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Abstract

The optimization problem of general utility case is considered for
countable state semi-Markov decision processes. The regret-utility
function is introduced as a function of two variables, one is a target
value and the other is a present value. We consider the expectation of
the regret-utility function incured until the reaching time to a given
absorbing set. In order to characterize the regret optimal policy, we
derive the optimality equation and then prove the uniqueness of solu-
tion. As application, two examples of regret-utility functions are used
to illustrate the analysis for these models.

Keywards: Regret optimal policy, Semi-Markov decision processes, Gen-
eral regret-utility, Optimality equation.

1 Introduction and notation

The optimization problem of general utility case is considered for countable
state semi-Markov decision processes. If a decision maker assesses a random
variable reward Y by use of a general utility function U, the following U-
certainty equivalent may be considered. U-certainty equivalent means a real-
valued quantity E(U,Y'), whose utility U(E(U,Y")) equals to the expectation



of utility U(Y), that is, it is defined by
U(E(U,Y)) = E[U(Y)] or E(U,Y)=U YE[U®Y)]).

The above equation means that decision maker would be indifferent about re-
ceiving between the random rewards Y and the non-random amount E(U,Y).
See Fishburn[9] and Pratt[16] in detail.

In our model, a performance criterion is the U-certainty equivalent of
the total reward until the reaching time to the absorbing set. The study of
Markov decision processes endowed with the risk-sensitive average criterion
and their related works have been developing by many authors [1, 2, 3, 4,
5, 11, 20], in which the utility is exponential function with constant risk
sensitivity A, i.e., Ux(y) = sign(A)e? if A # 0, = y if A = 0 . In this case,
the U-certainty equivalent F(U,,Y) is expressed by an explicit formula:

1
E(Uy,Y)={ A In(E[N]), A#£0
E[Y] A=0

Our paper does not specify only this kind of utility Uy but we consider the
case of the U-certainty equivalent E(U,Y) of a general utility function U
for a random variable Y. However it is too much difficult tp express the U-
certainty equivalent E(U,Y) explicitly. So we will introduce a regret which
evaluates the difference between the target value and the real payoff.

We assume that the utility of regret is represented by a function of two
variables, one is the target value and the other is the real payoff, called
regret-utility function, and the problem to be solved is to minimize the
expected regret-utility incured until the reaching time to the absorbing set.

In order to characterize the regret optimal policy, we derive the regret
optimality equation. Then the uniqueness of solution will be proved. As
application, two examples of regret-utility function are illustrated and some
analysis are developed. There are many kind of variability-risk analysis
for Markov Decision Processes; variance, percentile, etc, which appeared
in [7, 8, 14, 18, 19, 21, 22]. Also for a general utility of Markov decision
processes, refer to [5, 6, 11, 12, 13].

In the remainder of this section, we define the regret-utility optimization
problem for semi-MDP’s to be examined in the sequel. semi-MDP’s are
specified by

(i) a countable state space: S = {0, 1, 2,---},

(ii) a finite action space: A ={1,2,--- ,m},m < oo,



(iii) transition probability distributions: {(p;;j(a);j € S)|i € S,a € A},

(iv) distribution functions {Fj;(-|a)|i,j € S, a € A} of the time between
transitions,

(v) an immediate reward r and a reward rate d which are functions from
S x A to Ry, where Ry = [0, c0).

When the system is in state ¢ € S and action a € A is taken, then
it moves to a new state j € S with the sojourn time 7, and the reward
r(i, a) + d(i, a)7 is obtained, where the new state j and the sojourn time 7
are distributed with p;.(a) and Fj;(-|a) respectively. This process is repeated
from the new state j € S.

The sample space is the product space Q@ = (S x A x R;)®. Let X,
A, and 7,11 be random quantities such that X, (w) = z,, A,(w) = ay,
and T,41(w) = tpyq for all w = (zg, ao, t1, 1, a1, to,---) € Q and n =
0,1,2,---. Let H, = (Xo,A0,71, -+ ,Xpn) be a history until time n. A
policy m = (mp, m1,- -+ ) is a sequence of conditional probabilities m, = m,( |
H,,) such that m,(A | H,) = 1 for all histories H,, € (S x A x Ry)" x S.
The set of all policies is denoted by II. A policy 7 = (mg, m1,---) is called
stationary if there exists a function f : S — A such that m,({f(Xn)} |
H,)=1foralln >0and H, € (Sx Ax Ry)"x S. Such a policy is denoted
by f°°.

