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1. Introduction

The triangle inequality is undoubtedly one of the most fundamental inequal-

ities in mathematics. Let X be a normed (Banach) space. For any vectors

x, y ∈ X,

||x + y|| ≤ ||x||+ ||y|| (Triangle inequality).

Several authors have been treating its generalizations and reverse inequali-

ties (cf. Hudzik–Landes[7], S. Saitoh[16], Dragomir[2] and etc). Recently,

Kato-Saito-Tamura [9] found the sharp triangle inequality and its reverse in-

equality with n elements in a normed space to study the geometrical structure

of Banach spaces. After that, we have several papers about the triangle in-

equalities (cf. J. Pečarić–R. Rajić[15], Dragomir[3, 4] and Hsu–Shaw–Wong

[6]). Very recently, Mitani-Saito-Kato-Tamura [13] proved the refinement of

sharp triangle inequality and the reverse inequality.

Our aim in this talk is to present the recent results of sharp triangle in-

equalities in [8, 13].

2. Sharp triangle inequalities and the reverse

At first, we consider two non-zero vectors x, y of a normed space X. Then

we have
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Theorem 1 For two non-zero vectors x, y ∈ X such that ‖x‖ ≥ ‖y‖,

‖x + y‖+

(
2−

∥∥∥∥
x

‖x‖ +
y

‖y‖

∥∥∥∥
)
‖y‖

≤ ‖x‖+ ‖y‖(1)

≤ ‖x + y‖+

(
2−

∥∥∥∥
x

‖x‖ +
y

‖y‖

∥∥∥∥
)
‖x‖.(2)

The first inequality with two elements (1) was given earlier in Hudzik and

Landes [7]; the inequalites (1) and (2) are also found in a recent paper of

Maligranda [10].

We next consider three non-zero vectors x, y, z of a normed space X. Then

we have

Theorem 2. For all nonzero elements x, y, z in a Banach space X with

‖x‖ ≥ ‖y‖ ≥ ‖z‖,

‖x + y + z‖+

(
3−

∥∥∥∥
x

‖x‖ +
y

‖y‖ +
z

‖z‖

∥∥∥∥
)
‖z‖

+

(
2−

∥∥∥∥
x

‖x‖ +
y

‖y‖

∥∥∥∥
)

(‖y‖ − ‖z‖)

≤ ‖x‖+ ‖y‖+ ‖z‖

≤ ‖x + y + z‖+

(
3−

∥∥∥∥
x

‖x‖ +
y

‖y‖ +
z

‖z‖

∥∥∥∥
)
‖x‖

−
(

2−
∥∥∥∥

y

‖y‖ +
z

‖z‖

∥∥∥∥
)

(‖x‖ − ‖y‖).

In general, we have the following triangle inequalities for n nonzero vectors

x1, · · · , xn ∈ X.

Theorem 3 ([13]). Let n ≥ 3. For any non-zero vectors x1, · · · , xn of a

normed space X,

∥∥∥∥
n∑

j=1

xj

∥∥∥∥ +
n∑

k=2

(
k −

∥∥∥∥
k∑

j=1

x∗j
‖x∗j‖

∥∥∥∥
)

(‖x∗k‖ − ‖x∗k+1‖)
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≤
n∑

j=1

‖xj‖

≤
∥∥∥∥

n∑
j=1

xj

∥∥∥∥−
n∑

k=2

(
k −

∥∥∥∥
n∑

j=n−(k−1)

x∗j
‖x∗j‖

∥∥∥∥
)

(‖x∗n−k‖ − ‖x∗n−(k−1)‖),

where x∗1, x
∗
2, · · · , x∗n are the rearrangement of x1, x2, · · · , xn satisfying ‖x∗1‖ ≥

‖x∗2‖ ≥ · · · ≥ ‖x∗n‖, and x∗0 = x∗n+1 = 0.

