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Abstract

In this note, we give four versions of Egoroff’s theorem in non-additive measure theory by using condition (E),
the pseudo-condition (E) of set function and the duality relations between the conditions. These conditions offered
are not only sufficient but also necessary for the four kinds of Egoroff's theorems.
© 2005 Elsevier B.V. All rights reserved.

Keywords:Non-additive measure; Condition (E); Pseudo-condition (E); Egoroff's theorem

1. Introduction

Egoroff’s theorem is one of the most important theorem in classical measure theory. It is stated that
almost everywhere convergence implies almost uniform convergence on a finite measufé]sjdee
researches on the theorem in non-additive measure theory were made by Wang and Klir [12], Li [2,3], Li
and Yasuda [5-7], and Murofushi et al. [10]. These results faithfully contribute to non-additive measure
theory. In [3] Li introduced the concept obndition(E) of set function and proved an essential result: a
necessary and sufficient condition that Egoroff’'s theorem remains valid for monotone set function is that
the monotone set function fulfils condition (E). In [10] Murofushi et al. defined the concdpyarbff
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conditionand proved that it is a necessary and sufficient condition for Egoroff’s theorem with respect to
non-additive measures. Hence, the two concepts are equivalent to each other.

In this paper, Egoroff's theorems in the sense of pseudo-convergence in non-additive measure theory
are discussed. We will introduce the conceppséudo-conditioiE) of a set function. Three pseudo-
versions of Egoroff's theorem on finite monotone non-additive measure spaces by using the condition (E)
and the pseudo-condition (E) of set function and the duality relations between the conditions are given.
These conditions employed are not only sufficient but also necessary for the different kinds of Egoroff’s
theorem. In our discussion the set functions considered are only monotone without the assumption of
continuity from above and below; therefore, the previous results we obtairj2flare generalized and
Egoroff’s theorem on finite non-additive measure space is formulated and developed in full generality.

2. Preliminaries

Let X be a non-empty set, anfl a g-algebra of subsets &f. Unless stated otherwise, all the subsets
mentioned are supposed to belongho

Definition 2.1. A monotone non-additive measure on a measurable SPacg) is an extended real-
valued set function : 7 — [0, +o0] satisfying the following conditions:

(1) w@) =0;
(2) u(A)<u(B)wheneverdA C B andA, B € F (monotonicity).

When ;1 is a monotone non-additive measure, the tripke 7, p) is called a monotone measure
spacq11].

A monotone non-additive measuigs calledfinite, if u(X) < oo, order-continuougl11], if lim,_,
u(A,;) = 0 wheneverd,, N\, 9, strongly order-continuoupt], if lim ,,_, o, u(A,) = 0 wheneverd, \, A
andu(A) = 0, continuous at Xif lim ,,_, oo u(A,) = u(X) wheneverd,, ~ X, strongly continuous at X
iflim ;oo u(A,) = u(H) wheneverd,, ” H andu(H) = u(X).

Wheny is finite, we define the conjugateof u by

BA) = p(X) —w(X\ A), AeF.

Obviously, the conjugatg of a monotone non-additive measuyres also a monotone non-additive
measure, and it holds that u.

From the duality principle of non-additive meas(8¢9], we know that (1) the order-continuity is dual
to the continuity ak; (2) the strong order-continuity is dual to the strong continuiti{.at

Let F be the class of all finite real-valued measurable functiongXonF, u), and letf, f, € F

(n =1,2,...). We say thaf f,} converges almost everywhere to f onaxd denote it byf, 22 f,
if there is subseE C X such thatu(E) = 0andf, — fonX\ E; {f,} converges pseudo-almost

everywhere to f on Xand denote it byf, pas f,ifthere is a subsef C X such thaiu(X \ F) = u(X)

andf, — fonX\ F;{f,} converges almost uniformly to f on Znd denote it by, 2 f, iffor any
¢ > 0 there is a subsdi, € F such thatu(X \ E;) < ¢ and f, converges td uniformly on E;; {f,}

converges to f pseudo-almost uniformly graXd denote it by, pag f, if there existq F.} c F with
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limg_ +oo u(X \ Fr) = n(X) such thatf, converges tdon X \ F; uniformly for any fixedk =1, 2, ...
(cf. [12]).

From the definitions above, we know that the convergence a.e. (or aXidmhthe convergence p.a.e.
(or p.a.u.) orX are dual to each other. We state them in the following.

Proposition 2.2. Let u be a finite monotone non-additive measure. Then

@ £ 25 Flaift f, ‘% FI;
@) £ 2% fraif £, 25 frm.

