CERTAIN VALUES OF HECKE L-FUNCTIONS AND GENERALIZED
HYPERGEOMETRIC FUNCTIONS

NORIYUKI OTSUBO

ABSTRACT. We compare two calculations due to Bloch and the author of the regulator of
an elliptic curve with complex multiplication which is a quotient of a Fermat curve, and
express the special value of its L-function at s = 0 in terms of special values of generalized
hypergeometric functions.

1. INTRODUCTION

Let F be an elliptic curve over Q with complex multiplication by the integer ring & of
an imaginary quadratic field K. Its L-function L(E), s), or more precisely the L-function of
the motive h'(E), is defined by an Euler product which converges absolutely for Re(s) >
3/2. By results of Deuring, it is the L-function of a Hecke character of K, hence is
analytically continued to the whole complex plane and satisfies a functional equation with
respect to s «» 2 — s. In particular, it has a simple zero at s = 0. In [4], [5], Bloch defined
a regulator map for an elliptic curve and in the case of complex multiplication, constructed
from torsion points a K-theory element whose regulator image gives the special value
L(E, 2), or equivalently the value

L*(E,0) := lir%s_lL(Es).

This is an analogue of the classical class number formula for number fields and motivated
the general conjecture of Beilinson [2], [3] on special values of L-functions of motives.
Let X be a smooth projective curve over Q. Beilinson’s regulator map we consider is

ry: HE//(XvQ(2))Z - H%(XRJR@))

from the “integral part” of the motivic cohomology group to the real Deligne cohmology
group (see §2.1). The Beilinson conjecture asserts firstly that 7 ®g R is an isomorphism
of vector spaces of dimension the genus of X, and secondly that the value, i.e. the first non-
vaniching Taylor coefficient, of L(h'(X),s) at s = 0 (although the analytic continuation
in general is highly conjectural) is given by the “determinant” of 5 well-defined modulo
Q@Q*. When X is an elliptic curve, Bloch’s result mentioned above is rephrased in this
framework.
The regulator of the Femrat curve
Xn:my +yp =2

of degree N over Q was studied by Ross [16], [17], Kimura [10] and the author [12]. In
the category of pure motives over Q with Q-coefficients, we have a decomposition ([12],
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see §3.1)

Xy~ @ xy”
[a,b]€HN\IN
where we put Iy = {(a,b) € (Z/NZ)®? | a,b,a+b # 0}, and Hy = (Z/NZ)* with the
natural action on Iy. The L-function of X ][ﬁ'b] coincides with the L-function of the Jacobi-

sum Hecke character jﬁ,’b of the N-cyclotomic field Q(uy) (see §3.1). By projecting the
element of Ross [17], the author [12] defines an element

el e 12, (X", Q(2))z

for each [a, b], and expresses its regulator image by special values of generalized hyper-
geometric functions (see Theorem 3.2). The hypergeometric functions which apper are
Appell’s F3 of two variables and Barnes’ 3 F» of one variable (see §3.2). The non-triviality
of eg‘\l,’b] follows from the integral representation of the hypergeometric functions.

In this paper, we study the intersection of the above two stories. If N = 3,4 or 6,
then K = Q(uy) is an imaginary quadratic field and Xj[g’b] is isomorphic to the motive
h'(E) of an elliptic curve E over Q with complex multiplication by &. Therefore, if we
admit the Beilinson conjecture, then H?,(E,Q(2))z = Q and our element e%’b] should
be a non-zero rational multiple of Bloch’s element, but we know neither the injectivity of
the regulator map, nor the finite generation of the motivic cohomology group. Therefore,
we compare directly these two elements when N = 3 (Proposition 5.1) and N = 4 with
a restriction (Proposition 5.4). In fact, Ross’ element is also supported on torsion points
(in the Jacobian) and we compare the divisors of the functions defining those elements of
the motivic cohomology groups. As a result, we obtain formulae expressing the special
values of the Jacobi-sum Hecke L-functions in terms of special values of the generalized
hypergeometric functions (Theorems 5.2 and 5.5).

