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A B, C*B

¢©: A— B IFRIEES

¢ : AT — BT EMETHE, BRRME (o < b= ¢(a) < ¢(b))
o IEfEfEM 3 ™ Functional Calculus

o IMYETEEIEIEE A
o JEMUEAESY (Choquet Fiisy, EEFRLISY) 2 MW IEHIE k L— 2

[(ZHB] 3% 05, LRI L IERUERESY, 7 68 & 3 7, 2016 47 H.
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BiER Choquet F %y

£45 Q
U, \ TRUZE B(c29)
HFRE 1 B — [0, o)
(1) u(¢) =0 (2) A,BeB, AC B = pu(A) < u(B).

HIREA Q=1{1,2,...,n}, B=22 1% Q EOAREFHE L9 5.
BB f:Q—[0,00) & = (21,22,...,2,) € [0,00)" LB LT
(7 = f(i))

LERTDH. TEL, o€ Sh, (1) > Zy(2)
Ai = {0(1)70(2)7 s )0-(7’)}

Y
Y
8
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BEH Choquet #5747 X

T2

I

3

(xa(l) - xa(z))ﬂ(Al)

(To(2) — To(3))H(A2)

- A2—>
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BiER Choquet F& %) & FA V7= FERR B IEAEIALES 2K

Q=1{1,2,...,n}, C(Q) = C" IZxf L TIHMFLMGH
(C =)y (CHT - Ct 2 TEET 5

(C = @)u(f) = (©) / fdu.

e monotone 0 < f < g = (C) [ fdu < (C) [ gdp.
@ positively homogeneous

(C’)/kfd,u =k (C’)/fd,u for any scalar k£ > 0.

e comonotonic additivity {1 ® comonotonic pair f,g € C(Q)*

* LT

(@ )/f+gdu /fdu+ /gd,u.

Z Z T f,g » comonotonic pair Tdh % &%
(f(s) = f())(g(s) —g(t)) = 0 for any s, € Q.
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o X7 MR EOIERIE EMEINEE S

H %7537 Hilbert ZEffj &7 %.
B(H) : H FOASBIEIEMZRDO2E,
B(H)" : B(H) OFEEIER#F AR
K(H): H o=y MERFZOEK,
K(H)t : K(H) OFEERFE 2K
F(H): H EORRBEERFE DA,
F(H)* : F(H) OIEAEVER#E 2K
C(X) : NAHZEM X oo A Bk O 21K,
C(X)T : C(X) DAL REE DK

¢ : K(H)t —=[0,00) ; K(H)" FOIESBIEMLEEE T 5.
TED ae K(H)T, =2=%Y ue B(H) IZk LT

p(uau”) = p(a)
DI % & &, IERIPIEIETLEI%L ¢ % trace LIEFRT D.
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= N7 bR EOIERIEIE LS O

@ monotone a,b€ K(H)" a <b= p(a) < p(b).
@ positively homogeneous (LED A 77— k> 0 1Zxt LT

o(ka) = kp(a) ac€ K(H)T.
@ comonotonic additive on the spectrum

¢(f(a) +g(a)) = ¢(f(a)) + ¢(g(a))

for any a € K(H)*, any comonotonic functions f,g € C(o(a))*
with f(0) = ¢(0) = 0.
@ monotonic increasing additive on the spectrum

e(f(a) +g(a)) = (f(a) + »(g(a))

for any a € K(H)™, any monotonic increasing functions
f.g € C(o(a))™ with f(0) = g(0) = 0.
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JEL AN 2 EAL R T BE

N={1,2,3,...},Ng={0,1,2,3,...},
R(N) X N OFRESSEEORKET 5.

ﬁ%}ﬂi‘%ﬁﬂﬂﬁgﬁ o NO - [0,00) 7‘7)) a(O) =0 %Yﬁf:—g—& %
,Ufoc(A) = a(ﬁA), Ae R(N)

& et R(N) — [0,00) ZEHETD.
0 Lo [FEMAEHFNEIC/D.

n(A) = pu(o(A)), AeR(N),o € Bijec(N).

o (EEDEBALHIME 1 R(N) = [0,00). ZOFTHZBND.
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K(H)" Lo trace DAL

a: Ny — [0,00) Z «(0) =0 A 72 HFHHE MBI L L,
pa : R(N) — [0, 00) & BRI & 9 5.

a€ K(H)T lzxf LT
= Z)\n(a)p
n=1

o bt @ D 1KTEARY MUEE, Y2 p < T %373

Aa) = (M(a), \2(a), ..., \n(a),...) I a DEAEDOY 2 T

Ai(a) > Xg(a) > -+ > Ap(a) > -+ lim A\y(a) =0

n—oo

WD SR AR,
a ¢ F(H) D&% Ay(a) >0, o(a) = U= {An(a)} U {0},
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a€ K(H)*

WZxf LT

CEFTDH. 22T A ={1,2,...,i}.

