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DO = RS\{O}> R-l— = [07 OO) & ba Oé'ﬁ, (aaﬁ S Cg) fmﬁéﬁba €r = x/|l‘|, (.13 S DO)
YiEh B, KM u=u(t,z) : Ry x Dy — C3 12HF 3 FROBA ABREEZ 3.

A t
Ml (t, z) = ug () + 5/ ds Mol /p(va,y;U)n(x,y)dy
0

t
+ %/ e)‘s|‘r‘2f(s,x)ds, V(t,z) € Ry x Dy (1)
0

ZZT,A>0,ug: Dy — C3 u(t,z)|t=o = uo(x), f(t,x) : Ry x Dy — C3, f(t,x)/|z|?
= fe L'Ry), p(t,z,y;u) = u(z,y) - ez {u(t,z—y) — ex(ult,x—y) e,)} THB. —
J, ¥V aA 7K K : Dy — Do x Dy %75¢ 2 € Dy LT, K, (dz,dy) € P(Doy x Do)
Tdh->T, EEMHIBEE h = h(z,y) /LT, Dy x Dy ORI E > 0 BT
[[ Wz, y)K.(dz,dy) = [ h(z,z — 2)k(z,2)dz, k(z,y) = i|lz|*n(z,y) L&D, RT E
DEZOATRIBEE f,9 > 0 1T LT

/ h(|2)w(dz) / gl K. (d, dy) = / g(|)w(dz) / WlDK. (de,dy)  (2)

NHONDET B, 12720, v(dz) = |2|73dz TH 5.

C3 NIZBWT, B 2 DEREANDHF%E Proj*(-) &R U, B,y D 2 € Dy IZXT 3
* BZ fky = —i (B-e.) Proj*(y) LED%. WEDERNPNT A=K Nz|? TEZ
54, DEFEREDEHER D 2 5070 H DT, FOBR 7 OEE) (046) ¥ K, TEX 5, ZEfH
Do OGRS 2 TR D BOERE 2K (t) 2525, 202 &, 20 75 (t) OED S
SIERIEICEEH LT, ¥ — M EMK w = (¢, (tm), (Tm), (Mm), m € V) DZEfZ Q &7
5. £7z P, % Q EOMRNE CRFENETO Z5(t) OiEIE 35, 22T ¢ 3l
DOMTEFAE LU 720542 U, 0y, = 0 THREA 2, EFERL, 7, = 1 T2 DD TR Ty, Tina
REHTH2H0LT 5. 72720,V = Upso{l,2} FEBIEHEZRT2200EX (O
GRS RIITH DI NNVLEOELETHS. Q3w T LT, N(w) TR L 72
LHIRD T RVEEK, V\N(w) > m ODEROHRDS N(w) IZASH 0D H TIER TR
3 tm(w) >0 % Ny(w), FEARFERBD t,(w) <0 % N_(w) £RL, Nw) = Ny (w)
UN_(w) £95%. 2FIZ 0" (w) Em € Ny(w) 85 f(tmw),zm(w)), m € N_(w)



5 uy(zm(w)) 2RI ETH, ZoeE, 20 (w) = E70 0 [uo, fl(w) = 072 (w)
Xz, OM(w) LEDS. 2720, MO XA < (2B L T lexicographically I
m=<m DEEm DEDREIZ, m DHEDREIZLBEIIZEERTIHIOLTS. £/
m eV PEROHIMEERDO T VDL &, 2 ((0) = 0m(w) LT B N(w) LB E%
Him T, EIRD XS LRED FT Kk MERMIIZEST LU THFONSE (BPR K BEINLE
) %

M<u° MNw H*[mm Ema.ms U0 f1(w) (3)

L&Y, TZTmy € N(w), ma,mz € Nw) THY, (3) XD S B [[, & |my| =£ D
tEmeNw) N{lm|=0-1} 725 x5 IZBAL T % Bi% lexicographical JEHIZ & 5
Tl EREKRTS.

—%, 2 EHIBEAR DI () (K> TR T S0t EA (U, F) [ EHRR « BHA
g MU () #MERT 5. 22T U (F) 3Z2hZh Dy (R, x DO) - AT
T, %z TXIC F(,a) € LNRy) Th B, 7= PLEISHERRIFORHL @Y O FBHL « %
YolzbDTHS.

T, |uo(z)| < U(x), |f(t,2)| < F(t, ), (Vt,z), > T > 0 128 LT, B [MY)
< o0, ae-r BIET D, TDLE, 2RI BERE Z5(t) OED B BTG S
REBHIED T OVEEIT &0 R SNz, BN ARTER (ug, f) K HHR H B
RS ML) () PEIEL T, ult, o) = B [MY) BB AR (1) O—ERTH 3.
U By, \SHERRE Py, (2 & 2HIRHEE R
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w74 —7 (QW) 1, Feynman 12 & 2 IR Z2[E] Bk D ﬁ HbLF DM EE) 2 Bl 2 b D & LT
(1] o )ERLE LCBRICEN T WS, 2 L TR TFERICEB T 2 Z O3RN S LT [2], QW X
BB R RERT L 2235, 22 10ETEHINTHIT T 3. K2, QW OEBRETOFHEDHZEIZ Z
CHETHRFI LAREBEZZTRITITVREMEY 7D 1212725 TW01 5,

QW ORFFIFEIZ 2 =% VIEHE U Calib S 4, FIHRIE U, 852 sz b &, T S 0y 5
Uy S o DX ICBREAL T . BHEREOL= S VDS ) L ADBMRES NS 120, KT
MR ERTE L. 22 Ti:fi~1 Y IEHZE U 5.4 60t & E D, HERSAR D F ol
WEZEENEHT 5.

EZAT, QW BRHREDO 2= ) 2 & B M EORIEIC AT 2 v — 7 v ERLHAR
ERMOENRD DD B [6]. 2T, I bEHEMICBIRMEZ B 2 LD TE 3, FER LD QW 2 E%
?5:&@,:@u—i/ﬁﬁyﬁﬁﬁ®5E®MMﬁ%525CMVﬁﬂ[]@x«ﬁbwﬁQw

DFFIIMEEIC ED X ) ITHET 2002 N5, 7262 QW ORFINEE 2 S 2 DERICH 5
CMV {THIDARY bV OREEZFHEAMANT 2 2 DB TEZLAELH 2D TZNLHNTS. QW DHf
A n COMRD v, 1 7, — [0,1] EBL L, COFHETIEUTTERT 2 QW OMWHEICEHT 3.

1) JRfE: j € Z, IR LT, limsup,, o vn(j) >0

2) MIBHIEHE: 2 € RISH LT, limn oo 3 g ¥n(d) # Lizsoy (7).
(3) BOEMEM: j e Zy It LT, limsup,, oo, vn(|n —j|) > 0
(3) 1% (2) DIERD R 2R 2 B 1T 75 5

(
(

2 ¥EREODEFTIA—7ECMVTH

2O PEMR ORISR QW 2 E8 T 2. Zhdv ) —#itit L7 7 k4] RN,
/a/‘//777h[]0)QWO)%%‘&k;%Zliktc%(gwc:t:ofw%.

Definition 1. ¥ 38T 24 V87 X —=FREN L EHEBDI (v1,72,...), (] < 1) ZHET 3.
ZLT, HjeZ i LT, XD SUQR) DIFFIZEET 2. HL, pj = /1T — |2
H, - [ﬂj %’] ‘
Vi Pj
(1) ol H+ = span{dj,L,éij;j S Z+}
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(2) REFER U : Hy — Hy (=5 ): IHIRERIE 60, & 5. REIFERIZ, ~DD2 =%V {f
HES, C#HWT, U=85CTEIN5. HL,

01
C= [1 0} ® @Hj (2.1)
jz1
Sé;L =010, S0;r =011 R- (2.2)

22T, 05, =0;®"[1,0], 0jr=0;®7[0,1] L7

%)JH;H'H% &}?'ﬁfo)i%j’f ik D, :O)QW (=8 span{5(07L),6(173),5(1@ 523),. }T%"it
T3, 5 NRADEALWEND Z, : Z — My(C) ZRDEXHIICED 5.

(8;0,UM"801) (8j0,UM" 80 r)

=n(4) = n n . 2.
G) [@;R,U(V) o) (8;r, U 50,L>] 23)
RIZ,
P T 0 0 TP
s [0 } 9= [—Vj Pj]  f [ 0 0] ’ 4

L. B, DS ADEAR EMIINDFLUIX, 7V F L7 4 —7 OREHEICX %, LT D X 9 Zilifb =23
BALT %57-HTh 5.

En(j) = Pj+1En1(j +1) + Qj—lEn—l(j —1). (2.5)
HL, ~Mic P & Q, FIXIEMIETH L Z LICHER. Z2T, Ui 2ol LT, j EDHREL
L2 B 0 R C 1S T L DA ADTBE Fy(j) T D E. H5 gu(j) e CATEEL T,
Fo(3) = gn(§)R; 5‘_$U'5 %G, 2D gn(y )@lﬁg;&% GO 72"")(2) =Y 51 9n(f)z" EBSE, HD
iﬁﬁ%ﬁ%TNﬁrH’J Fo05 (7). -

%Mljﬂﬂj:o).ﬁﬁ/\?ﬁ WABET 21w — 7 v ZIHAR DA% 5 2 2 CMV 17511

OV)Tﬁ'ﬁﬁ T 5. B EOMERSA p 5 Z o L E, LT THEPESZ 6N 5 ELR
kR L2 BT 5.

(f ) = /|Z|:1f(2)9(2)dm fge I

ZLT, {1,270 2,272,222,y 06, L2 OSERIEBIERIRRZMINT 5. 7, {x;}; %% DEIEK
&9 % &, Schur /87 X =% EWEIN B EBHEBI (v, 7, .- ), 1] <1 DEFEL T, {xm}m FID 5
Ot % 5.2 5. 2o 5 HEWLAZ 525 (C)im = (X1, 2Xm)p (&, CMV 75 EMENS. 2D
BRI 2 2R [3] THID TR S i7z. CMV 751 L Fek D QW DORICIZR D X ) %EAR23H % [6, 8.

Proposition 1. U Z QW OWHFEIR E T2, T2 &, He = span{d(, 1), 0(s.r) : T even}, Ho =
span{d(, 1), 0(z,p) : T odd} B &,

C2U? |y, TC2U?|y,

W2, (0,1, ... ) DBEASND &, Z ORI EOFEAEIER—IEIICRE 2 2 EBAIs N
TWwa. EBIZ, (v0,71,...) TEE % Carathéodory BI%IC X - C, BB du(e?) = w(e?)db +
dpis(€) DBV K E B [5]. L, w(e?) EHAHEHBIN, dus(e?) 1 singular part. & b AEIIC
1%, Carathéodory BI%X F(2) = (1+ 2f(2))/(1 — 2f(2)) 12 & 5T, w(e?) = lim,q Re(F(re?)), £7z,
singular part D&% {6 € [0,27) : lim,4+1 Re(F (r ei?)) = 0o} TEF 2. TIT, fz) = fé%m"”)(z)
& (y0,71,-..) THE % Schur BIZT, AT ORI L > TKRE 5.

(Y0,715-+)
1/ (2) =
f(’yo,’yl,...)(z) — f(Z), f(70)717~..)(2) —— J
0 J+1 21 ,y—jf](’yoﬁhw)(z)

;720



% LT, ﬁfﬁﬁ?ﬁ%ﬁﬁ%&)% {fj(z)}jzo & QW @Bﬁﬁ%%i% {gj(z)}jzo @Fﬁ'ﬁbdiﬁ(@i 3) tﬁ
BRI D 5 [8).

Proposition 2. o
§§717727~--)(z) _ ZZfJ(’YL’Yzw-v)(ZZ)

3 HR

CIZTIRRICTODH 1)y =7, 2y =1/(r+j) (r > 1) ICHL T, BT 2. 20x i, CMV {7
SIDIEEERTIC XD,

-1+ V(22 =12+ a2 )e4).0/042).) !

(YY) () _
fj () = 2722 fj (z)_r—l—j+1—(7‘—|—j)z

EE£ZN L DT, Proposition 22025, ZNFND QW ORISR E 2. 32 &, LT D X9 it
MIEE S 545,

Theorem 1. (1) v; =~ DL Z. JO1E & BIERHEIRDIFIISE Z 5.
(2) vy =1/(r+3) (r>1) D& E. JHE L BHENEIRDIFIFICE Z 2.

(1)(2) DEHE D BRI MRIR S i lE 2 N Zd[4, 9] & [8] THAZBNT WS, (1) DEIENEIE 5
Z BRI AR O EERIBUZ [0, 1/1 — |]2) 2B ICFF DMK L RO TV F HE O MTE S TR
Nn5[4,9. 20O—HT, (2) T&, MIBNERE 5 2 2 WRSHA OB LR, v =107 Ly HIEL
r=0DTNIZHELDOMEEEICZD, XD WiRiGES ZODOBRFERHCHE TWwb 2 L2 KL T
W5,

S 52, HENGHHCN T 2, DUV O & 9 22135 5 117 [10).

Theorem 2. HHENEIRDE 2 2 2y DLEAI35M01%, U DEEMITATDS Szego class ITA B Z & T
bH5.

T T, Szegd class TH B7- 0D K IS N7 E i RELZ LTI W L 992 TE L [5].

2m
/0 log w(e)df > —o0 < Jgn;opi,1 gt >0e Z I7n|? < 0.
n>1
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Abstract

New expressions for fractional moments of both positive and negative parts are given in
terms of the characteristic function (ch.f.). Additionally, formulae to calculate truncated
fractional moments by ch.f. are obtained, from which conditional fractional moments are
calculated only with ch.f. We connect our new expressions with preceding studies, which
yields additional results. Several applications such as the extreme value theory and the
expected shortfall are pointed out. We give some examples to show how our results could
be applied.

1 Positive and negative parts moments

Notations. Take any p € (0,00) \ N. Let k := |p] and A := p — k, so that A € (0,1). For
a complex-valued function f, its fractional derivative of order p = k + X is given by

b I
D)) = (D)) 1= ‘/ tuH§>du

for t € R (see e.g. Eq. (2.1) of Laue (1980)).

Another tool is the following expression of 2%, by Corollary 2 in Pinelis (2011), which
is obtained by the Cauchy integral theorem. Let m € Z, and z € C, ep(2) denotes the
remainder of Maclaurin expansion of e, en,(2) :==¢* — 37" ], Then

Lp] D(p+1) [~ efp-1(ite)
p _ % p [p—1]
= T e+ [T e

Throughout we let f be a ch.f. of arbitrary random variable X, f(t) = E[e?¥].

Main Results.

Theorem 1.1 Let p € (0,00) \ N and assume that E|X P < co. Then

y 2 (_1)k+1 p(:—p—1F
EXY = g Re (DP(i P~ £))(0),
P _ (_1>k+1 p(:—p—1
EXP = e Re (DP(i P~ ))(0),
P _ <_1)k+1 i—p—1 P
EJX|” = 2 %e(i ") Re(D7 ) (0),
where, as usual, X_ = (—=X),.

Proposition 1.1 Let p >0 and 0 < m < |p|. Assume that E|X|P < oo, then

P _
EX, = Wl{peN} + P p—m+1 dt,

F171(0) r@m+n%/mid<> S FO05)
m 0

1



“’ 11 7(7) (0t
_ [0 L(p—m+1) FO0)%)
EX? 2ilp] Ypemy + ————— SR / Zp-l-ltp m+1 dt,
[p— 11 t
f7(0) Tp—m+1) o [ am (FO) =55 00
E|X[P = T Lpeny + 2= Rei™” 19%/0 = m+l dt.

Theorem 1.2 Take any p € (0,00) \ N with k := |p| and any r.v. X with EX® < co.
Then the following three conditions are equivalent to each other:

Eex (it X)

G 4t

I( 1)
M EIXPF <oco and EX? =P p+ /m

I( 1)
T) f*(0) exists in R and EXE = ——— p+ / Re ]Zc))pjl)dt, where

(Rf)w(t Zﬁ
(II) P(X_ > z) =0(1/2P) as v — oc.

2 Truncated fractional moments

Notations Define a transform which generalizes the inversion formula;

o)) = povav. [ 0T,

—0o0
where p.v. denotes “principal value”, so that p.v. ffooo = limy. 10, At} (f:AE + fEA).
Main Results.

Theorem 2.1 Let X be r.v. with dist. F(x) and ch.f. f. Define a measure p,(de) =
xPdF(z) where 2P = x84 (—1)P2”. for p € (0,00) \N and denote the positive and negative
part measures respectively by p, 4 (dz) = 2f dF(z) and pp,—(dz) = 2 dF(x). Further we
define |pp|(dx) = |z|PdF (z). Assume E|X|P < oo.

(1) Fourier transforms of pp4(dx) and pp —(dz) respectively have the following expres-
sions. For k := |p| and X\ :=p —k,

g () = EIXTEN] = o LADP ) () — (1) D) ()}

and
Gy () = E[- X)L = et LNDP ) () — (- 1)F A D7) (w) .
Accordingly, gy, (1) = E[XPe"] = g, (u) + (=15, (u) and g, (u) := E[[ XpeX] =

Gpip,s (W) + Gy, (1),
(2) Moreover, for z € R

EXPL(x20y] = 5EX? — 6(g,)(x) + 5 ppl{)),

E[IXPLx50y] = SEIXTP — 8(0,,)(@) + 5 lipl({).



Theorem 2.2 Let p € N. Define a measure py(dz) = aPdF(z) where ot + (—1)Pz”
and define measures pp 4 (dz) = 2 dF(x) and py—(dz) = 2" dF(z). Further we de-
fine |pp|(dz) = |z[PdF (). Assume E|X|P < oco. Then Fourier transforms of py, +(dz)
respectively have

© fO)(t +u) — fO)(u—t)

_ P iuX
G, (1) = B[ X3 = 2@1’ 27r ’LP‘Ht di,
f(p) — f(p) _
_ ey uxy _ 4 (=) FO(t—u) = FP(—u— 1)
gﬂp,— (U) - E[Xfe } 2P 27T / 'Lp+1t dt.

Accordingly, gu,(w) = gy, , (u) + (—1)Pgu, _(u) = F® () /iP and Gy (1) = Gpuy s (1) +
Gy, (u). Moreover, for x € R

EXPL(x50y] = 5EX? — 6(g,)(x) + 5 pplf)),

E[IXPLx50y] = SEIXTP — 8(0,)(@) + 5 lil({)).
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Let T and I be the unit circle and open unit disk, respectively, in C. For 1 < p < oo,
we write LP for the usual Lebesgue space on T (w.r.t. the normalized Lebegue measure).
Let .# := My(C) be the space of complex d x d matrices and ¥ := C? the Euclidean
space of column vectors. An .Z-valued function f on T is called nondegenerate if
det f # 0 a.e. Let L”, (resp., L%,) be the Lebesgue space of .#-valued (resp., #-valued)
functions on T. The Hardy space H”, may be defined by

2
Hﬁ//::{fGLf’/// emef(ew)dﬁzofornzl,?,...}.
0

The Hardy space HY, is defined similarly, with .# replaced by #. A nondegenerate
function g € H”, is called outer if

1 21 40 )
det g(z) = cexp <—/ €tz log | det g(ew)\d9> (z € D),
0

27 et — 2
where ¢ = det g(0)/| det g(0)].
We put
2 =A{(f. f:) € H>, x H?, : f is nondegenerate, fy is outer, f*f = fyf;}.

Any nondegenerate function F' in H', admits a factorization of the form

(1) F=ff, (LR)e?

(see Helson and Lowdenslager[HL]). This factorization, which we call the HL-factorization
of F, is unique up to a constant unitary factor. On the other hand, for any nondegen-
erate function f in H?,, there exists f; such that (f, f;) € 2, and fy is unique up to a
constant unitary factor.

For a nondegenerate function F' € H',, let Ur be its unitary part, that is,

F =UpVF*F = VFF*Up.
Then, in terms of the HL-factorization F' = f f;, we have

(2) Up=f(f)" =)

We introduce the following key definition.

1



Definition. A nondegenerate function F € H', is called rigid if for any nondegenerate
function G € H!, with HL-factorization G = gg;, Ur = Ug implies G = fkf; for some
constant positive k € .# .

Rigid functions are outer, while there are outer functions that are not rigid.
We put

2m
HY = {f cL? / e f(e)dh =0 for n = 0,—1,—2,...}.
0

Theorem 1. Let (f,fy) € Z and F := ff;. Then the following three conditios are
equivalent:

(1) F is rigid.

(2) (9,94) € 2, G=ggy, Ur =Us = g = fc for some constant invertible c € A .
(3) UpH; N H2 = {0}.

Let X = (Xj)jez, X; = (Xj1,...,Xjq), be a centered d-dimensional weakly stationary

process. We assume that X is purely nondeterministic (PND) and full rank, so

1 21 B
E[X;Xo) = — / e 0 (0)do (€ Z)
0

2T

for some nonnegative Hermitian matrix-valued function w € L', satisfying
detw >0 a.e., logdetw € L'.

