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Workshop on Operator Theory and Operator Algebras in Japan

Seminar Room at the 3rd Floor,
Graduate School of Science and Technology,
Chiba University.

November 7, 2007 (Wednesday)

14:00 -- 14:50 Jun-ichi FUJII (Osaka Kyoiku Univ.)

One-parameter families of multivariable operator means

15:00 -- 15:50 Masahiro YANAGIDA (Tokyo Univ. of Science)

Generalizations and extensions of Furuta inequality
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Recent topics on Aluthge transformation
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9:00 -- 9:50 Kichi-suke SAITO (Niigata Univ.)

On the triangle inequality in normed spaces

10:00 -- 10:50 Mikael Pichot (Univ. of Tokyo)

Intermediate rank and group C* algebras

11:00 -- 11:50 Hiroshi NAKAZATO (Hirosaki Univ.)

g-numerical range of a matrix

12:00 -- 12:40 Tomohiro HAYASHI (Nagoya Inst. of Tech.)

Triangular inequality for operators
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9:30 -- 10:20 Tsuyoshi KAJIWARA (Okayama Univ.)
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Quasi-orthogonal subalgebras of matrix algebras

11:30 -- 12:20 Kengo MATSUMOTO (Yokohama City Univ.)
Orbit equivalence of topological Markov shifts and Cuntz-Krieger algebras



Nishi—Chiba Campus

Tokyo

& Administration Bureau

© Canter for Environmantal Remote Sensing

iB Canter for Frontiar Scance

@ Center for Genaral Education

@ Center for International Research and Education
@ Centes for Language Education

@ Center Gate

& Chemical Analyss Center

& Department of Student Affairs

@ Safety [Safety and

@ Elementary School

i Engineering Research Bullding

& Facilltles for Campus Life

® Faculty of Education

i Faculty of Engineering

B Faculty of Letters / Faculty of Law and Economics
i Faculty of Pharmaceutical Sclences

0 Faculty of Sclence

& General Studies Complex

) Graduate School of Humanities and Soclal Sclences
D Graduate School of Scence and Technology, Bullding 1
@ Graduate School of Scence and Technology, Bullding 2
O Guest House

& Gymnasium

&) Innovation Plaza, Faculty of Engineering

@ Instiute of Media and Informatlon Technology

) Junior High School

D Keyaki Kalkan [University Hall

@ Kindergarten

& North Gate

@ Office of Research Administration

O Radiolsotope fesearch Center

@ Research Center for Frontler Medical Engineering
© Safety and Health Organization

@ Sclence Reseanch Bullding

@ South Gate

0 University Library-Central Library

i Vienture Business Laboratory

EEECTEEN

Keisei
Midori-dai Staticn

Faculty of Letters
Faculty of Education
Faculty of Law and Economics
Faculty of Science

Faculty of Pharmaceutical Sciences

Faculty of Engineering A
JR Nishi-Chiba
Station

General Studies Complex



M. B. Ruskai
dJ. C. Bourin
tiE B
P oF
XA E=x
& &R
XE @&
R B—
EBH K=
b O i
AElR  REME
ik S
% BE
B =&
(A
B &F
E =
R R
bR 2B
b
@5k
EER 1EE
BH O E-
nH RBHE
= BEAN
Ha &
Wtk &
LT E
IzA FHE
=l =
A NFE

FEXZ

FRRE K
IIF PSS
FLM R
RKBRHEEKXRZE
B TRKEF
RRHEFKRZF
BUEKRZ
FRRF
PSS
FRRE K

FrA
Fg t TN
BALF A
3PN
FrA

ZEEBIEXXRE

BB KZF
RKERHEEKXRZ
FEXZ
REKF
B K
RIPKF
REKRF
tEEXFE

BRDKEZFKRFE

AREESH

SmEVRX b+

E.-Y. Lee
M. Pichot
Rk &
ALl 3
A FF
& %8
INR Rz
7T A
R B
AR RZ
FiEg  Fat
ik Es
HE tHE
g IEE
HitE & RER
FH FY2
Nk L
hE &
KIH  WEER
BRIl #H®E
BE X
B ER
mH #Z
nr @#E
B BX
B ek
s SCEAR
e fZHH
B %S
we %5
Bl B|E

RIEKZE
HEXE
ERXZF
REKZE
PNIE §= PN
REEMXE
FEXE

[ LU K2
REKZE
LN K=
REEMXE
CIELIERE
UCLA
RIALEHXZ
PNE §= PN
HRKE
BhRETKZE
FEXE
HRKE
Rl K
PNE §= PN
REEMXE
FEMII KRS
FEXE
REEMXE
wWmE)IKE
FEXE
REKZE
LN K=
FEXE



One-parameter families
of multivariable operator means

JUN IcHr FUJII, OsakA KyoOiKu UNIVERSITY

1 Means and paths

In this talk, we use operator means, in particular, the Kubo-Ando mean [10] plays a
central role: A binary operation m on positive operators on a Hilbert space is called the
Kubo-Ando (operator) mean if m satisfies the following axioms:
monotonicity: A<C,B<D —= AmB<CmD.
semicontinuity: A, | A B,|B=— A, mB, | AmB.
transformer inequality: T7*(AmB)T <T*ATmT*BT.

normalization: AmA = A.

By semicontinuity, we may assume positive operators are invertible. The representing

function fm(x) = 1lmax for a Kubo-Ando mean m is operator monotone (concave) on
(0,00) and m is represented by

N|=

AmB = A f, (A 2BA 2) Az,

A path Am;B means parametrized operator means which is usually differentiable for
t with AmyB = A and Am;B = 0. A path is called symmetric if

AmtB = Bml_tA

holds for all t € [0, 1]. Typical example is (quasi-arithmetic) power means for r € [—1,1] :

3=

A#,,B = A3 ((1 — ) + t(A—%BA-%)’") A3,

which include important means:
arithmetic mean: AV,;B = A#,,B=(1—-1)A+ 1B
geometic mean: A#,B = A#B = llil(l) A#..B = A%(A_%BA_%)tA%
harmonic mean: A ,B = A# _1,B=((1—-t)A"'+tB~ ).
Moreover the above paths are interpolational in the sense that
(A#r,pB)#r,t(A#r,qB) = A#n(l—t)p-‘rth

for all p,q,t € [0,1].



2 CPR geometry and Thompson metric

Here the CPR geometry represents the one on the Finsler manifold A, the positive
invertible elements in a unital C*-algebra A, discussed by Corach-Porta-Recht [4, 5].
Corach himself reformulated it in [6]: The base manifold is A* with the tangent vector
bundle A" (the tangent space at A € AT is AT — A). For the invertible elements G in A,
the principal fibre bundle {G, A", U, w4} for fixed A € A is defined by

projection w4: G — A", G — GAG*

structure group Uy ={V € G | VAV* = A} = AV A2
with the action LyyA = VAV*, which shows A™ is homogeneous.

fiber 7,'(B) = BY?A"Y2, = BYUA/?

tangent map 75:A — A" X — XG* + GX*
(The tangent space for G is identified with A itself.)

Since A™ is a homogeneous space, we may usually assume the fixed element A is the
identity I. Then the principal fibre bundle has a natural connection, which induces the
covariant derivative D, of a tangent field X (¢) along the curve 7(t) in A*"

1, 1.
DX =X = S(477' X + Xy71),

Then the geodesic equation
0 =Dy =4—47"%
implies that the geodesic from A to B is the path of geometric Kubo-Ando means:

A#,B = Az(A"2BA z) Az,
Moreover the above manifold A" is the Finsler space with a Finsler metric
L(X;A) = [|X]la = [|AT2XAT2
Since || X|4 is an equvalent norm to || X ||, it is a Finsler metric if
Finsler condition: | P X|vt) = | X |50
holds for all curves v and parallel transports P, along ~ [15]. In this case,
PX =T(1)L(0)" X (I(0)") ' T(1)*
for a parallel lift " for 7. For the case A = [ for simplicity, a lift I' satisfies
v =m(I) =TT",

so that U, = ~(t)"'/2I'(t) defines a unitary for each ¢. Therefore we show the Finsler
condition by

1PX |l = 1U:U57(0) "2 X4 (0) 72U Uy || = [|7(0) ™2 X7(0) 2| = || X [|-(0)-

2



Then the geodesic is the shortest path with respect to this metric: The length £(7) of
path ~(t) is defined by

1 1
()= [ L@@ = [ ey 00
0 0
If v(t) is a path from A to B, then
A(A, B) = inf ((x) = (A#B) = || log(A"2BA2)|

= log (max{[|[A”2BA™Y?||, | B~2AB~'|)})
= log (max{r(A™'B), r(B~"A)}).

Also the homogeneity of AT implies
d(A,B) = d(X*AX,X*BX) = d(I,A"'?BA/?)

for invertible X. The metric d makes A" a complete metric space and it is called the
Thompson (part) one [17, 14].

Remark. Batia-Holbrook [3] shows A#, B is also the shortest for the metric [[A~2 X A~z ||,
for 2-norm. The essential part is the inequality

(%) 5(7)5/0 H’V(t)1/27’(?5)7@)”2\!201@/0 [ (t)|2dt Z ||log B —log Al

where H(t) = log~(t). Though they showed the case for 2-norm, we can show the cases
(x) for all unitarily invariant norms by the logarithmic-geometric mean inequality in the
Hiai-Kosaki means [9]:

1
’H/ HtXKl—tdt)H > |HY2X KV,
0

Also, Corach et.al. [5, 2] showed the convexity for the metric: For geodesics vy and 9,
the followings are equivalent:

(1) F(t) = d(y(t),0(t)) = log [ly(t)"/20(t)y(t)/?}: convex:
(i) d(y(2),6(t)) = (1 —1)d(7(0),0(0)) + td(y(1),(1)).

The above equivalence is guaranteed by the interpolationality for the path A#;B. This
convexity suggests that the curvature of A" is negative. In Riemannian geometry, the
above convexity implies exactly the negativity of the curvature. But, in Finsler geometry,
the notion of it has not been completely established yet.

3 Lawson-Lim’s operator mean

Recently, Lawson-Lim [12, 13, 11] defines multivariable operator means parametrized by
t € [0,1] which is an extension of Ando-Li-Mathius’ geometric operator mean [1]: For a
symmetric path m; in Kubo-Ando means, it is defined inductively:

3



(TL = 2) m[2, t](Al,AQ) = A1 m; A2
(n+1): mln+1Lt)(Ar, -, Angr) = lim A (), if the limit exists
where Am(r)e = m[n, t]((Am(r — 1););2)
(Am(D)x = Ay).

Then they showed that #[n,t|(A,- -, A,) always exists making use of the Thompson
metric and that it coincides with Ando-Li-Mathius’ one for t = 1/2. In [8], we pointed
out that the arithmetic mean plays an essential part. In fact, it is expressed by the weight

{t[n]k}:

n

Vin, t)(Ar, -+ A) = tnlids.

k=1

Also the harmonic mean is

[, 4] (Ay, -, An) = ( Y t[n]kAk1>_ .

k=1

If Ay are commuting, then the geometric mean is
#ln t)(Ar, -, A) = [ A
k=1

Moreover we extend the convexity
d(A1#B1, As#:B2) < d(Ay, B1)Vd(Az, By)
of the Thompson metric:

d(#[n>t](Ala' o 7An)a#[n7t](Bla U aBn) § v[”»ﬂ(d(AlaBl)a' o >d(An>Bn))

n

t[n]kd(Ak, Bk),
k=1

which shows the existence of the Lawson-Lim geometric mean.
Then we obtain the formulae for ¢[n]; in [§]:

Lemma. t
tn], = 11 B 1—t
[n]1 = I+(n—2)(1-t) (n—1)—(n—2))
Theorem.
0 tnlm _m(m+1) +2m(n —2m — 2)t + (n® — (4m + )n + dm(m + 1)) *

(n—1)(m+ (n—=2m)t) (m+ 1+ (n—2(m+ 1))t)



(m4+1)(m+ (n—2m—1)t)
(n=1)(m+1+(n—2m—2)t)

et tHnlpem =

Here we give another short proof of the above to show the probability distribution
distribution function

m—k)(n—k—1+ 2k —n+1)t)

(k) (n—1)(n—k+ (2k —n)t)

=) tn);=1-

j<k+1

Proof.  Suppose the formula for Fy (k) is valid for all k. Putting v = Fy(k — 1) and
w = Fy(k), we have

Upy1 = va, + (1 —v)b, and b,y = wa, + (1 — w)b,.

