F¥ a2 X ¥ b /8% ER/DLopital3U.tex YERY (2:33pm / 4 July 2020)

M DEITEEEIRIC — 2> - A=A 5B XAADFHEOME LR —
”The correspondence between Bernoulli and L’Hopital”
NV R X—A LB ERXVDOBIIETDH o T=DD ?
WA ZMET 2 2B THTL S TBEXLOER] 2HAIEBVET, L0
Baicid. 2oMaEHEEZ T AN THROFE) 2 La0dRh A, B&IIIOLD
FERRNMERT R KIENTVE L, ZZTREFER LTEELARIN 2B XILD
FHROFE, R 0 v 2L 0EMOFHAAIE, Mathematica(ver.11.0.1) TIEf# X 1372 57
W2 (@A) b Z20RBIRIC X EZHEA LT, ZORENEALREKR»IT
PO EEAD, BZLLHEMELRDOTL & 5,

1 ANIHSOERIADFHEDEE

WEB X — Y T” de L'Hospital” Z# % 3 % & . MacTutor History of Mathematics 2> & http://
www-history.mcs.st-and.ac.uk/Biographies/De_LHopital.html BE XL Z RO 6N % T, H
DICHMBITIIEARREHEOALFNICR s TVET L, EFHICEZ Dy b2 THEOME) 2 TE
HoHH, tLTHEoNEITN, 22 EHOAMRKZ T TIRAZL, MEPOARELZEATEWE
EbmboTWVWET, Z 2Tl Oliver Knill; The Agreement of Bernoulli with de L’Hospital, http:
//www.math.harvard.edu/~knill/teaching/mathla_2011/exhibits/bernoulli/index.html 2 & H
FTIEMNTEL, HOBEDEMTHo/72NIVX =L L DFEZATVWEET, ZOHDONEDFMIZ

C. Truesdell, The New Bernoulli Edition, Isis, Vol. 49, No. 1, 1958, pages 54-62:

TY, ahdOHDE 2 2 N\OAYIZE?

e Guillaume de 'Hopital : REXNVAZEE ¥2—L4-77Y Y7 7> b7 —3X (1661 - 1704) (Guillaume
Frangois Antoine, Marquis de I’Hopital.

e Johann Bernoulli; Y « XL X —A (1667 - 1748), AA ADEFE, 77 YV AFBRATY v ¥ + N
N R —A (Jean Bernoulli) ¥ Rl ZNBZ I b, BEXILOEHYL L THILN 2 MDD FEEEDEHDFHKA
Hruwbh, BABRNLX—A¥EHEDO LD,

N\

ERIDOEE  http://www-history.mcs.st-andrews.ac.uk/PictDisplay/De_LHopital.html
B H : http://www-history.mcs.st-andrews.ac.uk/PictDisplay/Bernoulli_Johann.html

1/10



F¥ a2 X ¥ b /8% ER/DLopital3U.tex YERY (2:33pm / 4 July 2020)

EE1 TmxLoEi) FEROMERGE, 722 2E; ¥R 2 3 H25WIEH 0 x oo Fioo — oo K EIC

VT, & LB SIS H0% lim ‘; 8 PHBRREEIEE % 512, A S TUARLSEIVR ORI
lim f@) = lim () WKELWY, 2Z2Tlimit, 2 = a, 2z — 00,z — —00 R ¥,
9(x) g ()

b UMD HR % 2 5 B g O ; DD, f,0:R =R A BB alcBOT, fla) = gla) = 0. #
B3 ¢ (a) # 0 T, BT AIRET H AU,

i J@ o f@=0_ o (@)= f(a)

r—a g(z) r—a ( ) -0 r—a g(x) — g(a)
o U@ @)/ —a) lmel(f@) - f@)/@—a) _ [
T (g(x) —g(a)/(x—a)  limea(g(z) —g(a))/(z—a)  g'(a)