This paper is constructed as follows. In §2, we recall necessary materials on the regu-
lator of a curve. In §3, we recall the result of [12] on the regulator of a motive associated
to a Fermat curve. In §4, we recall the result of Bloch on the regulator of an elliptic curve
with complex multiplication. In fact, we need a slight modification; while Bloch uses the
C-torsion points of E for a rational integer C' divisible by the conductor f of the Hecke
character, we only use the f-torsion points, which is necessary for our comparisons and
possible in our explicit cases. Finally in §5, we relate and compare the elements of motivic
cohomology of a Fermat motive and an elliptic curve and prove main results.

The author would like to thank Seidai Yasuda for stimulating discussions.

2. REGULATOR OF A CURVE

We recall briefly basic materials on the regulator of a curve.

2.1. Definition. Here we recall the Beilinson regulator map for curves [2] [3] (cf. [11],
[13], [18]). For a projective smooth curve X over Q, we consider the regulator map

ro: H (X, Q(2)) — HZ (X, R(2)).

The source is the motivic cohomology group defined via K -theory, for which we have
an isomorphism

H,(X,Q(2) = Ker (r 0 Q: K} (QE) Q@D __, #(2)'®Q).
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Here, X1 is the set of closed points on X, () is the residue field and 7 = (7,) is the
tame symbol on the Milnor K-group

r{f.gh) = (it (4 ) (@),

gordaE f

The integral part H2,(X,Q(2))z is defined to be the image of the K-group of a regular
model of X proper over Z. For those curves which we study in this paper, the integral part
is the whole.

The target is the real Deligne cohomology group (see [7]), for which we have an iso-
morphism

HE(Xe,R(2)) >~ H' (X(C),R(1))*.

Here, + denotes the part fixed by the “de Rham conjugation” F, ® ¢, Where the “in-
finite Frobenius” F, is the complex conjugation acting on X (C) and ¢ is the complex
conjugation on the coefficients.

The Poincaré duality induces a perfect pairing

T 2mi

() B XCL RO & I X OB ~ B (o) =g [ nae
of R-vector spaces. Further, by the isomorphism
HO(X(C), 0)* % H(X(C),R)*; we S(w+D)
where we write W = coow = Fow, we have
H'(X(C),R(1))" ~ Homg(H°(X(C), "), R).

Under these identifications, the regulator is written as

1 .
(ro({f.9}),w) = 5 log|fldlog g A w.
YW X((C)

2.2. Elements from torsion points. Fix a base point 9 € X (Q) and embed X into its
Jacobian variety by sending z € X to the class of z — xg. Let Div’(Xy,,) denote the
group of divisors on X (defined over Q) supported on torsion points in the Jacobian. A
homomorphism

e: A2DivO(Xior) ® Q — H?,(X,Q(2))

is defined as follows (see [5], Lect. 10, [6], §5). For a € DivO(Xtor), there exists a
non-zero integer n and a rational function f € Q(X)* such that div(f) = na. Then

fa:f®%€@(X)*®@

is well-defined modulo Q* ® Q, independently of the choices of n and f. For o, 0 €
Div’(Xor), put

eo(a, B) = {fa: f5} € K3' (Q(X)) @ Q.
It is well-defined modulo the image of (Q(X)* ® Q*) ® Q. Then there exist a number field
k, h; € k(X)* and ¢; € k* such that

e(a, B) := eo(a, B) + Ny /g (Z{h“ cq;}) € Ker(r ® Q).

Since K2/ (k) of a number field is torsion, the element (v, ) € H?, (X, Q(2)) is uniquely
defined by « and .
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3. FERMAT CURVE

We recall the definition of a Fermat motive, its L-function and the result of [12] on the
regulator.