Thereby

apt1 — b1 = (v —w)a, + (W —v)b, = (v —w)(a, —b,) =+ = (v—w)",

and hence b, = a,, — (v — w)""!. Then we have a, 1 — a, = —(1 —v)(v —w)""! and

3
—

w—w)ff—1—- ——-—
l—v+w

0

app1 = a; — (1 —v)

i

which coincides with Fy (k).
Thus (ii) in Theorem is obtained by 1 — F,(k) and (i) by t[n|x = F.(k) — F,(k — 1).

THerefore, the formulae F),(k) are valid by induction.
0J

Now we give the table for the density function ¢[n]:

1—t t
1—t 1—t+ ¢t t
2-¢ 2—t)(1+1t) 1+1¢
1—t 3 — 4t + 2t2 1+ 2t t
32t 3(3—2t) 3(1 + 2t) 142t
1—t 6 — 9t + 4¢? 3 — 2t + 22 1+t + 4t t
4-3t | 24-3)B—1) 2B-0C2+1)  22+)(1+3t) | 1+3t
1—t 10—16t+7t2 | 2—=2t+t2 | 1+¢2 1+ 2t + 7t2 t
5 — 4t 55 —4t)(2—t) | 5(2—1t) | 5(1+1t) | 5(1+1t)(1+4t) 1+ 4t
1—t | 15—25t+11¢% | 10—12¢t+5¢2 2—t4¢2 3+2t+5¢2 1+3t+11¢2 t
6—5t | 3(5—3t)(6—5t) | 3(4—t)(5—3t) | (4—t)(3+1) | 3(3+t)(2+3t) | 3(2+3t)(1+5¢t) | 145t

The table for

t[n]x




4 Appendix 1: binomial mean mn|; for m;

From the viewpoint of probability distribution, a simple one-parameter extension of sym-
metric path can be defined inductively:

m|2|;,(A;, As) = Ay m; Ay
m(3]; (A1, As, A3) = (m[2];(Ar, A2)) my(m[2];(Az, A3))
m[n + 1]75(141’ e 7An+1) = (m[n]t(Ah U ’An)) mt( m[n]t(A27 e 7An+1))'

This path is symmetric in the sense of
m(n]i (A, -+, An) = minfi(An, -, Ar)

The binomial arithmetic mean is

n

Vinle(Ay, - An) = Zn—lck—l(l — )RRl A

k=1
and the barycenter is the usual arithmetic mean:

n

1 | o
/ Vinli(Ar, - An) = anlckle(n —k+1,k)A;, = n ZAk
" k=1

k=1

where B(p, q) is the beta function. As in [16], a multivariable extension of logarithmic
mean

b—a
L{2)(a,b) = logb —loga

is a fascinating one. Considering

L[2)(A, B) = /O AD

holds in Kubo-Ando means, we might define

Linl(Ay, -+, A,) :/0 Bl (Ay, - Ayt

5 Appendix 2: chaotic power mean mn;r];

In [7], we extend the Kubo-Ando means: A sequence {4,} of positive (invertible) oper-
ators is called chaotically decreasing and denoted by A, || if A, > A, for all n. If a
chaotically decreasing sequence {4, } is lower bounded; log A,, > ¢ for some scalar ¢, then
it converges to some positive (invertible) operator A, which is denoted by A,, || A. Now,
following the Kubo-Ando theory, we define a chaotic mean m as a binary operation on
positive operators satisfying:

monotonicity: A< C and B < D imply AmB < CmD.

6



semicontinuity: A, | Aand B, | B imply A, mB,, || AmB.
normalization: AmA = A.

Clearly, all Kubo-Ando means are chaotic ones.
Then the path for the (quasi-arithmetic) chaotic power means is

Am, B = A3 (1 — t)A" +tB")" A3,
and it is also interpolational
(Am,,B)m, (Am,  B) = Am, 1 _4p1qB.
In particular, the chaotically geometric mean is
Amy:B =exp((1 —t)log A+ tlog B).
Now consider the metric d,.(A, B) = ||A” — B"||/r. Then,
d.(Am,..B,Cm, ;D) < (1 —-1t)d, (A C)+td. (B, D),

that is, D,(t) = d.(Am,;B,Cm,;D) is convex. So we can define a multivariable chaotic
operator mean parametrized by ¢ € [0, 1] like the Lawson-Lim construction. Then we
have

n 1/r
(%) mn;rly (A, -, Ay) = (Z t[n]kA};> .

In fact, to get m[3;r):(A, B,C), we have
An(2)r = m[2;7)(m[2;7](B, C), m[2;r]:(A, B)) = (Bm,,C) m,; (Am,,B)
_ ((1 —)((1=t)B" +tC") +t((1 — 1) A" + tB"))l/T

- (t(l — A"+ (1=t +¢*)B" + (1 — t)tOT> v

These coefficients in each procedure coincide with those of the arithmetic Lawson-Lim
mean, so that we have it converges to

1—t . 1—t+e ¢t A\

Thus we have (xx) inductively. In particular, the chaotically geometric mean is just

m[n; 0];(A, -+, A,) = exp (it[n]klog Ak> )
k=1
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Generalizations and extensions of Furuta inequality

0000000 00 00 (Masahiro Yanagida)

Tokyo University of Science

1 Furuta inequality

In what follows, an operator means a bounded linear operator on a Hilbert space H.
An operator T is positive (denoted by T'> 0) if (T'z,z) > 0 for all z € H.
The following result was published in 1987 and has been applied in a lot of papers.

Theorem F (Furuta inequality [2]). p (l+r)g=p+r
If A> B >0, then for each r > 0,

() (BEABR): > (BIBTBY)s

and

ii 5APA5)a 5BPA%)q
(ii) (AzAPA2)a > (A2BPA2) o -

(07774)
hold for p >0 and ¢ > 1 with (L+r)g>p+r. FIGURE

We remark that Lowner-Heinz theorem “A > B > 0 = A* > B® for any a € [0,1]”
is the case r = 0 of Theorem F. Other proofs are given in [1][4] and also an elementary
one-page proof in [3]. It is shown in [5] that the domain of p, ¢ and r in Theorem F is

the best possible for the inequalities (i) and (ii) to hold under the assumption A > B.

2 M. Uchiyama’s results

A real-valued continuous function f defined on an interval I C R is operator mono-
tone if A > B implies f(A) > f(B) for any self-adjoint operators A and B such that
o(A),0(B) C I. Let P, [a,b) and P;'[a,b) be the families of functions defined as follows:

e P, [a,b) is the set of all non-negative operator monotone functions defined on [a, b).

e P.'[a,b) is the set of all increasing functions h defined on [a, b) such that h([a, b)) =

[0, 00) and its inverse h™! is operator monotone on [0, c0).



Uchiyama [6] introduced a new concept of majorization and showed a quite interesting

result on operator monotone functions.

Definition ([6]). Let h be a non-decreasing function on I and k an increasing function

on J. Then
h <k <= J C I and the composite h o k! is operator monotone on k(.J).
Theorem A (Product theorem [6]). Suppose —oo < a < b < co. Then
P.la,b) - P '[a,b) C P 'a,b), P.'a,b)-P,'[a,b) C P '[a,b).

Further, let h; € ]P’jrl[a, b) for 1 < i < m, and let g; be a finite product of functions in
P, la,b) for 1 <j <mn. Then for i;, ¢; € P, [0, 00)

m m

[Tr® ng(t) € Py [a,b), Hwi(hi(t)) H¢j(9j(t)) <[ ng(t)-

i=1 i=1

He also obtained generalizations of Theorem F as applications of Theorem A.
Proposition B ([6]). Let h € P;![0,00), and let h be a non-negative non-decreasing
function on [0,00) such that h < h. Let g be a finite product of functions in P[0, 00).
Then for the function ¢ defined by o(h(t)g(t)) = h(t)g(t)

o(g9(B)2h(A)g(B)2) > g(B)2h(A)g(B)z,

! - 7 - . L 1 1 1
e(9(A)2h(B)g(A4)?) < g(A)h(B)g(A)?.

Theorem C ([6]). Let h € P70, 00), and let h be a non-negative non-decreasing function
on [0,00) such that h < h. Let g, be a finite product of functions in P, [0,00) for each
n, and let the sequence {g,} converge pointwise to g. Suppose g # 0 and g(0+) = ¢(0).
Then for the function ¢ defined by o(h(t)g(t)) = h(t)g(t)

A5 B >0 p(g( g
1)< g

3 Our results

We obtain extensions of Proposition B and Theorem C. In fact, Theorem 2 yields

Theorem C by putting h(t) = ¢ and g(t) = 1.



Proposition 1. Let f; be non-negative non-decreasing functions on [0,00) and g;(t) =
5:1 fi(t). Let h, h and h be non-negative non-decreasing functions on [0,00) such that
fn(t) 2 h(t)gn-1(t), h < h and h(0)g,—1(0) = 0. Then for the functions v; and @;
defined by
Ui(h(0)g;(1) = h()gs(t) and o, (h(t)g; (1)) = ht)gs 1),
if A, B > 0 satisfy
Ut (Gn-1(B) h(A) g1 (B)?) > h(B)ga1 (B),

then

2n(gn(B)2h(A)gn(B)?) > fu(B)?n_1(gn_1(B)*h(A)gn_1(B)?) fo(B)?

holds. Furthermore,

holds if h =< h.

Theorem 2. Let h € IP’;I[O, o0), and let h and h be non-negative non-decreasing func-
tions on [0,00) such that h=<handh < h. Let g be a finite product of functions in
P[0, 00) UP;'[0,00) and 7, a finite product of functions in P[0, 00) for each n, and let
the sequence {g(t)vn(t)} converge pointwise to g(t). Suppose g # 0 and g(0+) = g(0).
Then for the functions 1, 1, ¢ and @ defined by

V(h(t)g(1) = h(D)g(t), L(h(t)g(1)) = h(1)3(t),

then
9(B)?@(3(B)*h(A)g(B)?)g(B)* > g(B)?p(9(B)*h(A)g(B)?)g(B)?
and
¥(g(B)*h(A)g(B)*) > h(B)g(B)
holds.
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Recent topics on Aluthge transform
00 000 (0000)

Takeaki Yamazaki (Kanagawa University)

ABSTRACT
Aluthge transform is a good tool for studying some operator classes. Es-
pecially, it is used in the reserach on semi-hyponormal and p-hyponormal op-
erators by many authors. Recently, many authors are interested in Aluthge
sequence (i.e., operator sequence of iterated Aluthge transform). In this talk,
we introduce recent topics on Aluthge transform.

1. INTRODUCTION

The research on some operator classes which include the class of normal operators
on a complex Hilbert space H is developed by many authors. Especially, the classes
of normal, quasinormal, subnormal, hyponormal and paranormal operators are very
famous. It is well known that every normal operator has the spectral decomposi-
tion, and then the structure of normal operators is well-known. The structure of
quasinormal operators is also known as a direct sum of normal and operator valued
weighted shift in [5]. It is also well known that every subnormal operator has a
nontrivial invariant subspace in [6]. On the other hand, there are a lot of problem
about hyponormal operators, for example, whether any hyponormal operator has

nontrivial invariant subspace or not.

In 1990, A. Aluthge [1] defined an operator transform in the research on hyponor-
mal operators (we call it Aluthge transform). It is a good tool for the study on
hyponormal operators and used in many paper. Especially, we call the operator se-
quence of iterated Aluthge transform of an operator Aluthge sequence, and recently
some papers on Aluthge sequence have been published in [2, 3, 4, 7, 8, 13, 18, 20].

