A Stopping Problem for Fuzzy Stochastic System with a Linear Ranking Function

Masami KURANO Chiba University, Chiba, 263-8522 JAPAN.

kurano@math.e.chiba-u.ac.jp

Masami YASUDA Chiba University, Chiba, 263-8522 JAPAN.

yasuda@math.s.chiba-u.ac.jp

Jun-ichi NAKAGAMI Chiba University, Chiba, 263-8522 JAPAN.

nakagami@math.s.chiba-u.ac.jp

Yuji YOSHIDA Kitakyushu University, Kitakyushu, 802-8577 JAPAN.

yoshida@kitakyu-u.ac.jp

Abstract

We consider a stopping problem based on fuzzy stochastic system which is defined by sequences of fuzzy random variables. By a fuzzynumber-valued extension of classical random variables, a fuzzy stopping time for these sequences is discussed. Here we will induce a linear ranking function on α-cut of fuzzy numbers and formulate the fuzzy reward of a stopping rule as an optimization problem. Then an optimal fuzzy stopping time can be analyzed. Our aim is to characterize the optimal fuzzy stopping time of fuzzy stochastic system and describe the optimality equation treated as Dynamic programming. An example of the Markov model is presented.

Fuzzy stopping problem; dynamic fuzzy system; fuzzy decision; One-step Look Ahead policy.

1 Introduction

Zaheh’s extension principle for mapping f: ~r(b) = sup_{b=f(a)} ~s(a).

Fix ω throughout. Then, random variables are mapping X_·(ω) : R → R. Also stopping times are τ (ω) ∈ R. We can apply Zaheh’s extension principle as follows Fuzzification of values at stopped time(x) = sup_{n:x=Xn(ω)} Fuzzification of stopping times(n)

Let a fuzzy stopping time τ̃ (n, ω) by τ̃ : R → [0, 1]. Then we obtain

Fuzzification of values at stopped time(x) = sup_{n:x=Xn(ω)} τ̃ (n, ω).

Let a fuzzification of the mapping X_·(ω) : R → R by a fuzzy random variable ~X_n(ω)(x): ~X_n : Ω → F(R). Then it follows ψ̃(x) = Fuzzification of values at stopped time(x) = sup n T (τ̃ (n, ω), ~X_n(ω)(x)), where T is a t-norm and means the intersection of fuzzy sets by extension principle.

If T is a product, then ψ̃(x) = sup n {τ̃(n, ω) ~X_n(ω)(x)}. If T is a min, then ψ̃(x) = sup n min{τ̃(n, ω), ~X_n(ω)(x)}. It’s another extension.

Let E, E_1, E_2 be convex compact subsets of some Banach space. Throughout the paper, we will denote a fuzzy set and a fuzzy relation by their membership functions. For the theory of fuzzy sets, refer to Zadeh [?], Novák [?] and Dubois and Prade [?]. A fuzzy set ~u : E → [0, 1] is called convex if ~u(λx + (1 − λ)y) ≥ ~u(x) ∧ ~u(y), x, y ∈ E, λ ∈ [0, 1], where a ∧ b := min{a, b}. Also, a fuzzy relation ~h : E_1 × E_2 → [0, 1] is called convex if

~h(λx_1 + (1 − λ)x_2, λy_1 + (1 − λ)y_2) ≥ ~h(x_1, y_1) ∧ ~h(x_2, y_2) for x_1, x_2 ∈ E_1, y_1, y_2 ∈ E_2 and λ ∈ [0, 1]. The α-cut (α ∈ [0, 1]) of the fuzzy set ~u is defined by ~u_α := {x ∈ E | ~u(x) ≥ α} (α > 0) and ~u_0 := cl {x ∈ E | ~u(x) > 0}, where ‘cl’ denotes the closure of a set.

Let F(E) be the set of all convex fuzzy sets, ~u, on E whose membership functions are upper semi-continuous and have compact supports and the normality condition : sup_{x∈E} ~u(x) = 1. We denote by C(E) the collection of all compact convex subsets of E and by ρ_E the Hausdorff metric on C(E). Clearly, ~u ∈ F(E) means ~u_α ∈ C(E) for all α ∈ [0, 1]. Let R be the set of all real numbers. We see, from the definition, that C(R) and F(R) are the set of all bounded closed intervals in R and all upper semi-continuous and convex fuzzy numbers on R with compact supports, respectively.

