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Abstract
This paper discusses a perception-based theory for a multi-variate stopping problem with
a monotone rule by. The problem is developed by using the perceptive analysis of the
previous work®). We will show a recursive equation which determines the perceptive value
of its equilibrium point for the model.

1. Introduction

In a social life or in business, a group decision-making cannot be avoided and be carried
up by taking each individual opinions into the whole group decision. In our previous Virks(
the multi-variate stopping problem kyyplayersp > 2) has been formulated. The key point of
a group decision at each stage is to sum up each individual declaration(opinion) by cooperating
a monotone logical rule in order to make the group decision, that is, "stop” or "continue” the
multi-variate stochastic process.

In order to review the result and extend it to our fuzzy model, we firstly consider the
following processes: LeX = (X1,---,Xn) be a sequence @Fdimensional random vectors on a
probability spacéQ, #,P). The planning time horizon i and p means a number of players.
That is, X, = (X},---,XP),n=1,--- ;N with X! (i = 1,---, p) a payoff for player when the
process have stopped at stage

To describe an individual declaration of each player, let us con$@idr-valued,{X,}-
adapted procest = (di,---,dy),i = 1,---, p. Such a sequenc®, called an individual strategy
for playeri, is interpreted as follows: On the basis of the observed vdlue -, X, at stagen,
the decisiord!, = 1 means that playerdeclares to stop the process afid= 0 is otherwise. The
set of all individual strategies of playewill be denoted byD' (X) depending orX = {Xi\ n=
1,---,Nji=1,---,p}

A {0,1}-valued p-variate logical functiort = m(x,--- ,xP) : {0,1}P — {0,1} is said to
be monotone ifff(0,---,0) = 0,71(1,---,1) = 1 and r(xt,--- ,xP) < m(yt,---,yP) whenever
X <y for eachi (?, ?). A stopping time of the process is defined by the individual strategy

b . : .
and the monotone rule: For ady= (d*,---,dP) € D(X) := |'|D' (X) withd' = (d,---,dy) €
i=
DI(X)7| =1--,p

t7(d) £ { smallestn such thatr(dl,--- ,dP) = 1}
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withd = (d';i = 1,---,p),d' = (di;n=1,---,N). Thus, the expected payoff of playefor
X={X\,n=1,--- ,N,i=1,---, p} with the individual strategg under the monotone ruleis

defined byE[)(t'n(d>}.

Under the assumption that the value of random vectors is known to all players, an equilib-
rium point*d = (*d!,--- ,*dP) € D is explicitly given and its corresponding equilibrium payoff
is calculated by a recursive equation of Dynamic Programmir®y iHereafter the above prob-
lem will be denoted by PROEX|mT,N} to distinguish it from a perceptive model given in the
sequel section. In many practical situation, we are often forced with the case that the value of
the sequence of random variable is partially observed by dimness of perception or measurement
imprecision. In order to treat with such a situation, we use a fuzzy perception furijtimn(
which the perception level of each random variable is represented.

In this paper, we give a fuzzy perception model F-PR&BT,N} which extends a proba-
bility model PROR X|mT,N} and characterize the perception value of each player’s equilibrium
payoff. The payoff can be calculated by a fuzzy recursive equation. This problem is motivated
by Zadeh'’s pape®) on a perceptive-based probability theory in which the perception value of
the objective function under possibility constraints is introduced and calculated using a general-
ized extension principle.

The perceptive analysis developed in this paper is related to our previous works. A model
of stopping problems is formulated fand that of Markov decision processes is?iand?.
However the basic assumption implemented in the previous stopping problem is different from
this paper. The model which we want to consider here is restricted within two decision case,
thatis,{0,1}. Its general formulation of a fuzzy decision case seems to be a quite difficult.

2. Afuzzy perception function and a pseudo order

In this section we will give some notion and the definition of fuzzy perception functions.
Also, a pseudo order on the set of fuzzy sets is described because the fuzzy perception model
for multi-variate stopping needs this notion.

