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The motivation of this work comes from the algebraic or matrix formalism of
finite quantum systems. An n-level system is described by the algebra M,, = M,,(C)
of n x n complex matrices. The matrix algebra of a composite system consisting of an
n-level and an m-level system is M,, ® M,,, ~ M,,,. A subalgebra of M corresponds
to a subsystem of a k-level quantum system.

In this lecture, subalgebras contain the identity and closed under the adjoint
operation of matrices, that is, they are unital x-subalgebras. The algebra M, can
be endowed by the inner product (A, B) = Tr(A*B) and it becomes a Hilbert space.
Two subalgebras A; and A, are called quasi-orthogonal if 4, & CI 1L A, & CI.

The aim of this lecture is to show the maximal number of (pairwise) quasi-
orthogonal subalgebras which are isomorphic to M, in Mg with some special d.

1 Preliminaries

A is a finite dimensional C*-algebra with usual trace Tr and is considered as a Hilbert
space under the inner product

(A, B) = Tr(A*B)
for any A, B € A.
Definition 1.1 Two subalgebras A; and A, are called quasi-orthogonal (MQOA) if

A16CI L A, 6ClI.

The equivalent conditions of this definition are following:
(i) For any A; € Ay and A; € A,,

. TI'(Al)TI'(AQ)

Tr(AlAQ) = T[)

(ii) For any A; € A; and Ay € Ay with Tr(A;) = Tr(A2) =0,
TI'(AlAQ) =0.

If e, f,g are vectors of a Hilbert space, then the linear operator |e)(f| acts as

le)(flg == ([, g)e.



Theorem 1.2 Let E; be an orthonormal basis in M, and let W = > . E; @ W; €
M, ® M,, be a unitary. The subalgebra W (I @ M,,)W* is quasi-orthogonal to I ® M,

iof and only iof -
- g (W) (W]

is the identity mapping on M,,. This condition cannot hold if m < n and in the case
n =m the condition means that {Wy : 1 <k < n2} 1s an orthonormal basis in M,,.

Proof. Assume that A, B € M,,, and TrB = 0. Then the condition
WA YW* L (I ® B)
is equivalently written as

Te(W(I @ AW*(I® B)) = > Tr(E.E})Te(W AW B) = Y Tr(Wi AW B) = 0.
k,l k

Putting B — Tr(B)I,,/m in place of B, we get

T'B
ZTr W, AW; B) = — ZTr Wy AW?) |

for every B € M,,,. Let & : M,, ® M,,, — M,, be the linear mapping defined as

TrK
n

E(K®L) = L.

Since & is unit-preserving and W is a unitary,

L, = &(W*W) = 52<ZE;:EZ ® W,:Wl) - ZTr E:E)W;W, = ZWka,
k,l

and we arrive at the relation

Y TeW, AW} B = —~TrAT:B. (1)
m
k

We can transform this into another equivalent condition in terms of the left mul-
tiplication, right multiplication and |W})(W}| operators.

For A, B € M,,, the operator R4 is the right multiplication by A and the operator
Lp is the left multiplication by B: R, Lg : M,, — M,,, RaX = XA, LgX = BX.
If A\;’s are the igenvalues of A and p;’s are the igenvalues of B, then \;x;’s are the
eigenvalues of Ry Lpg. Therefore

TeRuLp = (Z /\Z-> <Z Mj) — TrATyB.
( J



We have

> T W) (WilRaLp = ) (Wi, RaLpWyi) = )  TeW;BW, A
k k k

= "mATB="TvR,L,
m m

for every A, B € M,,. Since the operators R4Lpg linearly span the space of all linear
operators on M,,, we have

m
= W) (W] = L.
" k

This is our statement. U

2 Quasi-orthogonal subalgebras in the case d = 2

In this section, we consider the quasi-orthogonal subalgebras in My = My ® My which
are isomorphic to M. A natural orthogonal basis of M, consists of the Pauli matrices:

10 101 10 = |1 0
og -— 0 1 y o1 = 10 y g9 = i 0 y g3 = 0 —1 .

It is easy to construct four pairwise quasi-orthogonal subalgebras by using the
Pauli matrices. For example:

span{/, oy ® 09,09 ® 09,03 R 0o}, span{l, oy ® 01,01 ® 09,01 @ 03}

span{/, 09 ® 01,00 ® 09,09 ® 03}, span{l, o3 ® 01,03 ® 09,00 R 03}.

Next, we prove that the maximal number of such quasi-orthogonal subalgebras is

4.

Theorem 2.1 Let I ® My and A be quasi-orthogonal subalgebras of My which are
isomorphic to My. Then the intersection My ® I N A is an at least two dimensional
subspace of My.