In this talk, we shall introduce recent topics on Aluthge transform.

Here, we shall introduce the definitions needed in the talk. Let H and B(H) be a
complex Hilbert space and algebra of all bounded linear operators on H, respectively.

We shall introduce the definition of Aluthge transform as follows:

1



Definition 1 (Aluthge transform [1]). Let T' = U|T| be the polar decomposition of
an operator T' € B(H). Then the Aluthge transform A(T) of T is defined as follows:

A(T) = [T]UIT|>.

Moreover, for each nonnegative integer n, the n-th Aluthge transform A™(T) of T
is defined as follows:

A™(T) = A(A™Y(T)), ANT)=T.

Here we call the operator sequence {A"™(T)}5°, Aluthge sequence.

Remark.

(i) The symbol of Aluthge transform has been used in T, but in this talk we
write A(T') as Aluthge transform of T'.

(ii) Aluthge transform does not depend on the partial isometry part of the polar
decomposition of an operator.

Example 1. (i) Let T be a unilateral weighted shift on I>(N) such that

T(fh fa, I3, ) = (0>a1f1,a2f2, )
Then

A(T)(f1, f2: f3, ) = (0, Varaa f1, Vasas fo, ...).
(ii) Let T be a bilateral weighted shift on 1*(Z) such that

T(..., J-2, f—1,, f1, fas ) = (---704—3f—370672f727, o fo, a1 f1, )

Then

A(T)(, f—2a f—laa f17 f27 )
= (s /O30 2 f -3, /AT f2, | /A1G0 f—1 |, /@001 fo, \/@TaZ 1, -..)-

Next, we shall introduce some operator classes which will be used in the talk.

Definition 2. Let T € B(H).
(i) T is normal <= T*T =TT",
(ii) T is quasinormal <= T*TT = TT*T,
iii) T is subnormal <= T has a normal extension,
)

(iii

(iv) forp >0, T is p-hyponormal <= (T*T)? > (TT*)P.

Especially, we call 1-hyponormal hyponormal, simply, and also we call %—hyponormal

semi-hyponormal. The following inclusion relations are well known and they are
proper.

{Normal} C {quasinormal} C {subnormal} C {hyponormal} C {semi-hyponormal}.

2



We remark that every quasinormal operators is fixed point for Aluthge transform

as follows:

Proposition 2 ([12]). Let T = U|T| € B(H) be the polar decomposition. Then the
following conditions are equivalent:
(i) T is quasinormal,
(i) |T|U = U[T],
(iii) A(T)=T.

Lastly, we shall introduce definitions related to the operator norm. Let o(7T) be
the spectrum of 7', and let W(T') = {(T'z,z) : ||| = 1} be the numerical range of

T. The following relation between the spectrum and numerical range is well known.

(1.1) coo(T) C W(T),

where coX means the convex hull of a subset X &€ C.

Definition 3. Let T € B(H).
(i) T|| = sup{|[T| - [l«]| =1}  (operator norm),
(i) w(T)=sup{|A|: e W(T)} (numerical radius),
(iii) r(T) =sup{|A|: A€ a(T)}  (spectral radius).

The following relations are very famous:
1
(1.2) r(T) < w(T) < T and ST < w(T) < |7
2. THE FIRST ALUTHGE TRANSFORM

In this section, we shall introduce some properties of Aluthge transform without
ones of Aluthge sequence. By the definition of Aluthge transform, we can obtain

the following proposition, easily.

Proposition 3. Let T' € B(H). Then the following assertions hold:
() o(T) = o(A(D)),
(i) JA@) < 1T2]]z < |7

Aluthge transform has been defined in the paper discussed on hyponormal oper-
ators by A. Aluthge [1] as follows:

Theorem 4 ([1]). For p € (0,1], let T € B(H) be a p-hyponormal operator. Then
the following assertions hold:

(i) A(T) is (p+ 3)-hyponormal if 0 < p < 3,

(ii) A(T') is hyponormal if% <p<l.

Especially, if T is semi-hyponormal, then A(T') is hyponormal. Hence by (i) of
Proposition 3, Aluthge transform of an operator 7" has good properties than T" with

the same spectrum. So we can study on some spectral properties of semi-hyponormal
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operators by using ones of hyponormal operators via Aluthge transform. Hence we
can expect that Aluthge transform is a useful tool for studying operator theory.
For example, Aluthge transform may contribute to nontrivial invariant subspace

problem as follows:

Proposition 5 ([12]). If T € B(H) and A(T') has a nontrivial invariant subspace,
then so does T'.

Next, we shall introduce properties of numerical range of Aluthge transform.

Firstly, the following result has been obtained:

Theorem 6 ([12, 21, 19]). Let T' € B(H). Then W(A(T)) C W(T) holds. Espe-
cially, w(A(T)) < w(T) holds.

Theorem 6 has been shown in [12] in the case of 2-by-2 matrices. Then n-by-n
matrices case was shown in [21], and then [19] shows it in the general case. Now
Theorem 6 is extended to C-numerical range version in the case that C' is rank one
or self-adjoint matrix in [9]. Another extension of Theorem 6 is shown in [15, 16]
which shows some relations for p-radius between a matrix 7" and A(7'). Recently, as
an application of Aluthge transform, it has been obtained a more exact estimation

of numerical range as follows:

Theorem 7. [22] For any T € B(H),

%||T|| <w(T) < %HTH + %w(A(T))-

Relation between operator norm and numerical range is known as w(T") < ||T|
(1.2), but Kittaneh [14] has refined it to w(T') < ||T'|| + %||T2||% < ||T||. Theorem
7 is a more exact estimation than Kittaneh’s result by the following inequalities:

1 1 1 1 1 1 1
w(T) < ST+ Sw(AT) < SIT+ SIAD < SIT) + ST < 1T

Lastly, as a function A(-) on B(H), the following results are shown. Let R(A) C
B(H) be the range of Aluthge transform.

Theorem 8 ([4]). Let T be an operator with closed range. Then the Aluthge trans-
form A(-) is continuous at T

Theorem 9 ([10, 11]). Let H = C? for p > 2. Then R(A) is neither closed nor
dense in B(H).

Theorem 10 ([10]). Let H be a complex separable infinite dimensional Hilbert space.
Then R(A) is neither closed nor dense in norm topology but strongly dense in B(H).




3. ALUTHGE SEQUENCE

In this section, we shall introduce properties of Aluthge sequence. On the prop-

erties of Aluthge sequence, the following formula has been shown in [20], firstly.

Theorem 11 ([20]). For each T € B(H), lim ||A™(T)| = r(T) holds.

The simplified proof is given in [18]. Moreover, in the matrix case, more general-
ization is shown as follows: For a n-by-n matrix T, arrange the eigenvalues A(T) of

T in modulus non-increasing order, counting multiplicities:
M (D) = [XA(T)| = - > [\(T)] > 0,

and the singular values s(7") of T', that is, the eigenvalues of |T'|, non-increasing

order, counting multiplicities:

Then the following formula holds:

Theorem 12 ([2]). For each n-by-n matriz T, lim S;(A™(T)) = |N(T)| for i =

n—oo
1,2,...,n.

As a parallel result to the above ones, Ando gives a characterization of the convex
hull of spectrum radius as follows:

Theorem 13 ([2]). For each T € B(H), [ \W(A*(T)) = coo(T).

Moreover. the following characterization is obtained:

Theorem 14 ([2]). coo(T) = W(T) is equivalent to W (T') = W (A(T)).

By (1.1), we can regards that Aluthge sequence converges to normal-like opera-
tor, and by Proposition 2, every Aluthge sequence may converge to a quasinormal
operator.

Now we discuss on convergency of Aluthge sequence. Firstly, by Example 1 in
introduction we have that Aluthge sequence of weighted shit converges in the strong

operator topology if its weight sequence {«, } converges. Next, the following result

has been shown.

Theorem 15 ([3]). For each 2-by-2 matriz T, there exists a normal matriz N such
that lim A™(T) = N and o(T) = o(N).

n—oo

For the general operator, every Aluthge sequence converges? But there is a coun-
terexample as follows:



Theorem 16 ([7]). There exists an operator T' such that the Aluthge sequence does
not converge in the weak operator topology.

Moreover, there exists a hyponormal operator whose Aluthge sequence converge

in strong operator topology not norm topology as follows:

Theorem 17 ([7]). Let T be a hyponormal bilateral weighted shift on 1?(Z) with
a weight sequence {a,}. Let a = sup{a,} and b = inf{wa,}. Then the Aluthge
sequence converges to a quasinormal operator in the norm topology if and only if
a=b.

Example 18. [7] Let T be a bilateral shift with weight sequence {c,}, where o, is

1
a, ::{ 5 (TL<0),
1 (n>0).

Then the Aluthge sequence does not converges to a quasinormal operator in the norm

given by

topology but converges in the strong operator topology.

Hence we have the more refinement problem: Every Aluthge sequence of a hy-
ponormal operator converges to a quasinormal operator in the strong operator topol-
ogy?

By the way, in the finite dimensional Hilbert space case, the convergency problem

still remains. Recently the following partial solution has been shown:

Theorem 19 ([8]). If the nonzero eigenvalues of a n x n matriz T have distinct
moduli, then the Aluthge sequence converges to a normal matriz with the same eigen-
values (counting multiplicity) as T .

Relating to the problem, the following result are very interesting:

Theorem 20 ([17]). If the Aluthge sequence stabilizes for an n x n matriz, then it
does so in at n — 1 steps.
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1. INTRODUCTION

The triangle inequality is undoubtedly one of the most fundamental inequal-
ities in mathematics. Let X be a normed (Banach) space. For any vectors

x,y € X,
|z +y|| < |[2]| + |ly|| (Triangle inequality).

Several authors have been treating its generalizations and reverse inequali-
ties (cf. Hudzik-Landes|7], S. Saitoh[16], Dragomir[2] and etc). Recently,
Kato-Saito-Tamura [9] found the sharp triangle inequality and its reverse in-
equality with n elements in a normed space to study the geometrical structure
of Banach spaces. After that, we have several papers about the triangle in-
equalities (cf. J. Pecari¢-R. Raji¢[15], Dragomir[3, 4] and Hsu-Shaw—Wong
[6]). Very recently, Mitani-Saito-Kato-Tamura [13] proved the refinement of
sharp triangle inequality and the reverse inequality.

Our aim in this talk is to present the recent results of sharp triangle in-

equalities in [8, 13].

2. SHARP TRIANGLE INEQUALITIES AND THE REVERSE

At first, we consider two non-zero vectors x,y of a normed space X. Then

we have



Theorem 1 For two non-zero vectors z,y € X such that [|z|| > ||y||,

oo+ (2 5+ o2 )
() < 1zl + Iyl
= ol et

The first inequality with two elements (1) was given earlier in Hudzik and

(2) §|!:c+y||+<2—‘

Landes [7]; the inequalites (1) and (2) are also found in a recent paper of
Maligranda [10].

We next consider three non-zero vectors x,y, z of a normed space X. Then
we have

Theorem 2. For all nonzero elements x,y,z in a Banach space X with
]| = flyll = |2l
e

z )

_l’_
R

T I e IO )

< [lzll + llyll + [I=]]

||m+y—|—z||—|—<3—‘

z Y

+
)l Myl

_(2 . Hﬁ ; ﬁ”)uuu ~ yl).