3. Condition (E) of set function

In [3] we introduced the concept of condition (E) of set function and showed a version of Egoroff’s
theorem in non-additive measure theory. Now we propose a new structural—pseudo-condition (E); it
plays an important role in establishing pseudo-versions of Egoroff’'s theorem on non-additive measure
spaces.

Definition 3.1. A set functionu : F — [0, +o¢] is said to fulfilcondition(E) (resp.pseudo-condition
(E)), if for every double sequenc{e‘j,ﬁm)} C F(@m,n € N) satisfying the conditions: for any fixed
m=12, ...,

+o00
EM N E™ (n > c0) and pu (U E(’”)> -0

m=1

there exist increasing sequendes;cy and{m;};cy of natural numbers, such that

+o0 +o0
lim EMm) ) =0 resp lim @ EMm) ) =0].
k—>+oo‘u (H i ) P k—>+oo# U n

i=k

It is easy to prove the following results (the first conclusion has been shol@rli).

Proposition 3.2. Let u be a finite monotone non-additive measure. Then

(1) if p fulfils condition(E), it is strongly order continuous

(2) If u fulfils condition(E), u is strongly continuous at.X

(3) If u fulfils pseudo-conditioRE), it is continuous at X an@ < y, i.e, foranyN € F, u(N) =0
impliesu(N) = 0.

(4) If u fulfils pseudo-conditiodE), u is order continuous angd <« u, i.e, foranyN € F, u(N) =0
impliesu(N) = 0.

Condition(E) and pseudo-conditiof£) are independent of each other
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Example 3.3. Let X = [0, 1], F the class of all Lebesgue measurable setfof], and. Lebesgue’s
measure. Put

[ iuE) it ME) <1,
Hm(E) = { i if J(E) = 1.

Theny, is a monotone non-additive measure. It is easy to verifyhétlfils the condition (E). Since,

is not continuous ax, by Propositior3.2, we know thaf; does not fulfil pseudo-condition (E). In fact,
if we takeE, = [0,1— 2]U{1},n =1,2,..., thenE, / X.Butu(E,) = s(1-H m=12..0);
thereforeuy (E,) — 3 # u1(X).

Example 3.4. Let (X, F, 1) be the same Lebesgue measure space as Ex&m3pkndu, the monotone
non-additive measure agh defined as

[0 ifuE) =0,
“Z(E)—{l it A(E) > 0.

Thenu, is not strongly order continuous; therefore it follows from Proposi8dhthatu, does not fulfil
condition (E). But it is easy to verify that, fulfils the pseudo-condition (E).

Note 3.5. In Examples3.3 and 3.4 above, bothy andu, are null-additive.

4. Egoroff-type theorem

Now we present the main results—four versions of Egoroff’s theorem in finite monotone non-additive
measure spaces. The first conclusion in Theorem 4.1 below has been shown in [3].

Theorem 4.1(Egoroff’s theoren Let u be a finite monotone non-additive measure. Then
(1) p fulfils condition(E) iff for any f € Fand{f,}, C F,
fn S =SS

(2) n fulfils condition(E) iff for any f € F and{f,}, C F,

M =5

(3) u fulfils pseudo-conditiogE) iff for any f € F and{f,}, C F,

S =2

(4) n fulfils pseudo-conditiogE) iff for any f € F and{f,}, C F,
fo == 2SS

Proof. In [3] we have proved (1). From (1) and Proposition 2.2, we can obtain (2). From (3) and Propo-
sition 2.2, we can obtain (4). Now we only prove (3).
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NecessitySuppose: fulfils pseudo-conditioE) and f,, 2 f. LetD be the set of these poirtsn
Xat which{ f,,(x)} does not converge tf(x). If we denote

+o00

1
Er(lm) - U {x eX: |fix)— f(x)l}a}
j=n
ande™ = N EM™ for everyn,m = 1,2, ..., then we have
400 400
p=JE™.
m=1n=1

Since f,, a8 f, u(D) = 0. Thus we obtain a double sequer{a!é,m)} C F(m,n € N) satisfying the
conditions: for any fixedh =1, 2, ...,

+00
EM N E™(n — c0) and pu (U E<m)) =0.
m=1

Applying the condition (E) of: to the double sequen¢E,§m)} C F(m,n € N), there exist increasing
sequence$s; }icy and{m;};en of natural numbers, such that