1690 FEHN 5, 74 F= v Y 2N X— A Wa O, L WWis i & - T, M8 (Calculus) | 135 < R
KHIGNZ K51 DE L, =a— Y 3AFY R, TITRARETORTY, ZOHLWRFEL L 2RI
DHFIFEIZ, 1696 £ [The Analyse des infiniment petits, pour intelligence des lignes courbes | (HifRD¥H
ff D 7= & DR/ INMENT)200 R— P RD DD ET, EHDODETRITENE LD, ZOFEF I LXLTDH
% enbit, BT H o THETI RS, BHENRTF AP L THIIONATEX L, FH, Zhi
B3 2MROFEEX Te AL ORXD20E X LDEH] L LTEILALATVEHDTT, rEX
IV DREFEIE Z DALSL, 1692 £F 25 BRI S 2 MBI T 20 4 R—YRTHR SN DD, £746
RO W ERICE T 2 F - A—X (de Beaune’s problem) D&% In a 1638 letter to Descartes, de
Beaune posed the problem of solving the differential equation j—i = ” f , DOW seen as the first example
of the inverse tangent method of deducing properties of a curve from its tangents (Florimond de Beaune,
WikipediAd) WZEEEZE5 2. <HONBZ LR oTVE L, XL RX—A 2 r V&R DRICIEEK
HoTRERVIMHMED DIV 5Dz 572805 T8 TY, BEXILVDIERITNL X —A
HO ZZHWEHDOHERETH S L BHE L CENAR MEEE2 0TS 220 AEFEH. 20124 (52 *—
PN THDZDFEDVE DT,

LA L ZOFEITIE, 200 FRICHIIE 720 ODDTFHUTE D, v ¥ RAX—4BFFA4 T=v Y, U
U = a ¥ (%#fiate Statistics, #iit /1% Mechanics ZHI%E, =2 — 1t ¥, 74 =y Y NLX—A =R K
) IS TT, WEETRERNMZEEZDDEFEDNLRTTIEIRNVI—AHHIZEIZ2DDTHIEHFRAEL
720 FHZ, XK - R—XOMEOMRK L n ¥ XL OB 2 EBENLEFBRINTEETOD D L FR
L. #FE TAnalyse (JBHT) ) D 3 H 204 R=IFIEETH, NV IWBITHTE, DR L T\ MotE
TONFIML IRV ERRTZE VWD T8 TT o MENIT. ZARERIC—HFECH LWEAHEZHZ TY
T TH o7 b I ZRRETH oD TL & 5, HOFRIZ. BEXLOIE, NilldREH & & HITHEML T
WE T, NLX—A OEIFEFICAIUS, PHFERERDREKE Z 5 MY TR, DO RARIEWEBICE S %2
HEIWR LRI T, 20 L5 BRERBRCFERLED D, £0 s 2 HOIFHOTA S LR DEN
BURE LTRHONWFEEE Ro e b T, 5674 7=y Y W AhrDAN—ELTDORARZ
MRV RX =4 ZEL TV, 77 VAT HOFRPEBEIT -2 e ARENT-e wWbivE Uiz, 1742
FrUL R — A1, 1691 25 1692 FOFHHETZOARDE 2L LT TH7) 2R/HLEZDDD, ZONEIZ
WEFTRDONTWRE 1 HOr Y AL D Analyse (i) £ LT, k<HIGNZ e ARENTLEL
T, P, FXICEIUE, Vv Y s NLX—A IR ERVIEBRD Y. X512 ZIRRIR#EE R LT

2/10



F¥ a2 X ¥ b /8% ER/DLopital3U.tex YERY (2:33pm / 4 July 2020)