In general, we have the following triangle inequalities for n nonzero vectors

<z +y+ 2|+ (3—‘

el

X1, , T, € X.
Theorem 3 ([13]). Let n > 3. For any non-zero vectors zi,---,x, of a
normed space X,

>

J=1

n
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- D(HwZH et
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k
>
E

Jj=1




n
<>l
j=1
<[>,

SRR}

G

j=1 k= =n—(k-1) "7
where x3, x5, -+, z¥ are the rearrangement of xy, z, - - - , x, satisfying ||| >
23] = - - = [l ], and af = 27,1 = 0.
In Theorem 3, we may assume that ||z1|| > [|za] > -+ > ||z,]|: that is, we

have the following
Theorem 3a. Let n > 3. For all nonzero elements z1,--- ,x, in a normed

space X such that ||z > ||xe| = -+ > ||zl

2 o + (- H ||J||D”””

n—1 k
B S gl s
k=2 j= Ti

n

n

Z|| Al

j=1

eI

n—1 n
x,
S (S IRt ) [ER R P}
2 Tl

k=2 =n—(k-1)

Corollary 4([8]) For all nonzero elements zy, - - -, x, in a normed space X

( H ||asj||H)1<f?n”x’”

n

j= 1

< Z 5]
j=1
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3. EQUALITY OF COROLLARY 4

) s ol

In [8], Kato-Saito-Tamura considerd equality attainedness for each of our
inequalities in a strictly convex Banach space. The following lemma is quite
powerful in our subsequent discussions.

Lemma 5. Let X be a strictly conver Banach space. Let xy,xs,...,x, be

nonzero elements in X. Then the following are equivalent.

(i) ‘ >y airll = Y0 agllal| with any positive numbers oy, ag, ..., .
(ii) HZ?:l ajri|| = D00 agllzs || with some positive numbers oy, g, ..., .
() 57 = Tl = = Tl
Theorem 6. Let X be a strictly convex Banach space and x1,xs,...,%,
nonzero elements in X. Let ||z | = min{||z;|| : 1 < j < n} and ||z;] =
max{||z;|| : 1 <j <n}. Let Jo={j: ||lz;|| = |zjll, 1 <j <n}. Then

(3)

n
>
i=1

if and only if either

(3

(@) lzall = llzoll = - - = llznll

n
> min |z = 2 25
J:

or

(b) ij” Hx Ly for all j € J§ and > i1 Hrrjll S ”I]H [

lljo I

Theorem 7. Let X be a strictly convex Banach space and xi,xs,...,x,
nonzero elements in X. Let ||z;|| = min{|jz;]| : 1 < j < n} and ||z;,|| =

max{|[z;]| : 1 <j<n}. Let Jy = {j: |la;] = llz;[|,1 <j < n}. Then

() ZN%%:ZFj+G

if and only if either

ii max ||z
|| ) 1525



(@) lzall = llz2ll = - - = llznll

or
x4 _ l‘jo . c n
(b) Tz — Tl for all j € Ji and Zj: = | Z] 1 ]HHZ’JOH
Theorem 8. Let X be a strictly convex Banach space and xi,xs,...,x,

nonzero elements in X. Then the equality

il‘j +(
© = Y=Y +<n—

holds if and only if

()

) in |l

) max ]|

(@) lzall = llzall = - - = llznll

or

(b)

ry T2 Iy

el Ml el

4. APPLICATIONS

For non-zero vectors z, y € X, we define the angular distance az, y] between

x and y by
= e = ol
[T
Then the well-known Dunkl-William inequality [5] states that for any two

alz,y] =

non-zero elements x, y,

Allz =y
~ i+ gl
The refinment established by Maligranda [10] is

alz,y] <

lz = yll + [ll=[| — llylll
max{ ||z}, [[y][}

More generally, J. Pecari¢ and R. Raji¢ [15] showed that, for n nonzero ele-

alr,y] <

ments xy,- -, Tny,

n
Ly
”;ijn {nxzn ”ZWHZIH%H—H@IH}




We next apply Corollary 4 to a geometric property of Banach spaces. Recall
that a Banach space X is called uniformly non-¢} provided there exists € (0 <
€ < 1) such that for any x4, - - - , z,, in the unit sphere of X there exists 6 = (6;)
of n signs +1 for which

(7)

<n(l—e¢).

n
E 0,
=1

When n = 2, X is called uniformly non-square. By virtue of Corollary 4 we
immediately have the following fact.
Proposition 9. For a Banach space X the following are equivalent.

(1) X is uniformly non-(7.

(ii) There exists € (0 < e < 1) such that for any x1,--- , x, in the unit ball
of X there exists § = (0;) of n signs £1 for which (8) holds true.

Indeed, assume that there exists ¢ (0 < & < 1) such that for any 4, --- ,x,

in the unit sphere of X there exist § = (6;) of n signs £1 for which (8) is valid.

Take w1, ,x, from the unit ball of X. If ||z, || := min{||zy, || ..., [|z.]} <
1/2, we have

. 1 1

Yo < S+l < (- 1)+ - <n(1 - o).

Jj=1 J#jo

Let ||zj]| > 3. According to our assumption there exists n signs (6;) for

which (8) is valid for @1 /||z||,- -+, xn/||zn||. Therefore by the first inequality

D 1250l

} we have the conclusion.

of Corollary 4

n

> sl - (n— ‘ Zejm
7=1 j=1 J

< n—n—6:n<1—i>.

IN

n
E 0
=1

Consequently by letting 9 = min{3, %

6
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INTERMEDIATE RANK AND GROUP C*-ALGEBRAS

(ABSTRACT FOR THE TALK AT THE CHIBA CONFERENCE)

MIKAEL PICHOT

ABSTRACT. In arecent paper with Sylvain Barré [1] we introduced concepts
of intermediate rank for countable groups (essentially non positively curved)
that “interpolate” between consecutive values of the classical integer-valued
rank.

The goal of the talk is to present the general framework of rank interpo-
lation, to give concrete examples, and to explain what can be derived from
this at the C'*-algebraic level.

The text below is an extended abstract for this talk and is extracted from
[1], to which I refer for more details and references.

1. INTERPOLATING THE RANK

We seek for a sufficiently ‘smooth’ interpolation of successive values of the
rank (as we shall see there are actually several possible dimensions of interpo-
lation). The rank of a space captures the presence of ‘maximally flat portions’
in that space.

The following concepts, which differ by the scale at which interpolated rank
is detected in the group, are considered in the paper:

e growth rank (at the asymptotic scale),
e local rank (at the infinitesimal scale),
e mesoscopic rank (in between).

Various classes of groups are proved to have intermediate rank behaviors.

We are especially interested in interpolation between rank 1 and rank 2.

7

1» Which find their origin in the

For instance, we construct groups of rank
following graph.

FIGURE 1. Rank I

Date: November 8, 2007.



(Note that this graph is not the incidence graph of the Fano plane and in
fact is not a spherical building.)

Our setting is essentially that of non positively curved (i.e. CAT(0)) spaces.
We also construct groups of intermediate rank (called groups of friezes) that
are archetypal as far as mesoscopic rank is concerned. (Some groups of rank
;1 also exhibit mesoscopic rank phenomena.)

Precise definitions and statements of the results will be given during the

talk.

The following graphic shows what happens for ‘mesoscopic flats” under some
local rank assumptions. Let X be a CAT(0) space of dimension 2 (without
boundary) and A be a point of X. Then by definition the mesoscopic profile
of X at A is the function ¢4 : Ry — N which associated to an » € R, the
number of flat disks in X of center A which are not included in a flat of X.

NxI8

0
1 2 3 4 s 3

FIGURE 2. Example of mesoscopic profile when the local rank
is <3
=3

Mesoscopic rank, by definition, requires that the support of ¢4 contains a
neighborhood of infinity.

2. ProPERTY RD

Recall that a length ¢ on a countable group I' is a non negative function ¢
on I such that £(e) =0, {(x) = {(z™') and {(zy) < l(z) + {(y) for z,y € T.

Definition 1. Let I" be a countable group endowed with a length ¢. One says
that I' has Property RD with respect to ¢ if there is a polynomial P such that
for any r € Ry and f,¢g € CI' with supp(f) C B, one has

1 * gll2 < P(r) ]| fl12llgll2
where B, = {z € T", {(z) <r} is the ball of radius r in I.

Here are two fundamental examples of groups with property RD:

(1) free groups on finitely many generators have property RD (with respect

to the usual word length), as was proved by U. Haagerup in [3],
2



(2) groups acting freely isometrically on Bruhat-Tits buildings of type A,
(also called triangle buildings) have property RD with respect to the
length induced from the 1-skeleton, as was proved by J. Ramagge, G.
Robertson and T. Steger in [5].

In [1] we prove property RD for groups interpolating between (1) and (2),
including:
e groups of rank ;Z,
e groups of friezes.

(In fact RD is shown to hold for all triangle groups, which by definition acts
on 2-dimensional CAT(0) simplicial complex with equilateral faces.)

3. APPLICATION TO THE BAUM-CONNES CONJECTURE

This gives new examples where V. Lafforgue’s Banach KK-theory approach
to establish the Baum-Connes conjecture applies.

Thus by combining the above and Lafforgue’s Theorem in [4] we get the
following result.

Theorem 2. Let I' be a countable group admitting a proper, isometric, and
cocompact action on a triangle polyhedron. Then I' satisfies the Baum-Connes
conjecture, i.e. the Baum-Connes assembly map

pr - KP(I) — KL (C(T))
is an isomorphism.

Theorem 2 includes groups of rank AZL and groups of friezes, for instance.

4. STABLE RANK, REAL RANK

Let A be a unital C*-algebra. The stable rank sr(A) of A is an invariant of
A taking values in {1,2,...} U {oco}. In the commutative case sr(A) behaves
as a dimension. Thus for a compact space X and A = C(X) the C*-algebra
of complex-valued function on X one has

sr(A) = [dim X/2]| + 1.
In particular
sr(C(2%)) = 2
where C*(Z?) ~ C(T?) is the C*-algebra of the abelian free group Z2.

Definition 3. A unital C*-algebra A has stable rank 1 if and only if the group
GL(A) of invertible elements of A is norm dense in A.

In [2] K. Dykema, U. Haagerup and M. Rgrdam proved that if T'; and Ty
are two countable groups with |I';| > 2 and |I's| > 3 then

st(Cr(ly «I'y)) = 1.
In particular for the free groups F), on n > 2 generators one has
st(Cr(F,)) = 1.

K. Dykema and P. de la Harpe then generalized this result and proved that

if I' is a torsion free non elementary hyperbolic group, or a cocompact lattice
3



in a real, noncompact, simple, connected Lie group of real rank one with trivial
center, one has

sr(CX(T)) = 1.
By results of Sudo, C*-algebras of real Lie groups of higher rank have stable
rank 2.

Our main results here concerns the groups of rank ézl of Section 1.

Theorem 4. Let X be a complex of rank I and let I' = 71 (X) be the funda-
mental group of X. Then the reduced C*-algebra C*(I') of I' has stable rank
1.

This provides the first examples of dicrete group of ‘higher rank’ whose
reduced C*-algebra has stable rank 1.

Corollary 5. Let X be a complex of rank I and let I' = 71(X) be the fun-
damental group of X. Then the reduced C*-algebra C(I') of I' has real rank
1.
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g-numerical range of a matrix
~the projection of a convex body in a
4-dimensional space onto a plane—

Hiroshi Nakazato, Hirosaki University

November 8th, 2007

1. numerical range of a matrix and the equa-
tion of its boundary
Definition Suppose that T' is a bounded linear on a complex Hilbert space

H. The range
W(T) = {{Tw,x) - x € H,|[z]| = 1}, (1.1)

is called the numerical range of T

It is known that the spectrum o(7") of T' is contained in W (T'). The
range W (T') is a bounded convex subset of C ( Hausdorff, 1919 [H];[T],[AL]).
If H is finite-dimensional, then the set W (T') is compact and the boundary
of W(T') lies on an algebraic curve. We assume that H is finite-dimensional.
Set

Mpr = maxo(R(T)), mgr=mino(R(T)),

M; =maxo(3(T)), m;=mino(I(T)).
In 1902, Bendixson showed the inclusion
o(T) C{z+iy: (z,y) € R® mp <o < Mp,m; <y < My}
This relation was refined as

W(T) = No<o<r{z € C: mino(R(exp(—if)T)) < N(z exp(—ih))



< max o (R(exp(—ih)T))}.