For any 7 € II, we assume that

(i) P?’Ob(Xn_H = ]| XQ, Ao, T1y * " ,Xn = i, An = a) :pij(a)

(ii) PTOb(Tn_H < t‘ Xo, Ao, T1y =" ,Xn = i, An = a, Xn+1 = j) = Fz-j(t\a)
for all n >0, i, j € S and a € A. Then, any initial state ¢ € S and policy
m € II determine the probability measure Pr(-| Xo = i) on © by a usual
way. We make the general assumption:

There exists an absorbing set Jy C S and Jy # S such that Z pij(a) =1
j€Jdo

and r(i,a) = d(i,a) = 0 hold for all i € Jy,a € A. Let J = S\ Jp and

N be the reaching time to Jy, i.e., N = min{n| X,, € Jy, n > 0}, provided

that min () = oco. The present value and the total lapsed time of the process

{Xn, Ap, Tht1 : n =0, 1, 2,---} until the /-th time are defined respectively

/—1
Dy =" (r(Xn, An) + Tos1d(Xn, A))



Motivated from the previous discussion, we introduce the following func-
tion G which is used in the evaluation between a target value and a present
value. Let G : Ry x Ry — R be a Borel-measurable function and call it
as a regret-utility function. For a constant g*, called as a target value, our
problem is to minimize the expected regret-utility with a target g*

E, (G(g*?N, ﬁN) ’ X = z) over all m € II,

where F.(-| Xo = ¢) is the expectation with respect to Pr(-| Xo = ¢). For
example, the difference between a target value g* and an average of present
value Dy /Ty is evaluated by

G(g*7n, Dn) = —exp{—A(g*7Tn — Dn)}

which is analyzed in Example 2 in Section 3. This situation have related
to our previous model on the general utility of Markov decision processes
[12, 13]. We say that 7* € II is regret optimal with a target g* if

E,. (G(g*ﬁv, Dy) ‘ Xy = z) <E, (G(g*%N, D) ’ X = 2)

forallmell and ¢ € S.

In Section 2, under some reasonable assumptions concerning the speed
with which the decision process is driven into Jy, we give the optimality
equation in order to characterize the regret optimal policy. Also, uniqueness
of solution to the optimality equation is proved. In Section 3, as applications
of our results, a few examples of regret-utility functions are given, under
which some analysis are developed.

2 Regret optimality and related optimality equa-
tions

To develop our discussion, the following assumption is needed. These require
that the process should be natural not pathological and also that reward r
and its rate d are bounded.

Assumption 1. Foralli,j €S, a€ A,

(i) there exists My and My such that

0<r(a) <M <oo, 0<d(i,a) <M< oo,
[e.e]
(ii) there exist L > 0, B > 0 such that L < / t Fi;(dt|a) < B.
0
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For each i € J and n > 0, we define e;(n) by

ei(n) =sup Pr(X,, € J| X0 =1),
well
which means the maximal probability of being not yet absorbed in Jy at
the n-th time. Putting e(n) = sup;c;ei(n), it clearly holds(cf. [10]) that
e(n+1) <e(n) and e(m+n) < e(m)e(n) for all m, n > 0.
The following assumption is needed.
o0

Assumption 2. g = Z e(n) < oo.
n=0

Assumption 2. There exist 0 < g < 1 and ng > 1 such that e(ng) < 1—mnp.

In stead of Assumption 2, we could assume Assumption 2’. In fact, if
Assumption 2’ holds, we have that

00 oo no—1 00
So = > e(n) =Y Y elkng+n) <Y noe(kno)
n=0 k=0 n=0 k=0

o
< nOZe(no)k < nong ' < oo,
k=0

which shows that Assumption 2 holds. In addition, since Pr(N > n|Xo =
i) < e(n) for n > 0, it holds that E,(N| Xy = 1) < dyp and then it implies
nangO nP;(N >n|Xo=1) =0 for any 7 € II. Because kP(N > k| Xy =1) <
kY por P(N =n|Xo=1i) <) . nP(N =n|Xy=1i) — 0(k — c0).

Now we define an optimal value function starting from the initial state
i and for ¢1, co € R4 by

(2.1) gi(c1, c2) = uglfI E; <G(01 + " TN, co + ]_N)N) ‘ Xo= 1) 1€ 8.