Proof. The 4 x 4 matrices

a 0 0 b
0 c d O
¢= 0 dc O
b 0 0 a
form a commutative algebra C. Since
Co+ C3 0 0 C1 — C
3
ZC-O’-@O": 0 Co—C3 C1+Co 0
v ! 0 c1+cy cyp—cC3 0 ’

1=0
C1 — Cy 0 0 Co + C3



C is the linear span of the matrices 0; ® 0;, 0 < i < 3. (These are the matrices which
are diagonal in the so-called Bell basis.)
The algebra C plays a special role. Any unitary in M, can be written in the form

(L1 ® Ly)N(Lz ® Ly), (2)

where Li, Lo, L3, Ly are 2 x 2 unitaries and the unitary N is in C. This is called
Cartan decomposition, see equation (11) in [7] or [3].
There is a unitary W € M, such that

W(I @ My)W* = A.

W has a Cartan decomposition (2). Since the subalgebra W (I ® My)W™* does not
depend on L3 and L4, we may assume that Ly = Ly = I. Moreover, the quasi-
orthogonality of W (I ® Ms)W* and I ® M, does not depend on Ly and Ly. The quasi-
orthogonality is determined by the factor N € C. Since the matrices E; = 0;/v/2 form
a basis in My, Theorem 1.2 is conveniently applied for the unitary N = Z?:o C; 0, R0y,
choose W; as ¢;v/20;. The theorem gives that

3
2> " eilloi) (ol
=0

is the identity mapping on M, which implies |¢;|*> = 1/4 (0 <4 < 3). In a trigono-
metric approach, let

co = cosa cosFcosy+ isina sin 3 sinvy,
¢ = cosa sinfsiny +isina cos 3 cos7y,
¢ = sina cosfsiny +icosa sin 3 cosy,
c3 = sina sinFcosy +icosa cos 3 siny.

In order to get a proper unitary, two of the values of cos? a, cos? 3 and cos? v equal
1/2 and the third one may be arbitrary. Let N be the set of all matrices such that
the parameters «a, 3 and v satisfy the above condition, in other words two of the three
values are of the form 7 /4 + k7w /2. (k is an integer.) Let

Ny :={N € N : «ais arbitrary, § = n/4 + ky7/2, and v = 7/4 + ko /2}  (3)

and define Ny and N3 similarly. (M = N; UN; UN3.). Since the subalgebra N(I ®
M5)N* does not depend on the integers k; and ko, we simply take k; = ky = 0. This
makes computations a bit more convenient. One computes that

N(I®0o;)N =40, @1
for N; € N;. It follows that
(L1 ® Lo)N;(I @ o) N} (L] @ L) = £ Lo, LT @ 1
for every unitary N; € N;. Therefore Lio;L; ® I € A(0) N B. O

The theorem immediately gives that the maximal number of pairwise quasi-
orthogonal subalgebras isomorphic to Ms is at most 4.



3 Quasi-orthogonal subalgebras in M

Next we consider the pairwise quasi-orthogonal subalgebras A; ~ M; in Msn. Let
m(n) be the maximal number of pariwise quasi-orthogonal subalgebras of M. which
are isomorphic to Ms. The question is their maximal number m(n).

The traceless subspaces of My and My» are a 3-dimensional space and a (4™ — 1)-
dimensional space, respectively. Therefore,

4" —1
< =
- 3

m(n) i N,.

Below, we construct N, — 1 pairwise quasi-orthogonal subalgebras. We conjecture
that this is the true value of m(n).
The Hilbert space M- has a natural orthogonal basis

(oFR ®Ui2®"'®ain = (il,ig,...,in),
where i; = 0,1,2,3 and 1 < 57 <n. We put

A triplet (A;, Ay, A3) € P3 is called a weak Pauli triplet if A;Ay; = +iAs. and
(A1, As, A3) € P23 is a commuting triplet if A; Ay = +A3. The linear span of elements
of a weak Pauli triplet and I is a subalgebra isomorphic to Ms.

Assume that A = (A, Ay, A3) € P2 is a commuting triplet. Then we can construct
three pairwise disjoint weak Pauli triplets: A = (01 ® Ay, 00 ® Ay, 03 ® A3) and
A = (09 ® Ay,03 ® Ay, 01 ® A3z) and AB) = (03 @ Aj,00 ® Ay, 00 ® A3) In P2, .
Therefore, to construct pairwise quasi-orthogonal subalgebras isomorphic to Ms, it
is useful to consider weak Pauli triplets and commuting triplets.

Example 3.1 There are 5 pairwise disjoint commuting triplets in Py. Indeed,

We show that P, can be decomposed into commuting triplets.