A concrete procedure to determine the equation of 0W (T') is provided in the
following. We use an algebraic or a convex analytic method. Suppose that
A is a compact convex set in C = R? and 0 is an interior point of A. Then
the set

At ={x+iy: (v,y) € R* 2u+yv + 1> 0foreveryu +iv € A}

is also a compact convex set. If p,q are positive real numbers satisfying
1/p+1/q =1, then the sets

B, = {z+iy : (z,y) € R?, |z[P+|y|P < 1}, B, = {z+iy : (z,y) € R?, lz|9+|y|? < 1}

satisfy

By =B, B, =B,

If W(T) contains 0 as an interior point, then
OW(T)*') € {z + 4y : det(,, + 2R(T) + yI(T)) = 0}.

Even if 0 is not an interior point of W (7'), the boundary of W (T') is the dual
curve of the algebraic curve:

{z +iy : det(I, + 2R(T) + yS(T)) = 0},

and hence the degree of the equation of W (T') is at most n(n — 1).

2. the ¢g-numerical range of a matrix

Definition Suppose that T is a bounded linear operator on a complex Hilbert
space H, and ¢ is a real number 0 < g < 1. The ¢g-numerical range W, (T') is
defined as

Wy(T) ={(Tz,y) : w,y € H,[[z]| = [lyll = L {z,y) = ¢} (2.1)

We assume that H is finite-dimensional. In 1984, N. K. Tsing proved the
following formula and proved the convexity of W, (T'):

Wy(T) ={gz+ 1= lg]Pw: z € W(T),w € C, |w| < ¢(2)},

2



where
o(z) =max{(I"Tz,z) :x € H,||z|| =1, (Tz,z) = 2z}

is convex on W(T') as a result of Binding in 1985 (cf.[B],[LP]). (Tsing used
a slightly different method.) Wy (T') = W(T).

Tsing’s formula provides a basis to compute the boundary of the equation.
We set

0(T) = {(z,y,u,v) € R* z+iy € W(T), 2> +y*+u’+v* < ¢(a+iy)}. (2.2)

Then I'(T) is a compact convex set in R*. For 0 < ¢ < 1, we consider an
orthogonal projection II, : R* — R? = C defined by

(2, y,u,v) = (gx + /1 — ¢®u, qy + /1 — ¢*v).

Then the following equation holds:
W, (T) = T1,(T(T)) (2.3)

(cf. [CN1]). The boundary of I'(T") lies on an algebraic hypersurface in the
4-dimensional space R*. The set W,(T') is also the image of this boundary
by I1,.

The order of the equation of the boundary of T'(T') is at most 2n(n — 1)2.
The equation F'(z,y,u,v) = 0 is obtained by
F(z,y,u,v) = G(z,y,2° +y* +u’ + %),

where G(z,y,2z) = 0 is the equation of the dual algebraic surface of the
algebraic surface defined by

det(I, + X R(T) + Y (T) + ZT*T) = 0.

If T, T are respective n x n, m x m matrices. Then the following two
conditions are mutually equivalent

(i) I(T) < I(S),
(i) Wo(T) C Wy(S) for 0 < ¢ < 1.



In this talk, we provide a concrete method to compute the equation of
the boundary of W,(T) for an irreducible 3 x 3 matrix , for example

4 1 0
I'=|(0 -1 2
0O 0 =3
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In this talk I would like to explain my paper which is a joint work with Tsuyoshi
Ando.

First I would like to x some notations. We denote by H an in nite dimensional
complex Hilbert space. The set of all bounded linear operators on H is denoted
by B(H). For X € B(H), we de ne its “absolute value” by | X| = (X X)¥2.

We would like to consider a triangle inequality for this absolute value. It is

well-known that the inequality
|A+ B| < |A[ +|B]|

is wrong. But we have

Theorem 0.1. (Thompson, 76 PJM) For two n x nmatrices A, B € M,(C), we
can  nd two unitaries U,V € M, (C) s.t.

|A+ B| <U|AlU + VBV .
Moreover

Theorem 0.2. (Thompson, 79 PJM) For some unitaries U,V € M,(C), the
equality
|A+ B| =U|AlU +V|B|V
holds if and only if there exists a unitary W € M,(C) s.t. A = W|A| and
B =W|B|. (That is, A and B have a common phase part W.)
Therefore in both cases A and B satisfy

|A+ B| =|A| +|B.

The aim of this talk is to generalize the second theorem for in nite dimensional

setting. Our main result is:
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Theorem 0.3. For two bounded linear operators A, B € B(H), the triangle
equality |A+ B| = |A|+ |B| holds if and only if there exists a partial isometry W
such that A = W|A| and B =W |B].

Remark 0.1. (1) Why do we consider |A + B| = |A| + |B| instead of |[A + B| =
UIAIlU +VI|B|V ?
Take a projection P € B(H) and subprojection ) < P s.t. four projections

Pa Q7 P — Qa 1-P
are in nite rank. Then it is easy to nd unitaries U,V s.t.
[P+ (=Q)| =UIPIU +V|(=Q)|V .
However P and —( cannot have a common phase part. Hence Thompson’s
theorem does not hold for this triangle equality.
(2) The proof of our theorem is simple if we have some faithful nite trace or H is
nite dimensional as follows. (The following argument does work for the equality

| Ay 4 Ap| = [Aa| + -+ |An].)

Take polar decompositions

A=U|A|, B=VI|B|, A+ B=W|A+ B|.

We may assume that U, V, W are unitaries. By using the triangle equality

|A+ Bl = |A| + B,

we have

W U|A|+W V|B| =W (A+ B)
= |A+ B|=|A| +|B|.



Then

Al + Bl =2{(1 1

1—

|A]

»-bl>—‘

LW )AL+
U)lAl(1 -

+(1+W V)|B|(1+
1—W V)[B|(
)AI(
) BI(

1B|(1—

W U)
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W V)
W V) }
W U)

VAN
g

|A
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1+W V)B|(1+W V) }
=—{(W UJ|A|+W V|BJ)
W U|A|+ W V|B|)
4]+ |B)
(W UIAlU W+ W V|B|V W)}
= {3(14] +|B)

+ (W UJAU W+ W VIB|V W)}.
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(
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(
(
(
(

=+ +-+NH+

That is,
|Al+|B| < W UJAIlU W+ W V|B|V W.
Since we have a faithful trace, this inequality implies
|A|+ |B| =W U|AIU W+ W VB[V W
and hence
(1-wW O)|A|(1-W U) =0,
1-W V)|BI(1-W V) =0,
in other words
W A=W U|A| = |A]
and
W B=W V|B|=|B|.
So we are done.

This argument heavily depends on niteness. We need another method for

general cases.



Proof of Main Result

Take polar decompositions
A=U|A|, B=V|B|.
By the triangle equality we have
(1A +|B])* = |A + BJ?
= (U[A[+V|B]) (U|A] + VI|B])
and hence
|A|(U V —=1)|B|+ |B|(V U —-1)|A| =0.
That is
ilA|(U V —1)|B|
is self-adjoint. Since |A|,|B| < |A| + |B|, we can nd two contractions K, L
satisfying
AV = K(|A| +|B))'/* = K|A+ BI'?,
|B|'? = L(|A[ + |B)'* = L|A+ B|'?
and the support of K K + L L is dominated by that of |A| 4 |B|.

Then we have
A+ B = (JA| + [B)Y2(K K + L L)(|A| +|BJ)"2
Thus K K + L L is equal to the support projection of |A| 4 |B| and hence
K KLL=L LK K.
Direct computations show
i|A|(U V —1)|B|
=|A+ B|'/?
x {iK K|A+ B|Y*(U V —1)|A+ B|'*L L}
x |A+ B|'2.
Since the left-hand side is self-adjoint, we conclude that
iK K|A+B|'*(UV —-1)|A+ B|'’L L
is a self-adjoint operator. In particular

(iK K|A+B|"*(UV -1)]JA+B|"?L L) cR



We de ne a positive operator D by
D =[|[A+ B|'"*(L L)(K K)|A+ B|'?]'2.
Then we have
R D
(iK K|A+ B|Y*(U V —1)|A+ B|Y?L L)\ {0}
—i (DU V - 1)D)\ {0}
CiW(D(U V —1)D) (the numerical range)
cif{z € C; |z +]|D|FF| < [ID]I*}
= the circle with center —i||D|| and radius || D|].

Therefore we conclude

iK K|A+B|Y*(UV -1)|A+B|"*L L=0

and hence
ilA|(U V —=1)|B| =0.
Let
W(lAl¢ + [Bln) = A + Bn.
(&ne H)
Since

1Ag + Bnl|* — [[|Al¢ + | Bln]J?
= 2Re(|A[(U V = 1)[BJn,¢§)
pu— O’

W is a partial isometry. Obviously W satis es
A=W|A|, B=W|B|.

Final Remark
Since we deal with only two operators, we can get some commutativity. This is
the crucial point in our argument. I have no idea to attack this problem for 3 (or

n) operators.
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Complementary and Degradable Channels in Quantum
Information Theory

Mary Beth Ruskai (Tufts University)

Abstract: In qauntum information theory, noise is represented
by a completely positive trace preseving map, typically referred
to as a "channel”. Using Stinespring’s reprentation theory and
Arveson’s commutant lifting theorem, the complement ®¢ of a
channel ® can be defined and shown to represent the environ-
ment’s view. A channel N is called degradable if there is another
channel X whose action following that of the channel yields the
complement, i.e., there is a channel X such that X o N = N© .
Both degradable and complementary channels have implica-
tions for the following important question.
When can the (asympotitic) capacity be reduced to a a ”one-
short” formula, as in classical information theory ? It should be
noted that quantum Shannon theory is much richer with many
different types of capacity, some of which can not always be
reduced to a simple formula. This talk will try to give a fla-
vor for this subject and an indication of the many challenging
mathematical questions remaining.
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Abstract:
Given A; > 0and Z; >0 for all i =1,...,n, we have this theorem:

1D H(ZAZ) < 11D Zif (A)Zill.
This theorem contains the next two well-known recent inequalities: Let A, B, Z be

positive semidefinite matrices of same size and suppose Z is expansive, i.e., Z > I.
Two remarkable inequalities are

IF(A+B)| <|[f(A)+ Bl and [f(ZAZ)]| <[Zf(A)Z]

for all non-negative concave function f on [0,00) and all symmetric norms || - || (in
particular for all Schatten p-norms). In this paper we survey several related results
and we show that these inequalities are two aspects of a unique theorem. For the
operator norm, our result also holds for operators on an infinite dimensional Hilbert
space.



Matrix Subadditivity and Monotony Inequalities

(J.-C. Bourin, Univ. Franche-Comté)

This talk will start with two recent subaddivity result extending in two different
way Rotfeld’s trace inequality for non-negative concave functions f(¢) on [0, 00) and
positive semi-definite matrices A, B. The first result states that

f(A+B)<Uf(AU*+V f(B)V*

for some unitary matrices U and V. The second result involves symmetric (unitarily
invariant) norms:
1f(A+B) <|f(A)+ f(B)]

The proof of this norm inequality use some monotony inequality considered in the
second part of this talk. A pair of positive matrices (A, B) is monotone if we have
A = f(C), B = g(C) for some non-decreasing functions f, g and some positive
matrix C. A typical example is (AP, A?), p,q > 0. For such pairs (A4, B) we have
several inequalities, for instance with E an (ortho-)projection

|AEB| < V|ABE|V*

for some unitary V. By considering the range of E we can derive inequalities for
compressions and unital positive linear maps ®. Many open questions then naturally
arise. For instance, is it true that, for some unitary V'

|®(AP)P(AY)| < VO(APTIV*
for all positive A and p,q > 0 7 Answer is positive when p/3 < g < 3p.