©q % the non-linear trace of Choquet type associated with o &9 .
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(A1(a) = Az(a))pa (A1) + (M2(a) — As(a))pa(A2)
+(A3(a) — A(a))pa(As) + Aa(a)pa(Ag)
= (M(a) — A2(a))pa(Ar) + (A2(a) — Aa(a)) pa(As) + Aa(a)pa(As)

A (6 A1(al)
(A1(a) = Aa(a))pa(Ar)
)‘2( )7 BN o0/ )‘2( ) j : : ' 1
A a) )\4(a T
P1 P2 P3 P4 Ay
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Choquet B DIEHIE F L — A DOMH'E

©q: lower semi-continuous on K(H)*
® pula) <oo DEZXE

Ve>035>0; ||z —al|l <= pala) — e < pa(x)
® pa(a) =00 DLZ

VM >035>0; ||z —a| <0= M < pq(x)

Sn(a) =" 1 (Ni(a) — Nit1(a))a(i) : continuous for the usual operator
norm (by Mini-Max Theorem).

¢a(a) = sup{Sy(a) : n € N}.
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Choquet BRI DIEFRIE L — 2 DH

NS o Choquet TLDIERIE I L — 2 4 (a)

0,1,2,3,...) Y21 Ai(a) =Tr(a)  ( the usual trace)

(0,1,1,1,...) A1(a) = ||a|| (the usual operator norm)
—_—

0,...,0,1,1,...) Ai(a)  (the i-th eigenvalue of a)

(0,1,2,...,k,k,...) | % X(a)  (Ky Fan’s k-norm)
0.L1+2:", | TE i hia)
1 1
1427143571 ) | (Lorentz (p,1)-norm, p > 1)

a€ KH)T, a=>1"1 A(a)p, 1Zxt LT

Pala) = Z()\z‘(a) = Air1(a))a(i) = Z Ai(a)ei,
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Choquet B DIERRIE kN L — X DRFEAT 1T

Theorem 1

¢: K(H)" —[0,00] ZIHBIEMINEK L T2, 2L X, RIZFEET
H5.

(1) (0) =0 27T HFFEMFINFEL T o =9, E725.

(2) ¢ 1% comonotonic additive on the spectrum, unitarily invariant,

monotone, positively homogeneous, lower semi-continuous on K (H)™
in the norm “CZ?)ZD

FrlZ a e F(H)T 12X LT pla) < 0o TH 5.

(3) @ & monotonic increasing additive on the spectrum, unitarily

invariant, monotone, positively homogeneous, lower semi-continuous
on K(H)" in the norm T 5.

FelZ a e F(H)T IZx LT p(a) <oo THD.
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FERRTE b L— 2 & it

P =¢a, 0=a(0)<a(l) <a(2)<--- &L,ac K(H) IZHLT

llallla = a(lal) € [0, 00]

LEFT D, 2=4 1) uwe B(H) 12k LT |||uallla = [||allla = [[lau|lla
NP AYAC RS
Bl o =(0,1,2,.... kkk,..)0OLx

llallla = @allal) Ky Fan's k-norm al|(x)

k
=" X(lal) o] DEAfEDF
=1

k
= si(a) o DESREOR
i=1

a=(0,2,4,5,5,.. )(=(0,1,2,2,...) + (0,1,2,3,3,...)) D& &

lallla = ¢a(lal) = llallz) + llalls)-
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Proposition 1
©=¢q 0=0a(0)<a(l) <a2)<--- &T5. ZOLETLTIXFRE

(1) a IZTIRDOEMRT concave : a(z—f—l)—;—a(z—l) <a(i) (i=1,2,...)

(2) ci(=a(i) —a(@ — 1)) IFHHFHD. (¢ >c>...>0)
(3) llla+0llla < [llallla + |[bllle for any a,b € K(H)-

(1) & (2), (2) = (3) IFHIS .

B)=2) =7 p LIRIEHEDOLT 5.
a=(p1+p2+pit--+pi1)+pi,b=@P1H+p+-+pic1) tpiv1 &
T5 &

FOUED.

M. Nagisa a8y FREDHRE L —RE~wVal¥—rvar



FEHE R L—2AD ML —R 7 F 2EfHE

©=¢q 0=0a(0) <a(l) <a(2) <a3) <---, a  concave D& X,
- e 13

Ci'(H) = {a € K(H)| |[lallla = pa(la]) < oo}

IOV F NG TN
CX(H) ®yt% Choquet RLDIEMIE hL— R @, ICBTH hL—R 7 T
TEFZR LIRS

(CE(H), || - ||la) V& Banach Z2fi} T& Y, B(H) @ x-ideal \Z72%.

ay,ap, a3, a4 > 0, aay = 0 = agay L3MRLC, IFFYBULEIE (b L—X)

vala) = palar) — palaz) +i(palas) — palas))
EERTDHIENTED.
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HMIE F L— Z|CB9 5 Schatten-von Neumann class

©=¢a 0=a(0)<a(l)<a2)<---,
a € M, (C)T lZ%xf L

n—1 n
vala) =Y _(Nila) = Aip1(a)a(i) + An(a)a(n) = Zcz-/\i(a)
=1 =1

ZOLEp>1IZHL, | ap ERO L DIZERT D

lalllap = @allal?)'.