BFHEOARZIRRTZ2ZENTERVE VI FARLENPERINT VSIS T LR,

A century ago the correspondence of I’'Hopital with Leibniz and Huygens was published. Herein may
be traced I'Hopital’s own view, or at least the view he wished his great correspondents to entertain,
of his progress in calculus and in writing his treatise. Bernoulli’s name is not mentioned. After this,
few if any historians allowed any credit to Bernoulli’s accusations. In 1922 Schafheitlin found in the
Public Library of Basel and published Part I of John Bernoulli’s Course. It was exactly as its author
had described it, and the work of I’'Hopital was at once reduced to the exposition, not the content. But
the explanation is more interesting than the fact, and the explanation is to be found only in the letters
of the two principals. The existence and contents of these letters has been known to a limited circle for
some decades, but the general public will see them for the first time in this volume. Ten were published
in a thesis by 0. J. Rebel in 1934, but these are not the most informative and in particular the amazing
No. 20, from which I will quote below, is not included. A fair idea of the content of the collection has
been given by Spiess in an earlier publication.2 The Course and the letters together fully substantiate
John Bernoulli’s claims in all but some minor matters. The entire relation between ’'Hopital and John
Bernoulli is traced in fascinating detail by Spiess in the special preface, pages 123-157. In this review I
will give only an oversimplified summary, urging the reader to enjoy for himself Spiess’s own words and
the following eighty-seven letters. These spread from December 1692, a month after Bernoulli’s return
to Basel, to a letter from I’'Hopital’s widow in 1707.
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For Bernoulli’s stay in Paris we must rely on his own autobiography, written just before his death,
and on a sequence of unpublished letters detailing his recollections to Pierre de Montmort in I718.
After the famous meeting of the two savants in the salon of Malebranche, when Bernoulli dramatically
displayed his unpublished secret weapon, the general formula for the radius of curvature of a curve,
I’Hopital immediately engaged Bernoulli to give him four lessons per week. After six months of this,

the scene of instruction shifted to I’'Hopital’s chateau in the country for three or four more months, and
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then Bernoulli returned to Basel. To be brief, in the following letters we find Bernoulli giving I’'Hopital
full information on every current topic of research and full answers to every question. Some of these
I’Hopital wrote out and sent to Huygens or Leibniz. In the case of every problem of major interest to
which ’'Hopital has had a claim, a lesson or letter from Bernoulli stands in the background. How did
this happen? We must remember that in 1691 John Bernoulli was twenty-four, an unemployed younger
son of a modest mercantile family; while a younger brother of a famous mathematician, he had himself
published but one important paper. L’Hopital was a Marquis of thirty, an established savant; young
enough for the ambition of learning and perhaps for learning itself, but old enough for assurance and
ease in a worldly society; certain of the income of a Marquis, if somewhat improvident in the use of it.
While nowadays the difference in social positions seems a trifle, in 1691 it was surely enough to impress
even the ebullient self-confidence of John Bernoulli when, freed of worldly cares, he was accepted as an
equal and intimate friend in the elegant establishment whose presiding deity was a charming and witty
Marquise. On the other side, while I’Hopital’s originality is annulled and his scientific honesty somewhat
tarnished by the relation, not only was his curiosity genuine and extraordinary but also from the moment
of meeting it was plain that in the face of his young friend’s notorious and unconquerable tactlessness,
the Marquis would have to put up with a style to which his breeding had hardly accustomed him. The
precise arrangements made while Bernoulli was in France we do not know. Soon after Bernoulli returned
to Basel there arose a crisis over de Beaune’s problem. Bernoulli had found the solution in the course
of his researches on integral calculus and had put it into his Course for ’'Hopital as Lesson IX. While
Bernoulli was still his guest, I’'Hopital sent Bernoulli’s solution to Huygens, who naturally inferred that
the sender was the author, the more so since in an earlier letter ’'Hopital had written that he himself had
found a solution. At the same time, I’'Hopital published the solution under a pseudonym. A complicated
sequence of published and unpublished claims and veiled insults followed. For the plan he had in mind,
I’Hopital could not afford to notice even an open affront. After some mutual explanations and a delay of
more than half a year, during which Bernoulli refrained from sending I’Hopital anything of importance,
I'Hopital on 17 March 1694 (letter No. 20) proposed the most extraordinary agreement in the history of
science:
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"I will be happy to give you a retainer of 300 pounds, beginning with the first of January of this year

. I promise shortly to increase this retainer, which I know is very modest, as soon as my affairs are
somewhat straightened out ... I am not so unreasonable as to demand in return all of your time, but
I will ask you to give me at intervals some hours of your time to work on what I request and also to
communicate to me your discoveries, at the same time asking you not to disclose any of them to others.
I ask you even not to send here to Mr. Varignon or to others any copies of the writings you have left
with me; if they are published, I will not be at all pleased. Answer me regarding all this ...”

