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1. numerical range of a matrix and the equa-

tion of its boundary

Definition Suppose that T is a bounded linear on a complex Hilbert space
H . The range

W (T ) = {〈Tx, x〉 : x ∈ H, ||x|| = 1}, (1.1)

is called the numerical range of T .

It is known that the spectrum σ(T ) of T is contained in W (T ). The
range W (T ) is a bounded convex subset of C ( Hausdorff, 1919 [H];[T],[AL]).
If H is finite-dimensional, then the set W (T ) is compact and the boundary
of W (T ) lies on an algebraic curve. We assume that H is finite-dimensional.
Set

MR = maxσ(ℜ(T )), mR = minσ(ℜ(T )),

MI = maxσ(ℑ(T )), mI = minσ(ℑ(T )).

In 1902, Bendixson showed the inclusion

σ(T ) ⊂ {x + iy : (x, y) ∈ R2, mR ≤ x ≤ MR, mI ≤ y ≤ MI}.

This relation was refined as

W (T ) = ∩0≤θ≤π{z ∈ C : minσ(ℜ(exp(−iθ)T )) ≤ ℜ(z exp(−iθ))
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≤ maxσ(ℜ(exp(−iθ)T ))}.

A concrete procedure to determine the equation of ∂W (T ) is provided in the
following. We use an algebraic or a convex analytic method. Suppose that
∆ is a compact convex set in C ∼= R2 and 0 is an interior point of ∆. Then
the set

∆⊥ = {x + iy : (x, y) ∈ R2, xu + yv + 1 ≥ 0 for every u + iv ∈ ∆}

is also a compact convex set. If p, q are positive real numbers satisfying
1/p + 1/q = 1, then the sets

Bp = {x+iy : (x, y) ∈ R2, |x|p+|y|p ≤ 1}, Bq = {x+iy : (x, y) ∈ R2, |x|q+|y|q ≤ 1}

satisfy
B⊥

p = Bq, B⊥
q = Bp.

If W (T ) contains 0 as an interior point, then

∂(W (T )⊥) ⊂ {x + iy : det(In + xℜ(T ) + yℑ(T )) = 0}.

Even if 0 is not an interior point of W (T ), the boundary of W (T ) is the dual
curve of the algebraic curve:

{x + iy : det(In + xℜ(T ) + yℑ(T )) = 0},

and hence the degree of the equation of ∂W (T ) is at most n(n − 1).

2. the q-numerical range of a matrix

Definition Suppose that T is a bounded linear operator on a complex Hilbert
space H , and q is a real number 0 ≤ q ≤ 1. The q-numerical range Wq(T ) is
defined as

Wq(T ) = {〈Tx, y〉 : x, y ∈ H, ||x|| = ||y|| = 1, 〈x, y〉 = q}. (2.1)

　

We assume that H is finite-dimensional. In 1984, N. K. Tsing proved the
following formula and proved the convexity of Wq(T ): 　

Wq(T ) = {q z +
√

1 − |q|2w : z ∈ W (T ), w ∈ C, |w| ≤ φ(z)},
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where
φ(z) = max{〈T ∗Tx, x〉 : x ∈ H, ||x|| = 1, 〈Tx, x〉 = z}

is convex on W (T ) as a result of Binding in 1985 (cf.[B],[LP]). (Tsing used
a slightly different method.) W1(T ) = W (T ).

Tsing’s formula provides a basis to compute the boundary of the equation.
We set

Γ(T ) = {(x, y, u, v) ∈ R2, x+iy ∈ W (T ), x2+y2+u2+v2 ≤ φ(x+iy)}. (2.2)

Then Γ(T ) is a compact convex set in R4. For 0 < q < 1, we consider an
orthogonal projection Πq : R4 → R2 ∼= C defined by

Πq(x, y, u, v) = (qx +
√

1 − q2u, qy +
√

1 − q2v).

Then the following equation holds:

Wq(T ) = Πq(Γ(T )) (2.3)

(cf. [CN1]). The boundary of Γ(T ) lies on an algebraic hypersurface in the
4-dimensional space R4. The set Wq(T ) is also the image of this boundary
by Πq.

The order of the equation of the boundary of Γ(T ) is at most 2n(n− 1)2.
The equation F (x, y, u, v) = 0 is obtained by

F (x, y, u, v) = G(x, y, x2 + y2 + u2 + v2),

where G(x, y, z) = 0 is the equation of the dual algebraic surface of the
algebraic surface defined by

det(In + X ℜ(T ) + Y ℑ(T ) + Z T ∗T ) = 0.

If T , T are respective n × n, m × m matrices. Then the following two
conditions are mutually equivalent

(i) Γ(T ) ⊂ Γ(S),

(ii) Wq(T ) ⊂ Wq(S) for 0 ≤ q ≤ 1.
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In this talk, we provide a concrete method to compute the equation of
the boundary of Wq(T ) for an irreducible 3 × 3 matrix , for example

T =







4 1 0
0 −1 2
0 0 −3





 .
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