The density w may be factored as
(3) w = h"h = hyhy,

where h and hy are outer functions in H?, (cf. [HL]), and these factorizations are unique
up to constant unitary factors. In the scalar case (d = 1), these factorizations reduce to
w = |h|? with h = hy.

For I C R, we write H; for the closed subspace of L?(Q,.%, P) spanned by the entries
{Xjr:5€INZ, k=1,...,d}. The process X is called completely nondeterministic
(CND) if H—oo) N Hpooy = {0}. It is easy to see that X is CND if and only if
h(h;‘)*lﬂf/_ N H2 = {0}. Therefore, Theorem 1 yields the next theorem, which may
be viewed as a multi-dimensional extension of the results of Levinson-McKean [LM],
Bloomfield et al. [BJH] and Nakazi [N].

Theorem 2. The following three conditions are equivalent:
(1) hhy is rigid.
(2) (9,9¢) € 2, h(hy)~" = g(g;)~" = g = fc for some constant invertible ¢ € M .

(3) X is CND.



A useful sufficient condition for X to be CND is w™! € Ll///
Let X,, be the linear predictor of X,, based on Xy, X1,...,X,,_1, and write

(4> Xn = Xn—l(bl,n + Xn—1¢2,n + ...+ X0¢n,n-

We are concerned with the n-th predictor coefficient ¢,,,. In the scalar case (d = 1),
the sequence {¢,,}n>, corresponds to the Verblunsky coefficients.

We put v := h(0)*h(0), v* := hy(0)hy(0)* (corresponding to prediction error variances)
and

1 27

(5) Yn emeh(hg)_ldQ (n € N) (phase coefficients).

:% ;

The next theorem is a multi-dimensional extension of the results of [BIK] and [KBJ;
see also [I] for the first result of this type.

Theorem 3. If X is CND, then ¢, ,, may be expressed as

(6) Oun ==V (37 u(TiT,)Fe) ViE (),

where
Tn Yn+l Ynt2 Ynt3z e id
Tn+1 Tn4+2  Tn+3 Tn+d
7n - ) Fn = ) € =
Yn+2 Yn+3 TYn+4d  In+b

S 3Rk
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An SDE approach to leafwise diffusions on foliated spaces
and its applications

PNUTNEY N2 T e 2 S AU I

M & Z ZRpr=a 37 TR I I ATREZER & 5. 0 < bk < oo &
R x Z OBREAG UKL, f:U - RBCEHTHD L1L, EED 2 1T L,
fC2) X CPRTHEMEREEN U Lk Thir e &EE2WS. f: U — RIBCF#&
ThHhodHEE, fOEORMEL CEHRTHLEEE N,

WD (i), (i) OMEEE > M OBREEU = {U,} BEET D & X, M IIHEET
] Z B d koeEERE (T & 25/ (foliated space) & WM.

(i) & alZK LT, Uy 6 R OBAES Byy & Z ODFHES Bao & OEFE~DIRIHE
FAg po : Uy = Bajg X Bao BFET D
(i) UsNUg# QDL Z, FEIFEEBIIRO XL SR THEZBND -

¥B O 90;1 : (poc(Uoc N Uﬁ) = (yaaza) = (yﬁ(ya7za)7zﬁ(za)) € QOB(Ua N Uﬁ)?

ST, g L OEETHY, 2 THD. ool (Bay x {2)) D& LTS
I plaque & FEIEAL, plaque ZBWTHEOILD M O 2EEITZE (leaf) & FEITNL
%. % leaf IT1T plaque Z JEIFUTRE & 32 K 5 G O R BARIKOREEN AN, M
TN DE D leaf ITE > THEISNTNWD Z DD,

KBEHTIIM Zao "7 FTHDLEIRETDH. C(M) &2 M Lok R
L, 1<k <ol LT, CHM) Z&BEELGE ETOrChHD L7 M ED
Bk 95, £z, g=gi;(y,2)dy' @dy’ & b= b’(y,z)a—yi e AVear 41y Slin
LT OPMOEREH DM EO Riemann Gt E X7 MG L L, glcX->TE
F % leafwise Laplace-Beltrami fEHFE A, Z T CE(M) 725 C(M) ~EFS L
DREAERE A= (1/2)A,+bEE X 5.

FEE 1L KRR ETOR RoREE b D, leat TEIC0RDEZ T2/ 2
BE DR AR ERFE L 7o TWD K 5 72 C3 (M) LOBIIERFEIL, #2%7
Riemann it& g &£~ MGV EHNTAD L H IZRBLEINS.

T :OM) = M%ZiEgDASTE M OIERBELZEERETDHE, OM) bFE
fez X7 K¢ foliated space E72 5. b D O(M) ~DKNY-U 7 N Hy &AEHEKF-
XY MG Hy Hy, ..., Hy 2B EE D O(M) EORERMy e

dR(t) = Hy(R(t)) o dB(t) + Ho(R(t)) dt (1)

EEZD. (1) O, BXOZhE M ~FE L TELNIMRERICBEALT, K&
DZLHEBRTZENTED.

“k-suzaki@cr.math.sci.osaka-u.ac.jp




EH 1. (i) foliated space O(M) EOMEZRMy TR (1) 1%, —ERIZRIRVMFE L
B0, &I re OM) Tk LT, d-kot Wiener IF'E:EJ W, PV) EcEss
STz r Z R LT D (1) O R(r) = {R(t,7)},5 DIFIET 5.

(il) {R(r)},comnn FHFERICET Dbt Z &2, $72b5, $3Thr €
O(M) ’fdb“(

R(r) — R(re)  in probability (r — ro)
N ARTASH

(iil) w(R(r)) O5AilE = n(r) DHRIEFT S, X(tz) = w(R(t,r)) EBITIE
X(x) = {X(t, )}y 1T AP 2 23D leaf IZHEND M- ﬁ?fﬁflﬁ%ﬁ“(%é

(iv) feCMITHLT(TE)f)(z)=E[f(X(t,x)] £T2. ZOLE, {T(t)}
X ADHYERZERENZR &% C(M) Lo Feller ¥#ETH 5.

JEE 2. foliated space | ‘i%ﬂ‘%ﬁi@%ﬁ%%ok ilﬁ%iﬁb‘ﬁ&), HFRICET %
e (& < leaf 2B+ 2 5 m) MO FTREMEIXZZHIZITb 6. L
L, EELL (i) OeSEREC & - T, IEEE 1 (iv) @ Feller S E NS .

Feller & M 0512737 MEDPD X = {X (£, 2) }sg pepy PIHR RIS FE(E
L, 2405 13 AR LT 5.

AR 3. SR Garnett[2] 1T & O“C 237 K¢ foliated Riemannian manifold
@ leafwise Brownian motion DEEITEA I T2. £ DOH @ Feller D FEH] H

(ZH o TR A TR L b &1T - 710)73) Candel ThH->T, [1]IZBWTHEE
KO—f%G & Hille-Yosida DEEEZ FAWT, ADIEKRZAERIERNFZE LT DL H 7%
Feller 38 & ZUZ Lo TEEDENRAN T OD leaf IZHEND L D72 M EDYE
Homfe (A-leafwise diffusion) ZAEK L TW5D. TG ORITHE & LR LT, &
PR 1 1 foliated space E DRI HFEXDOIBRWEDFIEEZ T Z & T A-leafwise
diffusion MERTE 5 Z & 2B~ TEY, AEMIIMIREBE~DISHEZRHIZT 5.

A-PRFHERBE 2 VoL 3 — RER, BX O~ LF o 7 — BT 5 MK
HI7RFHENGLLT O A-leafwise diffusion (2R3 AR EH S HiILS.

EHE 2. RO (i), (i), (iii) 24723 M © Borel 6 Q WIFET 5.
(1) EEDO A-RFfEREREmIZHLTm(Q)=1¢725.

(i) » € QITx L, A-FRFIRERIE m, NFEL T, EARf € C(M)iZxtL
)

1 /7
— X d dm, P"-as. (T
T/o f(X(s,z)) s—)/Mfm a.s. (T — o0)
N AVASN



(iii) M LB fIX, he C3(M)ZHWT f=AhtRENTNDHETDH. 2
DEX, FED 2z QITHL

1 AC)
ﬁ/o [(X(s,x))ds = Wip@)(-) inlaw (A = oo)

WALV N>, ZZT W(f)(x) = {W(f)(x)(t)} WXL ¢ T 0, 0k

t>0

(/ ngadLhH2dmz) -t
M

Z 0 1IE Brown B TH Y, |grad bl iLleaf Z & ICEH R glIZEL > TE
FLhOAROEISEIESELZETHLNIBEHTHD.

FE 4. b U A RERREN —BCHAET 572 01F, T2 (i) I2HB1F 2
ROEIIHBERIC I SRN I ERNbMND. EHIZZDEE, ‘e’ )&t
T v e M” E VWO FMPICEZHZI D ENTEX S, 2O OEEOFEH ORI,
4] ODFTHEZ BN TND.

FE S5 MBI FERNOEEDLEMHR b—T AT X NERRFHENOFEIN
% leafwise Brownian motion T&d 2%E 12, [3] 1% 1 IkJT Brown HE)OME 2 Hv
THIER 72 FIECTHRAAE O EZH O L, TORTEE 2 IS T DR %=
%wfwé.égm,%Lfecm@ﬁ%ﬁm$w§mmﬁuf/ mm:of

M
BHoteb LT, feACE(M)) LTtV M E X OfERTF TIN5,

5 Xk

[1] A. Candel, The harmonic measures of Lucy Garnett, Adv. Math. 176 (2003)
187-247

[2] L. Garnett, Foliations, the ergodic theorem and Brownian motion, J. Funct.
Anal. 51 (1983) 285-311

[3] T. Morita and K. Suzaki, Central limit theorem for leafwise Brownian motions
on mapping tori, submitted

[4] K. Suzaki, An SDE approach to leafwise diffusions on foliated spaces and its
applications, submitted



Sierpinski gasket DI FEFHY Riemann & 12009 5
Laplacian @ Weyl 2[5 G 25 H)

RE 1EZE  (f)FKR%)  http://www.math.kobe-u.ac.jp/HOME/nkajino/

1. Introduction
ARFHEHTIE, [3, 1] THEZE I 7z Sierpiniski gasket L OMFEGRH "Riemann ffidi ) 1ZBH L
T, MIyd % Laplacian DEAGED Weyl BUHGEZEEN I DWW TR S N f R 2 WG 5.
K DFL WHBHHICE T 2 #IRICOWTIIMEGER X [2) £ ZDZE 2D 2 &,
K% Vo= {q,q,q} C R?%Z 3THM & T 5 Sierpiniski gasket! (LX) £945. Kbk
3] 1%, KDOR2~D THHMILEOAR &: K - R*ZELTK ZR*D %k
EARTIEICLD, K EIC—fD "Riemann i) 29EF D, I 5B T 2 Ed%
pit(x,y) 23 Riemann ZHRIAE DG EITHPIO Gauss BIFHIli 217§ 2 L 2R L7z, Ho
IAADERD(K) =: Ky 132D "Riemann &) DORMENEBITH D, FAMI Sierpinski
gasket (LXIfG) LIS, TNz TEHFI[1] ITB8WT, Varadhan BT 2]

limy o 4tlog pit(z,y) = —pr(x,y)?, x,y€ K (1.1)

2D ET 5, Bd%plt(x,y) DX DN ZEE 2R L7z, 2Ty ld Ky WTOR
RO R I X D EE % K Lo HAZRMMEEEEcH v, FRNHEEEE & FiXn 2.

AGEEHTIZ Z D TRiemann #5125 $ % Laplacian @ Weyl ZI[EA fE T 258 1
OWTHERS, DUITICRS X912, Z2 MDD 7 7 7 9 VIR ERERRKME 13,

2. Sierpinski gasket E®DRIE:HN Riemann &
(€, F) % Sierpitiski gasket K DFEHE Dirichlet JTE3\ & 974, Z#id Riemann ZAk{KIC
17 2 Dirichlet B55Y [ |Vu|?dvol ICAHMT 2. REDMD X 512 K DERLT T 7 (Vi ©)
2EZ, Vi EO2XIEAE, 7 & (u,u) = (5/3)™ D a vty (W) — u(y))? TED S
&, (EF)RF ={ue CK) | limy, o En(u,u) < oo}, E(u,v) = lim,, o En(u,v),
u,v € FICKDEREI NS, I I Tscaling factor (5/3)"3H 52 LIk D, ue C(K)
WAL & (w, w) 1FIEEA & 72 D limy, o0 Ep(u,u) € [0,00] D3EE 5 2 L Z2TFEREL TEL.
Vo-didfl2 7 h € FORKEZ Hy & L, ED3Ho/R1 ONEZED S5 Z EICHERL T,
Ehihy) = 6y £72 5 hi,hy € Ho B %, EXb0 THHRIZMSRAR, & K — R? &
O(x) = (hy(x), he(z)) TEEINS, FEE, VKT, > TERI(K) = Ky ~DIF
WERTH 2 Z EDhy, hy DIEDERFEIC K > TRENS, 51 TODI R —
AtfF7E1% German Research Council (DFG) SFB 701 DI ZZ 1} 72 bDTH .
Y9hbb, q,q2,q3 2 R2EEDIE3MAIED 3TEM, i =1,2,31cx L Fy(z) == ( +¢)/2, z € R2 &F
L%, K=, F(K)%Z#iTH 1 2D%T% 0 R? O compact i H4 K

2h e FOVo-BRIE W, uly, = 0% Wi THEEO ue FIRHL E(hu) =042 2 L%E9. Vil
IO 2k Ho 1222 2 L, Ho 3 h hly, € RY ZEHIARITH S, £7:1€HyThb.




Vo Vi |2

HIEE, ELC KJ:O)(EUEM%P/L = hy) T Ro) WEDEFES, 22 Tue FITHlL ()
du DTV F—HIFE LI IEN S, Riemann ZRRIRICE T 5 |Vu|2dvol I 2 HIEE
THY, [ fdpw =E(fu,u)—3E(f,u?), " f € F2uiTTHEL>D K _EDOIEA Borel Hl
JEELTERESINS, W z2zHWE L, prae xe KITHNLR?D1IRILETZEE TS K
D3 TO()ICBIT 2 Ky DRk, ELTEEA I &b, Tk KICEHEMNZ
D1 RXICEEZEME OIS ("Riemann fiG ) 2SA%, I6WCue FET b L pae v €K
XL TABLRZ B vy Vu(z) € TPK SEE D, 22 Eu,v) = [ (Vu, Vo)gady,
Yu,v € FTHDZ EWREINS, 2D "Riemann W&, % K _EOMHIEGET Riemann
MG LIPS, pld 2 OMEGRH Riemann fiE D FCTD "Riemann (AREHIE, & A%T
TEMTE, AR TR, L Toy: Kx K — [0,00) PR TEHRIND

pr(z,y) = min{lengthg. (®ov) | v : [0,1] — K, v (&d&ke, +(0) ==, (1) = y}. (2.1)

I LXK, p) DNEERR L TE,F) 26 LXK, p) EOIFEACIHBERAEZ L LT
Laplacian A, 25 £ D, A, ITRIGT 2B RR DI & U CTEWE pl (x, y) DSEE 5.

3. EHER

d % AR EE oy (ICB9 % K @ Hausdorff X7, ﬂ-CgH %o BT 3 K EDadXk
JLHausdorffHIEEE T 5, de (1,2) TH S, KDETHEWVHHEAUICXHL, Laplacian
—A, DU T Dirichlet WA MED A Z (AU}, oy (BHIAMEIFEEETH#RDIET) &
L, AERIHLNG(A) :=#{n e N[ A] <A} T2, XKOARMWHEOTEHTH 5.
EH 3.1 (K.). & ex € (0,00) SFIEL T, Ky, (0kU) = 0% BEHED K OETH L

BIEEG U I L

. Ny(A)
/\11_{210 /\Ud/Q = exH2 (U) € (0,00). (3.1)

(3.1) Tl Riemann ZHRA DG L5720 0, Ny OWREZEE)IC "Riemann ARRTHIEE )
Tix% <, pp B9 % Hausdorff IEE HY 2SN T%. 2 2 Tp & HE DBIRHNH
BT 5D, THUTDWVTRDIRD 2D, Bz, pn) ={y € K | pu(z,y) <r} EEX.
EE 3.2 (K.). E#d € (1,d) BVFEL T, lim,o(log w(B,(z, px)))/logr = d°° 3
pra.e. v € KT LEAZT %, (d°° < dITTER.)

{z € K | lim, o (log u(B,(, px)))/logr = d"°} D py \ZBI$ % Hausdorff KIGIE d'°°
THHDT, d°<dtBHDETRDRERES.

% 3.3 (K). pbHL FHVICKRTSH S,
SEXH

[1] N. Kajino, Potential Anal. 36 (2012), 67-115.
[2] N. Kajino, Contemp. Math., vol. 600, 2013, pp. 91-133 (fiweb ¥4 F TITEIZZNF 7).
[3] J. Kigami, Math. Ann. 340 (2008), 781-804.




Asymptotic error distributions of the Crank-Nicholson
scheme for SDEs driven by fractional Brownian motion

K R (CRALR AR ABEB AR TR A L)

1 FU&HIC

ARFRETIE, FEEEE Brown EENIC X D BRE) X 1 5 WER 5 AR D E% Crank-Nicholson ¥t
PO X DEBIL 7256 DR PRGEICBT 2/ 2 MG T 5. ORI 1] TP
HHEWIIRTZ2H5DTH 5,
¥ 91 IEE Brown MBI D ERE 5 2 5.
EFE 1. FEBMEHEFME B = {B;}o<t<1 23 Hurst E80 < H < 1 % D% Brown J#HH)
ThH5 e, BldHEltZ Gauss R TH - T, FEHH30, T3
EULBA:%(§H+ﬁH7b4¢Fﬂ

ERBHDE VY,

ZDEFRNS, E[|B— B! = [t —s]?H, BXUV, /SAD H £iitid Holder @035 5>
5, 51T, H#1/2DEZ121E, M Brown EHi e SV F v 7 — ik ohnwl
A5, IO OFEDS, IR Brown MEENC X 2R IIONERT L L TRERT
T, WHOMRMITOFMZWH T2 2 LB TERV, DX 2HERM % BREhhE
D Gauss 2 FHAWTIHNTT 2 2 &2, AKEOET LR,

2 HREBLURHER
AGHRE T
(1)

e DMER D TR EEZ 5. 22T, o 3FEEAEBIE, =y € R, d°B 1% Russo-Vallois D&
WTOMRRES % £DT. DFIC, Crank-Nicholson ULl { X (™) }ee_,

X(gm) = 19,
¥ {Xp) X%Qw+l((va+UcﬂgnJ)( Bymv)

TERT S, EL, n™(t) = sup{lZ_m 0<I27m <t} THB, TIH LTED SN XM
A R TH 5 2 L ITHERT B,

CDLEIL, UTOEHMPELNS.,
RE 2. (Al) 0 € C54(R;R), (A2) inf|o| > 0.
EHE 3. RE2DTT, 1/3<H<1/2%61F
hm,(Bﬂm@HUELXW”—uXD__<B¢3Ha@YX/.IQFY%XQdWQ)

IR BT 2 39PCRDOER TR D 2D, 22T, cap (& H ITKET 288, W id
XN 7285 O Brown JE B, dW X8 O OHER S ’E?%ﬁ’)?'

dXt = O'(Xt) doBt, t e (07 1],
Xo = o,



3 &EHH
TEH 3 DAL DN E BN 5

9, [2] 1IcfEvy, R (1) OfE, Crank-Nicholson difl (2) DEBIZ B2, A (1)
DX U5, X, = (20, B,) L£IND. =EL, ¢,

{ a%qa(m,w — o(é(x,y)), yER,
¢(xz,0) =z,

DIFETH B, 2 LT, IRE2D (A2) D FT, Crank-Nicholson S X ™ 1%, X™) = ¢(z0, B+
U™y rgkshs, 2T, UM

|27t 1

UM = 3 {BXGLAB )+ (XG0 A By )t + RIXG.), ABjp-n) |
j=0

TERINIMWERMETH S, 772U, [ 1F € > 0DEEHD, f3 = (02))24, f1 =
o(0?)" /48, ABjo-m = B(ji1y2-m — Bjo-m, RIE|R(E,h)| < M|h|> Zii7- $BETH 3.
1] 1%, ThooRBEZHWT, E83DORENLZEAEZRL TV,

OFIZ, UM OWnEEE%Z 2. ZD7dIZ, weighted Hermite variation & XX 3
Wiener MBI DT 21T9. I D weighted Hermite variation %

[2™t]—1
B : —m + B —m
G((Im)(t) — 2—m/2 Z f( (j+1)2 ; f( 72 )Hq(QMHABJQfm)
§=0

ELTERINSG, 2L, fIXFBUERE, H, X ¢ XD Hermite LW TH 5. D Wiener
PLEEEUC R L T, Nualart-Peccati 12 & % fourth moment theorem % V>3 Z & TRBE S
ns,

EE 4. AARB g 1E 2 DA E, BI% f 13 o 2 CHBIBII LAWK Z RS> L T2, ZOLE,
1/2¢ < H < 1—1/2q TH1UZ,

Jim (B,G{™) = (B,cq,H/O f(BS)dWS>
%3 Skorohod FAHIC B 1 2§ DR TR D V2D, ZIT, cuuldqgé HIZk->TRES
EE, Wik B &IN85 O Brown I TH 5.