For any sef\, a fuzzy set orA will be denoted by its membership functien A — [0, 1].
Thea-cut ofdis given byay, := {x € Aja(x) > a }(a # 0) and, fora =0, &y := cl{x € Aja(x) >
0} where cl means the closure of set. For other notions of fuzzy sets, refer?toLet R
be the set of all real numbers aré(R) the set of all fuzzy sets oR, andR C .#(R) the
set of all fuzzy numbers ofR, i.e., T € R means that : R — [0,1] is normal, upper semi-
continuous and fuzzy convex and has a compact supportClbet the set of all bounded and
closed intervals oR. Then, for anyr € R, it obviously holds thaty € C(a € [0,1]). So,
we write Ty = [ T4, Tq] (a € [0,1]) as a closed interval. A ma¥: Q — R is called a fuzzy
perception functior) or a fuzzy random variable?) if, for eacha andw, the closed interval
Xa (W) = [Xq(w), Xy (w)] is endowed with each measurable end points.

Let denote all of integrable random variable @, %,P) by 2. For any fuzzy random

perception functiorX, its expectatiorEX € R is defined by
EX(x) £ sup{fi(X)(X); X € 2, E(X) =x}

provided thatli(X) is a fuzzy set on2” and i(X)(X) = infgeq X(w)(X(w)) for all X € 2.
Obviously, we have

E() = | [ Ra(@)8P(@). | () dP(0)
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Next we define a binary relatiog on.# (R) as follows.

Definition 2.1 For anyS;T € #(R), a relationsS < T holds if both of(i) and (ii) are satisfied
simultaneously:

(i) Foranyxe R ande > 0, there existy € R such thatx <y ands(x) < F(y) +&.
(i) Foranyye R ande > 0, there existx € R such thatx <y ands(x) > F(y) — .

This binary relation is an extension of the well known partial order called the fuzzy max
order(?). We should prove its property of pseudo ordering.

Lemma 2.1 The binary relations is a pseudo order ot# (R).

proof. First it trivially holds thaS < Sfor S .# (R). The next is to show the transitivity. Assume
thatSx tandt < 7 for §t,7 € .7 (R). FromS< t it follows that for anyx € R andg; > 0, there
existsy € R which satisfyx < y ands(x) < t(y) + &;. For thisy, we select € R ande, > 0 with
t(y) <T(2) + & andy < zsincet < T. Thus, we havé(s) < (2) + & + & with x < z. Similarly,
there existx € R such tha§(x) > (z) — € andx < zfor anyz € R ande > 0. These shows that
ST, which completes the proof. O

3. Fuzzy perception model of multi-variate stopping

In this section a fuzzy perception model for multi-variate stopping problem is defined.
Before the definition, we need a next assumption on the given probability space which is impor-
tant to show the continuity of random vectors. This cause the determination of each individual
decision.

Assumption 3.1 The probability measur® with underling space€Q, %, P) is assumed to be
non atomic.

Let denote by.2 P*N the set of allIN-dimensional row random vector whose elements
are mutually independemt-dimensional column random vectors. That is, a random variable
X!\ € 2" means a payoff for playeiis= 1,---, p at time-parameten = 1,--- ,N. Composing
each of time stage and whole of players payoff, it is constructed as

Xn= (X}, X0)T € 27PandX € 27
ZPNL X =(X,---,X4) | are mutually independent for=1,--- N,
|:17 7p

where(---)T is the transpose of a vector.

Definition 3.1 An individual stopping strategy fun_ctio’ii of playeri(i=1,---, p) are defined
asthe map' = (§;n=1,--- ,N): X € 2PN - DI(X).