3.1. Fermat motive and L-function. Let X be the Fermat curve of degree IV over QQ as
in the introduction and

2N pyN =1
be its affine equation. Put K = Q(un) and Xy x = Xn Xg K. Fix an embedding
K — C and put ¢ = exp(27i/N). Let the group G := (Z/NZ)®? act on X by

(r,8).(z,y) = ("2, C°y).
a,b

If we denote by py; the projector corresponding to the character (r,s) — ¢ b8 the

pair X X,’b = (Xnk, p’}\;b) defines a motive over K with coefficients in K. The group
Hy = (Z/NZ)* acts on G by multiplication, and let [a, b] denote the Hpy-orbit of
(a,b) € G . Then the projector

b Y
=Y P

(a’,b")€la,b]
is an element of Q[G y]H~, so defines a motive Xj[g’b] = (XN,pE\a,’b]) over Q with Q-
coefficients. Then we have decompositions of motives
hl(XN,K) — @ X][if,ba hl(XN) — @ X][\(;’b],
(a,b)GIN [a,b]GHN\IN

where Iy C G is the subset as in the introduction. If (a, b) is primitive, i.e. gcd(a, b, N) =
1, then X][\’;’b] is isomorphic to the Grothendieck scalar restriction of X X,’b (i.e. a motive
over K regarded as a motive over QQ via Spec K — Spec Q).
For a prime ideal p of K not dividing N, let
Xp: By — pn (K)
be the V-th power residue symbol, where IF,, denotes the residue field at p. For (a,b) € Iy,
the Jacobi sum is defined by

-a,b a
==Y xp@xp).
z,y€Fp,x+y=1

Weil [20] showed that j;lv’b defines a Hecke character of K with conductor dividing NV 2

hence the L-function L( jj'(,’b, s) satisfies all the desired analytic properties. By [12], §3, we
have for primitive (a,b) € Iy

LX", 5) = L(X%", s) = L(j%", 9)
independently of the choice of embedding K — C.
3.2. Regulator. Recall that H' (X (C), C) is generated by the differential forms

d
w?® = x<a>y<b>7N—x, (a,b) € In
x
where (a) € {1,2,..., N — 1} denotes the representative of a, and w*® is holomorphic if

and only if (a) + (b) < N. Note that it is an eigenventor for the G-action:

(T’, s)*wa,b _ Carerswa,b.
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On the other hand, H1(Xx(C),Z) is a cyclic Z[G]-module generated by an element s
[15]. If we normalize as

-1
~a,b .__ a b a,b
W= (%B(g\r)a <N>)) W
it has the period
[ar=a-ea-o.

By the definition of k, we have F\ok = (—1, —1),x. Therefore,

leggwﬁziﬁkﬁa%bziéc—L—-VN“b ¢ ﬂl P=(1-¢M=-¢).

From these, it follows that
~ab —a,—b
Coo@®? = Foo® = 5~ 70,

hence HY(X n(C), Q)" is generated by @ ° with (a)+(b) < N,and H'(Xx(C),R(1))*
is generated by 0*® — o~ ®~b,
Let
(,n)=ala+1)--(a+n—-1)=I(a+n)/I'(a)
be the Pochhammer symbol. Appell’s hypergeometric function F3 of two variables [1] is
defined by

PR e oy (@, m)(e’,n)(B,m)(B',n)
FB(avaaﬂaﬁaVaxay)_m%:zo (%m—I-n)( )(Ln) ™ y .

On the other hand, Barnes’ hypergeometric function 3F> of one variable (cf. [19]) is

defined by
a,b,c (a,n)(b;n)(c;n)
3F2( d.e ,:E>: E Anentn®

For real numbers «, § > 0, we put
I(e)I'(B)
I'la+p+1)
(see [12] for the convergence). By comparing integral representations of F3 and 3 F5, and
using Dixon’s formula (cf. [19]) on the value of 3 F5 at 1 several times, we have also ([12],

F(a,8) = Fs(o, 8,1, 1,a+ B+ 1;1,1)

§4.10)
= r(e)r )\ a,fBa+ -1
Fla,)=| =—— | 3F ;1.
() (Fm+6) TP atparp
Remark 3.1. Recall that the Beta function is related to Gauss’ hypergeometric function as
a+ -
Fla.g.a+ 6+ 11) = 2B, 0) .