TWISTED INDEX THEOREM AND TYPE IIT FACTORS

HITOSHI MORIYOSHI

ABSTRACT

Asis well known, the von Neumann algebras are classified into three types, namely,
type I, IT and III. Type III factors are further classified into type III, (0 < A < 1)
according to the value A\ determined from Connes’s S-set. It is also known that
there is a unique type I1I, hyperfinite factor Ry for 0 < A < 1. Then it is interesting
to study such hyperfinite factors from Geometric point of view. For instance, the
type III; hyperfinite factor can be constructed from the Anosov foliation on the unit
tangent bundle of a closed surface. For 0 < A < 1 there exist a foliated T2-bundle
(M, F,) on a closed surface whose foliation W*-algebra W*(M,,, F,,) is isomorphic
to Ry with A = g2, In this talk we shall prove Twisted Index theorm on such type
[T, hyperfinite factors. Then we can recapture Connes’s S-set via the evaluation
between the twisted index and the transvese fundamental cyclic cocycles in the
framework of Noncommutative Geometry.

DEPARTMENT OF MATHEMATICS, KEIO UNIVERSITY, 3-14-1 HIYOSHI, YOKOHAMA 223-8522,
JAPAN
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ALGEBRAIC CORRESPONDENCE OOOOOO C*-O

00 O (TSUYOSHI KAJTWARA)
0000000000 (OKAYAMA UNIVERSITY)

ABSTRACT. This is a joint work with Yasuo Watatani.

Let p(z,w) be a two variable polynomial. We consider the algebraic equation
p(z,w) = 0 on the Riemannian sphere. We call the solution of the equation
algebraic correspondence. We can construct Hilbert C*-bimodule from p, and
Cuntz-Pimsner C*-algebra from it. Let J be a p -invariant closed subset of C.
Restricting to J, we can construct Hilbert C*-bimodule and Cuntz-Pimser C*-
algebra.

Under the assumption that p is expansive on J and free on J for a p-invariant
closed subset J, we prove that the corresponding Cuntz-Pimsner C*-algebra is
simple and purely infinite. Moreover we present some examples satisfying the
above assumptions.

1. INTRODUCTION

Obooboooooboooboobon. R

p(z,w)00000000000,000000 COOO0O0O0O0O p(z,w)=000
0O0.000000000 CxCODODOODOO algebraic correspondence OO 0. p
000000000000, p0O0O Hilbert C*-bimodule D000, 0000 Cuntz-
Pimsner OO O0O0O0OOOOODO. pO0O00O0OD0 JOOOO pO JOODOODO
Hilbert C*bimodule, Cuntz-Pimsner O 0 000000000 . DO0O0O0OOOO0O
0000000000 R(2) =P(2)/Q(z) 00000, p(z,w) = Q(z)w — P(z) O
00000000, algebraic correspondence 0 0000 O0O0O0O0OOOOOO.

p-0000 JOOOO p0O expansiveon J OO freeon JOOO. OOOO pO
JOO0O00O0000O00 Cuntz-Pimsner OO simple O 0O purely infinite 0 0 0O 0O O
O000. 000000000 JO0oO00bO0o0obooboooo220b00000
000000oO0oO0oDO, 000 algebraic correspondence 0 00000000000,
OOooOoooooo.

00O 0O algebraic correspondence 000000000 O0O00O C*-bimodule O
0000000000, OO0, expansive O free DO OO0OODO, 00O00OO C*-
bimodule 0 00 00O Cuntz-Pimsner O O simple O O purely infinite 0 0O 0O O O
O0000. 00000000 exampleOODOODOOOO.

2. CONSTRUCTION OF C*-ALGEBRAS

p(z,w) 00000000000, p(z,w)=0000000000000000.

gooboob,bodgooobbbobboooooobn. Dooooocon
1



DDDDDDDDDDDDDDD,@DDDDDDDDDDDDDDDD,DDDD
gooogg.
p(z,w)[] zwOUOOOoooooooo. oouao,
p(zaw):g1<sz>m"'gp(sz)np
ogood, o gi(z,w)D wdOOOOOODOoOoooao.

00 p(z,w) =0000 (reduced) 0O0O0O, 000 0000,n,=1000. 0
00,0 ¢(z,w)0 200,00 wO000000O0O00O0OO.

p(z,w)0 0000000000000 mOODO.
Lemma 2.1. we COO0O0. 0000 pz,w)=00 zeCOO0D0O0D0OO,

gobobuoooobb nO0ooobbOb. 000, 000000, 000000
goo.

e(z,w) O, p(z,w) =00 w 0000000 » 0000000000000
2=z 00000000.C,={(z2,w) eCxC|pz,w)=0}000.

Lemma 2.2. C, 0 CxCOO0O00000O0O0OOD OO,
Definition 2.3. C, 0 p 00000000 algebraic correspondence 0 O O .

A

A=C(C),X=C(C,)000. ADDD C*0000. w000000 p(z,w) =0
D0D0:000000000,f, g€ X,a, € A0000,00000,Cc000
a-f-b0CO00 (flgha(w) 00O0ODOOOODOOO.

(a-f-b)(z,w) = a(z)f(z w)b(w)
(floaw)= > elzw)f(zw)g(zw)
{#](zw)eCy }
(@-f-b)(z,w)0,X00000.00,Lemma21000000000.

Lemma2.4. 000 f,ge X0000,00 w— (flg)alw) 000000, (flg)a
0ADD0DDO.

Proposition 2.5. ADO0OOO0 X OO A-OD0OO000 X O Hilbert A-module
goo.

L£(X,)0,X000000000,A000000 adjoint 00000000. A
00 £(X4) 0000 ¢0 a, fEXOOO0D ¢la)f=a-fO00000.

Proposition 2.6. (X,¢) O, Hilbert C*-bimodule (0 OO C*-correspondence) O
oo.

0 O Hilbert C*-bimodule O O O O, Pimsner construction 0000 C*-0000
00.

Definition 2.7. (X,¢) 000000 Pimsner 00 O,(C) 000,
2



Definition 2.8. COO000 JO pO0000000,2eJ0000 p(z,w)=0
D0 weJOOO,00 weJOOOOp(w,2)=000 zeJOO0000000.

p-0000000 JOOOO,C(J) ={(z,w) € IxJ | p(z,w) =0}, A; =C(J),
X;=C(C;) 00000000, (X,,¢) O Hilbert C*-bimodule 00O O .

Definition 2.9. (X,,¢) 00000000 Pimsner 00 O,(J) DO0O.
oo, jdgdoooooobbbbbooooooogg.

B(p)={zeC|e(z,w)>2 forsome w p(z,w)=0}
Lemma 2.10. B(p) O, 0000000.

L£(X,)000000,0000000000000000000000 K(X,4)0
00. Iy = Yop(A)NK(X,) ODODO.

Proposition 2.11. p OO0 O0O0O0O0OOO,

N

Ix={feC@) | flsp}=0000. X,00000,00000000.

XP=X@4X, -, X=X, X000.
JO0O0O0O00ooOoooooooa.

Po=1{ (21,20, 2n041) €I | p(2i,2041) =0, i=1,...,n}

P, ={(z,w) € J xJ |3z, ...,2z, suchthat (z,29,23,...,2,w) € P}
Lemma 2.12. P,, P’ O, Jx---x J,Jx JOOOOOOODO0OOOOO.
o fi,---, fpeXO0O0O0O,

(1 ® 2@ @ fa)(21, 22, - - 20) = f1(21, 22) f2(22, 28) - - ful2n, Zn41)
ogoogd.

Proposition 2.13. C(P,) 00 OO Hilbert A-A-bimodule 000, ¢ O X" 00O
C(P,) OO Hilbert A-A-bimodule 000000000,

00 Proposition 0 X® 000000000000, 00000000000
uo.

3. SIMPLICITY AND PURE INFINITENESS
n000000,p0000 JOOOOD UO00O00,J000000U®0,
U™ ={weJ|(2,2,...,20,w) €P, forsome 2 €U, z...2,€J}

goooo.
NODOOOOOOOO, the set of N-generalized periodic points GP(N) O,

GP(N)={we J|Im,n 0<m#n<N,3(z,20,23,...,%,w) € Py,
El(Z,UQ,’LLg,...,Um,UJ) € Pm}

goooo.



Definition 3.1. p 0 J-expansiveon J OO OO0, JO0000O0OODOOOOOU
0000000 nOO00OD0OO0 U™ =J0000000n.

pO00000 R(>)0000000O0DOODOOOO,JO ROODDODOOOOO
O00,p0 JOOOOOO. (Beardon [1])

Definition 3.2. p 0 freeon J OO DO0ODO, 000000 NOOOO, GP(N) DO
gobboooobobod.

Lemma 3.3. p0 J-O000000. 000 a€ AT, a0, 000 e>00000,
neNDO feX® O (flfla=10,
lall —e < fraf <|la]
oooooooooooo.
00 Lemma 000000 Lemma 000000000,

Lemma 3.4. (Kajiwara-Watatani [8])0 00 a € AT, a#00000 0 0<e<
lo] DDOOODODDOO0,neND ue X@n O

lullz < (flall =&)72, wau=1
Dooo0ooooo.

O00,p0 expansiveon J OO0 O0OOO0OOOO0O.
reXOOOO,0000 ToeplizOOOO T,, Cuntz-Pimsner 0 OO0 S, O
o0o.

Lemma 3.5.7,j 0 0000000 i#;000. z€ X%, yec X®% 000. O
0,aeC(J)) O (z1,22,...,2,w) € Py, (ur,ug,...,u;,w) €’ P, 0 0000000
O z,u 0O00 a(zl)a(ul)zoDDDDDD,aTmT;a*zoﬂﬂﬂ.

OO0 Lemma O Toepliz 00D OOO0O0OO0DOO, quotient D OOO0OODOO
Cuntz-Pimsner OO0 O QO0OO0O.

Lemma 3.6. p O freeon J OOOOODO. OO0 r00000.JO00ODOOO
guobobo,voboooboooboo vo,obooboobooo.

(1) JOOOOOO m" 00000 W;0,0 weV 0OOOO, (z,w) € P, O
00000 €W, 000000000,w000 00000,V 00
W, 00000000®000000000.

(2)b(w) 0 VOOOOOOOODDOOO000.0000 a(z) 0

a(z) = {b(cp; (2)) zeW;

0 otherwize

00000000000. 0000000 2€ X%, ye X®, 0<4,5<r,
i#j;0000,aS,80a*=000000.

OO000O,p0 freeon JOOOODOODOOODOO.

Oo0obDoood, 0d Proposition DO OO O.
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Proposition 3.7. p O expansive on J free on J OO0 0. OO0 re N, 00O
Tel(X®),000e>00000,a€d4}, Jla|l=10,

lp(a)T|* > IT|* — e,
aS;S;a=0 Ve X¥ Vye X® 0<i,j<ri#j
ogoooooooo.

00 Proposition 0000000, X® 0O C(P,) 000000, 0000000
oooooooooooono.

LX) DODDO AQI"+K(X)@I" ' +---+K(X®) 00 O,()T 00 *00
00 well-defined 000, 000000000 (5). 000,b€0,(NHT0OODO
O000000,000e>00000 ||PhP| >|bll—c0D00000 Pe Al
|P|l=1000000000000000D000COO.

000000000,000 Kajiwara-Watatani ([8) DO0O0O0O0O0000, O,(J)
O simple O 0O purely inifinite 00000000 O00O0O.

Theorem 3.8. J O pOOOOO, p O expansive on J OO freeonJ ODOOOO,
O,(J) O simple OO purely infinite 00 O .

4. EXAMPLES

plz,w)=wm—2"=00000,T={2€C||z/=1} 000 p-0000O.

Lemma 4.1. p(z,w) =w"—z"=00000. m#n000,J=CO000 J=T
O00 pO freeonJOO0O. J=TOOOOO,n0 mO0O0000000OO
0,p0 JOOODODO.

plz,w)=wm—-2"=00 J=TOOOOO.m,n0000000000,C,O
00000, Katsura([7]) OO0OOOOOO0.m,n 000000000000, 00
00000000, Katsura([7])) D0 O0O0OO0O0O0OOOO.