We denote by\' the set of all individual stopping strategy functions of playandA =
NP ,A'. Simply call 5 € A as a stopping strategy function. Lét= (Xs;n=1,---,N) be a
sequence op-dimensional fuzzy perception function witk, = ()?,2). For anyd = (&';i =
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1,---,p) € A and a monotone rule, the d-stopped fuzzy perception payoff of playér =
1,---,p)is afuzzy set ofR and defined by

V/(3)(x) £ supg (X) (3.1)
XeA

where the supremutd € Ais taken all over on the range of set

Az {xezr ’ E (Xiay) =%}

and
g (X) £ oi)f;l;il(xl(w)) A A XN (X (@) (3.2)
andX(Xn(@)) £ X7 (X3 (@) A--- AXT(XE ().
The stopping strategy functiod = (*8';i = 1,---, p) € A is called an equilibrium point
(cd.?)if for eachi(i=1,---, p) it holds that

V('0) =V (57/3') (3.3)

forall 8 € A, where*5—1/8' £ (*81,... ,*6'~1,8' *5'HL,... *5P).

The objective of our fuzzy perception problem is to find an equilibrium p@nt A and
to calculate the equilibrium fuzzy perception pay@ffd)(i = 1,---, p). This problem will be
denoted by F-PROBX|m, N} in the afterwards.

4. Equilibrium fuzzy perception payoffs

In order to discuss F-PRQE|m,N}, we need the following results on PROB|m,N}
given in the previous worky.

For anyp-dimensional random variabléX, = (Xl;i=1,---,p);n=1,--- ,N}, we define
a sequence of vectofs,, = (vi;i=1,---,p);n=1,--- ,N} inductively by, for each=1,--- , p,

{ A\}le.(X&‘). . . . . . (4.1)
Vln+1 = Vln + G'(Vn|XN,n)E(X,I\|7n 7VI)+ - BI (Vn|fon)E(xll\lfn - VI)_
where _
a'(ValXn_n) = P[IT(IC%,~-- ’Idfl’l’ ICL“’”' 7|CR) =1], (4.2)
B (Vo[ Xn—n) = P[m(lct, 11,0, I, -+, ep) = 1 (4.3)

andc) = {X,{'H, > v,%}(j =1---,p) andla is an indicator of sef.

Lemma 4.1 (Corollary 2.2 in?) For a sequencgvn} given in(??), define a strategyd =
(*d") with *d' = (*d;,) € D'(X) by *d}, = lixiovi, ) (n=1,--- ,N;i=1,---,p). Then*dis an
equilibrium point for PROBX |7, N) andvy = E (X q))-

We note here that the equilibrium stopping stratétyy D' (X) of playeri for PROBX|,N)
is determined byX € 2PN, Therefore the equilibrium stopping strateglyc D'(X) is recog-
nizable or is reflected ovex € 2'P*N. Such an individual stopping function will be defined
by ‘ : .
5 (X) = ("3 (X), -+, "0 (X)) (4.9)

explicitly expressing of random variab¥ee 2 P*N,
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Theorem 4.1 For a sequence of fuzzy perception functidhs: (X;,---,Xy) and a monotone
rule 11, a strategy functiorid' defined in £?) gives an equilibrium point for F-PROK |, N}.
Proof. Let select anyy' € A'. Forx € R with V(*57'/8')(x) > 0 ande > 0, there existsX €
2 P*N such thaE (xtin(*(sfi/ai)) =xandV (*6~"/8')(x) < pg (X)+ & from the definition of ?).
Since*d(X) is an equilibrium point for PROBX |, N}, it follows thatx <y = E (XIin(*é(X)))
impliesV(*8") > pig (X). And thenV (*5~1/8")(x) < ¥ (*8)(y) +&. S

Similarly, for anyy € R with V'(*6)(y) > 0 and& > 0, we haveV'(*0~'/d")(x) + € >
Vv (*8)(x) provided thaty > x £ E (Xt‘n(*é(x))). Thus, combining two order relations ¢#7), we
haveV (*571/8') < V/(*9). 0

The next lemma is to prepare an explicit form of the perception value corresponding the
equilibrium point. This is a general case for the monotone rule.