By the above definition, we observe that g;(c1, c2) = G(c1, ¢2) for i € Jy and

9:(0, 0) is the optimal expected regret-utility in our optimization problem.
The following assumption is utilized to characterize the optimal value

function.

Assumption 3. There exists a K > 0 such that

(2.2) Amp@¢g—mqmgﬂmm@gK

where ¢ = ¢ + g*t,¢3 = co +7(i, a) +d(i, a)t for all ¢;, co € R4, i, j €S
and a € A.



8G(Cl, CQ) aG(Cl, 62)
661 862
are uniformly bounded in (¢1, ¢2) € Ry x R4, Assumption 3 holds from

applying the mean value theorem and Assumption 1.
Hereafter, Assumption 1, 2 and 3 will be remained operative.
Lemma 2.1. For any i € J and c1, co € R, it holds that

Remark. If G(c1, c2) is differentiable and ‘

and ‘

(2.3) lgi(c1, c2) — G(c1, c2)| < Kdp.

Proof. By (2.1), for any € > 0 there exists 7 € II such that
(24)  giler, ) +e = Be (Gler+ g Fw, 2+ 5N)‘X0 =i).

For simplicity, put P(-) = Pr(:|Xo = i), E(-) = Ex(-|Xo = i) and H,, =
(Xo, Ao, 71, X1,---,Xp). We have the following:

E [G(cl + ¢*7N, ¢ + Dy)|N = n}
=F|FE [G(cl + g"Tn, co + ﬁN)‘N = nan_l} IN = n}

>F —E [G(Cl + g*7~'n_1, co + ﬁn—l)‘N =n, Hn_1:| ‘N = n} — K
] ( from Assumption 3 )
=F G(61 Jrg*%:N,l, CQ+DN,1)‘N:TL} — K

( repeating the same discussion )

Z G(Cl, CQ) —nk.

Thus, it follows that
E [G(Cl + 9" TN, c2 + lN)N)]

- iP(N =n)E [G(Cl + 9" 7N, c2 —I—IN)N)‘N :n}

n=0
> G(e, c2) — KZnP(N =n)
n=0
> Gler, o) — K Y e(n)
n=0

= G(Cl, 02) — K50.

From (2.4), we find that gi(ci, c2) +¢ > G(c1, c2) — Kdp. As ¢ — 0 in
the above, we get g;(c1, c2) > G(c1, ca) — Kdg. Starting from g;(c1, c2) <



Er(G(c1 + g*7n, ca + Dn)|Xo = i) for a policy 7 € II, apply the same way
as the above discussion. Then, we get g;(c1, ¢2) < G(c1, c2) + Kdo. O

Lemma 2.2. There exists a K > 0 such that

(2.5) /0 -

where ¢] = ¢1 + g*t,¢3 = co + (i, a) + d(i, a)t for all ¢1, co € Ry, i, j €S
and a € A.
Proof. We have that

gi(e1, @2) — gi(c1, c2) |Fij(dt|a) < K

lgi(c1, @) — gi(er, e2) | < gi(er, @) — G(er, @) [+ |giler, c2) = Gler, e2) |
+ |G(0717 6) - G(Cla 62) | °

So, from Lemma 2.1 and Assumption 3, the inequality (2.5) holds with
K = K(25 +1). O

We denote by B(R1 x R.) the set of all bounded Borel measurable
functions on Ry x R.. For any set h = (h; : i € J) with h; € B(R4+ x R4),
we define U{h}(c1, 2|, a) by

Ulh(er, eoliva) = 3 pigla) /0 " (e, @) Fy(dta)
(2.6) jed .
=Y (o) [ G @)y (atlo

Jj€Jdo

where ¢1 = ¢1 + g*t,c3 = ca + (i, a) + d(i, a)t for ¢1, co € R4, i € J and
a € A. Obviously, for each i € J and a € A, U{h}(:, - |i, a) € B(R+ X Ry).

Here, we can state one of our main results, which gives the optimality
equation and characterizes the regret optimal policies.

Theorem 2.1. (i) The set of optimal value functions g = (g; : i € J)
satisfies the following optimality equation:

(2.7) gile, c2) = minU{g}(c, c2f i, a)

for alli € J, and c1, c2 € R..
(ii) Let m* = (m§, 7}, -+ ) € II be any policy satisfying

(2.8) 7o (A*(9°F0 Dus Xo)

Hn>:1 on {X,eJ}

for all n > 0 and H,,, where A*(ci,cp i) = argmin,c ,U{g}(c1, c2]i,a) for
c1,c0 € Ry and i € J. Then, ©* is regret optimal with a target g*.