Fsic, UM 2 GU™ 2GCHEBIL, @4 & GCEM 3 2, E 3 TN IE
EH c3 p B XU Brown HEE) W IEH 4 THEZoNE2bDTH S,

e\

[1] Neuenkirch, A., Nourdin, I.: Exact rate of convergence of some approximation schemes
associated to SDEs driven by a fractional Brownian motion. J. Theoret. Probab. 20(4),
871-899 (2007)

[2] Nourdin, I.: A simple theory for the study of SDEs driven by a fractional Brownian
motion, in dimension one. In: Séminaire de probabilités XLI, Lecture Notes in Math.,
vol. 1934, pp. 181-197. Springer, Berlin (2008)



Rank-based diffusions with skew-elastic collisions

TOMOYUKI ICHIBA !

Let us fix an integer n > 2 and examine an n-dimensional diffusion (X;(-),...,X,("))
where each of its component particles behaves locally like Brownian motion and the local char-
acteristics of these random motions are assigned by rank. In the interest of concreteness and
simplicity we shall look at the system of particles competing each other and colliding elastically.

When n = 2 the system is a planar diffusion (X;(-), X5(-)) where the leader has drift —h <
0 and dispersion p > 0, whereas the laggard has drift ¢ > 0 and dispersion ¢ > 0 with
A= g+h>0, p>+0% = 1. Tobe more precise, we shall construct and examine a probability
space (£2,§,P) endowed with a filtration F = {F(¢) }o<t<o that satisfies the “usual conditions” of
right continuity and of augmentation by P—negligible sets, and on it two pairs (B (-), Bs(+)) and
(X1(+), X5(+)) of continuous, F—adapted processes, such that (Bj(-), B2(+)) is planar Brownian
motion and (X;(-), X2(-)) is a continuous planar semimartingale that starts at some given site
(X1(0), X5(0)) = (21, 22) € R? on the plane and satisfies the dynamics

dXi(t) = (9 Lixim<xamy — P lxms>xa )dt + (P Lixiw>xa0) + 0 L m<x )dBl( )

— 1 —

dX5(t) = (g Lixam>xa( }—hl{xl<><X2 )dt + ( Lxamzxmr T 0 lxm>xae) )de()

1 —
+—2 <2 dLX=% (1) + T”QdLXQ—Xl (1) 2)

Here and in the sequel we denote by LX(-) = L*(-;0) the right-continuous local time accu-
mulated at the origin by a generic continuous semimartingale X (-), by LX(-) = L=*(-;0) its
left-continuous version, and by LX(-) = (LX(-)+ LX(+))/2 its symmetric version. In (1)-(2) with
the notation ( := 14+ (G — (&) /2, n = 1—(m—m)/2, v = g—h,y = 11 — xa,
Z = x1+To, 1 = 1V e, Ty = Ty Axg,weassume (+n#£0, 0<a :=n/((+n) <1.

Theorem 1 (FERNHOLZ ET AL. (2013a)). The system of stochastic differential equations (1)-(2) is
well-posed, that is, has a weak solution which is unique in the sense of the probability distribution.

The difference and the sum of the two component process Y () := Xi(-) — Xo(-), Z(:) =
Xi(+) + Xo(+) satisty

Y() =y A / sen(Y(8) dt+ (1— ) LY () — (1—n) LY () + W()

Z(t) = z+vt+ V() +(1-C) L")+ (1-7)LY(t), 0<t<oo,

! Department of Statistics and Applied Probability, South Hall, University of California, Santa Barbara, CA 93106
(E-mail: ichiba@pstat.ucsb.edu).



where ¢ := ({1 + () /2,75 := (m +mn2)/2 and V(-), W(-) are standard Brownian motions
defined by W () := pWi(:) + cWa(:) and V() := pVi(:) + o Vi(:) with

Wi() = /0 Liv(>0) dBl(ﬂ—/o. Liv(n<oy dBa(1)

Wa(:) = /0 | Liv <oy dBi(t) — /0 | Ly (1y>0y dBa(t)
and

Vi() = /0 Liy(t)>0y dBl(t)Jr/O. Liv(y<o} dBa(1),

Va(+) == / Liv <oy dBi(t) + / Liy(5)>01 dBa(1) -
0 0

Here we may construct the other Brownian motions Q(-) and W”(-), V°(-), U’(:) as Q(:) :=
o Vi() +pVa(t), WP() = pWi() = o Wa(), V() == pVi(:) — o Va(), U°(:) == o WA () —
p Ws(+) ; we note the independence of Q(-) and W (-), the independence of Q(-) and V°(-), and

observe the intertwinements among these Brownian motions

Vi() = (=1)* / sen(Y(0)AWi() (G =12), V()= / sen(Y(0)dW (1)

and

V(-):/'sgn(m))dwb(t), Q(.):/'sgn(m))dyb(t).

0 0

The ranked versions (the leader and laggard, respectively) R;(-) = Xi(-) V Xy(-) and
Ry(1) = Xi(-) A Xa(+) of components satisfy

Ry(t) = ri—ht+pVi(t)+ (1 - (8/2)) L™ (1),
Ry(t) = ro+ gt + o Va(t) — (B/2) LT (¢),

for 0 <t < oo, where 8 := (nC+¢n)/(n+C).
Let us denote the filtrations §~ (t) = o (X(s),0 < s < t), 0 < ¢t < oo generated by the
generic semimartingale X (-). In the degenerate case 0 = 0 and p = 1, we have the relations

S(Rl’RQ)(t) _ 3‘/(75) _ S'Xl_le(t) ; SXl—Xg( ) SW( ) S;(Xl Xg)(t)

for every 0 <t < oo, where the inclusion is strict. In the special case 5 = 1 we have in addition
o(V(t) = a(Xi(t) + Xo(t)), thus also FV(t) = F*17X2(1), forevery 0 < t < oo. In the
non-degenerate case po > 0, we have for every 0 < t < oo the filtration relations

%’(Vl,V2)(t) — g(Rl,RQ)(t) — g(\y\,v)@) — S(|Y|7Q)(t)

; S(Y,Q)(t) — S(va)(t) — S(Wl)W2)(t) - 3'()(1,)(2)(75)7

where the inclusion is strict. With these considerations we obtain the following.



Theorem 2 (FERNHOLZ ET AL. (2013a)). The system of stochastic differential equations (1)-

(2) admits a pathwise unique, strong solution. In particular, the filtration identity FP152)(t) =
FX0X2) (1) holds for t > 0.

e Following the analysis of FERNHOLZ ET AL. (2013b) one can show that each of B;(:) and
Bs(+) is complementable by the other one in F"W2)(.), and so also maximal in the sense of
BROSSARD & LEURIDAN (2008). Similarly, the pairs of W (-) and U’(-), U(-) and W’ are
complement each other in FW1"2)(.). V;(-) is complementable by W5(-) and Va(-) is comple-
mantable by W, (-), however, V;(-) is not complemented by V5(-) in FW1:W2)(.),

e In the case n = 2 we may compute explicitly the transition probability and time-reversal of the
planar diffusions for (1)-(2) from the properties of skew Brownian motion with bang-bang drifts.

When n > 3 the study of multidimensional stochastic differential equations that involve local
time supported on a smooth hyper surface starts with the work of ANULOVA (1978), PORTENKO
(1979) and TOMISAKI (1980), followed by OSHIMA (1982), TAKANOBU (1987), SZNITMAN &
VARADHAN (1986) and others. The recent work of KARATZAS ET AL. (2012) studies systems of
the form

AXi(t) = D Tp=x @) (0t + ordBi(t) + GALXO 500 (1) o pped LY 00X (1))

k=1
where (X(1)(-),..., X (:)) are the reverse order statistics, i.e., X1)(-) > -+ > X(,)(-), and
Ok, Ok, Cr, Mp are some constants that satisfy (x + 1 = 0, k=1,...,n—1,i=1,...,n

for 0 <t < oco. In this talk we shall discuss some results on the diffusions of this type.
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On the range of random walk on graphs
satisfying a uniform condition

AT CRORECH)

Let (X, 1) be an weighted graph. That is, X is an infinite weighted graph
and X is endowed with a weight u,,, which is a symmetric nonnegative
function on X x X such that p,, > 0 if and only if z and y are connected.
We write © ~ y if z and y are connected by an edge. Let p, = ZyeX Ly
veX. Let pu(A) =3 catta for AC X,

We assume that sup,. x deg(z) < 400 and 0 < inf, yex poy floy < SUD, ye X gy Hay <
+o0. Whenever we do not refer to weights, we assume that pi,,, = 1 for any
x e~y

Let {S,}n>0 be a Markov chain on X whose transition probabilities are
given by P(Sp,41 = y|Sn = ) = pay/tte, n > 0, z,y € X. We write
P =P, if P(Sy =x)=1. We say that (X, u) is recurrent (resp. transient)
if ({Sn}n>0,{P:}zex) is recurrent (transient). Let the random walk range
Ry ={S0,..., 51}l

Let Ty =inf{n >0:5,€ A} and T{ =inf{n>1:5, € A} for A C X.

Let Fy = inf,ex Po(T, < +00) and Fy = sup,cy Po(T, < 400).

Let d be the graph metric on X. Let B(z,n) = {y € X : d(z,y) < n},x €
X, n € Not. Let V(w,n) = u(B(r,n)). Let E(f, f) = 3 5y examy(F (@) —
F(y))? sy for f: X — R. Let us define the effective resistance by Reg(A, B) ™! =
inf{E(f, f): fla=1,flp =0} for A, B C X with AnB = 0.

Let p(z,n) = Reg({z}, B(x,n)?),x € X,n € N. Let p(z) = lim,,_ p(z,n).
If (X, p) is recurrent (resp. transient), then, p(x) = +oo (resp. p(z) < +00)
for any x € X.

Now we define a uniform condition for weighted graphs.

Definition 0.1 (uniform condition). We say that an weighted graph (X, )
satisfies (U) if p(z,n) converges uniformly to p(z), n — oo.

Not only vertex transitive graphs (e.g. Z¢, the M-regular tree T);, Cay-
ley graphs of groups) but also some non-regular graphs (e.g. graphs which
are roughly isometric with Z?, Sierpiniski gasket or carpet) satisfy (U) if all
weights are equal to 1.

Now we describe the main results.



Theorem 0.2 ([1]). Let (X, pn) be an weighted graph satisfying (U). Then,
for any x € X and any € > 0, we have that

lim P.(R, >n(l—F;+¢€)) =0, (1)
and,
lim P.(R, <n(l—F,—¢€))=0. (2)

These convergences are uniform with respect to x. The convergence in (1) is
exponentially fast.

If (X, p) satisfies an assumption which is stronger than (U), then, certain
strong laws hold for R,, that is,

R, R,
1—F <liminf — <limsup — < 1— F}, P,-a.s.
n

n—oo n n—oo

Theorem 0.3 ([1]). There exists an infinite weighted graph (X, u) with a
reference point o which satisfies [y < Fy, (U),

E,|R, . E,|R,

lim inf [ =1-—F,, and, limsup [ o] =1-F. (3)
n—oo n n—00 n
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Growth exponent for loop-erased random walk
in three dimensions

H AR
HHRFERA G AN TR A B

1 Introduction

Loop-erased random walk (LN LERW) &7 Y% L7 4 —27 DA 5 loop 72 (B
HNAIC) YOS 2 LIck>TRONE FV T LBy Y TV NADETIVTH %, Lawler
([4]) Ik > THREI TR, LERW BEBFEDOAR L S TGO T 6 b EHHE L€
Tl LBz ED, WEFEICHIEA R ST E L, LERW IHat LI 2 Ko k4
BRETNVEDBTHEOEDLYDBDH 2, 20K HETNVOMREH & L T uniform spanning tree
(UST) 3 Fonsd, 2IZTY 77 G=(V,E)DE7 7 7 7 T %3G D spanning tree T
HDHERTOHEBERIZV E—FK L, 2OT i tree TH S (cycle ZFiz7\») T %20
9, G D spanning tree 2R EE X, Z 06 AR TIO BT Lick->THEoNn 3
7 V% 1 7% spanning tree % uniform spanning tree (UST) &9, Pemantle ([10]) (&,
UST EIZBWTSZDDIEE u,v € V Z 55 unique path DA% u 2> 5 v ~D LERW D
e —ET 5 2R L7, $72 Wilson ([13]) & LERW Z 272 UST 24K ¥ % 7
VE LT TY XL (Wilson's algorithm) Z#% L UST & LERW DOBfR% X b HHREIC
L7,

Z4 1D LERW DR 7 — WD FAEIZ 2 TORIT d IS L CEEHE L Tw» %, ERIG
D d >4 D6, Lawler ([5], [6]) & LERW O R 7 —VIRERAY 77 7 V#Eic e 5 2 &%
AR L 72, ERICDE A, A DT YT L4 =7 DNREHE D loop ZHiT 720D T,
loop Z I D B BEETRE ST 5 2 LA, fiE>TI DA LERW O A7 — )L
IRIZICA DT F LY 5= DA =R TH 2 7 77 VEHENC T 2D TH S, K
TEME G S EOEREN 2 B S, FEIRIER ICNEC R s, E2ADd =2
DYstriZ. Lawler, Schramm, Werner ([8]) 512X D) LERW (3P AZE 4 2 7 — L R
ZROZE, DL SLE, TH 5 2 EZFEHL 7, BFETIE SLE 3% < DHEE L 2 500
ETNDRT—UIGRE LTS 2 EDNGEH I LT W 523, JG4 & Schramm ([11]) 23
LERW D A7 — WHRIR DGR % il 2 7= OIS Z DFiF 2T o 7. WIS d = 3 DGR
Kozma ([3]) 12X D LERW DR 7 — VR DfAEDSFEH S d7c, HL Z OMRERASE D K
9 7% object THEPIXIFEA EM S DD > TR WIRITH %,

I TS %7 EDFRD S HFHT 5 simple random walk (SRW) &9 5%, ZNDEH %
il & %8 n DIKZE B, £ %, SRW DT B, DM 2K %Z 0, £ ¥ K, SRW
DR S[0,0,] D>6 loop ZY) H Hio TREN S v 7N R A% LE(S[0,0,]) TEL, I
% S[0,0,] D loop-erasure EMES, T2 CTHERSHLDIZIDL VYV TNUNRNADRITH %,
% ZTLE(S[0,0,])) DAT v 78% M, TEY, M, DAL TR TDZ &b
TWw3, d>5D8EE Lawler ([5]) ICXD BE(M,) xn?ThHs I EMFHHINTL S,
d=4DLEIZEM,) <n(logn) B ThHsbIWRINTVE ([6) . d=2D5EH
1% domino tiling DE i & V> T Kenyon ([2]) 2% E(M,,) ~ n®* &R L7, BaLICKk>T
Lawler ([9]) €& D E(M,) < n>/* DSEEHI L7z,

1



d=3DHEIE M, ICBHLTELEAEMb D> TR WVIRETH 5, BfEGEHII T
WEHIEELTE, 2 e>00H>Ten't < E(M,) <Cn®B P T 5 LDHRTH
2 ([1)e My iZBIL TERD &S B TFHEBH S,

FE1. ([d=3) H2EHa>0BHFEELTEM,) ~n*t7i5.

2D &I BEH a % LERW ?D growth exponent & ML, Growth exponent (& LERW D
RIDOWHEEH 2% 9 Z CHFICHELZHTH 5, BMEFITHEORE ([1], [14]) <TiX
a=162+£001 5VTHAI EZEZLNTVS, LHELEDS a DIFEIZREWREEHAZ
NTuWRETH o7, 29 LITRBOPLIT OFERZ215 7,

2 Main results
EIE 1. ([12],d=3) H2EH o> 0VHELTE(M,) ~n® &% 5.

DEDTPRIBMRINIDOTHS, SITI<a< 3 IKERSNLY,
ZNTIE M, HEDODEHZIED I I BB DEDTHA I 0?2 UK LTI T X 512 M,
3 Z DI IERICER L TV ARTHE L VW) T EZRL T,

EE 2. ([12,,d=3) H2EHc>0,C <coDMHEL T, TDOnE LT > 01K LT
P(Mn > AE(Mn)) < Cem (1)

b, SHIABTDR<I/allNLTHEIER I >0,0' <co3dH>T, BTDOnE X
CTA> 0L T

P(Mn < E(Mn)> < Ole=N 2)

>

DIRALT B,

E 1 BEEHE ORISR ([14) <TiF

p(m, < %E(M,J) — ClemN"

+o(1)

ThrH) EEZLNTWL S,

3 Notation

G=VE)EERZI77LT5, GORIIN=[N0),---,A\(m)] CVDIRATHSL
., Fi=1,- mIRLTNGE—1),\)} e ETHBILERZV), TDEZEMZAND
BRI LR, /X2 XD loop-erasure EWZELTDFMEIZ L D N5 loop ZUW D > TH S
B VTNRADIETHD, £7. 5o =max{j <m|A(j) =A0)} EL. i>0IZxL
Tl sy = max{j < m|A(j) = A(sis1 + 1)} EEET S, n=min{i|s; = m} £ L& Z,
7S A X D loop-erasure LE(A) Z LE(A) = [A(s0), A(51), - , A(8,)] TED D, GDST=DD
FrRlu,ve VI LT, uoliFE T2 G LD SRW % v 24O Cllitad 5 K4l £ TH 2
%, % ® loop-erasure % u 75 v ~ND LERW W5, ETHRERZZ X H I, ud s o
® LERW O73fil, UST ETu & v ZF5S5S2AD0 & —ET %,

B a, by 1HL T ay < b, 13HDER > 0DHFHEL Teb, <a, <1b, EHBI LR
FT, Fla, =b, i3 lim, o B =1 %I EERT,

log by,

2
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Rate of convergence in first passage percolation

with low moment conditions

SR R (HOKELT)*

FIARDIESTHE FARICIEA ZZ B IC B W T, HARTHADRIEL 2 & T 5, WD
RIIBHE T 2 A RADRICOARKI D, ZDHERIZISZIZ p §OTHZET S, ZDLE,
T 2 RTHAE L 720505, REIEROBIARIZED X ) IBELRL T Z2RIEE LT
DY, N—alL—raryThsd, THBEL T, Hammersley & Welsh [2] IZ & > THE
AINT “T7—A Ry L—IR—aLb—vay’" bbb, 77—ArRXyve—I =
AL—vavTiE, H5KaPSZIUEHET 2RI, 75 L% w({a,b}) T
WRPMERT 5L L, TH2HHE TRRADILD AR E, ZOREGRE, ZfEE LT
%9, Ghl, ZO77—=AbNyk—=Y8—aL—va ik, WRADERIEZ 2
FHDTZIR DR 5 FEIZ DO W TR 21T o 7=,

FTROIC, SHKkS 77 —A by k=Y —aL =y aviZonT, KDFELL
BHELTS . € RIEHIKET 29 DUERE L, (w(e))ece &ML 72 Ik EUERER LB
THsrETD, (Fwle)Z, KPOSRNFRPBMBRT S LEED T VY LRIRHE AL
T.)ZDLE, ZODA%E Tey = e — - — ey LB 1 ICB VT, ZD passage
time %

l
= wle)

i=1
TERT S, 612, ZEDHER x D25 y D first passage time % LT TERT 5:

T(x,y) := inf{T(r);7 13 Z¢ DEM = 25 y ~DFEH }

ZZCHMBEET DX, A 025D first passage time 25t LT £ 742 % X 9 R riDEA

d
B(t) = {x+ {—% %} . T(0,y) < t}, £>0

* kubota@grad.math.cst.nihon-u.ac.jp




DWHEREETH 5.

PUF A2 T, KO (AL) & (A2) YRS % ERET 2: F(z) % (w(e))ece D
HHEOSAEBETZ, oL E, 2% FoXRy FAA—alL—y a VOERER p. &,
HbHa>1I1ITxL T

(A1) F(0) <pc,
(A2) [T z*dF(z) < oo.

t(1 + €)By

KAE (A2) =1 ICHLTHD D% 561F, RTDH
%G By C RY (& D IEREICIE, nonrandom T3 ¥
N7 FRMMESR) DFEL T, $RTD e > 01X LT,
WEHR 1 TRDWITHIEBHONT VS T RER
t> 01X LT,

1 B(t) OHERAT)

(1—¢€)By C @ C (1+¢€)By.

(REDiI2i, AM1DX) BBRZ LS, XDFEL IS,
#l 21X [3, Section 3, page 154] # M. ) T OFEFICH L, Kesten [4] & Alexander [1]
1%, B(t)/t %% By ~NWHIE L T rate & X D REEICHN, BATH e =0t Y2 logt) 1
BB LML, 22T, LORE (A2) XD 2% DiEYy, DT OSEAEIMRE S
NnNTn»3:
H2y>0IHLT, [[Te™dF(z) < oo BIRLT 3.
S, Z D&Mz O GEDWNAEIICOWTEREL, UTORRzeR.