Lemma4.2 Forv= (Vi,--- ,v?) e RPandY = (Y1,--- ) YP) € 2P, let, foreachj = 1,--- , p,

G,V 2V+a' (WYE[Y —V] = B(VYE[Y V], (4.5)

where
a' (VIY) 2 P[r(lee, - Doty 1 lgist, -+, lep) = 1], (4.6)
B (VY) 2 P[r(lct, -, lgio1,0, lgist, -+, lep) = 1] 4.7)

andCl £ {YI >Vvi}. ThenG'(Y,v) (i=1,---,p) is continuous inY,v) € 2P x RP.

Proof. Since the underlyin@ is assumed to be non-atomic 87}, the dominated convergence
theorem implies thatr'(v]Y), B'(v]Y) are continuous iffY,v). And both ofE [Y' —v/]" and
E [Yi — vi] ~ are also continuous. Hence the assertion is obtained immediately. O

For a given sequencé = (Xy,---,Xy), let define
5\(/(n) é (5\(/an+175('an+27 e aXN)

forn=1,---,N. By considering the F-PROEX(n)|7t,n}, we denotel, = (V,,;i = 1,---, p) the
fuzzy perception value of its equilibrium point.

Theorem 4.2 It holds that, fom=1,--- N, i=1,---,p,

(i) V., eR.
(i) Thea-cutis given ash , = [V 4,V 4] where
7vin.,or = E[i)zfim}v 4J\7in,or = Eﬁifim}' (4-8)
(iii)

{ Voo =miny, G (Y,v) “9)

o = Maxy,y G'(Y,V)

where theminy,, and max, are taken over the sdf(Y,v) € 2P x RP| Xy_n <Y <
TXN—n"Vh < v < TV, } with the order relation< of component-wise iRP.
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Proof. The proof proceeds by induction on From the definition ofx-cut and the expectation
of fuzzy set, _
= {xe R |V (*0)(x) > a}

—{EOQ) eR | Xy e Xia )
= [E(_Xfi\l,a% E(+)zfi\l,a)} )

which implies that\‘/*1 € R and (??) holds forn= 1. To prove it forn, suppose that (i) and (ii)
are hold in case ai— 1. So

n+1a {VInJrl{X} ’ IJX >avx:(xla""XN)e'%pXN}
WhereV'n+la is given in ?) with respect toX € 2 P*N and Uz (X) is in (??). Thus, by €?),
(??) and (??), we can obtain that

\7in+1ﬂ = {Gi (Y,v) | Y e XN—n.,or(x)7VE vn,a} = [_anrl,aa WnJrl,a]

holds. This completes the proof of theorem. O

5. An example of a simple majority rule

In this section, we discuss the casgoef 2 and the monotone rule igx*, x?) = max{x!, x?},
that is, it is a simple majority rule. Applying this case to TheorgMmthe sequence of iteration:

_vli,a = E[_lei\l.a]v +\7i1.,or = Eﬁxvli\l,u}- (5.1)

and the recursive equation &), fori=1,2andn=1,--- N,

{ JrVin-‘rl = +\’in‘|'E(+XIi\l—n - T/')* - P(7 34 2 +V37i)E(+XIi\l - V)i (5 2)

7Vin+l:7\/'.n+E(7xfi\l—n_+Vi)+_P(+xN > V3 )E( xN n_+vi)7
are obtained. Thus the fuzzy perception value of equilibrium poifisd), v?(*5)) = (V§, V)
for an individual stopping strategy functiod = (*6%,*52) with a usual result of fuzzy max
order.
To show a concrete numerical calculation considere@, it is treated an independent,

uniformly fuzzy random variables. L&t = (Xg,---,Xn) with two playersX, = (X}, X2),n =
1,---,N and a triangle-fuzzy random variable

Xo=(Ya/Xa/Zy) i=12 (5.3)

i.e. the center iX! with a left and a right spread, — Y;,, X! 4- Z!, respectively. In oder to simplify
the calculation, we assume that these are independent and uniformly distributed as

X\ ~U[0,], Yy,Z,~U[0,1/2].