Lemma 4.2. Ri(z) = Pi(2)/Qi(2) ¢ = 1,...,n 00000000, p(z,w) =
(Q1(z2)w — Pi(2) - (Qu(z)w — R,(2)) = 0000. 000 R O0O00O0O0OO 2
gooboboooooo,pbbbd 0000 R,OODOOODOODO JODOOO
free on J OO0,

gb,b0ogdgoobogggbobuoooobbboooboboboood.

Example 4.3. m,n 00000000000, p(z,w) =(w—2")(w—2") =000
O0.J=T0O00.0000,p0 freeonJ OO0 J-OOOOO0O, O,(T) O simple
00 purely infinte 0 0 O .

O0000,000000 correspondence 1000000000 (1,1)00000.
O00O000000 correspondece DO OOO0OO, Juliad00000O00OOO0O

0000 free00 expansive DO O0O0O0OOO.
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Example 4.4. Ry(z) = C2U2 (Latte 0000 0) 000, Ry(z) = Py(2)/Qa(2)

4z(22—1)
O0D000000. p(z,w) = ((42(22 —1)w — (22 +1)2)(Q2(2)w — Py(2)) OO O .
J=COOO,p0 expansiveon JOODO. OO R, 00000000, p0 free on
CoOOO0oo0, O,(C) 0 simple 00O purely infinite 00 O .

000 free0000000O000ODOO0ODO,000000 TOODODODOOODOO
gbooboooobob.o0oboobooboon.

Example 4.5. iy, -+, in, j1, -+, 5, 000000,4 0 5, 0000 10000,
00 1000000000000000000.0000,J=T000,

plz.w) = (21— wh) (22 —w)- - (2 —w) = 0
O freeon JOOO.
free00000000OO0OO0ODO.

Example 4.6. m 0 2000000000, p(z,w) = (w—2")(w™—2) O, free on
TOOO.

oog,b00b0o K-ooobooobogooo.
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Quasi-orthogonal subalgebras of matrix algebras

Hiromichi Ohno
Graduate School of Mathematics,
Kyushu University

The motivation of this work comes from the algebraic or matrix formalism of
finite quantum systems. An n-level system is described by the algebra M,, = M,,(C)
of n x n complex matrices. The matrix algebra of a composite system consisting of an
n-level and an m-level system is M,, ® M,,, ~ M,,,. A subalgebra of M corresponds
to a subsystem of a k-level quantum system.

In this lecture, subalgebras contain the identity and closed under the adjoint
operation of matrices, that is, they are unital x-subalgebras. The algebra M, can
be endowed by the inner product (A, B) = Tr(A*B) and it becomes a Hilbert space.
Two subalgebras A; and A, are called quasi-orthogonal if 4, & CI 1L A, & CI.

The aim of this lecture is to show the maximal number of (pairwise) quasi-
orthogonal subalgebras which are isomorphic to M, in Mg with some special d.

1 Preliminaries

A is a finite dimensional C*-algebra with usual trace Tr and is considered as a Hilbert
space under the inner product

(A, B) = Tr(A*B)
for any A, B € A.
Definition 1.1 Two subalgebras A; and A, are called quasi-orthogonal (MQOA) if

A16CI L A, 6ClI.

The equivalent conditions of this definition are following:
(i) For any A; € Ay and A; € A,,

. TI'(Al)TI'(AQ)

Tr(AlAQ) = T[)

(ii) For any A; € A; and Ay € Ay with Tr(A;) = Tr(A2) =0,
TI'(AlAQ) =0.

If e, f,g are vectors of a Hilbert space, then the linear operator |e)(f| acts as

le)(flg == ([, g)e.



Theorem 1.2 Let E; be an orthonormal basis in M, and let W = > . E; @ W; €
M, ® M,, be a unitary. The subalgebra W (I @ M,,)W* is quasi-orthogonal to I ® M,

iof and only iof -
- g (W) (W]

is the identity mapping on M,,. This condition cannot hold if m < n and in the case
n =m the condition means that {Wy : 1 <k < n2} 1s an orthonormal basis in M,,.

Proof. Assume that A, B € M,,, and TrB = 0. Then the condition
WA YW* L (I ® B)
is equivalently written as

Te(W(I @ AW*(I® B)) = > Tr(E.E})Te(W AW B) = Y Tr(Wi AW B) = 0.
k,l k

Putting B — Tr(B)I,,/m in place of B, we get

T'B
ZTr W, AW; B) = — ZTr Wy AW?) |

for every B € M,,,. Let & : M,, ® M,,, — M,, be the linear mapping defined as

TrK
n

E(K®L) = L.

Since & is unit-preserving and W is a unitary,

L, = &(W*W) = 52<ZE;:EZ ® W,:Wl) - ZTr E:E)W;W, = ZWka,
k,l

and we arrive at the relation

Y TeW, AW} B = —~TrAT:B. (1)
m
k

We can transform this into another equivalent condition in terms of the left mul-
tiplication, right multiplication and |W})(W}| operators.

For A, B € M,,, the operator R4 is the right multiplication by A and the operator
Lp is the left multiplication by B: R, Lg : M,, — M,,, RaX = XA, LgX = BX.
If A\;’s are the igenvalues of A and p;’s are the igenvalues of B, then \;x;’s are the
eigenvalues of Ry Lpg. Therefore

TeRuLp = (Z /\Z-> <Z Mj) — TrATyB.
( J



We have

> T W) (WilRaLp = ) (Wi, RaLpWyi) = )  TeW;BW, A
k k k

= "mATB="TvR,L,
m m

for every A, B € M,,. Since the operators R4Lpg linearly span the space of all linear
operators on M,,, we have

m
= W) (W] = L.
" k

This is our statement. U

2 Quasi-orthogonal subalgebras in the case d = 2

In this section, we consider the quasi-orthogonal subalgebras in My = My ® My which
are isomorphic to M. A natural orthogonal basis of M, consists of the Pauli matrices:

10 101 10 = |1 0
og -— 0 1 y o1 = 10 y g9 = i 0 y g3 = 0 —1 .

It is easy to construct four pairwise quasi-orthogonal subalgebras by using the
Pauli matrices. For example:

span{/, oy ® 09,09 ® 09,03 R 0o}, span{l, oy ® 01,01 ® 09,01 @ 03}

span{/, 09 ® 01,00 ® 09,09 ® 03}, span{l, o3 ® 01,03 ® 09,00 R 03}.

Next, we prove that the maximal number of such quasi-orthogonal subalgebras is

4.

Theorem 2.1 Let I ® My and A be quasi-orthogonal subalgebras of My which are
isomorphic to My. Then the intersection My ® I N A is an at least two dimensional
subspace of My.

Proof. The 4 x 4 matrices

a 0 0 b
0 c d O
¢= 0 dc O
b 0 0 a
form a commutative algebra C. Since
Co+ C3 0 0 C1 — C
3
ZC-O’-@O": 0 Co—C3 C1+Co 0
v ! 0 c1+cy cyp—cC3 0 ’

1=0
C1 — Cy 0 0 Co + C3



C is the linear span of the matrices 0; ® 0;, 0 < i < 3. (These are the matrices which
are diagonal in the so-called Bell basis.)
The algebra C plays a special role. Any unitary in M, can be written in the form

(L1 ® Ly)N(Lz ® Ly), (2)

where Li, Lo, L3, Ly are 2 x 2 unitaries and the unitary N is in C. This is called
Cartan decomposition, see equation (11) in [7] or [3].
There is a unitary W € M, such that

W(I @ My)W* = A.

W has a Cartan decomposition (2). Since the subalgebra W (I ® My)W™* does not
depend on L3 and L4, we may assume that Ly = Ly = I. Moreover, the quasi-
orthogonality of W (I ® Ms)W* and I ® M, does not depend on Ly and Ly. The quasi-
orthogonality is determined by the factor N € C. Since the matrices E; = 0;/v/2 form
a basis in My, Theorem 1.2 is conveniently applied for the unitary N = Z?:o C; 0, R0y,
choose W; as ¢;v/20;. The theorem gives that

3
2> " eilloi) (ol
=0

is the identity mapping on M, which implies |¢;|*> = 1/4 (0 <4 < 3). In a trigono-
metric approach, let

co = cosa cosFcosy+ isina sin 3 sinvy,
¢ = cosa sinfsiny +isina cos 3 cos7y,
¢ = sina cosfsiny +icosa sin 3 cosy,
c3 = sina sinFcosy +icosa cos 3 siny.

In order to get a proper unitary, two of the values of cos? a, cos? 3 and cos? v equal
1/2 and the third one may be arbitrary. Let N be the set of all matrices such that
the parameters «a, 3 and v satisfy the above condition, in other words two of the three
values are of the form 7 /4 + k7w /2. (k is an integer.) Let

Ny :={N € N : «ais arbitrary, § = n/4 + ky7/2, and v = 7/4 + ko /2}  (3)

and define Ny and N3 similarly. (M = N; UN; UN3.). Since the subalgebra N(I ®
M5)N* does not depend on the integers k; and ko, we simply take k; = ky = 0. This
makes computations a bit more convenient. One computes that

N(I®0o;)N =40, @1
for N; € N;. It follows that
(L1 ® Lo)N;(I @ o) N} (L] @ L) = £ Lo, LT @ 1
for every unitary N; € N;. Therefore Lio;L; ® I € A(0) N B. O

The theorem immediately gives that the maximal number of pairwise quasi-
orthogonal subalgebras isomorphic to Ms is at most 4.



3 Quasi-orthogonal subalgebras in M

Next we consider the pairwise quasi-orthogonal subalgebras A; ~ M; in Msn. Let
m(n) be the maximal number of pariwise quasi-orthogonal subalgebras of M. which
are isomorphic to Ms. The question is their maximal number m(n).

The traceless subspaces of My and My» are a 3-dimensional space and a (4™ — 1)-
dimensional space, respectively. Therefore,

4" —1
< =
- 3

m(n) i N,.

Below, we construct N, — 1 pairwise quasi-orthogonal subalgebras. We conjecture
that this is the true value of m(n).
The Hilbert space M- has a natural orthogonal basis

(oFR ®Ui2®"'®ain = (il,ig,...,in),
where i; = 0,1,2,3 and 1 < 57 <n. We put

A triplet (A;, Ay, A3) € P3 is called a weak Pauli triplet if A;Ay; = +iAs. and
(A1, As, A3) € P23 is a commuting triplet if A; Ay = +A3. The linear span of elements
of a weak Pauli triplet and I is a subalgebra isomorphic to Ms.

Assume that A = (A, Ay, A3) € P2 is a commuting triplet. Then we can construct
three pairwise disjoint weak Pauli triplets: A = (01 ® Ay, 00 ® Ay, 03 ® A3) and
A = (09 ® Ay,03 ® Ay, 01 ® A3z) and AB) = (03 @ Aj,00 ® Ay, 00 ® A3) In P2, .
Therefore, to construct pairwise quasi-orthogonal subalgebras isomorphic to Ms, it
is useful to consider weak Pauli triplets and commuting triplets.

Example 3.1 There are 5 pairwise disjoint commuting triplets in Py. Indeed,

We show that P, can be decomposed into commuting triplets.



Theorem 3.2 For each n > 2, there is a family of commuting triplets
{AD = (A7, A, AP C P

such that

Np,
Al —
J

Proof. In the case n = 2 and n = 3, it is already proven above. Assume it is
proven in the case n = k, and we consider the case n = k + 2. Let {A®D1°
and {B(j)};\f:’“1 be the family of commuting triplets satisfying the theorem in the

case of n = 2 and n = k, respectively. Then, for each A®W = (A(li),Agi),A:(;)) and
BU) = (B(j) B('),B:gj)), we can construct three commuting triplets in Pk+2, that
is, (A" @ B AV @ B AP @ BY)) and (A" @ BY), AV @ BY), AY @ BY)) and
(Agi) ® Béj), Ag) ® Bﬁj ), Aéi) ® Béj )). Moreover, we have other commuting triplets,
ie., (A" @1, AV @1, AV @ 1,) and (I, ® BY | I, ® BY) | I,  BY). Consequently,
we have 5+ Ny +3 -5+ Ny = Nijo commuting triplets. Since U?Zl A® = P, and
UM BY = P, AW AD A and {BY 2]),3(])}?7:’“1 are distinct. Hence, we
obtain the union of the above Nj.o commutlng triplets is Pyyo. U

The good point of this construction is that it is easy to use the induction.
Theorem 3.3 There exist N, — 1 quasi-orthogonal subalgebras in Mon.