Theorem 1. K€ (Al) BRVZT 2L T2, I6I1T, Db a>dItHLT, KE (A2)
DRALT B ET S, ZDEE, 0> 00 TFANhSTNR, H2EBC,, Cy, C3, Cy > 023
FHEL, T RERICHL TRBBALT %:

P(B(t) ¢ t (1+Cre7 27 By ) < ot exp{~Cst’},

P (t {1 - C4t—1/(6d+12>(1ogt)1/3} By ¢ B(t)) < B+,

(Y
(Y

1 —1
pi= (3_d6_6d+12) '



12, % a > (d+1)(9d+17)/(6d + 11) IR L TRE (A2) 27 S 5 % 513, T
L TRPKALT %: T REZLITXHLT,

t {1 — C4t—1/(6d+12>(1ogt)1/3} By C B(t) C't {1 + Clt_1/2+(d+1)6} Bo.
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TRERFZH PV TER R AR 3 4F

S % R EOIEAEEEME Radon IE 2R G 725 8695, Sk, BENMHEEAT L LIZX-T,
TEfR AT BEREZERIC 7 D, —T5, SDItslids =)0, &R T <E75§“Cé°5’ EING, K os; I ONL
EEIHL, sIIRY LORIEEHRTZENTE D, _O)%%“( S ARl ZEM LIRS, 9, T, & TC
® local T, smooth 72 S FOBEN G 2EEG2KT, f,g€ Do IZH L, D[f,g]:S—>REZRDLD
WZED D,

Z/Rd %) — f())(g(s*) — g(s))p(lyi — sil)dy
ZIZT. s €RY s=3,0,, ThDH, IHIT, sITR LT, s"¥ =540, —0,, RTbDELT D, £
7. piE. [0,00) 225 [0,00) ~OBIHKT, [up(ydy =1%HET b0 ET5, —F. S EORRRE
Euldsb, INHEHNT, WMBEXE 2RO L IICED D,
E(19) = [, 2= 1f € 2.0 LSS, 1) < ). 1)
wiz, S, ={zxeR%z| <r}. SE={s€S;s(S,) =i} £T 2D, LLFZIET D,
FEEOEICH LT uD S, Lok BER o, KO, kSFBREK o (r) BNFET D, (A.0)

(&, Do) 1X. L*(S, 1) T closable TH 5, (A1)
FEEBED k,r ik LT o € L®(S¥, dx) (A.2)
EED P LT ip(S)) < oo (A.3)

=1

Z LT, MRERERAOEEIHTHRNEET D, HDa>B>5BFEL,

+ TRDri WXt Ly Zw < Cl'f’ﬁ VAON + TRD |y| WXLy p(!y|) < |yij_a (Bl)
ETELZELARRET D, SHIT, MHBEREEICEL T,
0o ISQ p xl,fﬂg dQTld{lfg fS ) — 1)dl’ e (B2)
r=1 {fs pl(z) :U}

ZRET Do
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Theorem 1. (A.0), (A.1), (A.2). (A.3). (B.1). (B.2) ZHET D, 20L&, (&, %), L*(S, 1)) D
closure(&, 2) 1%, L*(S, u) £® quasi-regular 727 1 V 7 LB E 2D, 65T, (&6, 92), L*(S, 1)) 25
L5 Hunt 882 {Ps}ees DMFIET 5.

ZOEMIZEY SIED Hunt @2, SF D, 7L 7 U TR RR RO EZIT 5> Z L3 T
x5,

Z 2T, Gibbs HIEDO—f{t. T % 4E Gibbs MIEEZ B AT 2, pu s (5, @, V)-% Gibbs HIETH D &
1L, AEEDO m,r € N, p-as.fIZx LT,

1Am(d5> —BH(s) u:&(ds) < CAT(ds)efﬁ?lr(s)
k fcié C = C(m;r7 &) 753‘{?@‘@«6 : k é?l/\ 50 f:fi l_/\ ﬂ-r(S) = s(. ﬂ Sr>‘ 71'7?(5) — S(‘ ﬂ S,f) k L/T\

W) = plm, € -[s(S,) = m, () = 7€) p-as. €

Tohb,
MHo(s) = D D(si)+ Y Uls;—s;)
$;ESr Si,SjESr
1<j

ThorETH, £z, A™ L%, RY ED Lebesgue Il % % &2 % 2 Poisson random point field A (2
L,
AT () = Al (4)[s(Sy) = m)

THEXONDbDET D, ud (B,0,V)-4 Gibbs I TH 572 H 1 (A1), (A2) ITLT 5 (2], %
Gibbs HIFE D] & L TiX, Dyson random point field, Ginibre random point field, Airy random point
field 72 EAEH E4LTER Y . FFIT Dyson random point field & Ginibre random point field 1% (A.0), (A.3).
(B.1). (B.2) biERT 2 LN TE, ZOFEHPEMTE D, £/, —MD canonical Gibbs I I3 %E
Gibbs B TH 5,

B T Z O T v g LA B R - R ORI B W CTIEE D MER T &L RO TH T
T U EBOMREITO 2 & L OFER, SRIOMRICEEN LB O NI Ly, £z, Z¢ k
DT )7 LHEM A T PR HE R A SRR 752 <° hard core interaction % ik L 72356 O T P71 B 8 Rk
TSRO & DR FIZHDONTR, B DORBREIZOWVTIH L7Zuy,

Z%& 3k

[1] H. Osada, Dirichlet form approach to infinitely dimensional Wiener processes with singular inter-
actions, Comm. Math. Phys., 176 (1996), 117-131.

|2|] H. Osada, Interacting Brownian motions in infinite dimensions with logarithmic interaction po-
tentials, Annals of Probability, Vol 41 (2013), 1-49.



Dynamacal rigidity of stochastic Coulomb systems in infinite-dimensions
2013/12/18/7K : HUHB K I ERFRAT I 2T Hirofumi Osada (Kyushu University)

dkta—7 U v FZEEIN% d kot Coulomb RT v ¥ )L U,y THEAMER LA & IERd 5 HEREO 7
FJULEBEEX S, WREE B T D, ZOMEINFENTATEBEIARL R L ZI2iE., RO BERIR TR
DHRATERREND (3], (cq IFIEFEH, 2 =1)

. . )(Z Xj

i, | Xi-X]|<r
BIE, d =202 3 =2 DK, ZOMERNFE IO MmIER I T Y., ZhZh [Ginibre
Tz 7 v iEd)), [Ginibre e &IN5, W, ZOMERIE, FEx/LI— b Gaussian 7 ¥ A
1THNOEFED 54 OWETH 5,

A8 T d kIt Coulomb RT > v /Lid. Ruelle 7 T ADRT v )L TiEAeW, f#i->7T. DLR
RRUCHES L, WD Gibbs HIEOBLGROIMANZ & > 7=, Gibbs HIEEIL, Pom&on MOEBFRIZIEWS T A TH
%, —7. Coulomb RT > ¥ ¥ /WiFF DT TCOMAENEROBE S D212, FFhT 2 BB RiIL4<
B HEEEZRES, ZOMETIE, £O—4#]& LT Ginibre ,ﬁiﬁﬁ@%‘%ﬁﬁ’ﬂ&@ﬁ?ﬂ@ rigidity Z7E 5,

R? OFLEZEM % S L 3<, p % Ginibre SifE L 325, €= (6;)ien %7V T, Palm I p, (ZBIL
T, ROMHEGSMEH T b0 ET 2, JhL, B TR RIETH 5,

u(-10(s) = a, s({a}) > 1) < u(-|s({a}) > 1)) forallieN, ac R%

ek, tagged K1 DILEEMIR % 459 2% & 121X, lenvironment seen from tagged particle] & x5 &
WO FENREONTE T, 207D, WM ;’E Je& O34 TIEZe <L JRRIC tagged KL A {E < &
W Palm PIED T TERLDONR—RIITH o7z, EOREND, RN T~V & DT Te KR+ D3RI
WL E O Palm JI 2% L“C'f%ﬂ@fﬁ’(%éf:&b\ Jtx OEAZEEET, &m0 Palm I L’DD‘“C@
REHZREIE 0 TH D Z &3

0(s) =s = (s;)ieny THHTD SDE( ) DOfiE X = (X);en DA% Ps &R

Theorem 1 [8] p-a.s. siZ7zWWL, T_XTD e NIZx LT

li_{% GXZ/ez =0 weakly in C([0,00); R®) Pys)-ass.. (2)

FACARLFIT, KRR 2 R0,

Theorem 2 [8] p-a.s. s=, 0, [Z72WV L, TXTDie NIZHLTE € L2 (uy,). I,

lim f/ Xidt = in Ps,-a.s.. (3)

u—00 U

T I T g VE. A a W52 7 reduced Palm JIEETH 5,

LR, ZO#MO LT R~%, SDE OMILH#EL LT —BRICEET S [10] 0T, WEZDT
v U EE) B = (B')eny D504 % PBIE B = (BY) L B<,

Theorem 3 [8] p-as. s&., §XTDie NITHLT

Xi
lim sup X <4 PBoas. (4)
t—oo y/10gt

Remark (0) T4 1% correct 72 bound TIX72 V),
(1) 3@H O Ruelle 7 7 ADTHRT v > ¥ VOBFAEIE, 2 KT ETIXFEITIERIZR 0, b L2nwZ &



[1] B35 HR TV, [1] TRMOA— Fa7 OFEEZGE LA, B9 LTI 2 kel £ Tl Ruelle 7
TADTFWRT v VOGEX, WIIEBEIA 7 — ) » 7 TR E B Tnb, E72xts7T 54
TETIVCIE, HAIHERIEFRIC OV TIL, Kipnis-Varadhan, $£72, —f&OHEMIEFRIZ- OV TlX, Spohn (2
Ko TR LD/ RENTWS, o T, AEELNZEEIT., D OMEROFERE I, SRR &
o T 5B,

(2) 2D XD RBENELHEEIE, Coulomb AT > v ¥ /s D, ERKTORFEOHRE SITEKT S,
long range DD =, Z ONH A ATRET D HEE DD tagged i 1-1%, BHE DT T U L iEH) & I1LE
HSFEFED, WL E2 552 ENonD, ZIEBEO Dynamical Rigidity DEMRTH 5,

(3) REBO#EIL, [7) TREWI L7z, [Palm restore #E AN & X5, Ginibre JuBFE D FEEE 722 50 iR & B %
WHZETHD, ZOEHIL, Ginibre B ORI rigidity DOEDZREHA L7ZbDTH S, [6] 12
BT, reduced Palm JIE R L, sV NI e ORI 5T 2 ReSE & ffah et 2 L, 222 5E8 L
e, ZORRELICHREIELLDOTHD, £72. Goldman 232 L7z open MBEIZH T 2& 2 %52
TV, BEZEHFD, £ TR—L7 =~VORIERICOMTE D, LWVWIDORINLORROERE
2, ZORFEL L IXEMEEIC LD 71~ L U T HIXP It 2R L, HIZ, Ll kioxt
BN 8% 4 %,

(4) EfRYK LD Dirichlet UK T 284 RFSEO T v SV o T hEZH Z L0, OO 1 > TH 5,
(5) ABRKITIZEBWTD Nash D, 2 F Y Nash REXNSEWEOKEH ekt AfiHiz = LT A7
T (ZNOITERI A — Y 7 TIR{ET 200 E 3 I L TAEZITH D) 1, BREIC TIEAEZ Tiden
(Nash OREX « VAR L 7 ORERLEF AL L2V, L, 4l Nash O O BEER K TTHIRHEY)
ELT, P77 v E BB LT, (%) IEBCEB &6 U DB, &) rigidity, D F 0 FfirsrAi o
Palm restore #EAR] NEZTHD Z LU LT,
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a-determinantal point field associated with green kernel

HHHZ (JLRIMI) *

n KIETTH] A = (a;;)P._; WAL T, afTHIR (0 € R) 13

ij=1

n

det, A = Z adl@) H Qio (i)

oceSy i=1

LIEEINSD, TI°T, do) \ZiEM o Z HIDETET 72 D ITHE S R/AND HIDMHBTH 5.
2, a=—1 D8R, a=1 08813 3—<2% v, a=0 OBEAITH O AR
WL, JEREMETS A= O ITNL T,

n
perA > Haii >detA>0
i=1

WHISINTED, FFIZ A>=0 %6l a=+1,0 DEA, TED A> O I1IZ LT det,4A >0 T
H5., [1JIKBVT, £E

Pos(R) = {a e R ; detqA > 0 for every real symmetric A > O }

IZDWTHERE LT, (T)L 2 — MIANTH L THFEBRIC Pos(C) EFRI NS, ) deto A DIEMENE
DRTEIL D 5 HERG DAL (HAET 5561 a-determintantal point field & W8 & BIfRDIH D,

POS(R)D{—%;nGN}U{O}U{%;nGN}

N Lz, AT, ZOMEORERRZ R, v va 7o 7y — U IcHiEd 2
a-determinantal point field D)LV — 7HEEIC X 2RI O WTIBER S,

W

& 3T
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Some results on spectral measures of Wigner matrices
and applications

Trinh Khanh Duy
Institute of Mathematics for Industry, Kyushu University

Let {&j}i<i<j be real valued independent random variables satisfying the following
conditions:

(i) {&:}: are iid. with E[¢;] =0 and E[|¢;|%] < 00,k = 1,2,...;
(i) {&j}icy are Lid. with E[¢;] = 0, E[¢}] = 1 and E[|¢;[*] < 00,k = 3,4,....
We construct the N x N symmetric matrix Xy as

Xn(jsi) = Xn (i, j) i= jjv 1<i<j<N.

Xn is called a Wigner matrix. If the distributions of {§;;} are Gaussian, we called Xy
a Gaussian Wigner matrix. (The case of Gaussian Wigner matrices with E[¢Z] = 2 are
related to Gaussian Orthogonal Ensemble (GOE) matrices.)

Let /\gN) < )\éN) <. < )\%\7) be the eigenvalues of X . The empirical distribution of
Xy is defined as

1 N
LN = N ; 6>\7EN).

Here § denotes the Dirac measure. Some properties of empirical distributions are as
follows.

Theorem 1. (i) Ly converges weakly, in probability, to the semicircle distribution sc,
as N tends to infinity. (The semicircle distribution sc is a probability measure on R

with the density
1
SC(J?) = % V 4 — $21‘$|§2)

This means that for all bounded continuous functions f € Cp(R),

(Ln, f) £, (sc, f) as N — oo.

Here (u, f) := [ f(x)du(x) with p being a probability measure on R and f being a
measurable function on R.

(i) Fork=1,2,...,
(L, x*) £, (se,z®) as N — oo.
The convergence also holds almost surely.
(iii) Fork=1,2,...,
N ((LN,M - E[<LN,a;k>]) s Zy ~ N(0,02) as N — oo,

where a,% depends only on the second and fourth moments of {&j}i<;j.



Proofs of this theorem can be found in [2, Chapter 2]. Note that the multidimensional
central limit theorem also holds, see [1].

In this talk, we consider the spectral measure and obtain analogous results. Let
vgN) véN),. (N) be eigenvectors corresponding to the eigenvalues )\(N) < )\(N) <0 <
)\S\],V) of Xn. S1nce Xy is symmetric, we can choose {U( )}N
of RN,

For a unit vector v € RV, (||v|| = 1), let

a N
: Z\ vl )|5,\<N>

Then N(Nv) is a probability measure on R, called the spectral measure of (Xy,v). Equiva-
(v)

; to be an orthogonal basis

lently, we can define )’ as a probability measure on R which satisfies

(u(Nv),ajk> = (X]l%v,v), k=0,1,2,....
Here are our results on spectral measures of (Xy,e1), where e; = (1,0,...,0)! € RN,

Theorem 2 (D. 2013). Let un be the spectral measure of (Xn,e1).

(i) un converges weakly, in probability, to the semicircle distribution, i.e.,
<IUN,f>i><SC,f> G’SN_>OO7 v.]CEC’I)(IR)'
(ii) Fork=1,2,...,
() i (0,2%) as N — .

(i) Assume that {&;;} are symmetric random variables. Let

Swk = VN (s 2" = Elfpuy, a")])
(iii) () k= 3,5,...,

SNk i>ckY—4—Zk as N — oo,
where ¢, is a constant, Y ~ &1, Zy, ~ N (0, ak) Y and Zy are independent.
(iii) ) k= 24,...,
SNk 4, Z ~N(0,a}) as N — oo.
(iil) ¢y Multidimensional version. There are jointly Gaussian random variables {Zy}
independent of Y ~ &1 such that for any K € N,
{Sna ) -5 (Y, Za, 3+ Z3, Zay .. ).

The method of moments used here is somewhat similar to the one in [3]. As an
application, similar results for spectral measures of Gaussian beta ensembles are derived.
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(Q, M, M, Py, X;) % RE EOBPER 7250 o ZEBE O<a<2) &L, (£,.7)
EXDOT4VI7VERET S, Z0LE, ue FNC(RY) IZH L TESRINENEIK
u(Xe) —u(Xo) 2RSS 5 &,

u(Xy) —u(Xo) = M;' + Ny

MY Z =B IVF U —ILTHD N (3BT X)L F — Ok ik R T
, IROBEREETHRWN

> > )
— — =y

H5. Fx,y) Z EEERATHAMRLE 0 THLHEBLETH L E

BN 2 % 2 5.
ARP = AR+ Y F(X-, X,) + N

s<t
AP ENEERE p XSS B EAEG AN CH D, u, F,u B3d 554253 &
EFRDT — VBB OEFMENRIET NS,

A”-,F-,u

g(x) :=E,fe

SRINE FIL—FX
D(f,f) = E(f f) +E(u, )

—/fz(x dx—c/f

(eF = 1) (x,y)[x —y| @ dxdy
WD ZRIEARIZ & 0 = VB ¢ OFFME & RHESTI T Wz ([1, Theorem 6.1]) 53, A

A T U
lim g(x) =1

[ oo



THDHILEMRROHNT S, £, W F,u D25 A% BENIE X 8612
g(x) =1+ 0(x*™) (x| = <)

B EIZHEENT A,

S 3k

[1] D. Kim, K. Kuwae, Analytic characterizations of gaugeability for generalized Feynman-

Kac functionals, preprint.



Growth of Feynman-Kac semigroup
associated with critical Schrodinger form
FALKRFEZAHER D3 FIH R

2013412 H 19 H

1 EBREEZTVWSHEE

[2(RY) BT a- %8B (X} ISHIST 25 1 ) 2 LB (6,.F) 1RO &5 I2ED 55,

_ _ 2 Ca T d "ﬁll/z
Sl = [, ) —u(x)) (=, 7 -TC®)}" M)
ZITL oo WHHEYRER. C(RY) 1EA V7 h B % & DBEBOES. & (u,u) = & (u,u) + [gdu?(x)dx TH
B, TDEE, {X,} OHEBMERBEEEL (525 WG D AEMEME L I2X 2K du/dt = Lu DE:
KfR) % p(t,x,y) &35

t d t

_d ~a
Cl™ N ) S p(xy) SCC A ).