FMEE T DEBRRRE ST IRLTVS L5 ICfAME, 71, RFIEFICHEZDTH 25> Tn5E, Z
DVT—FZ2mDLLDITETB RN THED 1 HORDPHMME 2, H77212300 R FOY 7 —F %
BZ272DI2X 8 T0REET . AAIBRLICHRI-ORHO TN TEZERT 2 IZEAEGETIERV, FA
BT, BPERT2DDREMET 2 L5112, 7 TR DRI AZRET 5 MR THR7ZDRH DOV
ODDREZIICEZ 2 Z e 2HVWTE ETRICHDOANICZNSDWTRIEHR LRV 2 H:h5,
I DR TDFMNTTR L 72 XED 3 B —[K Varignon 12, F2EMDOANICZ ZIFEBLRVWES D, HRL%
Fh, WOEPREINTVEHE, FAEITRTTEDD FEABEAT, TOITRTEOVWTEHERT..J

Bernoulli’s response is lost, but the next letter from I’Hopital indicates that the acceptance was speedy.
From this point on, Bernoulli was a giant enchained.

NIV R — A4 DIEEDRDLNFETH, L'Hopital 22 5 XD XL FIIZFANBRAY =T 4 B0 8 Z/RLTW
9, ZOREED S, AL X —A X enchained EAT L7,

Letters 33-44 contain a scolding from I’Hopital because Bernoulli, after obediently checking, translating
into Latin and transmitting to Leipzig 'Hopital’s solution of a minor problem posed by Sauveur, had
been unable to restrain himself from adding a note in which he generalized the problem, identified the
resulting curve, and gave for the general case his own analysis consisting in one equation, replacing the 27

used by Sauveur to set the special case. L’Hopital reminded Bernoulli that he was not to publish, but to
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send all his works to ’'Hopital, who promised to keep them secret, asserting that he had no desire to take
for himself the honor of these discoveries (Letter 42). In excusing himself, Bernoulli acknowledged his
faults and promised, " You have only to let me know your definite wishes, if I am to publish nothing more
in my life, for I will follow them precisely and nothing more by me will be seen.” When he wrote those
lines in 1695, Bernoulli was as brilliant a mathematician as any living. As soon as the Analyse appeared,
the financial arrangement lapsed. We should not judge I’'Hopital’s procedure too harshly. While perhaps
financial necessity compelled Bernoulli to accept the arrangement initially, it continued after he had
settled in his professorship at Groningen in 1695. L’Hopital, being a nobleman, was accustomed to pay
for the services of others, and what he did would not then have been considered wrong had Bernoulli
been a politician, a lawyer, perhaps even an architect. Certainly it was nothing for 'Hopital to be proud
of. Careful examination of the letters in which "'Hopital reported his mathematical progress to Leibniz
and Huygens shows that with one or two possible exceptions I’'Hopital did not lie, but rather referred
to Bernoulli in a condescending tone without acknowledging any debt whatever to him and in matters
of provenance wrote in such a way as to suggest without actually asserting. Very soon John Bernoulli
realized what he had sold away. The financial returns were ephemeral, and even for the few years the
agreement was in force 'Hopital did not always pay the full sum due. (It would be unfair to suppose
Bernoulli was his only disappointed creditor.) In Bernoulli’s old age, he boasted of the princely sum for
which 1'Hopital had engaged him, magnifying both the amount and the duration.
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In the development of calculus as a tool in geometry and mechanics, nearly every letter from John
Bernoulli to 'Hopital is an individual achievement. What is most remarkable is the lightning speed of
Bernoulli’s conception. His thought and expression in French are no less masterful and far clearer and
more direct than in his published works in Latin or his later letters. It would be wasteful to attempt
here even to name the problems treated, since these are most easily followed by aid of an index at the
end of the volume. I can find no better summary of my impression from these letters than the words
I’Hopital himself wrote to Bernoulli in 1695: "I am very sure that there is scarcely a geometer in the
world who can be compared to you.”
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EHIE YL LT,y =7 LB L.

