

for any m > 1, then A™ \, A™ as n - oo, By
Proposition 4, we can obtain lim,_,; u(A,. ) 0 for
any m > 1 and, hence, .

Jm u({xine- o> 1))
< pA™y=0, Vm>1
This shows that f, == f. O

We can prove the following theorem in a similar
way.

Theorem 4. Let u be an exhaustive fuzzy measure.
Then,

Jo— = fa - S
for any sequence { fu}n.

Definition 4. Fuzzy measure p is said to have the
Lebesgue’s property, denoted by (L.p.), if fn — f
implies f, —— f for any sequence {fy}n.

Corollary 2. Let u be a null- additive and exhaustive
fuzzy measure. Then, u has the (L.p.).

Proof. Trivial by Proposition 1 and Theorem 3. [

Remark 2. The null-additivity of Lebesgue’s theorem
is inevitable (see Example 2).

Theorem 5 (Riesz’s theorem)., Let u be a fuzzy

measure with the property (s). If fu LN f, then
there exists a subsequence { fu, }x of { fu}n such that

foe=> 1.

Proof. Let f, —— f. Then,

1
lim_p ({x AR - 163 1 }) =0, ¥E> 1
If we take E®) = {x:|fa(x) — f(x)| = 1/k}, then
there exists a subsequence {7y }; such that ,u(E,,',f )<
1/k for any k = 1. Since u has the ?roperty (s),
there is a subsequence {E, ,(,’,f,')}, of { }& such that
(11m,~_.+ooE,,,q ) = 0. This shows that f,, == f.
. : 0



J. Li et al. | Fuzzy Sets and Systems 87 (1997) 317-323 - 321

Definition 5. Fuzzy measure p is said to have the
Riesz’s property, denoted by (R.p.), if f, —— f im-
plies the existence of a subsequence {f}, }x of {fu}n
such that f,,, = f.

By Proposition 6 and Theorem 5, we can prove the
following corollary.

-Corollary 3. Let u be a fuzzy measure with the
pseudometric generating property. Then, u has the
(R.p.)

Next, we show that most of the results on conver-
gence in measure still hold for any fuzzy measure
that is exhaustive and has the pseundometric generating

property.

Theorem 6. Let y be an order-continuous fuzzy mea-
sure with the pseudometric generating property. Then

fo =5 f if and only if, for any subsequence {fn, }i
of { fu}n, there exists a subsequence { fn, }i of {fu. }x
with fn, = f.

Proof. The “only if” part is trivial by Proposition 6

and Theorem 5. Now, we assume that the “if ” part is

not true. Then there exist & > 0,0y > 0 and a subse-
- quence {fy, }x of {fn}a such that

B (s () ~ el > g}) =60, Vk=1

For { fu }x» we have a subsequence {fy, }; of {/n }x
such that f,, 22, f by the supposition. Thus, we have
f,,,q——-» f as i — 400 and, hence, fy, Lifasio

+00. This is a contradiction to ({x | o, () — f )|
Ze})=d6. O

From Proposition 1, 7 and Theorem 6, we can di-
rectly obtain the following corollary.

Corollary 4. Let p be a null-additive and exhaustive
fuzzy measure with the property (s). Then f, - f
if and only if for any subsequence {fu }x of {fu}n
there exists a subsequence {fy }i of {fu}x with

ae.
fnk, - f

Theorem 7. Let u be a fuzzy measure with the
pseodometric generating property. We have the
Jollowing statements:

Q) if fu -5 f,then{f}n is fundamental in fuziy
measure U,

@) i fo 2> f and fo = g, then f £ g;
(3) if fn = f and gn 2> g, then
o fotB gn—a-f+B-g VoBeR.
Furthermore, if p is exhaustive, then

(@) fo == f implies f, - g = f - g for any
measurable function g;

(5) fo = f implies f? _-L» f?; and
6) fr LN fandg, LN g implies f,-gn LN fg.

Proof. We only need to prove that (1) and (4) are
valid, The others can be considered in similar ways.
For any fixed ¢ > 0 there exists § > 0 satisfying

WE)V u(F)y< o6 implies wEUF)<e.