Proposition 2

¢ =0a, 0=0a(0) <a(l)<a(2) <, p>21&T 2L EUTIXRM

(1 a(i+1)+a(i—1)
2

( ( ( ) - Oé(Z - 1)) i%‘?ﬂﬂj’)\ (Cl > C2 > > O)

TR DEIR T concave : <a(i) (i=1,2,...)

) a

) e
(3) llla+blllap < lllalllap + Blllap for any a,b € M, (C).
ZOLE|| ap it Mo(C) D=8 URE ) LIRS,
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(1) & (2) 52
(2) = (3)
n n—1
lallla =) eidilal) =D (cx — cxr1)llall gy + enllalin)
=1 k=1

RO LY
!HaH!ap—Zcz (la)P)M/?

M RFEXEWIZT I ENDND.

V Z#IE2EM, v, e, ..

LATO0<z<y(z,yeR?) = B(z) < By) ZMi=TbDL+5. ZDL

X, v e VIZXHLT y(w) =B((r1(v),2(v),...,vn(v) 1TV LD/ VA
2725,

BV EDIVAETS. BIERY LDV
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(3) = (1) /NS 721 s, t lIZHF LT
a(s,t) =2(p1 +---+pi) + (1 + s)pit1 + (1 — t)pita,
c=2(p1+ -+ i) + Piv1 + Dit2
<.

lla(s; $)IlI6p = lllellla.

WRENIE, s — 0+ & LT, (1) OBk %%zhé
ali+2)>a(i+1) ERELTEI.
dsp € (0,1); a(i+2) —a(i) > (1+ s0)P(ai + 1) — a(i)).

lla(s, )[[[F = (20— (1+s)P)a(i)+((1+5)P — (1—t)P)au(i+1)+(1—t)Pau(i+2)
£ 05 € [0, s0] (2 LT [llals, O)[I] = [llell] = [[lals, DI &£72 9,

3i(s) € [0, 1]; [[lals, t(s)II] = lllel]]-
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b=2(p1+ - +pi) + (L= t(s))pis1 + (1 + s)pige £FB< &
1611l = [lla(s, k(s = [llell]

s —t(s a(s,t(s))+0
12120+ 1+ 2D el = 11Dy < e
L7201 s < t(s).

L5 [lla(s. )11 2 Illa(s, (5Dl = [l
b
o o
(1(8,8) t .
Pit2 L alst)
Pi+1 1 S
(p1+ - +pi)
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L p=wa 0=0a(0) <a(l) <a(2) <a(3) <---, a ' concave D
|

llallla,p = ¢a(|a|p)1/p €[0,00] a€ K(H)

THEHTD.
p=¢a 0=0(0) <a(l) <a(2) < p21LF 2L UTRRAM

(1) a lFKRDEKT concave : L8 —; ali—1)

(2) ci(= (i) —a(i — 1)) IFHEFRD. (1 >c2>...>0)
(3) llla + blllap < [llalllap + [[blllap for any a,b € K(H).

<a@) (=1,2,...)

Cy(H) = {a € K(H)| |l[a|lla,p = ¢allal’)/? < oo}

Cy(H) ®t% Choquet BLDIEFRIE b L — & o, IZBHF % Shatten-von
Neumann p-class 1EH 5 & FE5.
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Bla=(01,2.. kkk. )oOLx

llalllap = a(lal’)/? Ky Fan's p-k norm |[all,,x)

k
= si(a)P o ORREO
=1

Theorem 5

p>1, (Co(H), || lla;p) i Banach ZERTH Y, B(H) @ x-ideal \Z72%.

Proposition 3

0=0a(0) <al) <a2)<---,0=5(0)<p(1) <B2) <+, pg21
£95.