Now, consider the element of Ross [17]
ey ={1—xz,1-y} e KM (Q(Xy)).
Since 7(ex) is torsion ([17], Theorem 1), it defines an element of H?, (X, Q(2))z. Put
asin [12]
[a b _  a,b] H la,b]
= piy"(en) € H(XF",Q(2))z.
Then, [12], Theorem 4.14 implies the following:
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Theorem 3.2. If (a,b) € I is primitive, i.e. gcd(a,b, N) = 1, then we have

a, 1 =~ la 4 ~ (—a _p N N Y A V)
ol =g X (PR SRS ) @ )
(a’,b")Ela,b]/{£1}

and ﬁ(%7 %) - ﬁ(ﬁﬁ, %) #0 forany (a,b) € Iy.
4. ELLIPTIC CURVE WITH COMPLEX MULTIPLICATION

We recall the result of Bloch ([4], Lect. 8-9, [5], cf. [6]) in a modified form which only
uses f-torsion points where f is the conductor of the Hecke character.

4.1. L-function. Let E be an elliptic curve over Q with complex multiplication by the
whole integer ring & of an imaginary quadratic field K. Then the class number of K is
one. Write c = O™ for the roots of unity in K. We view K as a subfield of C. By results
of Deuring, there exists a (quasi-) Hecke character y from the group of ideals of K prime
to the conductor of E such that

L(h'(E),s) = L(x,s) = L(X, 5)-

Note that y(a) = x(@) since E is defined over Q. Let f be the conductor of . We choose
x so that x((o)) =@ fora € & withaw =1 (mod f). Let

xg: (O/f) — K~
be the finite character associated to , that is,

x((@)) = axy(a)
for any o € O prime to f. As usual, for an ideal a (resp. an integer a)) which is not
prime to f, we set x(a) = 0 (resp. xf(a) = 0). Note that xs(a) = « for a € pg, and

X¢(a) = xs(@) forany a € 0.
Letwr € H(E(C), )" be a real holomorphic differential form normalized so that

1
— wp Nwg = —1, 4.1)
) E(C)
and let I C C be its period lattice. Then we have an analytic isomorphism
E(C) & C/ry xl—>/ w
between (E(C), Fo,w) and (C/I", 7, dz), and we have the covolume Covol(I") = 7. The
isomorphism is compatible with the &-actions via the isomorphism
0:0 :> EndK(EK)

such that f(a)*w = aw forany a € 0.
Let
(,):C/ Il = C% (2,7) = exp(z7 — 77)
be the Pontrjagin duality pairing. Choose €2 € I" such that 02 = I', and v € & such that
f = (v); note that f = f = (7). Then it induces a perfect pairing

() O£ 0/ T (u) = (%) .

For o € 0/f, define the Gauss sum by

Gy = Z X r(u)(u, ).

uel/f
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Let F denote the f-torsion points on E. By the identification Fr ~ 0 /f; x — 27/Q, we
view X s also as a character of Ep.
By the standard argument as in [6], we have

xf ()@
N ﬁMK Z |04|2$

aclo

aC0lo

' Gaa _ Xf
ﬁuKGlz af?s ﬁuK Z Z |0<|23

wEO/f acl

Q2s Q2s X
e ZZXf M%vv |G|§ 3 Z Xy @)z, vy

ﬁ'uKGl CEs vel 3 weEBe/ux vel

Iv\zq

where Y~ denotes the sum except for 0. Here we used the fact that Z',YE r % =0,
which follows from —I" = I, and that X ; (z)z depends only on the class of z in Ef/jix.
Now, we assume that we can choose €2 and v so that

2 eR. 4.2)
1%
Then, since G1/G; = 7/v = Q/Q, we have G,Q € R and hence G1© = +N(f)2|Q].