. T +e " . y+y !t 1=y 1
lim —— = lim = lim =-=1
zo00 ef —e T yoooy—y Lt yoool4y 2 1

8. B L THMImMNTELTIE, 1TE5E 2G40

. x+cosx . 1—sinx
lim ———— = lim
T—00 x T—00 1

IR -7z THRERALIARES T, DBOGEE,S,

lim x4+ cosx — lim (1+cosx) 1
T

=17

CREIIKRDOLNE T,

3 HANIBOBIFICH S VBT

% Mathmatica (WOLFRAM MATHEMATICA 11, SHR) BEE-72F2 20 bEHEICH LT
2o 2B TS, T 28X, BESR 2 5000 FEDH A PR, BHMEZE, HITHR 2014 4 p.214
“NY NIV —A PSR ERIAANDTFHR ICHEBIN TV AETT,
() DEDOEREES LD &Ko

2

1i a\/axr — T
m ————
r—a QA — \/aAx

Tl& Mathematica AN L THONTHHVEL x5,

Limit[(aSqrt[az] — 2"2)/(a — Sqrt[az]),z — a]

(HHDER) —a
EWVWISEZZRGIN, FRRHRIEICIELL R, 251 ImEZLORA] OBFBL L LS (2% nFen
FHZDOWT, ¥ 32N ENZWAFIELE T, M3 tic. MATHEMATICA 29685, ((ELWEX

TL%) BTFOMs Tl DlaSqrtfaz] — 22,z] ZDEZIE. -2z + 2\‘}% ThH206, Hr=aZ2RAT

% & With [{:1: =a},—2z+ #Z—m] = —2a+ ‘/gj = fga £i2%, DFIWXHE%ZEMI LT Dla — Sqrtazx], z]
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1
—— 5 EBDL o= MESATIUL, With [{z = a},—5dz| = 595 = —5a BB R,

HRE Y 5T,

2 —or 4 2va2(—2a+-¢ﬁ)
lim YT iy zvﬁE 2 ) — 34 (3.1)
z—a a — +\/ar z—a —Qm a

CORER (3.1) ZRT D, BEENAREFRTRLTALS, BEXLEHDFICTT, Z20DITE,
DR FERBOMRL 5, LA m—atﬁ’%}:k%k%lﬂktié#f’ofﬁ‘o DFDP6, FLHWIER

T —aZWHYEBXNVDTTHIE, Vo —a= DIEZHHBVET,
vff \/7
o a?(ax) —at  x(a® —2%)  x(a—2x)(a® + ax + 2?)
avar—a = avaxr +r2  ay/ar+z? av/ax + x2

RS AR,
a2—ax a—x

a—Var= @ +ar ata
N g WY
avar —x*  {x(a—2)(a® + ax + 2?)}/{ay/ax + 27}
a—+ar {a —z}/{a+ z}
_ z(a® +ax+2?)(a+ ) R a(a® +aa+a®)(a+a) @ _ 30
B av/ax + x? av/aa + a? 202

T 2METS, REDICH x o b FEBEEF I,
(i) DTFDIEPEEZH L& &Ko
lim V2a3z — % — aValx

Tz—a a — & aa:3

STERZHLTI NI WVS L
Limit[(Sqrt[2a"3z — z"4] — a(a"22)"(1/3))/(a — (az3)"(1/4)),z — q]
1/3
(HHD52) igigéi