EVSFIRZ DI LA, [1] TREINT WS, ZOMREZEE X T, BAFTIE {X,} PWEENZEEIZEW
T, WY ZAZES ) — VEEREMET FUHE w itk 28B8 %2> a7+ - R

éo“(u,u):éa(u,u)—/wuzdu 2)

THZ2, Yalb T4 VvH—BR (64 F) RT3 EEEHZEEZ L4 TR, ZOLE, L 2HWZSA
FER du/dt = LY u OFERME ph (t,x,y) BIEEBDFED ST 2L pt,x,y) RO Z D (Z DBK %,
fRDOLENELND) TeDIZ p IZERT REBETDRMIZOVWTIX[6] TUFD XS IZ/SNTWD,

T 1. (W.[6])
T4V VER (E,F) ILEENT, NEZ IRAET ) - VEBELREMET FURE w2V —FR,
bbb Glx,y) = [y pt,x,y)dt IZR LT

I, Gy <=
R4 x R4
EMlitTET B, SO E, WAMOLEIAHALT B 7 DBE &M
inf{&(uu) | ue 7, /Rd Rdu=1}>1 (L. Z, JERF 1 V2 L) 3)

DELTHI L THD,



VERE 2. EHL L. J(xy) < e —y[ 79 RS o- L@ RLERE R J(x,y) < c1|x —y| " “exp(—calx —y|) &
7 3 MR o- R RLEFE T H KLY B,

R 3)BHE w OF 1 ) 7 LIHRICHT NS XARLTEY, COLE u RBHWAINTHS L\ 525, <
IS B LT

o w HFH) < inf(& (u,u) |u€ F, fgau?du=1} =1
o u PEEAMN < inf{&(u,u) |ue F, [pau*du=1}<1

D2oNH %, FTRIET u ABREEEED ph(t,x,y) DIRZEVEE L\,

2 FIRREBEBEITTHEONLER
EH R ETHFCRSHMO 1 D, (3) LAMARMEL LT

(@ x#£yDEE, G*(x,y) = [y p"(t,x,y)dt < o
(b) wu &N 2 — s d B IEMEES R LB Al 235 L &, sup, pa Ex[exp(AL)] < o

D2EMBHBL NS THoTz, £z, ph(t,x,y) & A OEIZIE EyJexp(Al)] = [ga p*(t,x,y)dy £\ 5
BRADBBILLTWDE, INSDOFEMEREZ DL, 7742V hy Y EHEE,[exp(Al)] BHEAIZE 1t — 0 &3
5ZLTEDIDICHERTEONE, MF (b) LOEEBHMNIZEZ S Z 21 ph(t,x,y) DEEZFARND /-0
DE—HITHET 2D L bNd, 774 vAy Y ERIIET 2 KEAKREIZ O W T NOERLH S
nTwa,

T 3. (T [4))
w DARY MVEEE C(u) = —inf{&* (u,u) | [gau?(x)dx =1} LED B L E, DTORPEALT B,

lim ~ log(Eexp(4%)]) = C(u)

t—o t
u AERRTH S L C(n) >0 TH 52 EARMBADT, BIERNARAIIZT 713 hy V)
BB AT 2 2 L htb 5, u AERIAEAIE C(u) =0 ThEME, 771 YTV hy vk
FEOWKE XML D BECH T DZHARBE TH L L TFHINE, ZOTFHIE. d/a>2 DELAEITE
ELL, ROZ ERMesNTWS,

EE 4. (TrH [5])
RY EOMN a-2E @ % d/a >2 2L, HE u ZERNTHELTE, ZOE TV vhyY
REE Jexp(A)] W1 — o & L & (BT RWAEEE S, 5 REM EDT 5 VHEB LT WS,

SEFPF O NFRIT d/a =2 DEEO—FPITHYL L, RDOED TH 5,

EIR 5. (W.2013)
X} 1 R EOXFR I RLEEBIE, wiEV eCRY) IZXD u=V(x)dx LRI N, HRBLTE, ZOLE,
Ty A vy iy VYR Elexp(A)] &t — oo L LzL &, t/logt FREDRKE R S D,

M, ZOMERIXFECHEEZ 4R T I VEBICH L TEZTWS 2] DFERZIELZED L R>TW5,



3 EIE 5 DOFERREIES

dja>2DEGEITIE, LP*=0 258D LP(RY) CET, 207D, [3]IC&D R 7 NEBTES
ENB L2(h(x)dx) EOF 1) 7 VERCHIET 5w a7 #fIcBWTT L I— REHZEHATE 522
FEHD A X 1T 57z, UL, d/a <2 TIRIDFRIIEA LW, MUTD &S @il %17 > 7=,

(D) P aTyA vy ERHOERAZET 2L &, Edexp(Al')] =1+ [fP'Vds TH 5,
(2) BRDLVIRY b Gplx,y) 1ZEANOWLLIER % D,

Gp(x,y) = Go(x,y) + Blog B + B(y —log2+log|x —y|) + O(B?)

() L*(RY) O Ly & Lg f(x) = Gg(Vf)(x) LED, Gy & Pl AICHIET B LY ARy b T B L,
LYNRY RARRED GV = (1-Lg) ' (GgV) DIKLT B,

(4) GgV 1¥ GoV 1z L*(RY) D —Hk/ v A zBIL TPURT 5,

(5) L2(RY) LM Ky & K f(x) = VIGR(VIf)(x) KL DEDB L. Ly OEFMEE Ky OEAHIE—
B2, ThoDN, BRDLD% ¢ L T2 LUTORNHILT 5,

eg=1+ciplogf+cf+...

(6) Py % ey DEHZEMADHBAEMELTB L, (1—Lg) ™" = (1—ep) " Py +0p(1—Py) DY LD, 7=
U, Qpld =0 L SIlARBMEZES, /IVAERTH S,

(7) L0h=0 758 h >0 BB EES C 12X D limg_o—plog GV (x) = Cih(x) BRLT 5.
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Escape rate of symmetric Markov processes
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On instability of global path properties of symmetric
Markov processes under Mosco convergence

Kohei Suzuki * Toshihiro Uemura'

In this talk, we consider

(1) sufficient conditions for the Mosco convergence of symmetric Lévy processes and sym-
metric diffusions with coefficients satisfying the locally uniformly elliptic condition.

(2) instability of global path properties under the Mosco convergence such as recurrence,
transience and conservativeness.

First we explain the Lévy case of (1). Let {p,} be a sequence of the characteristic functions
defined by symmetric convolution semigroups {v}",t > 0},en:

e~ @ = p7(x) (: / ) e"“”’%"(dy)), T e R
R

Let ¢ be also a characteristic function defined by a symmetric convolution semigroup {v;, ¢t >
0}. The Dirichlet forms corresponding v;* are defined by

eru) = [ aia)ena)d
D] = {ue2®): /Rd|ﬂ(a:)|2<pn(x)dx<oo}.

We assume that for each n, £"(u,u) = oo if u € L*(R?) \ D[E"]. We assume the following
condition on {p, }:

(C1) ¢, converges to a function ¢ locally in L*(R9).
Then we show the following theorem:

Theorem 0.1 Assume that (C1) holds. Then the Dirichlet forms (€™, D[E"]) converges to
the Dirichlet form corresponding to ¢ in the sense of Mosco.

We now explain the diffusion case. Let A,(r) = (af;(z)) and A(z) = (a;;(v)) be d x d
symmetric matrix valued functions on R? satisfying the following conditions:

Assumption (A):
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E-mail: kohei0604@math.kyoto-u.ac.jp

fDepartment of Mathematics, Faculty of Engineering Science, Kansai University, Suita-Shi, Osaka, 564-
8680 Japan. E-mail: t-uemura@kansai-u.ac.jp



(A1) For any compact set K C RY there exists a constant A = A\(K) > 0 so that, for any
n>1and £ € RY,

1 1
0 < LIEP < (Au@)6.&) S NEP 0< [6P < (AW E) dr-ac. on K;
(A2) For any compact set K,

/K 1A () — A@)ldz — 0 (n — o0),

where [ A(x)| = /XL, i @ (@),

Consider quadratic forms on L*(R?) as follows:

E(u,u) = %/Rd(An(x)Vu, Vu)dz, E(u,u) = %/Rd(A(x)Vu, Vu)dzx.

for n € N and appropriate functions u. Under the assumption (A), it is then known that
(E, C°(RY)) and (€,C5°(RY)) are Markovian closable forms on L*(R?). So they become
regular symmetric Dirichlet forms (£, F") and (€, F) on L*(R?). We then obtain:

Theorem 0.2 Assume that (A) holds. Then the Dirichlet forms (€™, F™) converges to the
Dirichlet form corresponding to (€, F) in the sense of Mosco.

In [M94], Mosco investigated similar sufficient conditions for the Mosco convergence, but
it seems to be difficult to check the compactly injected condition he imposed there. Of
course, considering the subsequent development on the convergence of Dirichlet forms (see
e.g. [KS03, Kol06]), our conditions are rather restrictive because the basis L%-space is fixed.

In the rest of the talk, we explain about (2). By using Theorem 1.1 and Theorem 1.2,
we give several examples such as

(i) Recurrent Dirichlet forms converge to a transience Dirichlet form, and vice versa.

(ii) Conservative Dirichlet forms converge to a non-conservative Dirichlet form, and vice
versa.
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ON A STABILITY FOR GENERALIZED FEYNMAN-KAC
SEMIGROUPS OF STABLE-LIKE PROCESSES

BRIh - FIL—TF (RAKRZHRRAIIZER

ABSTRACT. We give a necessary and sufficient condition on the global stabil-
ity of the fundamental solution for generalized Feynman-Kac semigroup in the
framework of (relativistic) stable-like processes. The Feynman-Kac functional
involves continuous additive functionals locally of zero energy under mild con-
ditions for related measures appeared in the perturbations.

1. PRELIMINARY

Let X be a symmetric a-stable-like process on R? with a €]0, 2] (see [1]), whose
Dirichlet form (€, F) on L?(R?) is given by

fE:{feL%R%:AgédUﬁ?ZJﬁg)dm@<:m}
gwﬂ):;A;4d0w>—ﬂwxmm—g@»dmm¢my fgeF

| — y|dte

where c(z,y) be a symmetric measurable function on R? x R? satisfying ¢; <
c(z,y) < co for 2,y € R? for some 0 < ¢; < ¢y. It is shown in [1] that X is conser-
vative and admits a locally Holder continuous transition density function p;(x, y) on
10, +oo[xR? x RZ. The latter in particular implies that X can be modified to start
from every point in R? as a Feller process. We assume d > a, i.e., X is transient.

Moreover, the heat kernel p;(z,y) of X satisfies pi(z,y) ~ (t‘d/“ A W) for

all (t,z,y) €]0,00[xR?% x R? by way of the scaling property of the heat kernel of
the symmetric a-stable process (see the proof of in [1, Proposition 4.1]).

For 8 > 0, denote by Rg(z,y) = fooo e Pty (x,y)dt, z,y € R, the B-order resol-
vent kernel. For a non-negative Borel measure v, we write Rgv(z) := [u Rg(z,y)v(dy),
Rv(x) := Rov(x) and Rgf(z) = Rgv(z) when v(dz) = f(z)dx for any f € B, (R?)
or f € By(RY). The space of bounded continuous functions on R? will be de-
noted as Cy(R?). The process X has the resolvent strong Feller property ((RSF)
in abbreviation), that is, Rg(By(R?)) C Cy(R?) for any 8 > 0. Let R? U {9}
be the one point compactification of R?. An increasing sequence {F}} of closed
sets is said to be a strict E-nest if P,(limg_ o0 Opp = ) =1 ae. z € RL Here
opg :==inf{t > 0] X; € R4\ Fy.} is the first hitting time of X; to F¢ :=R%\ Fj. A
function f defined on R?U{A} is said to be strictly £-quasi continuous if there exists
a strict £-nest {F}} of closed sets such that f|p, o) is continuous for each k € N.
Denote by QC(R? U {9}) the family of all strictly £-quasi continuous functions on
R? U {0}.

Let S1(X) be the family of positive smooth measures in the strict sense ([2]). A
measure v € S1(X) is said to be of Dynkin class (resp. Green-bounded) with respect
to X if sup,cpe Rgv(z) < oo for some B > 0 (resp. sup,cpe Rv(z) < 00). A measure
v € 51(X) is said to be of Kato class with respect to X if limg_, o SUp,epe Rgv(z) =
0. Denote by S, (X) (resp. Sp, (X)) the family of measures of Dynkin class (resp. of
Green-bounded measures) and by Sk (X) the family of measures of Kato class.
Clearly, S (X) C SL(X) and S}, (X) € SH(X).

1



The Lévy system (N, H) of X is given by N(z,dy) = 20(:5, y)|x —y|~ @+ dy and
H; =t, i.e., for any nonnegative Borel function ¢ on R? x R? vanishing on the di-

agonal and any = € R, B, |:Es<t H( X, X, } [fo Jga MWdyds]
To simplify notation, we will write py(dx) := {fRd %dy} dz.

Take a bounded finely continuous function u € Fioe N QC(Rd U {9}). In [3,
Theorem 6.2(1)], the authors proved under the condition s,y € Sp(X) that the
additive functional u(X;) — u(Xo) admits the following decomposmon

(1.1) w(Xe) —u(Xo) = M + N te€[0,400] Py-as.

for all z € RY, where M" is a square integrable martingale additive functional in
the strict sense, g1,y is the Revuz measure associated with the quadratic variational
processe (or the sharp bracket PCAF ) (M™) of M, and N*" is a continuous additive
functional (CAF in abbreviation) locally of zero energy in the strict sense.

2. RESULTS

Let F be a bounded symmetric Borel function on R? x R? vanishing on the diago-
nal. Set Fly := max{£F,0}. We say that F':= Fy —F_ is in the class J;(X) (resp.
JH(X) and J}, (X)) if pyp € S1(X) (resp. Sp(X) and Sp, (X)). Any such an F
has an expression of the form F' = F; — Fy, where each F; (i = 1,2) is a symmetric
non-negative bounded Borel function on R% x R¢ vanishing on the diagonal. Note
that if Fy + Fy € J1(X) (resp. J(X) and Jp, (X)), then F € J;(X) (resp. J}(X)
and J}, (X)). In this case, the following A¥ can be defined as an additive functional
in the strict sense: A = A — A2 AP .= Y 0es<t Fi(Xs—, Xs)(i = 1,2). For
a bounded u € Fioc with pu¢,y € S1(X) and Fy + F, € Jl(X), we set F(x,y) =
F(z,y)+{—u(y) — (—u(x ))} = F(z,y)+u(z)—u(y) and G* = e —1 with identify-
ing F = F and G° = G := e!" — 1. Since (F*)? € J;(X), one can consider a purely
discontinuous locally square integrable local martingale additive functional MF"
defined by MF" = MF 4+ M; ", where M} = AF — Al'" 't € [0, +-00[. Moreover, we
see that G* — F* € J1(X) and (G*)? € J1(X), respectively. Therefore we can also
consider a purely discontinuous locally square integrable local martingale additive
functional MS" defined by MC" = MF" 4+ AS"~F" — A" F" for t € [0, +o0|.
Let Y; := Exp(MGu)t be the Doléans-Dade exponential of MtGu, that is, Y; is the
unique solution of Y; = 1+ fot Ys,dMsGu for t € [0, +o0[, P,-a.s. Then Y; can be
represented as Y; = exp (MtFu — AJ°"~"™) Note that Y; is a positive local martin-
gale, therefore it is a supermartingale multiplicative functional for all ¢ € [0, +o0].
Let Y = (Q, f}oo, g"t, X’t, PY) be the transformed process of X by Y;. The transition
semigroup {P} }i>0 of Y is defined by PY f(z) = EY [F(X)] = Eo[Yof (X))

Consider the non-local Feynman-Kac transforms by the additive functionals A :=
N* + AF of the form eA(t) = exp(4;), t > 0. Let F be a non-local linear
operator defined by Ff(x) := fRd Mdy,f € Byp(R?). e4(t) defines a

[z—y|TFe
semigroup PAf(z) := E, [ A(t) f(X+)] having infinitesimal generator of the formal
form H := L+ Lu+dF, where L is the infinitesimal generator for the semigroup of
X and dF denotes the signed-measure valued operator defined by dF f := F f(x)dz
Define the measure py := pi, — pi- with pl, = pge_peyp and pd = pp,. By
Y; = exp (MtFu — Ay""™), we see that for all ¢ € [0, 400],

(2.1) ea(t) = etXo—ulXo) oy (=Mp+ Af) = euXo)—uXo)y, exp (AFV)
which implies that for z € R% and f € B, (R?),
(22)  PA@) =By fealdf(X0)] = OB [exp (A1) (e*F)(X))] .



It is easy to see that ui,, 3, € Sp(X) whenever ju,y € Sp(X) and Fy+F, € J;(X)
hold. Define the quadratic form (Q, F) under i1,y € SH(X) and Fy + F € J3,(X):

23) Qf.g) = et + G fo) - [ [ HOIIEDEED gy fgc 7

For py := pi, — pd with g,y € SH(X) and Fy + Fy € JH(X), we set

@4 A% =i QLN | FECE®Y. [ Pdub =1

v € S1(X) is said to be of Green-tight Kato class with respect to X if v € S} (X)
and for any ¢ > 0 there exists a compact subset K = K(g) of R? such that
sup,epa R(1ger)(z) < e. We denote by Sj(X) the family of Green-tight Kato
class measures. Our main theorem is the following:

Theorem 2.1. Let u € FioNQC(RIU{A}) be a bounded finely continuous (nearly)
Borel function on RY. Assume iy + pr, € Sk_(X) and pp, € Sp (X). Then the
following are equivalent each other.
(1) A%(u}) > 0.
(2) There eists a constant C = C(a, d,u, F') > 0 such that | PA||1 00 < Ct=%/
for allt > 0.
(3) There exists a constant C; = Ci(a,d,u, F) > 0, i = 1,2 such that

t t
Cy(t¥on —— ) <pla,y) <Co [t—¥ N — —
1( 7 — ylite <pi(z,y) <Cy z —g|7re

for all (t,z,y) €]0, +oo[xR% x R?,

The assertion of Theorem 2.1 remains valid for the case involving A} "2 with
p1 € St (X), pz € Sp,(X) and it extends [9]. A similar result involving A} ™"
as above and N}* with p,y € S¢g_ (X) also holds in the framework of symmetric
relativistic a-stable-like process extending [10] or diffusion processes under uniform
elliptic condition.
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On BMD Schwarz kernels and Villat’s kernels in
Komatu-Loewner equations

Masatoshi FUKUSHIMA, Osaka University and Hiroshi KANEKO, Tokyo University of Science

The classical Loewner differential equation is formulated with univalent function theoretic rele-
vance to a family of simply connected domains, which was originally a core scheme for affirmative
resolution of the Bieberbach conjecture, is attracting new attention since Oded Schramm launched
in 2000 the stochastic Loewner evolution (SLE) based on it. The Loewner equation itself has
been extended to ones with relevance to various families of domains based on canonical domains of
multiple connectivity after the works by Y. Komatu in 1943 and 1950. The scheme is much later
extended to the one based on the the circularly slit disk by R.O. Bauer and R.M. Friedrich in [BF1]
and further in [BF2] to the ones based on circularly slit annulus and as well on standard slit do-
main, namely, a domain obtained from the upper half plane by removing a finite number of disjoint
line segments parallel to the z-axis. However, except for the annulus case, the Komatu-Loewner
differential equation has been rigorously obtained only in the left derivative sense.

For improving the situation where the right derivative was missing in rigorous sense, recently
7Z.-Q. Chen, M. Fukushima and S.Rhode demonstrate that the K-L equation for the standard
slit domain is a genuine ODE by using a probabilistic method, and that the equation admits an
expression with the complex Poisson kernel of the Brownian motion with darning (BMD).

The purpose of the present research is to investigate counterparts of K-L equations baed on the
annulus and circularly slit annulus. One of the objectives is building a rigorous scheme on the K-L
equation with univalent function theoretic relevance to a family of doubly connected domains based
on annulus by applying Villat’s kernel and a variant of Carathéodory convergence theorem.

Let us take Ay = {z € C | ¢ < |z| < 1} and define Villat’s function IC, for ¢ with ¢ < 1 by

N [es)
. 1+ q2”z 1+z q2n q2nz
q2n q2nz 1
where the expression on the right-hand side follows from — 5 = —
) , " -z 1—qg"z 1—g—="z
- _ +—L = Villat’s kernel is then defined by

1+¢2mz 1—qg?z 1+q 2z

(+2 : — (" "z
Ko(2,¢) = Ko(2/C) = " L,(2/¢) with L,(2) = 2; P R (2)
for z € A, and ¢ € 9A,. Based on the following fact rooted in [V], we can identify Villat’s kernel
K,(z,¢) with a BMD Schwarz kernel a kernel of a probabilistic significance analogous to the one
in [CFR]:
Schwarz problem Given ¢ € C(0A4,R) and ¢ € R, find a holomorphic function f(z) on A, such
that

RfeC(A,R), Rf=¢ on 0A, and Sf(¢)—= = cfor every p € (¢,1).



Answer If f is holomorphic on A, and f € C(A,,C), then

27 27
L[ s0% <o (@ i $(e')df = ; ¢><qe"9>d0> (3)

27 A C
is satisfied for ¢ = R f[sa, and

16) =5 [ 6OK=0F - o [ ¢<<)%+z’c, e A, (4)
[¢l=q

T2 Joa, ¢ omi

where ¢ = %I\C\:q %f(()%. Conversely, given ¢ € C(0A4,R) satisfying (3) and ¢ € R, there

exists a unique solution f of the Schwarz problem and f is provided by (4).

BMD on a multiply connected planar domain is roughly speaking a reflecting Brownian motion
obtained from the Brownian motion absorbed on the outer boundary by rendering each hole into a
singly point. The related BMD Poisson kernel then admits its harmonic conjugate uniquely up to
an additive constant. A BMD Schwarz kernel is by definition an analytic function whose real part
is the BMD Poisson kernel. Another objective of this research is to derive a K-L equation in the
left derivative sense for the circularly silt annuli in terms of a normalized BMD Schwarz kernel.

For a Jordan arc v = {(t) | Oq, } satisfying v(0) € ID, v(0,tq,] CAq={2€C|Q < |2| < 1}
with a fixed @ (0 < @ < 1). By the monotonicity of the modulus (cf. [G, V, 1, Theorem 3]), there
exists a strictly increasing function a : [0,tq ] — [@Q,Q,] (a(tq,) = @4 < 1) with the following
property: if «(t) = ¢, then there is a unique univalent function f, from A, onto the annulus with
snick Ag \ 7[0,¢] determined by the normalization condition f,(¢) = Q.