The addition and the scalar multiplication on F(R) are defined as follows: For ~m, ~n ∈ F(R) and λ ≥ 0, ( ~m + ~n)(x) := sup

x_1,x_2∈R: x_1+x_2 =x

{ ~m(x_1) ∧ ~n(x_2)} (x ∈ R) (1.1) and (λ ~m)(x) := { ~m(x/λ) if λ > 0 I_{{0}}(x) if λ = 0 (x ∈ R). (1.2)

Hence ( ~m + ~n)_α = ~m_α + ~n_α and (λ ~m)_α = λ ~m_α (α ∈ [0, 1]) holds where A + B := {x + y | x ∈ A, y ∈ B}, λA := {λx | x ∈ A}, A + ∅ = ∅ + A := A and λ∅ := ∅ for any non-empty closed intervals A, B in R. We use the following lemma.

Lemma 1.1 For any ~u ∈ F(E_1) and ~p ∈ F(E_1 × E_2) satisfying ~p(x, ·) ∈ F(E_2) for x ∈ E_1, it holds that sup_{x∈E1} {~u(x) ∧ ~p(x, ·)} ∈ F(E_2).

We consider the dynamic fuzzy system([8, ?]) with fuzzy rewards in order to consider the a fuzzy stopping problem.

Definition 1 The dynamic fuzzy system is defined by three elements (S, ~q, ~r) as follows:

(i) The state space S is a convex compact subset of some Banach space and is a element of F(S). Since the system is in a fuzzy environment, so that a state of the system is called a fuzzy state.

(ii) The law of motion ~q : S × S → [0, 1] for the system is time-invariant and, is assumed that ~q ∈ F(S × S) and ~q(x, ·) ∈ F(S) for all x ∈ S.

(iii) The fuzzy reward ~r : S × R → [0, 1] is assumed that ~r ∈ F(S × R) and ~r(x, ·) ∈ F(R) for all x ∈ S..

If the system is in a fuzzy state ~s ∈ F(S), a fuzzy reward R(~s) is earned and the state is moved to a new fuzzy state Q(~s), where Q : F(S) → F(S) and R : F(S) → F(R) are defined by Q(~s)(y) := sup_{x∈S}{~s(x) ∧ ~q(x, y)} (y ∈ S) (1.3) and R(~s)(z) := sup_{x∈S}{~s(x) ∧ ~r(x, z)} (z ∈ R). (1.4) Note that by Lemma 1.1 these maps Q and R are well-defined.

For the dynamic fuzzy system (S, ~q, ~r), if we give an initial fuzzy state ~s ∈ F(S), we can define a sequence of fuzzy rewards {R(~s_t)}^∞_{t=1}, where a sequence of fuzzy states {~s_t}^∞_{t=1} is defined by

~s_1 := ~s and ~s_{t+1} := Q(~s_t) (t ≥ 1). (1.5)

In the following section, a fuzzy stopping problem for {R(~s_t)}^∞_{t=1} is formulated.

2 Fuzzy stochastic system

For the sake of brevity, denote F = F(S). The metric ρ on F is given as ρ(~u, ~v) = sup_{α∈[0,1]} ρ_S (~u_α, ~v_α) for ~u, ~v ∈ F (see Nanda [?]). Let B(F) be the set of Borel measurable subsets of F with respect to ρ. Putting by Ω_t := F^t the t(≥ 1) times product of F and by B_t := B(F^t) the set of Borel measurable subsets of F^t with a metric ρ^t on F^t defined by ρ^t({~s_l}, {~s^′_l}) := t∑ l=1 2^{−(l−1)}ρ(~s_l , ~s^′_l). (2.1)

We can interpret {~s_t}^∞_{t=1} ∈ Ω_∞, where {~s_t}^∞_{t=1} is defined by (1.5) with any given initial fuzzy state ~s_1 = ~s ∈ F. Here, applying the idea of fuzzy termination time in Kacprzyk [?, ?, ?], we will define a fuzzy stopping time. Let R be the set of all natural numbers.