Proof. For (i), for any e > 0, 4,5 € S, a € A and t € R, there exists a
policy 7{i, a, t, j} = (7{i, a, t, j}o, 7{i, a, t, j}1, -+ ) satisfying that

(2.9) 9;(C1, €2) +€ > Ergi a1, 53 (G(G+ 9N, &+ 15N)( Xo = j)

where ¢1 = ¢1 + g*t, ¢35 = co +1(i, a) +d(i, a)t. Here we define a policy 7’ =
(7767 Wi,"’) by 7T6(G|HO) = ]-7 F;L(|Hn) - Tr{XOaAoaTlel}n—l('|Hq/171)
for n > 1, where H),_; = (X1, Ay, 72, Xo, -+, X,,) is shifted from H, =
(Xo, Ao, 71,X1, -+ ,Xpn). Then, we have from (2.1), (2.9) and (2.6) that

gi(c1, c2)

< Eq (G(Cl +g*FN7CQ + DN)‘XO = Z)
w ~

= Y@ [ Beguasy (GG + 97+ D] Xo =) Fy(atla)

; 0

jES o
< e+ sz‘j(a)/ gj(c1,e2) Fij(dt|a)

jes 0

= e+ U{g}(e1, 2li, a).

Since € > 0 and a € A are arbitrary, we get
(2.10) gi(ci, c2) < {lneigl Ul{g}(c1, ca|i, a).

On the other hand, for any € > 0, there exists a 7 = (mp, 71,---) € II
such that

gi(c1, c2) +¢

> FEy (G(Cl+g*7~'N702+l~)N)’X0:i>
= ZWO(@|i)pij(a) / Erfiati) (G(a +9"TN. G2 + EN)‘XO = j) Fij(dt|a)
, 0
017‘7
> minges U{g}(c1, 2| i, a).

A conditional policy 7{i,a,t,j} = (n{i,a,t,j}k;k =0,1,2,---) means that
m{i,a,t, 5 }n(:-|Hp) = mnt1(-|iya,t, Hy,) where H, = (Xo = j, Ao, , Xy)
for n > 0. Combined with (2.10), this last inequailty shows that (2.7) holds.

For (ii), put P(-) = Pr«(-|Xo = i) and E(-) = Eq«(:|Xo = i) for simplic-
ity. Then, we have from (2.7) that, for n > 0,

E (anJrl(g*;n—%-la 5n-l-l)]-N>n Hna An)
(2.11) = U{gHg*Fn, Dn| Xn, Ap)lysn

= gx, (g*;na ﬁn)1N>m

8



where 14 is the indicator of a set A. So, we get that
E (an(g*;na ﬁn)]-N>n>
= E(Blox, (9% Da)lysulHa An))

= FE (E(an+1 (g*7~—n+1, 5TL+1)]—N>n‘Hm An ))

= F (an-H (g*?n-i-l’ Dn+1)1N=n+1) +E (an-H (Q*?n-i-l, Dn+1)1N>n+1> .

Repeating the above discussion, we have that

E <9Xn (9" Tn, 5n)1N>n>

2.12 ¢ _ _
212 = Z b (ng(g*?th)lN:k) +E (gxe(g*ﬁ7D£)1N>z) :
k=n+1

Also, we have from Lemma 2.1, 2.2 and Assumption 3 that

— P(N > 0)E (gXe(g*ﬁ, ﬁg)‘N > e)

> P(N > f) 99X, 4 (g*?g_l,ﬁg_l)‘N > f) —?}
> P(N > 0){ B (9x, ("%, D)|N > £) - (¢~ DK}
> P(N > 6){G(0,0) + 6K — (K.