We first reparametrize the curve v as {(¢) | ¢ € dom(5)} on the variable ¢ basis by setting
Y(q) = v(a™*(q)), where dom(y) = a[0,tg.,] C [Q,Q,]. In order mainly to discuss the right
derivative at ¢* in the K-L equation with relevance to the family of the annuli with snick, we take
0<t"<t<tg, and put ¢ = (t), ¢* = a(t*). Since Q < ¢* < ¢ < Q, a univalent function

q)q*q:fq:lofq (5)

from A, onto Bg+q = Ay \ Sg+q satistying ®q«4(q) = ¢* is defined, where Sg-q = fqil'y[t*,t]. We
take the point A(q) of 0D given as the pre-image A(q) = fq_l(ﬁ'(q)) of the tip of the curve 7|0, ¢]
under the univalent function f,. Then the pre-image d+q = ®_. (Sg+¢) is a subarc {e' | By (t*,t) <
0 < Ba(t*,t)} of the outer circle D of A, containing the point A(¢). We consider the family of maps

gq = ¢QQW (: fq_l © fQ'y) q = a(t)? t e [O?th] (6)
to pose the K-L equation in rigorous sense. Our main objective is to prove the following assertion:

Theorem 1. The strictly increasing function o gives a continuous bijection from [0,tq ] to [Q, Q4]
the function g.(z) defined on Aq. by (6) is continuously differentiable in q € [Q, Q4] and satisfies

0log gq(2)

e = Kq(gq(2), Mq)) — iSKq(q. M), 2€Aqg, Q<qg<Qn.



We introduce a family D of doubly connected domains so that it contains a family of annuli with
snick near outer boundary. Later on we will see the continuity of the modulus parameter of domain
follows from a kernel convergence of domains in D, which is induced by extension and shrink of
snick. Now we consider A(s,t) = {w € C| s < |w| < t} for 0 < s < ¢ and introduce the following
two conditions on a doubly connected domain D in C :

(i) D c A(1,a) for some a > 1,
(i) D admits 9D as one of the boundary components of D.

Let D ={D | D is a doubly connected domain satisfying (i) and (ii)}. For a sequence {D,} in D,
we define its kernel as follows. Suppose that Dy C N9 D,, for some Dy € D. Then the kernel of
{D,} is defined as the maximal doubly connected domain D in D° such that D satisfies (ii) and
any compact subset of D is contained in D,, for sufficiently large n. Otherwise, the kernel is defined
to be dD. A sequence {D,,} in D is said to be convergent to D in the sense of kernel convergence, if
D is the kernel of {D,,} and the kernel of any subsequence of {D,,} coincides with D. A sequence
{D,} in D is said to be uniformly bounded if D,, C A(1,a), n > 1, for some a > 1.

Carathéodory-Komatu Convergence Theorem. Let {D,} be a uniformly bounded sequence
of doubly connected domains in D and let {R,} be a sequence with R, > 1, n > 1, such that
there is a biholomorphic map F, from A(1, R,,) onto D,, satisfying F;,(1) = 1 for every n. Then
the kernel convergence of {D,} to a doubly connected domain D in D implies that the sequence
{R,} converges to R determined by the modulus log R of D and that the sequence {F,,} converges
locally uniformly to a biholomorphic map F' from A(1, R) onto D.
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Local risk-minimization for Lévy markets

Takuji Arai*and Ryoichi Suzukit

Abstract

We consider a financial market whose risky asset price process is given by a solution to an SDE
driven by a Lévy process. Locally risk-minimizing, a well-known hedging method for contingent
claims in a quadratic way;, is discussed by using Malliavin calculus, and some examples are introduced.

1 Preliminaries

Let X be a Lévy process represented as X; = ocW; + fot flRo zN(ds,dz), where W is a 1-dimensional
standard Brownian motion, ¢ > 0, Rp := R\ {0}; and v is a Lévy measure with flRo z2v(dz) < oo. Here
N is the Poisson random measure defined by N(t,A) = Y ;14(AXs) for any A € B(Rp) and any
t € [0,T], and N(dt,dz) := N(dt,dz) — v(dz)dt. -

The risky asset price process is given by a solution to the following SDE:

dS; = S;_ |:D(tdf + ,Btth +/ ’)’t,ZN(dt,dZ):| , So>0,
Ro
where &, B and 1y are predictable processes with some conditions.

Definition 1.1 1. ®g denotes the space of all R-valued predictable processes ¢ satisfying E[ fOT E2d(M); +
(fy 1&dA])?] < oo, where dM; = S¢— (BidWi + [, 712N (dt, dz)) and dA; = Si_wdt.

2. An [%-strategy is given by ¢ = (¢, 1), where & € Os and 1 is an adapted process such that V() =
&S + 1 is a right continuous process with E[V?(¢)] < oo for every t € [0,T]. Note that & (resp. 1)
represents the amount of units of the risky asset (resp. the risk-free asset) an investor holds at time t.

3. For F € L2(IP), the process CF () defined by Cf (¢) := Fly—ry + Vi(e) — fot ¢sdSs is called the cost
process of ¢ = (¢, 1) for F.

4. An L*-strategy ¢ is said locally risk-minimizing (LRM, for short) for F if Vr(¢) = 0 and CF(¢) is a
martingale orthogonal to M.

5. F € L*(IP) admits a Follmer-Schweizer decomposition (FS decomposition, for short) if it can be de-
scribed by F = Fy + fOT gFdSe + LY, where Fy € R, ¢F € @g and LF is a square-integrable martingale
orthogonal to M with LY = 0.

6. A martingale measure P* ~ P is called minimal martingale measure (MMM, for short) if any square-
integrable P-martingale orthogonal to M remains a martingale under P*.

For more details on LRM, see [1] and [2]. We have the following:

1. AnLRM ¢ = (¢, 7) for F exists if and only if F admits an FS decomposition, and its relationship is
givenby & = ¢Fand g = Fy + fg gFdSs + Lf — Fly_my —&f St.
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2. An MMM P* exists, and its density process Z is given by £(— [ AdM).
3. Any F € L?(PP) admits an FS decomposition.

Assuming that Z7F € L?(P), we have
F = Ep«[F +/ hOth*—i—/ / hi N¥"(dt,dz)

Xt
St—(B7 + Jr, 72:v(d2))
AtSt_Viz, deP* := dW; + uydt and NT” (dt,dz) := N(dt,dz) + 6; ;v(dz)dt. Note that WPF" and N¥* are a
Brownian motion and the compensated Poisson random measure of N under IP*, respectively.

for some predictable processes 1Y and h},, where A; :=

t,zr

up = AtSi— B, O, =

Theorem 1.2 IfE UOT{(h?)Z + IR, (h},z)zv(dz)}dt} < oo, then &f = %{h?ﬁt + Jr, i yezv(dz)}.

2 Main theorem

Definition2.1 1. g(E) := 2fE (0 3t + [er 22v(dz)dt, and Q(E) := UfE(O) dW; + [p zN(dt, dz), where
E € B([0,T] x R), ( )= {t € [0,T];(,0) € E} and E' := E — E(0).

2. Denote by L2 the set of product measurable, deterministic functions h with

Tgn

B2 :/ W((tz1), - (tnz)) P (dt d .
” ”LZT,q,n ([O,T]XIR)”| (( 1 Zl) ( n Zn))' q ( Z) < 0

3. We define I,(h) := /([0 xRy h((t,z1), -+, (tn,2n))Q®"™(dt,dz) for h € Lan Note that any F €

L2(IP) has the unique representation F = Y0 o I,(hy) with symmetric functions h, € L2. -
4. DY :={Fe L*(P)|F =5 o Li(hn), 2004 nn!||hn\|f§2T < oo},
q.n
5. Forany F € D2, we define DF as Dy ,F = Y5y nl,_1(hn((t,2), ")), valid for g-a.e. (t,z) € [0, T] x R.
By using the Clark-Ocone type formula shown by [3], we can see the following;:

Theorem 2.2 When the Clark-Ocone type formula shown by [3] is available, h° and h' are described as

.T N
1 = oEp: [Dt,OF+P [ /O Dy ousd WP — / /R b ff)gs’(z\ﬂP (ds, dx} 7 } @.1)
0

and
hi, = Ep:[F(HF, — 1)+ zHY, Dy, F|F;-). (2.2)

Supposing the condition of Theorem 1.2 additionally, ¢t is given by substituting (2.1) and (2.2) for h° and h'
respectively. (Remark that the definition of Hf; is omitted.)

Corollary 2.3 When a, B, and vy are continuous deterministic functions, if F and Z1F € D2, then we have
cBEp- [Dt,OF‘]:tf] + fIRO Ep« [ZDt,zF|.7:t7]’)/tlzl/(dZ)
Si— (B + Jiy 7v(d2))

F _
P =




3 LRM for options

Theorem 3.1 Forany F € D2, K € Rand g-a.e. (t,z) € [0,T] x R, we have (F — K)* € D2 and

F+zDy,F—K)t — (F-K)*
z

Diz(F — K) = 1po gy DioF - 1y (2) + ( 1R, (z),

where xT = x V0.

Proposition 3.2 When «, 8 and -y are continuous deterministic functions, we have the following:

1. DSt = Szﬁtl{o} (z) + Sz 1R, (z) for g-a.e. (t,z) € [0, T] x R.

z

2. Forany K > Oand t € [0, T], we have

(Sr-K)* _ 1 2
G = {,BtIEP* [1¢s;>k) STl Fi-]
St (ﬁ% + f]RO ’ytz,zv(dz)) !

+ /JRo Ep+[(S7(1+ 7t2) — K)* — (57— K)+ft]7t,z1’(d2)}~

Next, we consider lookback options. We denote MY := SUP;e(,7] Y; for any stochastic process Y.
Proposition 3.3 1. Denoting L; := ut + X, we have

SUP,c(o,7] (Lu+21g<yy) — ML
z

Dt,ZML = l{th}l{O} (Z) + 1]R0 (Z)
for g-a.e. (t,z) € [0, T] x R, where T := inf{t € [0, T]|L; V L;— = M*}.

2. Denoting Sy := Soexp{ut + X} = Spexp{L¢} with Sy > 0, we have

Diz(M° —=S1) = (M°1{npy — S1)1y(2)
ey _ agS
+ (sup“e[o'” (S”: " }) M _sTezz_l) 1R, (2)
and
Dpz(M® = K)T = M°1yiiogk/sy)) Lirst 1o} (2)
n (SupuE[O,T] (Sueﬂ{w}z - K)+ - R 1R, (2)

for g-a.e. (t,z) € [0,T] x R, where K > 0 and T := inf{t € [0, T]|S; V S;— = M5}.
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A Discrete-Time Clark-Ocone Formula for
Poisson Functionals

Takafumi Amaba (Ritsumeikan Univ.)

Let N = (Ny)o<t<r be a one-dimensional Poisson process with parameter
A > 0, and (Ht)o<t<r the filtration generated by N. For a fixed partition
0=ty <t < -+ <t} = %T < oo < t, = T of [0,T], a discretized
filtration (H})}_, is defined by Hy = the trivial o-field and H} = o(AN; :
l=1,2,--- k) for k=1,2,--- ,n, where AN, = N;, — N,_,.

We derived a discrete-time version of the Clark-Ocone formula along the
filtration (H})r_,, which can roughly be written of the form

X ~E[X]+ ) E[“0,X"|H,]AN, (0.1)

where ¥, = Jan, is a difference operator in the “variable” AN; and ]vt =
N; — Mt is the compensated Poisson process of V;.

The case where the driving process is the one-dimensional Brownian mo-
tion has been already discussed in Akahori-A.-Okuma [1]. We obtained sim-
ilar results in Poisson case as follows.

Theorem 1. For X € L*(H"), we have the following L?-convergent series

expansion:

n

X =33 O e X k). 02

m=2 [=1

where X\ s the parameter of the Poisson process Ny, which is defined by
E[N] = Xt for 0 <t < T, and Oy, is the formal L*(v)-adjoint operator of
Uan,. Here, v stands for the law of (ANy,--- ,AN,).

Remark 1.

e There is a formula which gives the relation between random variables
YN, 1 and Charlier polynomial Cp,(k,§) given by

Cr(AN, AAL) = (AAL)™ (937}, 1),

1



where the Charlier polynomial C,,(k, £) is defined by

m

f:—Cm k&) = exp{klog(l—l—s) —35} for -1 <s< 1.
m=0

V)

m!

Denote by DY s s € (—00,00), the completion of {F € L*(H}}) : ||F||p,,(=
oo} under the Sobolev—type norm || - ||p, ,(r) which is defined in the theory of
Malliavin calculus for Poisson functlonals

In this framework, our interests are the limiting behaviors of the following
error. For a sequence (X™), of X™ € L?(H"), set

AAt .
Err,(m) =X Z Z az X" H] (ﬂAkN 1)

k=0 I=1

foreachm =0,1,--- andn=1,2,---. For F' € Dy ,,,(R), we define D™ F by

(D?F)( ) lim Zl{tl 1<t<tl}19l [F|HZ](W)7

n—00
=1

where (t,w) € [0, 7] x § (if it exists). Here, the limit is in the sense of the
L?0,T] ® L*(Q2)-norm. In the following, we consider the case F' € Dy, (R)
for which D™F is an element in L?*[0,7T] ® L*(Q2), and obtained some new
results.

Theorem 2. Let m € N. Suppose that X" € Dgf?m for eachn =1,2,---
and for some Wiener functional X € Do i1 (R), we have lim, o || X™ —
XHLZ - 0,

T
lim / |DPHX™ — DPTEX|12,dt = 0

for each p = 0,1,--- ,;m and supn:m’,_,fOT | DY X7|2,dt < oo. Then we
have
T ~
/ E[D,X|H,]dN,
Err,(0) 1 O
AAt)~Y2Err, (1 — / E[D;X|H,;]dB;
().()_> \/io[t‘t}t
(AA)~2Err,, (m) 1 T
— / E[D/""' X|H,]dB}"
Vv (m+ 1) Jo
in probability (on some extended probability space) asn — oo, where (B, --- | B™)

s an m-dimensional Brownian motion.



T

Theorem 3. If sup /||D,52X"||%gdt < 00, then we have ||Err,(1)||z2 =
n=1,2,--Jo

O(n=1?).

Therefore, stronger Sobolev-type regularities for (X™)%° ; than as in The-
orem 3 always implies the rate O(n~'/2) of convergence. On the other hand,
under lower regularities, results have been shown, for example, in Zhang [6],
Gobet-Temam [4], Temam [5], Geiss-Geiss [3] etc. Although in each case,
the methods of approximation can be different, however, broadly speaking,
it appears that Sobolev-type regularity reflects to the rates of convergence.

In our context, for X = f(Nr) with a Borel measurable f: R — R, we
have

Theorem 4. If f(Nr) € Dy4(R) for some 0 < s < 1, then ||Err,(1)|2 =
O(n=%/?).
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Khinchine [4] IZE SN T W5, EHEE 7S, Hu & Lin 5| FIZ Lo TSI N T WS,

ik, ¥ — 2 BI8UE Hurwitz % Barnes RS, kR4 2RRRD 72 S0, (FEL X [2] 22M) %
NoZIR LU ZEIuHAY — BB DHEPFLE RN (1] 1T o THEAINTWVS.

EE 2.3 (ZRuHY— KB, [1). dm, r €N, 5€ C%, (ny,...,n,) € 25,295 2D
EENju;p>0,6€R (1<i<r, 1<I<m), K&, 0(n,...,n.)| = O((n1+- - +n,)°),
(Ve > 0) %7z 3 EEBUEREE O(ny, ..., n,.) T U, ZEMEEHEL

- > 9(7@1,...,7@7«)
Z58) = 2 ST Golne )@

Pr (X, = {~logn})

EERHAY—RBEBE NS,

ZZT(, ) ERIDBEBHEONFEEL U, £720(ny,...,n,) 2ZRHBIE—XERICET 3
BELIERZ & T 5. Zg(g) Ci, minl§l§m<5},§> > r/m 7 it I SR A (DS < ) L
TRH, ZTOHBIZBWTO(ny, -+, n,) ZEMELTELER! LOSMHIRD & S IZEH
INTWS,



EH 2.4 (BIOLHBE— 2N, [1)). 7 € Ds 12/t U, HEREH Xz DA FOHAIHES &
& BRTHOY — RHERER, 7 D2 BRI BE — R A E NS,

Pr (XO: = { — i al log<§r: )\lk(nk—l—uk)>, e, = Em: Cld log(i )\lk(nk—i—uk)) })
=1 k=1 _
0(ni,...,n) T [ —laa
- T (S o)

=1 \k=1

Z DR ORHEREUL f(1) = Zs(F +it)/Z5(5) (f € RY) THA SN,

3. M L RO BFR
LRI AY — R 3A61E, DI 012 K > ThRA LB AICB D £D D, Z ORI
BEETA VI UBBELTEL I LN TES.

FRR dom NeN, £1<lj<mkeNIZHL, =1, \1=1,N;=00#j) &L,
G eRIFROG € Dy, —1 < a(l,k) <1 ZEEIER. ZUT oLk r)=al,k)/r B E,
B On(ny, ... ynm) &

m o0 o0

lkT n(lk,r)
(o, o) = SN [T,

I=1k=2r=1

YUTEDS. 220 ) IRROBIGR &7 TIREBOM n(l, k,r) THIZ & 5:

3N nllk,r) =N, ZZrl/k‘p (Lk,r)=v(in+1,p), (1<1<m,peP).
=1 k=2r=1 r=1 k=2
2T u(n,p) E AR n DERBRIZ BT 2FM p DI THSE. ZDL
—» > HN(nlv"'vnm)
ZN(S) = =
V) oo T2 M (na + ua) + -+ i (1 + 1)) 59
m (0.) oo . N
= (X2 ot ki)
=1 k=2r=1
F7-
—70{Cly,0)
lo, ko, mo)kg 0
(l(),kO,TO) ¢(0 0 TO)

Do D open Doy O Ky )k r(é.5)
EBELEE KTeRUZDWVT fyz(t) %

fngt) = ZNZ(;:(;)Z{) = (Zm:iiq(Z,k,T)e—ir<€z,E§logk>N
=1 k=2 r=1

95,

KUz I RERER B T V23 LT, Wi 7R O, . ) %

& P = Moyl )
B(ns,. .., nm) NZ::O Zn(3)




DL ERISTBHAY — 2B Z(5) 1%

26 +if) = me N(ZZZ (1k,rye-ir@iosk) ™

I=1 k=2 r=1
Z%H,’%‘LT?PJ@@)\@T\ TYURIIZ U R oI,

B U—f—zf) AR 1—alk:k:<cla>
5 HI}_[Q( cl,U—Ht—})
Y5, ITTRTD Lk, Lﬁbf, o, k,r) A ﬁﬁrﬁf“?}?)éﬁ%ﬁf, B 575 %, 5 0y
B0 RERT L35, LD o T, fyg KO f7 3B — 2 oA OR BB THS. 2% D
Frg VE, INF ORAIZRE > HERZSB Xy 7 DFFIEBIBIC 2 5 T\ B

Pr(XNﬁ:(m Ooix(l,l,kr (I, k,7), iii (d, 1, k,)n lkr)))
=1 k=2 r=1 =1 k=2 r=1
| T T T (q lv 7T)n(l,k,r) > U
=N' TT1I1I ) (72720 Y 3 ) n(lk,r) =
I=1k=2r=1 L =1 k=2r=1

ZZTG="(cu, - caq) CNUT (4,1, k,r):=—rcjlogh LTV,
FEENEREDRED FT f 1ZEERT Y U amOREEETH D, ZDL 7 1 HlE
Nz U TORY EAEHETCER SN 5:

N(dx) =AY > D all k)3 riogra (de)-

=1 k=2r=1

. ERRTIR Gk, r) BRAFE L LTWB M, I Z DI BN —BL A VE S, B fys K
O 1 RIS T 575 5 70\ 2 & 5id 5. ARSI T2 1 5 D IHAHEIERTRC 75 - o
DEMELEDTIMAT 2 TETHS.
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Definition and self-adjointness of the stochastic Airy operator

F AU (BEERBART ER)

§1. Ramfrez-Rider-Virdg [RRV] & S-ensemble L IEENDH 1 Xn DT v X LITHID, En o k
i EZ COEEMEDHMRDHZAT—ILDFTn— 00 &T5EE, KD “Schrodinger fEHAFE” OF
o kHETO “EAEME” ORITIERINEKE TS Z 2R U7k :

d2
H=- —B’ >0.
dt2+t+\/3 L), t>0

7272U H % t = 0 1281F % Dirichlet SR RMED N TERS. 7z {B,(t)} 1FFE4E Brown #HH),
Bl BT ORABORANZMITHS. [RRV] T H % & 5BIBER D S Schwartz #B3

BOEFAND TV X LREHREEHZRLTWDBH, KL H % Hilbert 22 L2(R,) WO H AL/

HELUCHRIZERTSZZENTES. TROLRMBEY LD :

EE 1. K20 wlZx LT H X Hilbert 22 L2(Ry) OEMERASZ L U TEEIHh, Thix

MR 1 THARETH Y, A RY MLDAZERD.