Definition 2 A fuzzy stopping time is a fuzzy relation σ̃ : Ω_∞ × R → [0, 1] such that

(i) for each t ≥ 1, σ̃(·, t) is B_t-measurable, and

(ii) for each ω ∈ Ω_∞, σ̃(ω, ·) is non-increasing and there exists t_ω ∈ R with σ̃(ω, t) = 0 for all t ≥ t_ω.

In the grade of membership of stopping times, ‘0’ and ‘1’ represent ‘stop’ and ‘continue’ respectively. That is, the lower the value, the higher the grade of “stop”. We denote by Σ the set of all fuzzy stopping times.

Lemma 2.1 Let any σ̃ ∈ Σ. Define a map σ̃_α : Ω_∞ → R by

σ̃_α(ω) = min{t ≥ 1 | σ̃(ω, t) < α} (ω ∈ Ω_∞) for α ∈ (0, 1]. (2.2)

Then, we have:

(i) {σ̃_α ≤ t} ∈ B_t (t ≥ 1);

(ii) σ̃_α(ω) ≤ σ̃_α′ (ω) (ω ∈ Ω_∞) if α ≥ α^′;

(ii) lim_α′_{↑α} σ̃_α′ (ω) = σ̃_α(ω) (ω ∈ Ω_∞) if α > 0.

Proof. (i) is from {σ̃_α > t} = {ω ∈ Ω_∞ | σ̃(ω, t) ≥ α} ∈ B_t. (ii) and (iii) follow immediately from the definition. qed.

In order to treat an optimal fuzzy stopping problem, we specify a function G(~s, σ̃) with a linear ranking function g, which measures the system’s performance when a fuzzy stopping time σ̃ ∈ Σ and an initial fuzzy state ~s ∈ F were adapted. It seems to be natural that the scalarization of the total fuzzy reward should be incorporated for these kind of optimization. Refer to Fortemps and Roubens [7], Wang and Kerre [?, ?] and Kurano et al [9] for a ranking method and an ordering of fuzzy sets.

We define ω_∞(·) : F → Ω_∞ by

ω_∞(~s) := {~s_t}^∞_{t=1}, (2.3)

and {~s_t}^∞_{t=1} is defined by (1.5) with ~s_1 = ~s. Let g : C(R) → R be a continuous and monotone function. Using this, the description of the scalarization of the total fuzzy reward will be completed by G(~s, σ̃) := ∫_1 0 g(φ(~s, σ̃)_α) dα (2.4)

where σ̃_α := σ̃_α(ω_∞(~s)) and φ(~s, σ̃)_α := σ̃_α−1∑

t=1 R(~s_t)_α provided

∑_0 1 := {0}. Note

that since φ(~s, σ̃)_α ∈ C(R) and the map α → g(φ(~s, σ̃)_α) is left-continuous on (0, 1], the right-hand integral of (2.4) is well-defined. Now, our objective of the problem is to maximize (2.4) over all fuzzy stopping times σ̃ ∈ Σ for each initial fuzzy state ~s ∈ F.

Definition 3 For ~s ∈ F, a fuzzy stopping time σ̃^∗ is called ~s-optimal if G(~s, σ̃) ≤ G(~s, σ̃^∗) for all σ̃ ∈ Σ. If σ̃^∗ is ~s-optimal for all ~s ∈ Σ, σ̃^∗ is called optimal.

First, we establish several notations that will be used in the sequel. Associated with the fuzzy relations ~q and ~r, the corresponding maps Q_α : C(S) → C(S) and R_α : C(S) → C(R) (α ∈ [0, 1]) are defined, respectively, as follows: For D ∈ C(S), Q_α(D) := { {y ∈ S | ~q(x, y) ≥ α for some x ∈ D} for α > 0 cl{y ∈ S | ~q(x, y) > 0 for some x ∈ D} for α = 0, (2.5) and R_α(D) := { {z ∈ R | ~r(x, z) ≥ α for some x ∈ D} for α > 0 cl{z ∈ R | ~r(x, z) > 0 for some x ∈ D} for α = 0. (2.6)

By ~q ∈ F(S × S) and ~r ∈ F(S × R), these maps Q_α and R_α (α ∈ [0, 1]) are well-defined. The iterates Q^t_α (t ≥ 0) are defined by setting Q^0_α := I(identity) and iteratively, Q^{t+1}_α := Q_αQ^t_α (t ≥ 0).