In Theorem 3, we may assume that ‖x1‖ ≥ ‖x2‖ ≥ · · · ≥ ‖xn‖: that is, we

have the following

Theorem 3a. Let n ≥ 3. For all nonzero elements x1, · · · , xn in a normed

space X such that ‖x1‖ ≥ ‖x2‖ ≥ · · · ≥ ‖xn‖,
∥∥∥∥

n∑
j=1

xj

∥∥∥∥ +

(
n−

∥∥∥∥
n∑

j=1

xj

‖xj‖

∥∥∥∥
)
‖xn‖

+
n−1∑

k=2

(
k −

∥∥∥∥
k∑

j=1

xj

‖xj‖

∥∥∥∥
)

(‖xk‖ − ‖xk+1‖)

≤
n∑

j=1

‖xj‖

≤
∥∥∥∥

n∑
j=1

xj

∥∥∥∥ +

(
n−

∥∥∥∥
n∑

j=1

xj

‖xj‖

∥∥∥∥
)
‖x1‖

−
n−1∑

k=2

(
k −

∥∥∥∥
n∑

j=n−(k−1)

xj

‖xj‖

∥∥∥∥
)

(‖xn−k‖ − ‖xn−(k−1)‖).

Corollary 4([8]) For all nonzero elements x1, · · · , xn in a normed space X

∥∥∥∥
n∑

j=1

xj

∥∥∥∥ +

(
n−

∥∥∥∥
n∑

j=1

xj

‖xj‖

∥∥∥∥
)

min
1≤j≤n

‖xj‖

≤
n∑

j=1

‖xj‖
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≤
∥∥∥∥

n∑
j=1

xj

∥∥∥∥ +

(
n−

∥∥∥∥
n∑

j=1

xj

‖xj‖

∥∥∥∥
)

max
1≤j≤n

‖xj‖.

3. Equality of Corollary 4

In [8], Kato-Saito-Tamura considerd equality attainedness for each of our

inequalities in a strictly convex Banach space. The following lemma is quite

powerful in our subsequent discussions.

Lemma 5. Let X be a strictly convex Banach space. Let x1, x2, . . . , xn be

nonzero elements in X. Then the following are equivalent.

(i)
∥∥∥∑n

j=1 αjxj

∥∥∥ =
∑n

j=1 αj‖xj‖ with any positive numbers α1, α2, . . . , αn.

(ii)
∥∥∥∑n

j=1 αjxj

∥∥∥ =
∑n

j=1 αj‖xj‖ with some positive numbers α1, α2, . . . , αn.

(iii) x1

‖x1‖ = x2

‖x2‖ = · · · = xn

‖xn‖ .

Theorem 6. Let X be a strictly convex Banach space and x1, x2, . . . , xn

nonzero elements in X. Let ‖xj0‖ = min{‖xj‖ : 1 ≤ j ≤ n} and ‖xj1‖ =

max{‖xj‖ : 1 ≤ j ≤ n}. Let J0 = {j : ‖xj‖ = ‖xj0‖, 1 ≤ j ≤ n}. Then

(3)

∥∥∥∥∥
n∑

j=1

xj

∥∥∥∥∥ +

(
n−

∥∥∥∥∥
n∑

j=1

xj

‖xj‖

∥∥∥∥∥

)
min

1≤j≤n
‖xj‖ =

n∑
j=1

‖xj‖

if and only if either

(a) ‖x1‖ = ‖x2‖ = · · · = ‖xn‖
or

(b)
xj

‖xj‖ =
xj1

‖xj1
‖ for all j ∈ J c

0 and
∑n

j=1
xj

‖xj‖ = ‖∑n
j=1

xj

‖xj‖‖
xj1

‖xj1
‖ .

Theorem 7. Let X be a strictly convex Banach space and x1, x2, . . . , xn

nonzero elements in X. Let ‖xj0‖ = min{‖xj‖ : 1 ≤ j ≤ n} and ‖xj1‖ =

max{‖xj‖ : 1 ≤ j ≤ n}. Let J1 = {j : ‖xj‖ = ‖xj1‖ , 1 ≤ j ≤ n}. Then

(4)
n∑

j=1

‖xj‖ =

∥∥∥∥∥
n∑

j=1

xj

∥∥∥∥∥ +

(
n−

∥∥∥∥∥
n∑

j=1

xj

‖xj‖

∥∥∥∥∥

)
max
1≤j≤n

‖xj‖

if and only if either
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(a) ‖x1‖ = ‖x2‖ = · · · = ‖xn‖
or

(b)
xj

‖xj‖ =
xj0

‖xj0
‖ for all j ∈ J c

1 and
∑n

j=1 xj = ‖∑n
j=1 xj‖ xj0

‖xj0
‖ .