Theorem 3.2 For each n > 2, there is a family of commuting triplets
{AD = (A7, A, AP C P

such that

Np,
Al —
J

Proof. In the case n = 2 and n = 3, it is already proven above. Assume it is
proven in the case n = k, and we consider the case n = k + 2. Let {A®D1°
and {B(j)};\f:’“1 be the family of commuting triplets satisfying the theorem in the

case of n = 2 and n = k, respectively. Then, for each A®W = (A(li),Agi),A:(;)) and
BU) = (B(j) B('),B:gj)), we can construct three commuting triplets in Pk+2, that
is, (A" @ B AV @ B AP @ BY)) and (A" @ BY), AV @ BY), AY @ BY)) and
(Agi) ® Béj), Ag) ® Bﬁj ), Aéi) ® Béj )). Moreover, we have other commuting triplets,
ie., (A" @1, AV @1, AV @ 1,) and (I, ® BY | I, ® BY) | I,  BY). Consequently,
we have 5+ Ny +3 -5+ Ny = Nijo commuting triplets. Since U?Zl A® = P, and
UM BY = P, AW AD A and {BY 2]),3(])}?7:’“1 are distinct. Hence, we
obtain the union of the above Nj.o commutlng triplets is Pyyo. U

The good point of this construction is that it is easy to use the induction.
Theorem 3.3 There exist N, — 1 quasi-orthogonal subalgebras in Mon.

Proof. The case n = 2 is already proven in Theorem 3. Assume it is proven for n = k,
and we consider the case n = k + 1.

From Theorem 3.2, let {A® = (Agi),Ag),Ag))}fQ“l be commuting triplets in P}
such that Uf\fl A i) = P,. Then we have 3N, pairwise disjoint weak Pauli triplets,
that is, (o1 ® A , 09 ® A2 , 03 ® Ag)) and (0 ® A1 , 03 ® Ag), o1 ® Aéi)) and (03 ®
Agi), o1 ® Ag), o2 ® A:(; ). Furthermore, we obtain another weak Pauli triplet (o7 ®
Iy, 09@1;, 03@1;). These 3Ny +1 weak Pauli triplets are pairwise disjoint. Moreover,
the complement space of above 3N, + 1 Pauli triplets is I ® M,x. Indeed, since
UM, A® = Py, we have

{(Ul ® A(l’L)a 02 X Ag)7 03 ® A;(SZ))a (0-2 ® A(l’L)a 03 0y A(QZ)a 01 0y Aé’)))
(0'3®A§i),0'1®Ag),0'2®A:()j)),(0'1®[k,02®[k,03®[k) ’ 1 SZSNk}
(0,0, ® - ®0;, |i=1,2,3, j;=01,2,3, 1 <1<k}

Therefore, the complement space is I ® Myx spanned by
{oo®@oj, @---@o0y | 71=0,1,2,3, 1 <I<k}.

Now we use the assumption that there are N, — 1 pairwise disjoint weak Pauli
triplets B® = (B, B B{) in My (1 <i < N, —1). Then

(0'0 & BY), 0o & Béz), 0o & B:gl))



give pairwise disjoint weak Pauli triplets in P2 1. Summing up, we have 3N, + 1 +
N — 1 =4N, = N1 — 1 pairwise disjoint weak Pauli triplets. ]

Similarly, we can prove the following. If there exist N, pairwise quasi-orthogonal
subalgebras in My for some n, then there exist N, pairwise quasi-orthogonal subal-
gebras in My for all k& > n.

4 Quasi-orthogonal subalgebras: d is prime

In this section, we consider the quasi-orthogonal subalgebras in M, = M, ® M,
which are isomorphic to M, where p is a prime number with p > 3. In this case, we
can construct p? + 1 pairwise quasi-orthogonal subalgebras.

Define the unitary operators W and S in M, by

10 0 --- 0 00 --- 01
0N O - 0 10 - 00
w=[00X - 0 | §—|01 - 00|
(00 0 - N7 (00 -+ 10|

where A = ¢?™/P. A natural orthogonal basis of M, consists of {S*W7}o<; i<, 1. Since
SW = X\"'WS, we have

Skipyte ghayyle — \lk2 ghitheyylitls (4)

Therefore SF*Wh and S*2W" commute if and only if k;ly = kol; mod p. We consider

this commutativity condition in the context of a vecter space over the finite field Z,.
Let Z;,l = {(k1,l1, ko, la) | k1, Ly, k2, Iy € Z,} and define a nutural homomorphism 7 (up
to scalar multiple) from Z to M, ® M, by

m(ky, 1y, ko, ) = S @ S22,
We denote a symplectic product by
wou' = kily — kily + kol — kolo mod p,
where u = (ky, 11, ko, l2) and o' = (K, 13, kS, 15). From (4),
m(u)m(u) = X741 (u) 7 (u). (5)
Hence 7(u) and 7(u') commute if and only if their symplectic product equals zero.
Lemma 4.1 If w(u) and w(u') are not commutative for u = (ki,li, ke, l3), u' =

(k1,1 Ry 1) € Z;l, then the algebra A generated by m(u) and mw(u') is isomorpic
to M,.