In the following lemma, which is easily verified by the idea in the proof of Kurano et al. [8, Lemma 1], the α-cuts of Q(~s) and R(~s) defined by (1.3) and (1.4) are specified using the maps Q_α and R_α.

Lemma 2.2 ([8, ?]). For any α ∈ [0, 1] and ~s ∈ F, we have:

(i) Q(~s)_α = Q_α(~s_α); (ii) R(~s)_α = R_α(~s_α);

(iii) ~s_{t,α} = Q^{t−1}_α (~s_α) (t ≥ 1), where ~s_{t,α} := (~s_t)_α and {~s_t}^∞_{t=1} is defined by (1.5) with ~s_1 = ~s.

Here we need the following assumption which is assumed to hold henceforth. Assumption A (Lipschitz condition). There exists a constant K > 0 such that ρ_S (Q_α(D_1), Q_α(D_2)) ≤ K ρ_S (D_1, D_2) (2.7) for all α ∈ [0, 1] and D_1, D_2 ∈ C(S).

Theorem 2.1 Let a fuzzy stopping time σ̃ ∈ Σ. Then, the map σ̃^′(·, ·) : F × R → [0, 1] defined by σ̃(~s, t) := σ̃(ω_∞(~s), t) (~s ∈ F, t ∈ R) has the following properties (i) and (ii):

(i) σ̃^′(·, t) is B(F)-measurable for each t ≥ 1.

(ii) For each ~s ∈ F, σ̃^′(~s, ·) is non-increasing and there exists t_{~s} ∈ R such that σ̃^′(~s, t) = 0 for all t ≥ t_{~s}.

Proof. For t ≥ 1, we define a map ω_t : F → F^t by ω_t(~s) := {~s_l}^t_{l=1}, where {~s_l}^∞_{l=1} is defined by (1.5) with ~s_1 = ~s. For (i), it suffices to prove that ω_T is continuous for each t ≥ 1, together with the measurability of σ̃. We will show only the case of t = 2, since the case of t ≥ 3 is proved from (2.1) in the same manner. For ~s, ~s^′ ∈ F, we have ρ^2(ω_2(~s), ω_2(~s^′)) ≤ ρ(~s, ~s^′) + 2^{−1}ρ(Q(~s), Q(~s^′)) ≤ (1 + K/2)ρ(~s, ~s^′), from Lemma 2.2 and Assumption A. This shows the continuity of ω_2(·). Also, (ii) follows from the definition of a fuzzy stopping time. qed.

Observing the scalarization (2.4) and the objective function G(~s, σ̃) for the stopping problem, we can confine ourselves to the class of fuzzy stopping times σ̃^′(·, ·) : F × R → [0, 1] satisfying (i) and (ii) in Theorem 2.1. The class of such fuzzy stopping times will be denoted by Σ^′. The following theorem is useful in constructing an optimal fuzzy time which is done in Section ??.

Theorem 2.2 Suppose that, for each α ∈ [0, 1], there exists a B(C(S))-measurable map σ_α : C(S) → R. Using this family {σ_α}_{α∈[0,1]}, define the map σ̃ : F × R → [0, 1] by σ̃(~s, t) = sup_{α∈[0,1]}{α ∧ 1_{{t:σα(~sα)>t}}(t)}, ~s ∈ F, t ≥ 1. (2.8) Then, if for each ~s ∈ F, σ_α(~s_α) is non-increasing and left-continuous in α ∈ [0, 1], it holds that

(i) σ̃ ∈ Σ^′, and

(ii) σ_α(~s_α) = min {t ≥ 1 | σ̃(~s, t) < α} (α ∈ (0, 1]).

Proof. If σ_α(~s_α) is non-increasing in α ∈ [0, 1], the inequalities σ̃(~s, t) ≥ σ̃(~s, t + 1) (t ≥ 1) follow from (2.8). Also, (2.8) implies that, for each t ≥ 1 and α ∈ [0, 1], {~s ∈ F | σ̃(~s, t) ≥ α} = ∞⋂ n=1 {~s ∈ F | σ_{α−1/n}(~s_{α−1/n}) > t}. (2.9) For a continuous map η_α : F → C(S) defined by η_α(~s) = ~s_α (~s ∈ F), we have {~s ∈ F | σ_α(~s_α) > t} = η^{−1}_α ({D ∈ C(S) | σ_α(D) ≥ t + 1}), so that {~s ∈ F | σ̃(~s, t) ≥ α} ∈ B(F) follows from (2.9) and B(C(S))-measurability of σ_α. The above facts imply σ̃ ∈ Σ^′. Also, (ii) holds obviously. qed.