Let fu —£, f. Then, for any ¢ > 0, there is np > 1

such that _
a
p({x: 1@ - 1012 5}) <6 Vazn
Hence, we have
p({x 2 | fulx) = fu(x)| 2 0})
a
u({x: 160 - r@l > 5}
a
Ux: n) = 1)1 > 3 }) <
whenever mAn 2 ny. Therefore, { f,}» is fundamental
in fuzzy measure p, so that (1) is true.
We assume that p is exhaustive. Since {x :
|g(x)| > m} \, @ as m — +oo0, there is mp > 1 such

that p({x : |g(x)| > mo}) < & by Proposition 1. Let
In £, f. Then, for any ¢ > 0 there exists np > 1

such that

w(fri1m0- 100> Z1) <o vz
Thus,

W(lx : 1fot) - 006) — 1) 9] > o))
<u({x:ther- s> 2}

U{x: o) > mo}) <e
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whenever n > ng. This shows that f, - g SN f-g, 80
that (4) is true. O

Remark 3. We have known that if y is a finite and
autocontinuous fuzzy measure (or additive mea-
sure), then u is null-additive, exhaustive, and has the
pseudometric generating property, but the converse
is not true. Thus, the above results are generalized
forms of Lebesgue’s theorem, Riesz’s theorem and
Egoroff’s theorem as shown in [1,6,9], respectively. -

Example 3. Let X =N, & = #(X) and m(E) =
Lnerl/2"

m(E) if 1¢E,
wWE)=14 1 if E={1},
Card(E — {1}) otherwise.

Then, p is an exhaustive and null-additive fuzzy
measutre with the pseudometric generating property.
Although u is autocontinuous from below, it is not
autocontinuous from above [5].

4. Characteristics of fuzzy measures

In this section, we will study further relations among
the pseudometric generating property, properties (s),
(E.p.), (L.p.), (R.p.) and exhaustivity of fuzzy mea-
sures by using the convergence in fuzzy measure. We
have the following theorems.

Theorem 8. Let u be a fuzzy measure; we have the
Sfollowing statements:

(1) if u has the (R.p.), then u has the property ();

(2) if u has the (L.p.), then u is exhaustive;

(3) if u has the (E.p.), then u has the (L.p.) and,
hence, it is exhaustive.’

Proof. We only prove that (2) is valid. For any de-
creasing set sequence {E,}, with E, \, 0, if we take

_JO if x¢E,,
Sux) = { 1 if xeE,
for any n > 1, then we have f, — 0. Since u has the

(L'p.), we can get

m p(En) = lim p({x: f(x) = 1H =0,

so that u is order-continuous. Thus, u is exhaustive by
Proposition 1. O

Theorem 9. If u is a fuzzy measure satisfying f, +
gn —— 0 whenever f, - 0 and g, - 0, then u
has the pseudometric generating property.

Proof. Suppose that u does not have the pseudometric
generating property. Then there exists g € (0,1) and
two sequences {E,}, and {F,}, such that
lim u(E,) Vv u(F,) =0 while
n—+00
WE,UF,) 28, VYnzl

There is no loss of generality in assuming that E, N
F, =0 for any n > 1. If we take that

fn(x)={° if x ¢ En,

1 if x€E,
and
w {0 rER,
¥=V1 if xer,,

then f, <~ 0 and g, -~ 0. Thus,

0 if x¢E,UF,,
fn(x)+gn(x)—{l if x€E, UF,,

satisfying fy + g» —— 0 and

H(Er U Fp) = p({x : fa(x) + gn(x) =

n— <4+00.

&})—0 as

This is a contradiction with the fact that u(E, U'F,,)
=g foranyn 2 1.

Theorem 10. Let u be a fuzzy measure. Then, the
Jollowing statements are equivalent:
(1) u has the pseudometric generating property;
(2) fu+gn —= 0 whenever f, < 0and gn —— 0;
(3) faVgn — 0 whenever f, - 0and g, <= 0.

Proof. By Theorems 7 and 9, we know that (1) <=
).
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Let u have the pseudometric generating property.
Since

SV gn(x) = 3 (fa(x) + gn(x))
"'lfn(x) - gn(x)l) s

we have f, Vg, £, 0 whenever Ja L5 0and gn SLIN
0. This completes the proof of (1) => (3). In a similar
way to the proof of Theorem 9, we can prove that
B3)=(1). O

Remark 4. For convenience, all the established rela-
tions among structural characteristics of fuzzy mea-
sures are summarized in the following,

(a) the autocontinuity = pseudometric generating
property = property (s) <=> the (R.p.);

(b) the (E.p.) = the (L.p.) = exhaustivity <=
order-continuity; and

(c) the (E.p.) B8 exhaustivity ' the (L.p.),
where 0-add. denotes the null-additivity.
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