EHROoT,. BAXATT, BRX! TR EYXLVOEREZMFVET, ST 0 TFTOMPEFHET S L
D[Sqrt[2a"3x — 4] — a(a22)"(1/3),2] Z D& %1% azwg+ﬁg4z4fﬁm%ﬁﬂbiTo

Wm4m=a} Emyﬁ+zﬁﬁgg]zwﬁﬁ%fﬁgnéﬁxu—f()”V-f
DREMILTAHEL £ 5, Dla— (ax"3)N(1/4),2] TT» 5, img4t&b FfEERALT

“Mhhx—ak—mﬁ%ﬁ]ﬁB 2 BT
2a° —423
i V20—t Vet T R _ 16, (3.2)
r—a a — CLJJS T—a % 9 '

A e FRRC, B RO B2 L THERZ & > TAE T, NEROBEEI»S, 2 =a ZRALT. o
BafedtuneoT0nETHho, fixt, RSO3 TT,
FINTOLEE» S

Va2 o — Ve = 20— 2l) — @ la)
V2a3z — 24 + aValx
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ZORODTEDVPLIRE L TEFLE T,

(2az — 2*) — a?(a®2)?? = &Pz — 2t + alz — a?(a’2)¥? = (a® — 2%)z + a? (az — (a®2)?/3)
= (a®— 2%z +adz (1 —a'/3271/3)
2173 _ g1/3
= z(a—)(a® +ax+m)+am YE
_ _ 3,.2/3 r—a
z(a —z)(a® + ax + 2%) + a3z P P LY BT
3,2/3

_ _ 2 2y _
= (a x){x(a +ax + %) 22/3 1 (az)1/3 + a2/3

) =l =
(2a3x _ x4) _ a2(a x)2/3 3,2/3

V2a3z — 2% + avalx x2/3 4 (ax )L/3 4+ a?/3
LI, Bz —a B2 DEEE LS, DB ZETELE T,

} /{\/ 203z — x4+aValz}

(a—m){x@ﬂ—+am4—x%

al/al 82— a2

@374 3/4
. al/4 a® — 23 o al’4 a? + ax + x?
T QA 3/A g3z 4 432 (a— z)a3/4 T 23/4 G321 132

TR FEBREEB a—2 DTELELL, ZREN 2 — a & LTANUI. ZORBERWTTFI
3,2/3 . Ny
xW3+m@U&+ﬁm}/“2“$_$*”V“”}
3..2/3
=  A{x(a®+ax +2?) - ar }/{\/2a3x — 2% + aVa2z}

22/3 + (ax)'/3 + a2/3

a— Vard = a1/4(a3/4 _ x3/4)

{a:(a2 +az + 2?) —

a3a2/3

2 2\ _ 3, _ 44 3/ 12
— Hala +aa—|—a) a2/3+(aa)1/3+a2/3}/{\/2a a—a*+ava?a}
= {3a® — 2a 2/3}/{\ﬁ+a2}——
EJAdoay S
al/4 a® + azx + z? al/t a2—|—aa—|—a2_ al’/t 342 _§
ad/4 4 23/4 ¢3/2 4 43/2 — a3/h 4 a3/t q3/2 £ g3/2 T 243/49243/2 7 4

PECE D, 7B FOMRENIRED X L6,
lim V2a3x —at —aVa?x  4a/3 16a
T—ra a — 40/3:3 o 3/4 o 9

WS ZARERELFHEEZY—@EYBLTLES BERILOEMR] OFTITXZ2KEDVWE LT,

(3.3)

25 51F Mathmatica 12k 3 &, 1FEf# (?) 2L T THADEZ] ZHLTINTWE 1S, FTHEET 5,
b RS

(i) Limit[(z"3 — a"3)/(z — a),z — a]
(HHDEZ) 3a?
(ii) Limit[(z"(1/2) — a"(1/2))/(z — a),z — q]
(HADEZ) 7
(iii) Limit[(Sqrt[z] — Sqrt[a])/(z — a),z — a]
(&ﬁ@%i)iﬁ
(ML)
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