§2. Q(1), 0 <t < oo, & Q(0) =0 72 FHfEEKEL T 5.
EE 1. (M1], [M2]) u B EEZER C(Q) ITET % &%, u M EfichH-T, 5 e C L

Buvell, (Ry) KHLT

W(H) = B+ Q(t) /{Q (4)}dy
DO DZLTHD. uecC(Q)CHLTHQu=v LEHT 5.
2 B
D(Q) = {u e C(Q) N LAR,); Hue LAR.), u(0) = 0} ,

D¥(Q) = {u e D(Q); Jim [u,v](t) =0, Vv € D(Q)}
EERTD. 72720 [u,v](t) = u(t)v'(t) —u'(t)v(t) TH 5.

Ho(Q) = Hlp) . H(Q) = Hlps(g)
LB < & Stone[S] 12725 > T Ho(Q)* = Hy (Q), Hy (Q)* = Ho(Q) ZRT I LN TE 5. KT
Hg (Q) FHXTMERRTH 5. HF (Q) 1I2BWT Q(t) = 5t* + 5 Bu(t) & &Hud stochastic Airy
operator i& L2(Ry) IZB I ZHINFMEAFZ L LTHEBIIND. ZhE HY (w) TRT.
§3. Hy (w) D% 1 TOH KM ERT 72012
L .= {f; fis absolutely continuous on Ry, f(0) = 0,/OO{|J”(1f)|2 + (1 +1)|f()]*}dt < oo}
0

BERE L T 5 2 008

(u,v) / {u(t (t + wal, (t)u(t)v(t) ydt — /OOO K(By(t) — aw(t)) (u(t)v(t)) dt

1



%25 (cf [FM]) . 27U k = 2/V/B, au(t) = [T B,(s)ds £ B\ 7z, [RRV] IZBWT

[Bu(t) = au(t)] = O(Vlog(1 +1)) ,  aw(t)] = O(VIeg(1 +1)) , ¢ =00

BREINTNABA, THED &, HHENIC LY TBWTEREINTVT, X 5IERIKRTT 3.
SFE. R1TE BTFTILERLZHBRTH D, HOROEKTHREMGETH S 1 &, + 7.,
BITIEL BB D10 4, BESE

stip{gw(un,un) Yt )} < 00
BT EEOI {u,} C L* 13 LUK 5 85515 4.
L7edso T—Iz & D L* b HMA%N D, 2EHHL T 5 H DI A, BEELT
Eu(u,0) = (u, Ayv) ,  u,v € D,

iU, THIT Ay N LEERTHEA R PLDAZRD.
SO A, B2 TRELS HS (W) ¥ —BF 52 L 2 RT bt £ A, C Ho(w) PR IDC
WWHEET S, Zh kb A, DEFEBEUIX Ho(w)u = u OFETH D, K2 X 2% A, DEAKE A
'626% & WIS AEABEIL (0,00) KBWTEHMZR/ZRWI EOREEHIZL DRI N
%. L7275 T Hartman [H] OEHIZL D Hy(w) 1F +oo IZEWTHMESE LD Hy(w) I$H
ctETh s, T4bB Hy(w) = Ho(w)* = H (w) C A, C Ho(w) HFS5N5.
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Martingale approach to first passage problems of
Lévy processes over one-side moving boundaries

Shunsuke Kaji(Kyushusangyo University)

1 Introduction

For a one-dimensional Lévy process L; with Ly = 0 and a function f : [0, 00) —
R with f(0) > 0, the so called one-side moving boundary, set a first passage
time

7 =inf{t > 0|L; > f(t)}.

The classical problem for this time is to know the probability P(r; > t) as
t — 0.

In the case when L; is a standard Brownian motion, there are many works
on the probability P(7 > t). In particular, in Gdrtner[2] and Uchiyama[8] the
last probability is motivated by a study of the Kolmogorov-Petrovskii-Piskunov
nonlinear parabolic equation. When f(¢) is bounded, we can easily find that

1
Pry >1) < —,

( f ) \/1?
where the notation z(t) < y(¢) means that there are positive constants C and
(5 such that C1y(t) < z(t) < Coy(t) for all sufficiently large ¢. For unbounded
f(¢), Uchiyamal8] obtained the intersting result that the last tail estimate is
valid if and only if

/Oo|f(t)|t—%dt < 00,
1

provided f(t) is convex. By anther way Novikov[5] obtained that under the
assumption f(t) is nonincrasing convex or nondecreasing the last integral con-
dition is valid if and only if the expectation E[L,,] satisfies

0 < E[L;;] < o0,
and then
: 2
Jim VtP(tp > t) = \/;E[Lff].

In this proof he uses the tail estimates of quadratic variations of continuous
local martingales, for which there are anther works and applications(see Elwor-
thy, Li, and Yor[l] and Takaoka[7]). On the other hand, in the general case



when positive jumps of L; are bounded and —L; has an exponential moment,
Novikov[6] also proved the same result as the above by Novikov[5] under the
additional assumption of the concave property of the function f(¢) in case of
nondecreasing function.

In this note we consider the general case when positive jumps of L; are
bounded. Our question is what is a necessary and sufficient condition for that
the asymptotic behavior of P(7; > t) as t — oo is the order % Recently, the
tail estimate of quadratic variations of cadlag local martingales are established
by Lipster and Novikov[4] and Kaji[3]. So, by using the martingale approach
we will provide the answer for the last question and extend the previous works
Novikov[5],[6] in the main theorem and its corollary.

2 Notation and Main result

On a probability space (£2, F, P) we set a one-dimensinal Lévy process { Lt }1¢[0,00)
starting from Lo = 0 and a filtration {7 }+c[0,0c) by the completetion of the o-
algebra generated by {L:}¢cjo,00)- Throughout this note, all martingales are
considered with respect to the filtered probability space (2, F, {F¢}+e(0,00)> P)
and we assume that for some K > 0

v((K,00)) =0 and /( |2|*v(dz) < oo, (1)

— 771)

which imply f(_oo K 22v(dz) < 00. S0, {Li}te[o,00) can be represented by

Li=ocW;+mt+ / z{N(dsdz) — dsv(dz)}, t € [0, 00),
(0,t] X (—o00,K]

where 0 > 0, {W;}ie[0,00) is a standard Brownian motion with Wy = 0, and
N(dsdz) is a Poisson random measure on (0, 00) x R with compensator dsv(dz).
Then, {Lt}tE[O,oo) obeys

EleMt] = M < 00, YA >0,

where ¢(A) = GA2 + [ (€ =1 = A2)v(dz).
For a function f : [0,00) — R with f(0) > 0 we set a first passage time

_ { inf{t > 0L, > f(O)}  if {}#0,
00 if {}=0.

Theorem 2.1 Under the assumption that f(t) is continuous nondecreasing,
/ Ft3dt < oo (2)
1
holds if and only if

P(ty <o0)=1and 0 < E[L,,] < c0. (3)



Then,
. 2
Jm ViP(1y > t) = \/ rng[LTfL (4)

where p? = 02 + f(_oo K] 22v(dz).

Corollary 2.1 If f(t) is continuous nondecreasing, then (2) holds if and only
if

P(ry >1t) < (5)

1
7
Remark 2.1 In the case when L; is a standard Brownian motion Novikov[5]
proved that under the assumption f(t) is continuous nondecreasing the condition
(2) is equivalent to (3) and then (4) holds. In the general case the equivalence
of (2) and (3) is proved in Novikov[6] under the additional assumptions of the
concave property of f(t) and f(ioo 1] ey (dz) < oo for some Ao < 0
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A

HERMEMTII UV £ ) Z A B

&g B A

AWFZE1E M. Gubinelli, J. Lérinczi & OILFRIHETH 5.

Edward Nelson [Nel64a] i 1964 4 IZHIFE Nelson B & FEEN T W 25D R T D toy
model % FEAMICEE ST L 72, Z OBUE L@t 3BIfETHiTbi T 5. eg., [BFSIS,
Ger00, GLLO1, Spo98, HS05]. Nelson B3 UV (M) VIl Z2EA L CEZ I N5 HO 3t
BAEME H, T7 4y 7 220 EIC/EH T 5. Nelson 13F80T % -8t E. Z8 AL, ¥ 72 Gross
L vw) 2= ) —{FHE G TH, #2=% ) —ZH1L ¢ | 0(UV YW 2 4 THRfR) o &
&, G(H: — E.)G ' 0D ER T G(H: — E.)G! = Hoo IIURT 2 2 L 2FHIL 7. C
T, B. > —c0 il b L2 EFELTEL. ZOMROEBES LVWEZAIX, UVEAL
7EEHMAR B CIREHE Hoo 237 4y 722 M LICHET 2 2 ERR LT LICH B.

—77, P2 ST, BN ORRZHE L85G, H. D EHFOEKTe | 0 D
BRCUCE T 2 2 L2EBEED L) IR T ORI D, EBE, E. 5 Gross ZH#17% HIRITEA
T 2ITFE ) TR D ? Nelson HE b [Nel64b] T, LR % Gross il &2 b
T (f, e e g) ZRRIER D FR L THBOFEGEHICHE L 22 BT wdr ko k5 T
b2, LoL, Sl FLIIBEETICE-oTUV D ZARZMHTZ Z LICLEL 2
NZHNT 5.

Nelson BfiD NI )L F =7 iZ

@
H. :Hp®]1+]1®Hf+/ Hi(x)dx (0.1)
R3

THZLNS, E ARV MER 7 = L2R3Y) 0 7 Lo AEEERAEZETHS. 22T
L2(R3N) 3k IREEZER], .F 1% L2(R3) LD 7 4y 7 22[MCR Y v DIREEMZ#£T. N-
By 2L T v AR Hy = —5 30 A+ V TEA6n2. VRN - RIFK
Ty VTR EEMFRE L ALT. a*(f) & alf), f € L*(R?), 1 F LOAK - HIELEA
FrRT. WA o (f) = [dP(k)f(k)dk £F L. w(k) = |k| ¥ dispersion relation % #
T.GOHMANIV =T YR H EDE, CHUdw DE 2 B HULIERETERINS. B
AWICiE Hy = [w(k)a*(k)a(k)dk ERIN 5. HAERIZ

N

1 X .

Hi(z) =g / p(k)e™ % a(k) + p(—k)e~*ia* (k) ) dk (0.2)
! ; /2w(k) ( )

LERIND. A 2R, Z)DA—8%2T25. 2FY) Fe ERN 500 F(z) e F

T fpon |[F(@)|[[5de < 00 L% 2 bDEETH2. OB THAEMZ (HF)(z) =

Hi(e,z)F(z) £ %. g IZIFEERTH 5. KE

ol 5jw e LARY), @(k) = B(—k) (0.3)

M. Gubinelli, F. Hiroshima and J. Lérinczi, Ultraviolet Renormalization of the Nelson Hamiltonian
through Functional Integration, preprint 2013.




Db ETHAMEMH Hp 13 well defined THRFRDD 1@ He ICBH L TR/ 2. R4
Wi (IR) 2% §/w?? € L2(R3), I X > THAZI UL, A7 PO FRICHT 2 FEARE
U € 7 DMAET % ([Spo98, BFS98, Ger00, HHS05, Sas05, GHPS11]). 2 % h BJEIRED?
T 2. %&F §/w/? € L2(R3) (ZFEIRIRBIEEIEDMLIIZMFIC D 72> T 3 [GHPS12a).

UV D ZALZ HOMESMD | KiliREZE22 2L THD. DD p(x) — (2m)326(x)
F720E (k) — 1. 2 OMROFENX [Nel6da] TIEAERN 2 FIETREIN TV, WAk
Z e BB 2 > CREH§ .

XTI DOMIRE & 57D ICHRA ZENIMTESE LT o.(k) =e M2 2L 2. 2ol
BICEKS>TNAINWE=T Y H2EHE Le>0%2 UV RNIAY—LALT. ZLTH. - E.
Del 0MR%EZEZS. ZZTE W3RNV —LK D ZARETHS. UTZRT.

(1) MBIy 2 D025 C E. 2 < THEMEH O AR & LCBE 2T,
(2) Hren = lim(He — E¢) ZBREORKTRT.

(3) Hyen DX7MHAMFHZEL .
(4) Hyen D55#GAHRIR (weak coupling limit) 23K 5.
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B 44 LT T E 580 N EKIER T E
REFEW (R ERE BRI JER)

Ok 1) ORI X 5 &, FAERBREZR Va7 X OS5 ITEEE n
XTSI oD, FELSE D &, RATRR LB L OZ Dy 2 v CEERIED
RT Y U RIER p AR L, ZTORMRIEL LTn2MG0605. I, n Z2RMERE L7
DRT Vo RERpHE DL, (X, L,n) OFEKBEZHRTE D.

RO B L, RS OB 2GRS 2 A L, ZOUEMD (X, L) OF
BT OBIREREEL 2L, SOICEORARESXS 2L Ths. MEONRITHYL
3] It H5<.

1. FLBE S4B R E B D — %3

R f# cadlag path @K% D = Dra & L, |Jw|| =sup|w(t)| £ ET. EEEBREEY X =
(X))o &EE, T,=inf{t >0: X(t) =z} £E. ToLRRICEES path 585 o
TET. KIS, D LD o-HRME n B3LLT D 4 584040273 & & BERE &5 (kR
INTZEFE):

(NO) n-a.e. TO < Th < o022 X(t) =0 for t > Tp;

(N1) [,(To Al)dn < oo;

(N2) n(D) = oo

(N3) n(|| X|| > r) < oo for all r > 0.

TOLE, n BBHRELTERT Y CEBRp 2L DL, phbIkEEN Lévy B
n(l)=> . To(p(s)) PEED. ZHXV RETRHIERE L(t) 3 X OVE K 2 B 72 cadlag
WX () B’MELND. (BB, LOFEREFEE, —BRIC X(1) v/ 78R e 13RS
220N, ) 22T, Skorokhod MFFEER (FERINGRF I IBICRIIOER RN D) 2 ERT,
JEERES OIS E 52 5.

EE 1. FENEDOF {n,} 1IZ2OWT, n, — ne &1E, &5 Polish ZE E L 2D LD o-
HIRBIE v, BLOFHIBEBRS| O, : E— DBHFELTCUTEMIZTIEES D!

(G1) n, = (vo @, ")|p\joy for n=1,2,... and oo;

(G2) ¢,, - ¢, in D, v-a.e;

(G3) Toh(P,) — To(P ), v-a.e.;

(G4) D N e NBFELT [ {1 Asup,>y To(P,)} dv < <.

EFHE 2. n, > n EIREL, EblTngae TX(Th—)=0LRETD. ZDOLX, n,
ZxHET B % (X, Ly, n,) EEL L,

(Xs Ls ) -2 (Xoo, Loy Mso) 01 Dga X Dy X Dg. (1)



2. BCAELLBEDBAILRICH T 2B EILDBREE

2] IZBWW T, YEBORROBRAILRICK LS BELOMBREHRE LR L., L, W
EB)DX)EAL (speed measure D IERIZEHE)) DERE & BEADYE(L (jumping-in measure @
ERIEE) OFER EDORK THoT-. ZZTEBRELTICEAL, ZLOHMNS B ML
ZFFOMEFIMABREEZ B R, £OBRAILRIIH T 2HEOMRER L 52 5.

{X(t), P} IZFURIERIFIRA~ /L2 7R T, n-ae TX(0) = X(Ty—) =0 Z{KET
5. I, EEDOR 2 Tn(T, <Ty) > 0&2RETH. Ec>1, a>0, 0<r<1DB
FELCU T AT LT 5:

(S1) {U, X, P,} "2 (X, Poay}. L, (Vow)(t) = cw(ct);
(S2) {WaL, Po} = {L,Po}.

EEIFA Fo -TTHINEER TEo Ul =¢ 2B b0 E L, jER! LOREL LT,
nes(du) = ¢win(dw) + [ j(da)Pi(dw) &)
R4\{0}
LEDD. AL, POIFRREFELBROSMET L. ne; DEABFEHETHD & &, T
51@{%% {Xg,j, L@j,?’]@j} & = < .
F¥ 3 (jumping-in vanishing case). U F & {RET 5:
(S3-a) n(D \ [D1, U Dy ,]) =0 for all z > 0.
BL, Dy, ={T., — 0}, Dy, ={liminfT,, > Tp}. fHL, x, = c “"x.

©a) ¢ =co+ [ 08

ZorE, =g o (U0) T IZRBEE OEIRT ne o IO 5. 8512,

1D17x(w) kj;5< k ‘3, Tex o %Eﬁ(ﬁu}_ﬁ

n law
{ Xej, Ul Lfya@mﬂ?&,j} {Xs 0> Lex 0, Mex 0} as n — oo. (3)

BL, (Paw)(t) =cw(c).

ZHUZHINZ T, “jumping-in dominant” DHEDEHSH 5 2 5.

il & LC, IEfEE ARl Markov i@%2 (pssMp), Sierpinski gasket D7 F 7 v iEH#),
Walsh D7 Z U BB ~DISHEZ RS,

& Xk
[1] K. Ito6. Poisson point processes attached to Markov processes. In Proceedings of the
6th Berkeley Sympo., Vol. III: Probability theory, 225-239, 1972.

[2] K. Yano. Convergence of excursion point processes and its applications to functional
limit theorems of Markov processes on a half-line. Bernoulli, 14(4):963-987, 2008.

[3] K. Yano. Functional limit theorems for processes pieced together from excursions.
Preprint, arXiv:1309.2652.



The entropic curvature dimension condition and
Bochner’s inequality

Kazumasa Kuwada*

(Graduate school of Humanities and Sciences, Ochanomizu university)

This talk is based on a joint work with M. Erbar and K.-Th. Sturm (Universitdt Bonn) [6].

There are several different ways to characterize “(Ricci curvature) > K & dim X < N” on a
Riemannian manifold X, where K € R and N € (0,00). Among them, the curvature-dimension
condition introduced by Sturm [8], Lott and Villani [7] works well even in the framework of ab-
stract metric measure spaces. It is described in terms of optimal transportation and it possesses
many nice geometric stability properties. On the other hand, Bochner’s inequality introduced
by Bakry and Emery is formulated for an abstract diffusion generator. As Bochner’s formula
has played significant roles in Riemannian geometry, Bochner’s inequality provides enormous
important functional inequalities in geometric analysis. The purpose of this talk is to unify
these two concepts by introducing new conditions equivalent to either (and hence both) of them
on metric measure spaces. When N = oo, this program was essentially finished by Ambrosio,
Gigli, Savaré and their collaborators [1, 2, 3, 4] and our main focus is in the case N < oc.

Let (X, d, m) be a Polish geodesic metric measure space, where the measure m is locally finite,
o-finite and suppm = X. Let us introduce comparison functions: for x € R and x6? < 72,

5.(0) = M U(t)(e) )

Ve se(0)

We call a function V on a metric space (Y,dy) (K, N)-convez if for each x,y € Y there is a
constant speed geodesic 7y : [0,1] — Y from x to y such that the following holds:

_ 1
Viv(a0) 2 o303y o )Viv ) + 050 (d (o) Vilon), - where Vi = exp (= V).

We call V' strongly (K, N)-convez if the last inequality holds for each (and at least one) geodesic
~. This is an integral formulation of the following inequality in the distributional sense:

K
07V () < —Nd(z,y)2VN(%)-
If V is C?-function on a Riemannian manifold, then V is (K, N)-convex if and only if
Hess V' — %VV QVV > K.

Let £5(X) be the L2.-Wasserstein space, consisting of probability measures on X with finite
second moments, equipped with the L2- Wasserstein distance Wy given by

Wa(p,v) :=inf { ||d||p2(x) | 7: a coupling of p and v}.
Note that (H(X), Ws) is also a Polish geodesic metric space. We denote the relative entropy
by Ent: For p € 2(X),

/ plogpdm if p = pm with (plogp), € L*(X,m),
Ent(p) := ¢ Jx

00 otherwise.

*URL: http://www.math.ocha.ac.jp/kuwada  e-mail: kuwada.kazumasa@ocha.ac. jp



We say that (X, d, m) satisfies the (strong) entropic curvature-dimension condition CD®(K, N)
if Ent is (strongly) (K, N)-convex on &(X) respectively.

Let Ch be Cheeger’s L?*-energy functional given by a relaxation of the energy functional
associated with local Lipschitz constants. It can be written as an energy integral in terms of the
weak upper gradient |V |, i.e.

CMﬁx=;[QVﬂimn

(see [3]). We say (X,d,m) infinitesimally Hilbertian if Ch coincides with a closed symmetric
bilinear form &: 2Ch(f) = E(f, f). In this case £(f,g) has a density denoted by (V f, Vg) and
in particular |V f|? = (Vf, Vf) m-a.e. (see [4]). Let A be the associated generator of £ and T}
a Markov semigroup generated by A.

Example

Let (X,d,m) be an N-dimensional complete Riemannian manifold, 9X = (), equipped with
the Riemannian measure m. Suppose Ric > K. Let V be a (K’, N')-convex function on (X, d).
Then (X, d,e”"'m) satisfies CD*(K + K', N + N’). In this framework, Ch coincides with the
usual Dirichlet energy and hence (X, d,e~"m) is infinitesimally Hilbertian.