3 Optimal fuzzy stopping time

In this section, we try to construct an optimal fuzzy stopping time, by applying an approach by α-cuts. Now, we define a non-fuzzy stopping problem specified by C(S), Q_α and R_α (α ∈ [0, 1]), associated with the fuzzy stopping problem considered in the preceding section. For each α ∈ [0, 1] and any initial subset c ∈ C(S), a sequence {c_t}^∞_{t=1} ⊂ C(S) is defined by

c_1 := c and c_{t+1} := Q_α(c_t) (t ≥ 1). (3.1) Let Σ_1 := {σ : C(S) → R | {σ = t} ∈ B(C(S)) for each t ≥ 1}. (3.2)

Using this sequence {c_t}^∞_{t=1} given by (4.1) with c_1 := c, let φ^α(c, t) := t−1∑ l=1 R_α(c_l) for c ∈ C(S). (3.3)

Note that φ^α(c, σ(c)) = ∑_{σ(c)−1} l=1 R_α(Q^{t−1}_α (c)) ∈ C(R) for all σ ∈ Σ_1. The nonfuzzy stopping problem considered here is to maximize g(φ^α(c, σ(c))) over all σ ∈ Σ_1, where g is the weighting function given in Section ??. A map τ_α ∈ Σ_1 is called an α-optimal stopping time if

g(φ^α(c, τ_α(c))) ≥ g(φ^α(c, σ(c))) for all σ ∈ Σ_1.

In order to characterize α-optimal stopping times, let

γ^α_t (c) := sup_{σ∈Σt} g(φ^α(c, σ(c))) for t ≥ 1 and c ∈ C(S), (3.4)

where Σ_t := {σ ∨ t | σ ∈ Σ_1} (t ≥ 1).

Assumption B (Closedness). For any α ∈ [0, 1], if (φ^α(~s_α, t), ~s_{t,α}) ∈ K^α(g) for some t, then (φ^α(~s_α, t^′), ~s_t′_{,α}) ∈ K^α(g) for all t^′ > t where K^α(g) := {(h, c) ∈ C(R) × C(S) | g(h) ≥ g(h + R_α(Q_α(c)))}. For c ∈ C(S), let

τ^∗_α(c) := min{t ∈ R | (φ^α(c, t), c_t) ∈ K^α(g)}. (3.5)

Then, the next lemma is given as deterministic versions of the results for stochastic stopping problems in Chow et al. [4] and Kadota et al. [?].

Lemma 3.1 (c.f. [4, Theorems 4.1 and 4.5] and [?]). Suppose Assumption B holds. Let α ∈ [0, 1]. The following (i) and (ii) hold: (i) γ^α_t (c) = max{g(φ^α(c, t)), γ^α_{t+1}(c)} (t ≥ 1, c ∈ C(S)). (ii) Suppose that lim_{t→∞} g(φ^α(c, t)) = −∞ and sup_{t≥1} g(φ^α(c, t)) < ∞ for each c ∈ C(S). Then, τ^∗_α is α-optimal and γ^α_1 (·) = g(φ^α(·, τ^∗_α(·))).

Chow et al. [4] studied the general case in optimal stopping problems, and Kadota et al. [?] discussed the one-step look ahead optimal stopping times given by (3.5). For each α ∈ [0, 1], applying the above lemma, we can find an α-optimal stopping time τ^∗_α under conditions of Lemma 3.1(ii). Assuming the existence of α-optimal stopping times for each α ∈ [0, 1], let {τ^∗_α}_{α∈[0,1]} be the family of such stopping times. Here, we try to construct an optimal fuzzy stopping time from {τ^∗_α}_{α∈[0,1]}. For this purpose, a regularity condition is need to prove our main results Theorem 3.1.

Assumption C (Regularity). τ^∗_α(~s_α) is non-increasing in α ∈ [0, 1].