Proof. From the assumption, uou’ # 0. We define a map p from {S, W**} to A by
p(S) =m(w),  p(W") =r(u),

From (5) and SW¥¥ = A\~ v S the commutativity condition of 7(u), m(u)
and that of S, W"" are same. Therefore p can be extended to a isomorphism from
M, generated by S and W"¥ to A. O

From this lemma, we need to find such u and u’. Let D be a non-zero interger in
ZP with the requirement that D # k? mod p for all k in Z,, i.e. D is not a quadratic
residue of p. For any ag,a; € Z,, we define subgroups of Z;l by

Cagar = 1bo(1,a1,0, a0) + b1(0, a0, —=1,a1D) | by, by € Z,},
where scalar multipication and addition are defined by a natural way. Moreover define
Cs = {bo(o, 1,0, O) + bl(O, 0,0, 1) | by, b1 € Zp}

Lemma 4.2 The only vector common to any pair of above subgroups is (0,0,0,0).
In particular, the subgroups partition Z;\{(O, 0,0,0)}.

Proof. Since there are p?+1 subgroups and each subgroup has p? elements, it is enough
to prove that the intersection of any two subgroups is {(0,0,0,0)}. It is easy to see
Cagar N Co = {(0,0,0,0)}. Therefore we prove that Coye, N Cor o = {(0,0,0,0)} if
ap # aj or aj # aj.

Assume by(1,ay,0,a0) + b1(0,a0, —1,a1 D) = by(1,a},0,a) + 0,(0, a5, —1,a} D),
then from the first and third components we have by = b}, and b; = b}. Similary, from
the second and fourth components we are led to the equations

a1b0 + a0b1 = &llbo + &gbl

@ObO + alle = &660 + &llle.
These equations can be rewritten as a matrix equation
b1 b() apg — (l6 _ 0
b() le a; — (lll 0 '
If by = by = 0, then the element is (0,0,0,0). Therefore we assume by # 0 or by # 0.
Then the above matrix is invertible, indeed

-1
b1 bo 2 -1 | D —bo
= (bjD — b, .
[bo le] 0D =b)" | Ty,

Here we use that 62D # b2 mod p from the assumption of D. This implies ag = af,
and a; = a} which is a contradiction. O

Since (1, a1,0,a9) o (0, a9, —1,a1 D) = 2ay, if ag # 0 then

span{m(Coya,) } = M,



by Lemma 4.1. But if ag = 0, the algebra is commutative and hence span{m(Cp, a,) } =~
CP*. Therefore we need reconstruct subgropus in the case ag = 0.
For any a € Z,, define subgroups by

D, = {by(1,1,—a,aD)+b:(1,2,—a,2aD) | by, by € Z,},
Do = {bo(0,0,1,0) +by(0,0,0,1) | by, by € Z,}.

Lemma 4.3 The only vector common to any pair of above subgroups is (0,0,0,0).
Moreover we have

| D.uD.= ] Cou Ul

a€Zp a1€2Zp

Proof. It is easy to see the first assertion. Therefore to show the second assertion, it
is enough to prove D,, Do, C Ualezp Co.ay, U Cwxo.

First consider the element (0,0, by, by) in Dy If by = 0, then (0,0,0,6;) € C. If
by # 0, then

(0,0,b9,b1) = —bo(0,0, =1, =by "0 D™ D) € Cy -1y, -1

Hence D, C Ualezp Coa, U Csx. Next we consider the element by(1,1, —a,aD) +
b1(1,2,—a,2aD) in D,. If by + by = 0, then by(1,1,—a,aD) + by(1,2,—a,2aD) =
(0, b0 + 2b1,0,abyD + 2ab; D) € Cy. If by + by # 0, then

bo(1,1,—a,aD) + by (1,2, —a,2aD)
== (bo + bl) (1, (bo + bl)_l(bo + 2b1), O, 0)
+a(by + b1) (0,0, —1, (bg + b1) " (bo + 2b1) D)

S CO,(bo-l—bl)*l(bo-f—an)'

Therefore we obtain D, C (J Co,a U Cx. d

a1€Zp

Since (1,1, —a,aD) o (1,2, —a,2aD) = 1 — a*D # 0 by the assumption of D and
(0,0,1,0) 0 (0,0,0,1) = 1, we obtain

span{m(D,)} ~ M,
span{7m(Ds)} ~ M,

by Lemma 4.1. Consecently we have the next theorem.

Theorem 4.4 There are p* + 1 pairwise quasi-orthogonal subalgebras of My2 which
are isomorphic to M,,.
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