Theorem A
The following are equivalent:

(i) (X,d,m) is infinitesimally Hilbertian and satisfies the reduced curvature-dimension condi-
tion CD*(K, N) introduced by Bacher and Sturm [5]. That is, for uo = pom, u1 = pim €
2 (X) with bounded supports, there exists an optimal coupling ¢ of them and a geodesic
pe = prm € Po(X) with bounded supports such that for all ¢ € [0,1] and N’ > N:

/ﬁwmz/ [} (o, 1)) po (o) /'
X XxX
+ U;?/N/(d(an z1))pi (1) N g(dxo, dy).

(ii) (X,d, m) is infinitesimally Hilbertian and satisfies CD®(K, N).

(iii) Assumption (a) holds, and for each p € D(Ent) there is a locally absolutely continuous
curve pp € Po(X) with pog = p satisfying the following: For each o € HP5(X),

(the (K, N)-evolution variational inequality (EVIg n)).

In the condition (iii), the solution p; to EVIg y can be regarded as a gradient curve of Ent (in a
stronger sense). This was heuristically known that p; coincides with the heat distribution. We
can verify it in this framework (see [3]) and this fact connects CD®(K, N) with analysis of the
heat semigroup 7;. This connection was hidden in CD*(K, N) since there appears no Ent.

Assumption

(a) There exists ¢ > 0 such that / exp (—cd(z, x0)2) dm < oo for some zg € X.
X

(b) Every f € D(Ch) with |V f|, < 1 m-a.e. has a 1-Lipschitz representative.



Note that CD®(K, N) implies (a). In addition, the condition (ii) implies (b).
Theorem B

If one of (i)—(iii) holds, then ((X,d,m) is infinitesimally Hilbertian and) the following holds:

(iv) [Space-time Wa-control] For po, p1 € P2(X) and t,s > 0,

W (TM Tsu) K Wg(,u Ml) N1 — e K(stt) 2
2 2L tH0, 1 (s+t) .2 05
- < - S A e AR R —
N /N< 2 > ¢ s /N< 2 2 K(s+1) (ﬁ \/§>

(v) [Bakry-Ledoux gradient estimate] For f € D(Ch) and ¢t > 0,

2tC(t)
N
where C(t) > 0 is a function satisfying C'(t) =1+ O(t) as t — 0.

VT f17, + AT f|? < e 2K,V F2)  meae.,

(vi) [(a weak form of) Bochner’s inequality] For f € D(A) with Af € D(Ch) and all g €

D(A) N L*®(X,m) with ¢ > 0 and Ag € L*>(X,m),

3 | BolviRan— [ g@rvan ez [ ovsRans [ gap?an

Conversely, if Assumptions (a) and (b) holds and (X, d,m) is infinitesimally Hilbertian, then
one of (iv)—(vi) implies (i)—(iii) and hence (i)—(vi) are all equivalent.

Applications and related results will be mentioned in the talk.
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Large deviation principle for certain spatially lifted Gaussian
rough path

Yuzuru Inahama (Nagoya University)

EH) 5 M. Hairer 2325878 %2 #£9 Tw % Hairer WD 7 7 iR 2R (rough SPDE) Bl
DOPRIZE VT, Schilder O KIRAFEZAEHT 2, 7 7 S ABEROMERRIVTL T ICB VT, T Off
DRI F UL 2 FERET dH % 43, rough SPDE BF Tl (WA 2IIRICE VL TH) A3z v & 8
9. Hairer BIFRICE WTIE, 28847 A% ZZMAESICBEIL T 7 7 82K 6 EIF L7 b o % 22N
TRRA LMY, CNDEFRZHEL 20D, fick>T, B2 25288007 AEfdE-> w5, K
IR S WA 20 C & 2 iR TR OO R B FIF I LT, Schilder B Kff A IE % GEHT 2,
AEHIZEE D Z 7 N ABERICE W TH 2 &b —IEDE W TFETH % Friz-Victoir Difianx " 2 2%k, ¢
2ZLICEDEZS,

In rough path theory of T. Lyons, the notion of paths is generalized to a great extent and so is
that of ordinary differential equations. They are called rough paths and rough differential equations
(RDEs), respectively. The solution map of an RDE is called an Ité6 map, which is defined for every rough
path and, moreover, is continuous with respect to the topology of rough path space (Lyons’ continuity
theorem). As a result, stochastic differential equations (SDEs) in the usual sense are made deterministic
or ”dis-randomized”.

Even though It6 maps are deterministic, the probabilistic aspect of the theory is still very important
undoubtedly. In a biased view of the author, a large deviation principle of Schilder type is a central issue
in stochastic analysis on rough path spaces. This kind of large deviations was first shown by Ledoux,
Qian, and Zhang (2002) for the law of Brownian rough path. Combined with Lyons’ continuity theorem,
this result immediately recovers well-known Freidlin-Wentzell type large deviations for solutions of SDEs.
Since then many papers have been published on this subject.

Naturally, one would like to apply rough path theory to stochastic PDEs. There have been some
successful attempts. In this paper, we focus on M. Hairer’s theory [1, 3, 4], which is based on M.
Gubinelli’s ”algebraic” rough integration theory. In Hairer’s theory, rough path theory is used for the
space variable z € S = R/Z for each fixed time variable ¢ > 0. This is surprising because almost
everyone regarded solutions of stochastic PDEs as processes indexed by the time-variable ¢ that take
values in function spaces of the space-variable x and then modify and apply infinite dimensional rough
path theory. Not only his point of view is novel, but his theory also turned out to be very powerful when
he rigorously solved KPZ equation in the periodic case for the first time [2].

Under these circumstances, it seems natural and necessary to develop stochastic analysis in this
framework. In this paper we will prove a large deviation principle of Schilder type for the spatial lift of
the (scaled) solution 1) of the stochastic heat equation on S*. This process 1 plays a crucial role in [3, 4].
To our knowledge, a large deviation principle is new in rough stochastic PDE theories of any kind.

Now we introduce our setting. Let us recall the stochastic heat equation on S'. As usual S' = R/Z
is regarded as [0, 1] with the two end points identified and A = Ag: stands for the periodic Laplacian.
Let & = £(t,z)" (1 < i < d) are independent copies of the space-time white noise associated with
L2([0,T] x S') with the (formal) covariance E[¢(t,x)'¢(s,y)7] = 6;j - O1—s - 0z—y. Let 1 = (t,z) be a
unique solution of the following R%valued stochastic PDE.

O = DNptp + € with ¥(0,2) = 0.

Then, ¢ = (Y(t,))o<t<T0<z<1 IS & two-parameter continuous Gaussian process. It was shown in [3]
that, (i) for each ¢,  — (¢, z) admits a natural lift to a geometric rough path (z,y) — U(¢;z,y) a.s.
and (ii) there exists a modification of ¥ such that ¢ — U(¢; e, ) is continuous in the geometric rough path
space a.s. In Hairer’s theory, a solution of a rough stochastic PDE is obtained as a continuous image of
U. Therefore, it is important to analyze (the law of) W.

Let 1/3 < a < 1/2. We denote by GQE (R?) the a-Hélder geometric rough path space over RY. The
first level path of X € GQH (R?) is a usual path in R? which starts at 0. Let GQZ (R?) 2 R? x GO (R9)
be the a-Holder geometric rough path space in an extended sense so that information of the initial values



of the first level paths are added. For each t, the random variable ¥(t; e, %) takes values in this Polish
space GQI(RY). Let PooGOH (RY) = C([0,T], GQH (RY)) be the continuous path space over GQH (R?).
Its topology is given by the uniform convergence in ¢ as usual. The random variable ¥ takes values in
this Polish space and hence its law is a probability measure on this space.

Introduce a small parameter 0 < ¢ < 1. Let eV is the dilatation of ¥ by &, which is equal to the
natural lift of ), anyway. Denote by v, the law of e¥ on POOGQZI (R%). Our main result is the following:

Main result: For any o € (1/3,1/2), the family (ve)o<e<1 of probability measures on PoGQH (RY)
satisfies a large deviation principle as € \, 0 with a good rate function I.

Here, we give a few quick remarks. The rate function I takes the usual form. So, we omit its explicit
form. Just like in the usual rough path theory, the continuity of the It6 map and the contraction principle
for LDP immediately imply Freidlin-Wentzell type LDP for solutions of rough SPDEs as in [3].

We show the main result by developping an extended version of Friz-Victoir’s method for Schilder-type
LDP for Gaussian rough path (2007).
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Asymptotic behavior of densities for stochastic functional
differential equations *

Pr E CRBLNZ R - #1) °

December 20, 2013

réTHEBICEDEHL L, 0<e<1eT 5. FREMETDdRLT 7V ERE (W)=
WH(t),...,Wwe(1);t €0,T]} LRI LT D, T HLTROES N eC([-n0];RY) BEZH
Nl & &, WOMEEABMS iR EE25.

XE(t) =n() (t € [=r0]),

d
dX®(r) = Ao(r,.X7)dt + ) Ai(t,XF)edW(r) (1 €(0,T]).
i=1
L, A :[0,T] xC([-r,0];RY) — R? (i =0,1,...,d) IZHRIICONTEHLELTHY, TD 1
BELL EDRM DN TR CTHRTHD ETH. 22T, C([-r0];RY) OB T 2851E7 L
vV DERTEZDLZL L, XE={X(+u);uc [0} &T5. MbC, RYERHRE
BAXE(r);t € [-nT|} ITREOBEIKFEL TWDIOTIHEYLa 7LD, IHIC, £
A (i=0,1,...,d) \ZxdT2%EL0, FRAO)IZ-ENREE LS EBS15 (. [1,4]). &
AT, X Q) OO {PoXe(t) L0 < e <1 ICRHT D RFEREZE 2, Thi~
U777 RN &GO CBERBRBOBEET AN TP AN ET 5.
Litg, R () OIEBEOREA; (i=1,...,d) IZROZMEM T LD LT 5

&l

(D

d

inf inf inf Y (C-Ar, ) >0. )

£eS4-11€(0,T] geC([—r0];R9) i=1

WMREL3) te0,T|BLP0<e<l E L, £MF1E2RETD. 20L&, XE(1t) ONFiIERY 1
DN_—ZRFEIB L CHakbEf TH 0, T OB pé(t,y) Iy e RUICE L THELNTH 5.

—J5, DO {Po(X4(1)) 150 <e <1} ITOWT, ROEIMHY L.
TEL(2) t€0,T) &L, &M 1E2RETS. Z0&x, itk {Po(XE(r)) 1;0<e < 1} 1K
[RAERmA T L, £ OREmK T 13
T L
109 =it {5 [ 40,6 60~ Anlr.00} s g € Gy (=TI R,y = )

LB 2EL, A= (A],...,Ad) LT5.
*ARFIC TR GRER5-23740083) DB A Z T2 b D Th 5.

TE-mail: takeuchi@sci.osaka-cu.ac. Jjp




EFL~ U T T7 UYL 2212k, ROERENELNS.

EE2 (2D &HF1DFT,

limsupe® Inp®(z,y) < —I(y), @)
e\

liminfe? Inp(z,y) > —I(y) )
eNo

NI ARYASN

BRI, X (1) == XE(1)|,_, \CxIT 2 E BRI p(r,y) ORIBERIHHIAEENC SV THR~S. xeRY
BETUHENTRVEEL, A (i=1,...,d) # R!xR? Lo R ERA¥T, KkmicB+ 25 1Ll E
DRI TR TERTHD ET D, ZDLE, ROMERBEEMY TR EEZD

Xe(1) =x (t € [=r,0]),
d : )
dx®(t) = Y Ai(X5(t—r),X(1))edW'(z) (1 € (0,T]).
i=1
R (5) DIRELA; (i = 1,...,d) 1220, ROKMEET 5.
&2 )
inf inf Y (A, ) >0 ©6)

{esi-tgeC([-r0:RY) ;=

X(1)=X(1)|,_p £T%. HME2DOFT, X(t) DHANIR! EOAR—Z7REIEI L TH S AR
FERE p(t,y) b2, EE2NHROZRDBHFLND :

%1 XF20FT,

limsupz Inp(r,y) < —rl(y), (7)
™NO
liminfz Inp(¢,y) > —ri(y) (8)
™NO
N AIASY
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Wong-Zakai approximations for reflecting SDE

2 s
RALRA

SAEDHE OWIFEE “WERMHNT & Z2 DR TR LB o THRVLERZ R OTN D TE&RI
N7 SO RERE R ) \ﬁﬁaz_ﬁOD Wong-Zakai ST fEDHEZR 1 THEHDRIZ—RRIRDOAAH TR T %
&) BEAE &2 RFEN RO (3] DRGRISOWTHEREL 72, 4BlE, (1) Milsog4,
ZITHINTOLESE (B) MBS THOINHRTZ 2 &, (2) MO TSHRMA (C) 23S TH R
EOINRT 2 2 (72 LICRD A — 4 — 13 AH) 1220w T, §EL 72\, KABED M @R D SDE
® Wong-Zakai LD INHK 1%, BIFETIE rough path EHTCTHHRICTHHI LTV 5, fiE> T, Bl
RC, Wong-Zakai il % i 9 % 2> 5 121, rough path TOBN D SV R INEXRETH S
Do %K?'rz\ HHEE SDE @ Wong-Zakai ﬁu%ﬁju LIR® 72447 & driving path (rough path) IZ
B9 2 dife e 2 Wi, T2 2 L 2 RTHICB W T\, Bk o 2@ AL % 2
EN D6 m\0hS, itk p-variation path (1 < p < 2) % driving path &7 % K4tEE ODE,
£ XU prough path (2<p<3) TF 74 73N “reflecting rough differential equation” (Z
TULTHHE DWW FICZ ) FATVL LD T, — RN HFETIZIIED) IFHARICERTE, ZOMOLH
FELFHE A2 LD TELDT, ZOILIOVTHEE LV, 7| R NOMFE D 12
WT z € D IZBIF 2 NIA ZHAERR T PLVOELGDOERZEVTZ ),

Nx = Ur>0Nx,r (1)
Nx,T:{neRd]\n[zl,B(x—rn,r)ﬂDZQ)}, (2)

ZIT, Blzyr)={yeR?| |ly—z| <r}, z € RY r > 0. K4HHE SDE OB EOEE, —BlED
FATIE, DT LT, XD X)) G2 E 2 5E0% » (Hb . BUFREEIE, Lions-Sznitman
5DMRICE D),

Definition 1. (A) ro >0 23F/EL T, fEED 2 € D ITNL T

Nac :Nx,ro 7é® (3)
(B) E# 6>0,8>1BHFEL, fEED 2 € 0D I LT HAR7 ML 1, DFEEL

EED ne UyeB(:c,é)ﬂBDNy WX LT (ly,m) > (4)

=

(C) R o> C2 BB f BX Wy >0 FEL, fEED 2 €0D, ye D, n e N, I LT

(y—z.n) + i (Df)(),m) [y — 22 > 0. (5)



(Q, F, P, F;) % filtration fF EMEREME T2, B(t) 2 R* kD F-77 7 vill#e T2,
o c Cg(Rd —R"®R?), be C} (R - RY) £ L, DcR? EDKYHEE Stratonovich SDE

Y (t) = yo + /OtU(Y(s)) odB(s) + /Ot b(Y(s)ds+®(t), yoeD; 0<t<T (6)

IZ2WT D A1) TH B, (2) &tk (A), (B) BHILT 5, D2 0DHAIC, BOEO—EINF
TEDVR I LT 5 (HH Hiroshima Math J 1979, BT PTRF 1987), ®(t) (F#fize Fi-A W22 H)

o(t) = /0 Lop (Y (s))n(s)d|[®]]jo,s (7)

Wi T ODTH D, KL, ||D|p,y & B(t) D [0,5] KBTI DLEBZHKL, n(s) & Y(s) € 9D
DL E n(s) € Ny £7% % Borel THIEHRTH 5, 24D T Wong-Zakai iIEBUE YV 2%
25,

B(t) - B(t;",)
Ay
L5, 7L ) =27 NET (1 <k <2V), Ay =27NT, A BY = B(t))) — B(t_). YN &K

D K 4HEE ODE DR TH %
dYN(t) = (YN ()dBN (t) + (YN (t))dt + d®N (1),  YN(0) = yo. (8)

Theorem 2 ([3]). & (A), (B), (C) Z2IRET 5, fEED e >0 IZ LT, Cop >0 DIHFEL
T, §XRTD N IO T

BY(t) = B(ty_1) + (t—tpy) o <t<ty

N 2 (1—e)/6

E Orgt%%\Y (t)=Y(@)*| <CerAy . 9)
Remark 3. D VAR, BEANE S 97 & Z1d, Doss-Priouret (Z. Wahrse. Verw. Gebiete 61,
1982) A3 YN (¢) 23 Y () \C—HRUCK DA CTHERINH T % 2 & 27" LTV 5, Evans-Stroock (SPA,
121, 2011) & (A), (B), (C) 8 L' D I admissibility condition (Z D& 13 Lions-Sznitman
(Comm.Pure Appl.Math. 1984) i & DA I 7)) 2KEL T, PY" 5 PY Ic§id 22 L %
ALTw3, £/, 3] KDALETEX (3] &I1FiE > 72 J71E T Tusheng Zhang % Evans-Stroock
EFUMRED D & T, Theorem 2 & ARHWIZH UATHRZEH TV 5 (arXiv:1304.6629).

MBEIR T IR, et (A) 1E. D ro THRAZL. (C) WS f=0 TRZT 5, 7. 2
RICTIE DM, — MOt Ta R MER TR, & (B) AL T % (I (1978)), L L,
— M DIMBER T (B) AL T B D, EHEICRAHTH S, o TIE, KD HZD
. BIZHEDLEZEZ TR 0ET RO L b6k w, UToRMRIZZOSE L, & (C) 2%
LLEGBORETH B,

Theorem 4 ([2]). (1) D Z "MK E § %, (9) DIKLT 5,
(2) D 1% (A), (B) #ilizeF EF 5, COLE, maxgerer YV (t) = V(1)) 1% 0 I HERILHT 5.,

RIZ, D E® reflecting rough differential equation(=RRDE) (B § 2R 2%, X =
(LX1,X2,) (0<s<t<T) %R LD prough path (2 <p<3) &9 5, & I R? fHDHE
BRAEHEIE E L. KD rough differential equation 2% 2 %:

dY, = o(V,)dX; +d®;, Yo=1yo € D. (10)



1EfEICIE DI RD driving rough path 1% fst X!, ®d®, % ED iterated integral 23 % % D
T, BRI (X,®) ISfIBiL THRE % prough path TH 2. DY = (1Y}, V) Ik LT
Vi=yo+ Yy, £BLEY,eD(0<t<T) THDH,

t
®; = / Lop(Yo)n(s)d||®@|[jo,s, mn(s) €Ny, ifYs€0D ; 0<t<T (11)
0

Zii7. IR, (Y, ®) 1 X % driving rough path £ 3% RRDE DL 59 Z L1235, fEHE%ED
Rp7-dlz, —2RKEERBRS, RY D7 path wy (wo € D) 235-Z & #1172 Ff, Skorohod J7
BRG=w + ¢ DIREZEZ (Thbb, €D (0<t<T), ¢ BRFZHI S THALH
H), ROREZEZ %:

(H1) IEEH Cp BDEEL T, LED w iZ2WT, ¢ D LEDXM [s,t] C [0,T] TOREEH
R Dl 2 £5:

< — .
H¢||[s,t] <Cp nglgfgt‘wv Wy

(H1) 3B 21, M2 (B) DIRED § = 00 THILT % & ZITK D 2D, AM. Davie
DI HTEE DMV rough differential equation 1203 % Euler Il X 2 DR 21T > T 5
(Appl.Math.Res.Express. AMRX 2007) 23% O FiEZHORDOEMZFHTE %,

Theorem 5 ([1]). (A), (B), (H1) ZKET %, w & Xz D control function & 5:
X <w(s )P 0<s<t<T, i=12
CDLZE, (10) DT, ROFHIZ A7 b DFEET 5,
Vi < C(1+w(0,T))%w(s, t)7” (12)
1](s,g < C(1 4w (0,T))w(s, )7, (13)
7L, C & Cp,o,p DR T 2T,

1 <p<?2Dkj, #fEZ p-variation path x; T drive SN HERZEZEZ S5 TES, Z
DEZIF, D IEEM (A), (B) 27 T2 CROMFELIHi 242 2 £ TES, 1<p<2T
D 32RO E. Ferrante-Rovira (J.Evol. Equ. 13, 2013) OWf%E3H %, 7272L., %5 D
L ThH ., GEEG DR TH —E ML open problem & %o T\ %, HHIZIX, p-variation path @
Kb . p-rough path DHH D p-rough path DZEMDEDEHR X — Y 3 Borel H[HNIZHL 5 2>
b, AHTH S, £z, 2<p <3 DL XX, Euler #iTfldD Skorohod /£ A% implicit 72 5FE
2% %, INZMES T, RTICHEME (HL) 2ICEL 2 E2HERELTE L, filHTIE, Xy W3
Brownian rough path Bg; @56 @ Theorem 5 Dfif & i@ D reflecting SDE & L TOfE & OEYR
IZOWTHFHIHT %,
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