(1) 1<p<q=Cy(H)CCIH).

| A\

(2) a(n) —a(n—1) < B(n) —B(n—1) foralln = Cg(H) CCy(H).

v
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B RCE B AR

AIRES Q=1{1,2,...,n}, B=2% u % Q FOHFRE L+ 5.
B f: Q= [0,00) & f = (x1,22,...,2y) € [0,00)" &H72 LT
(zi = f(i))

() [ fdn =iz A (A1)
EEFERTDH. LIEL, 0€ S, Zy(1) 2 To(2) = -+ = Lo(n),
A= {0(1)7 0(2)7 s ?J(Z)}
Q=1{1,2,...,n}, C(Q) = C" IZxf L T EEGH
(S =), : (C)F = CF ZRTERT S

(S = /fdu
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K(H)t EoE BRI OIERIE trace DAL

a: Ny — [0,00) & a(0) = 0 &7 T HAHHMEE L L, SR 2R
fto : R(N) — [0, 00 ’i’u(>: a(fd) TEXRTD.

a€e K(H)*
a= Z)\n(a)p
n=1
(X LT

Ya(a) = V2 (Ni(a) A pa(4))
=V (Nila) A a(tdy))
= ViZi(Aila) A i)

EEFTDH. 22T A ={1,2,...,i}.

1 % the non-linear trace of Sugeno type associated with oo X195 .
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e : lower semi-continuous on K (H)™ in the norm

® Yy(a) <oo D& X
Ve>030 >0; ||z —al <= 1Ya(a) — €< a(z)
® Yy(a) =00 D& E

VM >036>0; |z —a| <d=M <))

Sn(a) = VI (Ni(a) A «(i)) : continuous for the usual operator norm (by
Mini-Max Theorem).

Yo(a) = sup{Sy(a) : n € N}.

EEDEZHE p IZx LT

Ai(pap) < Aia),  Ya(pap) < Ya(a).
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)\1(@)
)\2(@)
- Oal4)
O a3)
o
o a(2) W
(1)
W\ (a)
S N 5 ; .

Bl o = (0,1,2,3,4,...) DL Z a(a) = V2, (ANi(a) Ai)
Ya(a) > n < Ay(a) > n.

P LIRGTERE D & & o (2p) = (1) = 1 = a(p).
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= N7 bR EOIERIEIE LS O

e positively F-homogeneous (EE DA H 7 — k> 0 (2% LT
Y(kINa)=kAY(a) ac K(H)".
@ comonotonic F-additive on the spectrum

P((fVg)a) =(f(a)) Vi(g(a))

for any a € K(H)*, any comonotonic functions f,g € C(o(a))*
with f(0) = ¢(0) = 0.
@ monotonic increasing F-additive on the spectrum

Y((fVg)a) =(f(a) V(g(a))

for any a € K(H)™, any monotonic increasing functions
f.9 € C(o(a))™ with £(0) = g(0) = 0.
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BRI D IERRTE N L — 2 O RHESAT

Theorem 6

Y : K(H)" — [0,00] ZIERZIEMILESE T 5. 20L&, RIZFEET

H5D.

(1) (0) = 0 Zii7= T BFBIBIRIEE LT o = oo L7275,

(2) 9 X comonotonic additive on the spectrum, unitarily invariant,
monotone, positively F-homogeneous, lower semi-continuous on
K(H)" in the norm Tb%. a € F(H)" 1Zx LT
lim, o0 ¥(ca) < 00 TH 5.

(3) v IX monotonic increasing F-additive on the spectrum, unitarily
invariant, monotone, positively F-homogeneous, lower

semi-continuous on K(H)™ in the norm Té%. ae€ F(H)*"
T lime 00 P(ca) < 0o TH 5.

%t L
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BB OIERIE F L—R & ZAREKX

=14, 0=0a(0) < a(l) < a(2) 5.

IN

ac KH)T, p,q ®EZHEZLT5. 0<p<q= talpap) < Ya(qaq).

a€ K(H), a= Y32, M@)ps, M(a) > dafa) > -+ EF5.
(1) HRBHOHE p T pap > tala)p 7 Yala) < a(dimp) ZilT=T
HLONGFIETS.

(2) ARREEDOHE ¢ T [ — q)a(l — q) < Yala)(I — q) D>
Ya(a) > a(dimq) ZH7ZT b DORFETD.
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Theorem 9

a€ K(H)tIZHL

o(a) = max{\ > 0|3p; ARFEEOHE |\ < a(dimp), pap > Ap}.

a€ K(H)IZx L |lal|la = Ya(la|) EEFRTD.
Theorem 10

o ) concave ThH D & X,
16+ clla < lIblla + llclla

N AVAC RIS
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= 1q, 0=0a(0) < a(l) <«a2) <---, concave £ T 5. K(H) > a,b %t

d(a,b) = [la = bla

IZX > T (K(H),d) IXHEEEZER L 72 5.
(K(H),d) & (K(H),| - |) % Banachspace & LT TH S Z L »b
N5,

5
K(H)>a=a1 —as+ilag — ayq), a1,a2,a3,a4 > 0, ajaz = 0 = agaq O

Ya(a) = Yalar) — Yalaz) +i(Yalas) — va(as))
WL THMER PN L —AEERTDHIENTED.
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