On the other hand,
02 = Covol(I") 2w

~ Covol(0)  |dg|?
where d g denotes the discriminant of K. Hence we have

L(X’S):iﬂ Z Z Xf

z€Fs/uk YET

e

Let E(R)° be the connected component of the origin with the orientation such that the

real period
QR :/ wWE
E(R)°

is positive, and let Qg = h{) with h € &. Then, by the functional equation A(x,s) =
+A(x,2 — s) with

I'(s)
(2m)°

A(s) = (|dx|N(£))? L(x, s)

(cf. [8]), we obtain

c€FRs/puk YEI

|w4 @

4.2. Regulator. Let F and wg be as above. Recall that g := coowrp = Foowp. Then,
H(E(C),R(1))" is generated by wr — W and since
(we =Wk, 3(wr +WE)) = -1

by our normalization (4.1), the Q-structure is given by Qg(wg — wg). Bloch’s theorem,
which in fact is valid for any elliptic curve over R, is written as follows.

Theorem 4.1 (Bloch [4], [5], cf. [6], (3.2)). Fora =) oz, B=7, B,x € DiVO(Etor),

we have )
! (o — , ~ o
ro(e(a *ffZawﬂyZ ﬂ-(wEwa).

4
o=y 01
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We apply the theorem to the divisors

azZ(x—o), 8= Z (xf(@)z — o). 4.4

z€Ef z€Es /uK
Since X;(z) = x(Z) by the assumption (4.2), both  and /3 are defined over R, hence
over Q. If we put
ep = e(a, 3) € H2,(E,Q(2))z,
we have by the theorem and (4.3) :

Corollary 4.2. Under the assumption (4.2), let e, € H?,(E,Q(2))z, be as above. Then

we have

N(£)?
2|h|

ro(ep) =+ L*(x,0) - Qr(wg — WE).

Remark 4.3. The Beilinson conjecture implies that N (f)2 /|h| € Q, which will be the
case in our examples.
5. COMPARISONS

Now we relate and compare the results of preceding sections and prove main results.

5.1. Preliminaries. On X, we have 3N points
P,=(0:¢":1), Q,=(":0:1), R,=(":1:0), (n€Z/NZ)

where we put £ = exp(wi/N). If we choose Py as the base point, then the above points
are torsion in the Jacobian.
We have (0, &%) # 0 if and only if (a’,b’) = (—a, —b), and one calculates

B _ N2 1— (o) (1 — b
@ oty = I (f_)c(m” .1)

5.2. The case N = 3. If N = 3, then X3 = F itself is an elliptic curve with the origin
Py. Tt has complex multiplication by the integer ring & of K = Q(us), induced by the
multiplication of y13 on x. One sees that

x5 = nl(e)

and the Hecke character y associated with E equals j§ 2 = };1 By (5.1), the real holo-
morphic form normalized as (4.1) is

]. 27T ~1,1

Since [ &y = —3¢, we have I' = 0Q with

21
Q=0r=4/—.
TRV
By Hasse [9], Satz 2, we have f = (3), so if we set v = 3, the assumption (4.2) is satisfied.
Proposition 5.1. Let egl’ﬂ and e, be the elements defined in §3 and §4, respectively. Then

we have rg(eg) = r@(e:[;’u).
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Proof. Since Ef = {P,,,Qn, Ry, | n € Z/3Z}, (0/f)*/ux = {1}, and Q¢ corresponds
to 1 under E¢ ~ 0'/f, the divisors (4.4) are:

a= Y (Pa+Qn+Rn)—9P, B=Qo—h.
n€Z/3Z

We can take
Ty 1—z 1

g Py

fo = :1—y 3

Then we have

3eo(a, B) = —{z,1 -y} +{y,1 —z} —3{1 —y,1 — z}.

Since 3{z,1 -y} = {23,1 —y} = {1 — 4*,1 — y} comes from a quotient rational curve,
it does not contribute to the regulator, and similarly for {y, 1 — x}. Hence the proposition
is proved. (I

Theorem 5.2. Let y = j;’l or j§’2 be the Jacobi-sum Hecke character of Q(us). Then we
have )
* _ (1l 1 (2 2
L(x,0) = W(F(gag) —F(§§>)

Proof. By Theorem 3.2, Corollary 4.2 and Proposition 5.1, we obtain the equality except

the sign. Since L(), 2) is positive and the root number (the sign of the functional equation)

is 1, L*(x, 0) is positive. On the other hand, since F'(«, 3) is monotonously decreasing

with respect to each parameter ([12], Proposition 4.25), the right-hand side is also positive.
O

Remark 5.3. The theorem verifies and refines [12], Corollary 4.21. The regulator of X3
as an elliptic curve is also calculated by Rohrlich [14], §3, Example. The definition of the
regulator map in loc. cit. is —2 times ours and the element considered there equals 3es.