Theorem 8. Let X be a strictly convex Banach space and x1, x2, . . . , xn

nonzero elements in X. Then the equality
∥∥∥∥∥

n∑
j=1

xj

∥∥∥∥∥ +

(
n−

∥∥∥∥∥
n∑

j=1

xj

‖xj‖

∥∥∥∥∥

)
min

1≤j≤n
‖xj‖(5)

=
n∑

j=1

‖xj‖ =

∥∥∥∥∥
n∑

j=1

xj

∥∥∥∥∥ +

(
n−

∥∥∥∥∥
n∑

j=1

xj

‖xj‖

∥∥∥∥∥

)
max
1≤j≤n

‖xj‖(6)

holds if and only if

(a) ‖x1‖ = ‖x2‖ = · · · = ‖xn‖
or

(b)
x1

‖x1‖ =
x2

‖x2‖ = · · · = xn

‖xn‖ .

4. Applications

For non-zero vectors x, y ∈ X, we define the angular distance α[x, y] between

x and y by

α[x, y] = ‖ x

‖x‖ −
y

‖y‖‖.
Then the well-known Dunkl-William inequality [5] states that for any two

non-zero elements x, y,

α[x, y] ≤ 4‖x− y‖
‖x‖+ ‖y‖ .

The refinment established by Maligranda [10] is

α[x, y] ≤ ‖x− y‖+ |‖x‖ − ‖y‖|
max{‖x‖, ‖y‖} .

More generally, J. Pečarić and R. Rajić [15] showed that, for n nonzero ele-

ments x1, · · · , xn,

‖
n∑

j=1

xj

‖xj‖‖ ≤ min
1≤i≤n

{ 1

‖xi‖(‖
n∑

j=1

xj‖+
n∑

j=1

|‖xj‖ − ‖xi‖|)}.
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We next apply Corollary 4 to a geometric property of Banach spaces. Recall

that a Banach space X is called uniformly non-`n
1 provided there exists ε (0 <

ε < 1) such that for any x1, · · · , xn in the unit sphere of X there exists θ = (θj)

of n signs ±1 for which

(7)

∥∥∥∥∥
n∑

j=1

θjxj

∥∥∥∥∥ ≤ n(1− ε).

When n = 2, X is called uniformly non-square. By virtue of Corollary 4 we

immediately have the following fact.

Proposition 9. For a Banach space X the following are equivalent.

(i) X is uniformly non-`n
1 .

(ii) There exists ε (0 < ε < 1) such that for any x1, · · · , xn in the unit ball

of X there exists θ = (θj) of n signs ±1 for which (8) holds true.

Indeed, assume that there exists ε (0 < ε < 1) such that for any x1, · · · , xn

in the unit sphere of X there exist θ = (θj) of n signs ±1 for which (8) is valid.

Take x1, · · · , xn from the unit ball of X. If ‖xj0‖ := min{‖x1, ‖ . . . , ‖xn‖} ≤
1/2, we have

∥∥∥∥∥
n∑

j=1

σjxj

∥∥∥∥∥ ≤
∑

j 6=j0

‖xj‖+ ‖xj0‖ ≤ (n− 1) +
1

2
≤ n(1− 1

2n
).

Let ‖xj0‖ ≥ 1
2
. According to our assumption there exists n signs (θj) for

which (8) is valid for x1/‖x1‖, · · · , xn/‖xn‖. Therefore by the first inequality

of Corollary 4

∥∥∥∥∥
n∑

j=1

θjxj

∥∥∥∥∥ ≤
n∑

j=1

‖xj‖ −
(

n−
∥∥∥∥∥

n∑
j=1

θj
xj

‖xj‖

∥∥∥∥∥

)
‖xj0‖

≤ n− nε

2
= n

(
1− ε

2

)
.

Consequently by letting ε0 = min{ ε
2
, 1

2n
} we have the conclusion.
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