E (QXZ (9", 5€)1N>€)

E
E

Since P(N > () — 0 and £P(N > () — 0 as { — oo, for any ¢ > 0 there
exists o such that E(gx,(¢"7e, D¢)ln>¢) > —e for all £ > £y. Also, since
9x. (9" Tk, D)1 n= = G(9"Tk, Di), (2.12) implies that

l
(213)  E(gx, (0" Du)lysn) = Y E(G(g*?k, Dk)lN:k>—a.
k=n+1

By the above with n = 0, we get that

(2.14) 9i(0,0) = E (G(g*?N, 5N)1Nge> —¢

for all £ > ¢y. As ¢ — oo and ¢ — 0 in (2.14), it holds that ¢;(0,0) >
E <G(g*7~'N, ]_N)N)> Obviously, ¢;(0,0) < E <G(g*7~'N, ]_NDN)), so that g;(0,0) =
E <G(g*7~'N, lN?N)>, which shows that 7* is regret optimal. O

The following theorem asserts the uniqueness of solution to the optimal-
ity equation (2.7).



Theorem 2.2. There exists a unique solution to the optimality equation
(2.7) in C, where C = {h = (h; : i € J)|h; € B(Ry x R;) for all i€ J
and h satisfies the statement of Lemma 2.2.

Proof. Let h=(h;:i€J), h'=(h,: i€ J) be solutions to (2.7) and h,
h' € C. Then, from (2.6) and (2.7), there is an @ € A such that

|hi(cy, c2) — hi(ct, c2) |

(2.15) = j;pw(a) /0 hj (et e2) Fy(dt| @) — /0 W (ct, e3) Fy(dt| a)
< Y pu@ (|hiler, e2) = jer, e2) | +2K).
Jje€J

Repeating the relation (2.15), we get that
oo
‘hi(cl, c2) — hi(cy, c2) ’ < QFZ e(n) = 2Kdy < oo.
n=0
So, if we put [|h; — k|| = sup |hi(c1, c2) — hi(c1, c2) |, then ||h; — A} || <

o 01,62€R+
2K dp, and from the first inequality in (2.15), we get

(2.16) 1hi = ]| < piy(@)||hy — B for i€
jed

Repeating (2.16) again, we obtain
(2.17) Ih— 1| < e(m)||h—H|| for all n>1,

where ||h — h'|| = sup,c; [|h; — h}||. Letting n — oo and noting that e(n) —
0 from Assumption 2, it means Hh — h’H = 0. Thus, h = I/, so that unique-
ness of solutions follows. O

3 Examples

In the following examples, the results in the preceding section are applied
to the cases of some types of regret-utility functions.

Example 1. Consider the case that G(z, y) = z —y. From Remark in
Section 2, we observe that Assumption 3 holds. Putting

gi = inf E (¢"Tn — ZN?N | Xo = 1),
well

10



we get from (2.1) that

(3.1) gi(c1, c2) = TIFgI Er(c1 + g*Tny — ca — Dy | Xo = i)
=c—c2t+ g

for i € J and ¢1, co € Ry. Thus, the optimality equation (2.7) becomes:
(3.2) g =min{ = R(i, a) + " py(@)g; + 9'7(i, a) |

jeJ
for i € J = S\ Jy with some absorbing state Jy, where R(i, a) = r(i, a) +

d(i, a)7(i, a) and 7(i, a) pr / tFj(dtla) for i € J and a € A.
jES
Applying Theorem 2.1, we can obtain a regret optimal policy using the

unique solution of (3.2).
Remark. We consider recurrent semi-MDP’s and put:
Jo={0}, N =min{n|X,, =0,n>1} and

E-(Dn| X0 = 0)
g* = sup .
well E (N|X0:O)

Then, (3.2) with go = 0 is corresponding to the optimality equation for the
average case. In fact, it holds (cf. [15],[17]]) that

R(0, 0, }:0,
géln{ a+]§;pm )g; +9°7(0, a)

so that putting go = 0, (3.2) holds for all i € S.

Example 2. Consider the case of the exponential type: G(z,y) =
—eAMa—y) (A > 0). If the target value ¢g* is sufficiently large such that
gt —r(i,a) —d(i, a)t > 0 is satisfied for all t > 0, ¢ € S and a € A,
Assumption 3 in Section 2 holds obviously. Let

gi = inf By — 70D ’Xo — il
mell

for i € J. Then, g;(c1, c2) = e Me1=e2) g 5o that the optimality equation
(2.7) becomes

mln{ZpU Z a, j sz] l a, j)},

jeJ Jj€Jo

11



where R(i, a, j) = / e~ MgTt=r@a) =G o (dtla) fori € J, j € S,a € A.

0
Applying Theorem 2.1, we get a regret optimal policy for the exponential
regret-utility case.
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