In this case the fuzzy perception value of the equilibrium p&int (V,v2) could be
explicitly expressed as follows.
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Table 1: Triangular fuzzy number

X = (Ya/%0/Z0)

ol Xivi X Xtz

Here we use a notatidh andFF, a distribution function ofV, cooperating with a parameter
a by
T(x) £ EW—-x)" (=00 < X< +o0)

where random variablé¥ = X +Y,Z =X —Y with X ~U[0,1] andY ~U|[0,a] (0 <a< 1/2),
then
1/2+a/a—x, (x<0)
1/2+a/2—x+x3/(6a), (0< x< a)
T(x)={ 1/2+a/2+a%/6—(1+a/2)x+x?/2, (a<x< 1)
(1+a-x)3/(6a), (L<x< 1+a)

0, (1+a<x)
0,(x<0)
x?/(2a),(0 < x < a)
F(X) £PW <x)={ —a/2+x (a<x<1)
—(a+1/a)/2— (1+1/a)x—x?/(2a),(1<x<1+a)
1,(1+a<x

in cases like this. Sind8(W —x)~ =T(x)—a/2—1/2+x, E(Z-x)" =T(x+a), E(Z—x)" =
T(a+x)+a/2—1/2+xandP(Z < x) = F(a+X) are hold, we can express the above recursive
iteration (??) and (?) as follows: By the symmetry of playerg = V2 and, set

U2V =V (5.4)

and we want to grasp a form of-cutUn ¢ = [ Un.a, TUn o] for eacha € [0,1]. By substituting
a=(1-0a)/2,
Uig=1/2—(1-q)/4, "liq=1/2+(1-a)/4, (5.5)

forn=1--- )N—1, we had calculated?(?) as

7Gn+1,a = 7ﬁn,a + T(+Un.a + (1_ or)/2) - (1_ F(+ﬁn7a))
X{T("Una+(1—0a)/2)+(1—a)/4—1/2+ TUna},

nitag = Tng +T(Ung+(1—a)/2) = (1—F("TUng))
X {T(“Una+(1—0a)/2)—(1—0a)/4—1/2+ Ung}-

(5.6)

The numerical result is as follows: We use the notatipfj = 1/2,uln+1] :=1/2+
un¥2,n=1,2,--- witha= (1—a)/2. The case ofr = 1,a= (1— a)/2 = 0.0 corresponds
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Table 2: Thex—cuts of the fuzzy equilibrium point

a=1 a=07 a=05
(1-a)/2=00| (1—a)/2=015 | (1—a)/2=0.25

[ n] uli] | lower  upper [ lower  upper |
1 0.5000 0.4250 0.5750| 0.3750 0.6250
2 0.5625 0.3811 0.7654| 0.2669 0.9004
3 0.5890 0.2851 0.9995| 0.1494 1.2709
4 0.6022 0.2418 1.3124| 0.1494 1.7487
5 0.6092 0.2418 1.6604| 0.1494 2.2265
6 0.6130 0.2418 2.0085| 0.1494 2.7043
7 0.6152 0.2418 2.3566| 0.1494 3.1821
8 0.6164 0.2418 2.7047| 0.1494 3.6599
9 0.6171 0.2418 3.0528| 0.1494 4.1377
10 0.6175 0.2418 3.4008| 0.1494 4.6155

the non-fuzzy model PROB model with the equilibrium vaidie] and, “lower
the extremal point of interval for each lewe!

upper” means

Acknowledgements: Authors should show thanks to anonymous referee who point out the
typographical errors.
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