We can assume the left-continuity of the map α → τ^∗_α(~s_α), by considering lim_α′_{↑α} τ^∗_α′ (~s_α′ ) instead of τ^∗_α(~s_α). Define a map τ̃^∗ : F × R → [0, 1] by τ̃^∗(~s, t) := sup_{α∈[0,1]} { α ∧ 1_{{t:τ} ∗_{α(~sα)>t}}(t) } . (3.6)

for all ~s ∈ F and t ∈ R.

Theorem 3.1 Suppose Assumptions B and C hold. Then, τ̃^∗ defined by (3.6) is an ~s-optimal fuzzy stopping time.

Proof. From Assumption C, τ^∗_α(~s_α) ≤ τ^∗_α′ (~s_α′ ) if α ≥ α^′, so that τ̃^∗ ∈ Σ^′ follows from Theorem 2.2. For any ~s ∈ F and σ̃ ∈ Σ^′, from Lemma 2.1 and 2.2 we have

φ(~s, σ̃)_α = σ̃_α(~s_α)−1 ∑ t=1 R_α(~s_{t,α}) = σ̃_α(~s_α)−1 ∑ t=1 R_α(Q^{t−1}_α (~s_α)). (3.7)

Since σ_α ∈ Σ_1, the optimality of τ^∗_α implies by (3.7) that, for all α ∈ [0, 1], g(φ(~s, σ̃)_α) = g(φ^α(~s_α, σ_α(~s_α))) ≤ g(φ^α(~s_α, τ^∗_α(~s_α))) = g(φ(~s, τ̃^∗)_α). Therefore, we have G(~s, σ̃) = ∫_1 0 g(φ(~s, σ̃)_α) dα ≤ ∫_1 0 g(φ(~s, τ̃^∗)_α) dα = G(~s, τ̃^∗). This means that τ̃^∗ is ~s-optimal, as required. qed.

If the regularity does not hold for some ~s ∈ F, the ~s-optimality of τ̃^∗ does not follow. But, τ̃^∗ defined by (3.6) is thought of as a good fuzzy stopping time.

4 Numerical example

In this section, an example is given to illustrate the theoretical results. Let S := [0, 1] and 0 < β < 0.98. The fuzzy relations ~q and ~r are given by ~q(x, y) = (1 − 10^{−2}|y − βx|) ∨ 0, x, y ∈ [0, 1] and, for a given constant λ > 10^{−2}(1 − β), ~r(x, z) = { 1 if x − z = λ 0 otherwise for x ∈ [0, 1], z ∈ R, where λ means an observation cost. Then, each Q_α and R_α of (2.5) and (2.6) are calculated easily as follows: For 0 ≤ a ≤ b ≤ 1, Q_α([a, b]) = [βa − (1 − α), βb + (1 − α)] and R_α([a, b]) = [a − λ, b − λ].

Now, let the linear ranking function to be g([a, b]) = b (0 ≤ a ≤ b ≤ 1). Easily we have that g(φ^α(c, t)) = g (_{t−1} ∑ l=1 R_α(c_l) ) = (1 − β^{t−1})b_α 1 − β − λ_α(t − 1) and γ^α_t (c) = sup_{σ∈Σt} g(φ^α(c, σ(c))) = sup_{n≥t} { (1 − β^{n−1})b_α 1 − β − λ_α(n − 1) } , where b_α := b − 10^{−2}(1 − α)/(1 − β) and λ_α := λ − 10^{−2}(1 − α)/(1 − β) for α ∈ [0, 1]. Then, applying Lemma 4.1, the α-optimal stopping time τ^∗_α is given by τ^∗_α([a, b]) = min { t ≥ 1| ( φ^α([a, b], t), β^{t−1}[a, b] ) ∈ K^α(g) } = min { t ≥ 1 | | | | (1 − β^{t−1})b_α 1 − β − λ_α(t − 1) ≥ (1 − β^t)b_α 1 − β − λ_αt }

for each α ∈ [0, 1]. Let ~s(x) = (1 − 4|2x − 1|) ∨ 0 for x ∈ [0.1]. We see that ~s_α = [(3 + α)/8, (5 − α)/8] . Therefore