5.3. The case N = 4. If N = 4, then Hy\I, = {[1,2],[2,1],[1,1]}. Here we study the
first two cases; by the symmetry, it suffices to treat the first case. Let K = Q(u4) and &
be its integer ring.

Let E be an elliptic curve over Q defined by (the normalization of)

4, 2 9 4
Ug + vowy = Wy,

which is naturally a quotient of X by the morphism
p: X = E;  (ug:vo:wp) = (x020: yg: 22).

Let P, ), and R, be the image of P,, Q,, and R, respectively, and P} be the origin.
Then P/, R}, (resp. Q),) depend exactly on n mod 2 (resp. mod 4). The action of & on
X induced by the multiplication of p4 on z descends to an action on £, which defines
complex multiplication of E by &.

One sees that p* induces an isomorphism
W (E) ~ x[?

of motives over QQ with (Q-coefficients. The Hecke character associated with E coincides
o -1,2 . . N _ _
with 32’2 = 7, . Since the degree of p is 2, we have (p*wg, p*WE) = 2{wg, WE) = —2,

so by (4.1) and (5.1) we have
prwg = T o2
E 8 4 -



10 NORIYUKI OTSUBO

One can show that p induces a surjection on homology, hence H;(E(C),Z) = O - pyk.
Since [ wp = [, p*wp and [, T;% = (1= i)(1 —2) = 2(1 — i), we obtain I" = 60
with

Q:\/z.(l_i)’ Or = (141)Q =V2r.

By Hasse [9], Satz 3, we have the conductor £ = (2(1 + 4)), so if we let v = 2(1 + i), the
assumption (4.2) is satisfied.

2]

Proposition 5.4. Let 641’ and eg; be the elements defined in §3 and §4, respectively. Then

we have ro(p*eg) =2 - r@(egl’m).

Proof. One sees that the eight points {P),, Q... R., | m € Z/2Z,n € Z/AZ} are exactly

n’

the f-torsion poinst on E. We have (0/f)*/ux = {1}, and under the identification
Ey = 0/f, Q| corresponds to 1 since [ F?o ° w12 = 1. Therefore, the divisors (4.4) are:

a= Y (P+R)+ > Q,-8P, B=Q,-F

nez/27 neZ/AZ
Since
pi(a) = Z (Pn+2Qn + Ry) — 8Py — 8P, p*(8) =2Q0 — Po — P»
neZ/AZ
we have ) a )2 .
* Ty * -z
Pl iypargr PP T a0

By a calculation as before, we obtain
rg(piep) =ro({l—z,1—y}+{1—2,1+y})
[1,2]

where 74 here is the regulator map for X4. Now we apply the projector p; ™~ = p}f +

py?. Note that le’Q]p* = p*. Since {1 — z,1 + y} = (0,2)*e4, where (0,2) € Gy,
1,2 « _ 1,2 32 « _ .32 (1,2] w,  _ 1,2]

and p,7(0,2)* = py°, py7(0,2)* = py~°, we have p; 7 (0,2)*ey = e, ™, hence the

proposition is proved. (]

Theorem 5.5. Let y = j i 2 or ji”z be the Jacobi-sum Hecke character of Q(p4). Then we
have

* 1/~ 11 (3 1
L*(x.0) = 87(}?(1’ 3) —F(% 5))-
Proof. As in the proof of Theorem 5.2, it follows from Theorem 3.2, Corollary 4.2, Propo-
sition 5.4, and the fact that the root number is 1. |

Remark 5.6. The theorem verifies and refines [12], Corollary 4.21. In the remaining case
N =4, [a,b] = [1,1], we have f = (4) and our special points on X, are not sufficient to
cover E'r. We have the same difficulty for V = 6.
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