+00
lim & Em) ) =0,
k—>+oo‘u(U i )

i=k

that is,
“+00
lim X E™) ) = u(X).
k_)+oou< \iL_Jk n; ) u(X)
PutF, = U™ E,S’i’“) (k = 1,2,...); then limg_ oo u(X \ Fx) = u(X). Now, we prove thatf,,
converges tdon X \ F; uniformly for any fixedk = 1,2, ... .
Since

+o0
X\ Fe=x\JEmM
i=k
+00 +00 1
:ﬂ ﬂ {xeX: Ifj(x)—f(x)|<;},
i=k

P l
J=ni

foranyi >k,

+00 1
X\ Fc ) {xeX:|fj(x)—f(x)|<m—}.

h i

J=ni
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For any givens > 0, we takeip (>k) such that% < 0. Thus, asj > n;,, foranyx € X \ Fg,

1
Ifi(x) = f()] < — <o
s

Lo
This shows that f,,} converges tdon X \ F; uniformly.

SufficiencySuppose thatforany € Fand{f,}, C F, f, 2% fimpliesf, pay f. Let{E,(l'”) |m,n €
N} C F be any given double sequence of sets and satisfy the conditions: for anyufixetl 2, . . .,

+00
E;(qm) NCE™ (n > 00) and (U E(m)> =0.

m=1

We put

m
EM = JED = EPUEP U UEM™ (m.neN)
i=1

and

400
Em) _ ﬂ E;(zm) m=12..).

n=1

Then we obtain a double sequeddd™} ¢ F(m, n € N) satisfying the properties: for any fixede N,
EM™ c E{"Y andforanyfixedn € N, E™ N\, E™ asn — oo, and from J}% E™ = | J+% E™),
it follows thatu(|J; > E¢™) = 0.

Now we construct a sequengg, }, C F: for everyn € N we define

_ er,(,’”“)—E’,Em)m:l,z,...

m 4+ - (1)
_J1 x e ,
fn(x)— n too
0, xeXx—| |EM.

m=1

Itis similar to the proof of Theorem i8], we can obtairy;, 2% 0onX. Therefore, from the hypothesis,

we havef;, P28 0 onX. Thus, there exists a sequendg } jcy such that lim_, ;o u(X \ F;) = u(X)
and f,, converges to 0 oX \ F; uniformly for any fixedj = 1,2, ... . Without loss of generality, we
canassuméi O F> D --- (otherwise, we can taI{e]{zl F; instead ofF ;). Thus for everyj € N, there

existsn; € N such that for any € X \ F;, we have| f; (x)| < % whenever >n ;. Therefore, for every
j € N, we have

+00 .
X\F;c () {x||ﬁ-<x>| < ]3} =X\ E.

l:nj
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Noting thatX \ F1 C X \ Fo C ---, for everyk >1,

+00
X\Fk=ﬂ<X\F>cﬂ(X\E(” X\UE,S?
j=k j=k j

and hence

WX\ Fo) = ﬂ(X\F> <u X\UE(”

Jj=k Jj=k

It follows from limg_, oo u(X \ Fr) = u(X) that

lim g X\UE(’) — u(X).

k——+00

Noting that form,n € N, E' C Em thus we have chosen a subsequerEE)}jeN of the double
sequencéE™} such that

+o00

lim X EV | = ux).
k%+oo'u \ L_Jk nj ,“( )
J=

(m;)
kﬂn-i’-]oo'u (U En’ )
This shows that fulfils condition(E). O

In the following we present necessary conditions of Egoroff's theorem. The first conclusion below has
been proved if10], the rest can be obtained by combining Theorem 4.1 and Proposition 3.2.

Corollary 4.2. Letu be a finite monotone non-additive measure. Then

(1) ifforany f € Fand{f,}, CF, fu 2% f implies f, et f, wis strongly order continuous
(2) Ifforany f € Fand{f,}, CF, fu pas f implies f;, pag f, wis strongly continuous at X
(3) Ifforany f € Fand{f,}, CF, f, 2% f implies f;, pag f, nis continuous at X ang < p.
(4) Ifforany f e Fand{f,}, CF, fu pas f implies f,, 2 f, wis order-continuous and < .

Remark 4.3. In [6] we proved Egoroff’s theorem on monotone non-additive measure space under the
conditions of strong order continuity and proper§ (Note: Murofushi et al. [10] also obtained the
same result). Therefore, it follows from Theorem 4.1 (or [10, Proposition 2]) that strong order continuity
and property § of monotone non-additive measure imply conditi&). By Example 5 in [10] and the
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equivalence between the conditidf) @nd the Egoroff condition, we know that strong order continuity
and property $) are really stronger than conditioB)( Therefore, Theorem.1(1) improves the previous
result we obtained in [6].
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