τ^∗_α(~s_α) = ⌊ log λ_α(1 − β) (−b_α) log β / log β ⌋ + 1,

where ⌊·⌋ is the largest dominated integer. Since ~s is regular with respect to {τ^∗_α}_{α∈[0,1]}, Theorem 3.1 implies that the ~s-optimal fuzzy stopping time τ̃^∗ is given by

τ̃^∗(~s, t) = sup { α ∈ [0, 1] | | | | ⌊ log λ_α(1 − β) (−b_α) log β / log β ⌋ ≥ t }

= { 0 ∨ 8(1 − β + β^t log β) + 500β^t log β + 800(1 − β)λ 8(1 − β + β^t log β) + 100β^t log β } ∧ 1. The numerical values are given in Table 1.

t 1 2 3 4 5 6 7 8 9 · · · τ̃^∗(~s, t) 0.938 0.812 0.681 0.546 0.405 0.260 0.108 0.000 0.000 · · ·

Table 1. ~s-optimal fuzzy stopping time τ̃^∗(~s, ·) when λ = 0.5 and β = 0.97.

References

[1] J.P.Aubin, Integrals of set-valued functions, J. Math. Anal. Appl. 12 (1965) 1-12.

[2] J.P.Aubin and H. Frankowska, Set-Valued Analysis Birkhauser, Boston, 1990.

[3] Q.H.Ansari, W.Oettli and D.Schlager, A Generalization of vectorial Equilibria Math. Method of Oper. Res., 46 (1997) 147–152.

[4] Y.S.Chow, H.Robbins and D.Siegmund, The Theory of Optimal Stopping:

Great Expectations (Houghton Mifflin Company, New York, 1971).

[5] E.B.Dynkin, Game variant of a problem on optimal stopping, Soviet Math.

Dokl. 10 (1965) 270-274.

[6] D.Dubois and H.Prade, Fuzzy sets and systems. Theory and applications, (Academic Press, Inc. New York-London, 1980).

[7] P.Fortemps and M.Roubens, Ranking and defuzzification methods based on area compensation, Fuzzy Sets and Systems 82 (1996) 319-330.

[8] M.Kurano, M.Yasuda, J.Nakagami and Y.Yoshida, A limit theorem in some dynamic fuzzy systems, Fuzzy Sets and Systems 51 (1992) 83-88.

[9] M.Kurano, M.Yasuda, J.Nakagami and Y.Yoshida, Ordering of fuzzy sets — A brief survey and new results, J. Oper. Res. Soc. of Japan 43 (2000) 138-148.

[10] M.Kurano, M.Yasuda, J.Nakagami and Y.Yoshida, An approach to stopping problems of a dynamic fuzzy system, in preparation.

[11] J.Neveu, Discrete-Parameter Martingales (North-Holland, New York, 1975).

[12] Y,Ohtsubo, Optimal stopping sequential games with or without a constraint of always terminating, Math. Oper. Res. 11 (1986) 591-607.

[13] M.L.Puri and D.A.Ralescu, Fuzzy random variables, J. Math. Anal. Appl.

114 (1986) 409-422.

[14] M.L.Puri and D.A.Ralescu, Convergence theorem for fuzzy martingales, J.

Math. Anal. Appl. 160 (1991) 107-122.

[15] M.Stojaković, Fuzzy conditional expectation, Fuzzy Sets and Systems 52 (1992) 53-60.

[16] T.Tanaka, Cone saddle points, and minimax theorem for vector-valued functions, J. Opti. Theo. Appli. 81 (1994) 355-377.

[17] Y.Yoshida, M.Yasuda, J.Nakagami and M.Kurano, Optimal stopping problem of a stochastic and fuzzy system, J. Math. Anal. Appl. 246 (2000) 135-149.

[18] M.Yasuda, On a randomized strategy in Neveu’s stopping problem, Stoch.Proc.Appl. 21 (1986) 159-166.

[19] P.L.Yu, Cone covexity, cone extreme points, and nondominated solutions in decision problems with multiobjectives, J. Opti. Theo. Appli. 14 (1974) 319-377.

[20] G.Wang and Y.Zhang, The theory of fuzzy stochastic processes, Fuzzy Sets and Systems 51 (1992) 161-178.

[21] L.A.Zadeh, A fuzzy set theoretic interpretation of lingustic hedges, J. Cybernetics 2 (1972) 4-34.