Proof. The case n = 2 is already proven in Theorem 3. Assume it is proven for n = k,
and we consider the case n = k + 1.

From Theorem 3.2, let {A® = (Agi),Ag),Ag))}fQ“l be commuting triplets in P}
such that Uf\fl A i) = P,. Then we have 3N, pairwise disjoint weak Pauli triplets,
that is, (o1 ® A , 09 ® A2 , 03 ® Ag)) and (0 ® A1 , 03 ® Ag), o1 ® Aéi)) and (03 ®
Agi), o1 ® Ag), o2 ® A:(; ). Furthermore, we obtain another weak Pauli triplet (o7 ®
Iy, 09@1;, 03@1;). These 3Ny +1 weak Pauli triplets are pairwise disjoint. Moreover,
the complement space of above 3N, + 1 Pauli triplets is I ® M,x. Indeed, since
UM, A® = Py, we have

{(Ul ® A(l’L)a 02 X Ag)7 03 ® A;(SZ))a (0-2 ® A(l’L)a 03 0y A(QZ)a 01 0y Aé’)))
(0'3®A§i),0'1®Ag),0'2®A:()j)),(0'1®[k,02®[k,03®[k) ’ 1 SZSNk}
(0,0, ® - ®0;, |i=1,2,3, j;=01,2,3, 1 <1<k}

Therefore, the complement space is I ® Myx spanned by
{oo®@oj, @---@o0y | 71=0,1,2,3, 1 <I<k}.

Now we use the assumption that there are N, — 1 pairwise disjoint weak Pauli
triplets B® = (B, B B{) in My (1 <i < N, —1). Then

(0'0 & BY), 0o & Béz), 0o & B:gl))



give pairwise disjoint weak Pauli triplets in P2 1. Summing up, we have 3N, + 1 +
N — 1 =4N, = N1 — 1 pairwise disjoint weak Pauli triplets. ]

Similarly, we can prove the following. If there exist N, pairwise quasi-orthogonal
subalgebras in My for some n, then there exist N, pairwise quasi-orthogonal subal-
gebras in My for all k& > n.

4 Quasi-orthogonal subalgebras: d is prime

In this section, we consider the quasi-orthogonal subalgebras in M, = M, ® M,
which are isomorphic to M, where p is a prime number with p > 3. In this case, we
can construct p? + 1 pairwise quasi-orthogonal subalgebras.

Define the unitary operators W and S in M, by

10 0 --- 0 00 --- 01
0N O - 0 10 - 00
w=[00X - 0 | §—|01 - 00|
(00 0 - N7 (00 -+ 10|

where A = ¢?™/P. A natural orthogonal basis of M, consists of {S*W7}o<; i<, 1. Since
SW = X\"'WS, we have

Skipyte ghayyle — \lk2 ghitheyylitls (4)

Therefore SF*Wh and S*2W" commute if and only if k;ly = kol; mod p. We consider

this commutativity condition in the context of a vecter space over the finite field Z,.
Let Z;,l = {(k1,l1, ko, la) | k1, Ly, k2, Iy € Z,} and define a nutural homomorphism 7 (up
to scalar multiple) from Z to M, ® M, by

m(ky, 1y, ko, ) = S @ S22,
We denote a symplectic product by
wou' = kily — kily + kol — kolo mod p,
where u = (ky, 11, ko, l2) and o' = (K, 13, kS, 15). From (4),
m(u)m(u) = X741 (u) 7 (u). (5)
Hence 7(u) and 7(u') commute if and only if their symplectic product equals zero.
Lemma 4.1 If w(u) and w(u') are not commutative for u = (ki,li, ke, l3), u' =

(k1,1 Ry 1) € Z;l, then the algebra A generated by m(u) and mw(u') is isomorpic
to M,.



Proof. From the assumption, uou’ # 0. We define a map p from {S, W**} to A by
p(S) =m(w),  p(W") =r(u),

From (5) and SW¥¥ = A\~ v S the commutativity condition of 7(u), m(u)
and that of S, W"" are same. Therefore p can be extended to a isomorphism from
M, generated by S and W"¥ to A. O

From this lemma, we need to find such u and u’. Let D be a non-zero interger in
ZP with the requirement that D # k? mod p for all k in Z,, i.e. D is not a quadratic
residue of p. For any ag,a; € Z,, we define subgroups of Z;l by

Cagar = 1bo(1,a1,0, a0) + b1(0, a0, —=1,a1D) | by, by € Z,},
where scalar multipication and addition are defined by a natural way. Moreover define
Cs = {bo(o, 1,0, O) + bl(O, 0,0, 1) | by, b1 € Zp}

Lemma 4.2 The only vector common to any pair of above subgroups is (0,0,0,0).
In particular, the subgroups partition Z;\{(O, 0,0,0)}.

Proof. Since there are p?+1 subgroups and each subgroup has p? elements, it is enough
to prove that the intersection of any two subgroups is {(0,0,0,0)}. It is easy to see
Cagar N Co = {(0,0,0,0)}. Therefore we prove that Coye, N Cor o = {(0,0,0,0)} if
ap # aj or aj # aj.

Assume by(1,ay,0,a0) + b1(0,a0, —1,a1 D) = by(1,a},0,a) + 0,(0, a5, —1,a} D),
then from the first and third components we have by = b}, and b; = b}. Similary, from
the second and fourth components we are led to the equations

a1b0 + a0b1 = &llbo + &gbl

@ObO + alle = &660 + &llle.
These equations can be rewritten as a matrix equation
b1 b() apg — (l6 _ 0
b() le a; — (lll 0 '
If by = by = 0, then the element is (0,0,0,0). Therefore we assume by # 0 or by # 0.
Then the above matrix is invertible, indeed

-1
b1 bo 2 -1 | D —bo
= (bjD — b, .
[bo le] 0D =b)" | Ty,

Here we use that 62D # b2 mod p from the assumption of D. This implies ag = af,
and a; = a} which is a contradiction. O

Since (1, a1,0,a9) o (0, a9, —1,a1 D) = 2ay, if ag # 0 then

span{m(Coya,) } = M,



by Lemma 4.1. But if ag = 0, the algebra is commutative and hence span{m(Cp, a,) } =~
CP*. Therefore we need reconstruct subgropus in the case ag = 0.
For any a € Z,, define subgroups by

D, = {by(1,1,—a,aD)+b:(1,2,—a,2aD) | by, by € Z,},
Do = {bo(0,0,1,0) +by(0,0,0,1) | by, by € Z,}.

Lemma 4.3 The only vector common to any pair of above subgroups is (0,0,0,0).
Moreover we have

| D.uD.= ] Cou Ul

a€Zp a1€2Zp

Proof. It is easy to see the first assertion. Therefore to show the second assertion, it
is enough to prove D,, Do, C Ualezp Co.ay, U Cwxo.

First consider the element (0,0, by, by) in Dy If by = 0, then (0,0,0,6;) € C. If
by # 0, then

(0,0,b9,b1) = —bo(0,0, =1, =by "0 D™ D) € Cy -1y, -1

Hence D, C Ualezp Coa, U Csx. Next we consider the element by(1,1, —a,aD) +
b1(1,2,—a,2aD) in D,. If by + by = 0, then by(1,1,—a,aD) + by(1,2,—a,2aD) =
(0, b0 + 2b1,0,abyD + 2ab; D) € Cy. If by + by # 0, then

bo(1,1,—a,aD) + by (1,2, —a,2aD)
== (bo + bl) (1, (bo + bl)_l(bo + 2b1), O, 0)
+a(by + b1) (0,0, —1, (bg + b1) " (bo + 2b1) D)

S CO,(bo-l—bl)*l(bo-f—an)'

Therefore we obtain D, C (J Co,a U Cx. d

a1€Zp

Since (1,1, —a,aD) o (1,2, —a,2aD) = 1 — a*D # 0 by the assumption of D and
(0,0,1,0) 0 (0,0,0,1) = 1, we obtain

span{m(D,)} ~ M,
span{7m(Ds)} ~ M,

by Lemma 4.1. Consecently we have the next theorem.

Theorem 4.4 There are p* + 1 pairwise quasi-orthogonal subalgebras of My2 which
are isomorphic to M,,.
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ORBIT EQUIVALENCE OF TOPOLOGICAL MARKOV
SHIFTS AND CUNTZ-KRIEGER ALGEBRAS

KENGO MATSUMOTO

Department of Mathematical Sciences
Yokohama City University
Seto 22-2, Kanazawa-ku, Yokohama 236-0027, JAPAN

1. INTRODUCTION

This talk is based on my recent preprint [Mad4].

Study of orbit equivalence of ergodic finite measure preserving transformations
was initiated by H. Dye [D], [D2], who proved that two such tranformations are orbit
equivalent. W. Krieger [Kr| has proved that two ergodic non-singular transforma-
tions are orbit equivalent if and only if the associated von Neumann crossed prod-
ucts are isomorphic. In topological setting, Giordano-Putnam-Skau [GPS],[GPS2]
(cf.[HPS]) have proved that two minimal homeomorphisms on Cantor sets are strong
orbit equivalent if and only if the associated C*-crossed products are isomorphic.
In more general setting, J. Tomiyama [To2| (cf. [BT], [To3] ) has proved that two
topological free homeomorphisms (X, ¢) and (Y, 1) on compact Hausdorff spaces are
continuously orbit equivalent if and only if there exists an isomorphism between the
associated C*-crossed products keeping their commutative C*-subalgebras C(X)
and C(Y). He also proved that it is equivalent to the condition that there exists a
homeomorphism h : X — Y such that h preserves their topological full groups.

In this talk we will study relationship between orbit structure of one-sided topo-
logical Markov shifts and algebraic structure of the associated Cuntz-Krieger alge-
bras. Let (X4,04) be the right one-sided topological Markov shift defined by an
N x N square matrix A with entries in {0, 1}, where o 4 denotes the shift transforma-
tion on X 4. The one-sided topological Markov shifts are no longer homeomorphism
in general and the Cuntz-Krieger algebras can not be written as a crossed product
by Z in natural way. Hence Giordano-Putnam-Skau and Tomiyama’s method can
not apply to study one-sided topological Markov shifts and Cuntz-Krieger algebras.
However, in this paper, similar type theorems to theirs will be proved in our setting
by using a representation of 04 on a Hilbert space having its complete orthonormal
basis consisting of all points of the shift space X4. Let ©® 4 be the C*-subalgebra
consisting of all diagonal elements of the canonical AF-algebra F,4 inside of O 4. It
is naturally isomorphic to the commutative C*-algebra C(X 4) of all complex val-
ued continuous functions on X 4. Let [0 4], be the topological full group of (X 4,04)
whose elements consist of homeomorphisms 7 on X 4 such that 7(z) is contained in
the orbit orb, , (x) of z under o4 for all z € X 4, and its orbit cocycles are continu-
ous. We say that (X4,04) and (Xp,0p) are continuously orbit equivalent if there
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exists a homeomorphism h : X4 — Xp such that h(orb,,(x)) = orb,, (h(x)) for
x € X 4 and their orbit cocycles are continuous.

Theorem 1.1. Let A, B be irreducible square matrices with entries in {0,1} sat-
isfying condition (I) in [CK]. Then the following are equivalent:
(1) There exists an isomorphism ¥ : Oy — Op such that ¥V(D,4) = Dp.
(2) (Xa,04) and (XpB,0p) are continuously orbit equivalent.
(3) There exists a homeomorphism h : X, — Xp such that ho [o4].oh™! =
[O'B]c.

To prove the above theorem, we study the normalizer N(O4, D 4) of © 4 in Oy,
that is the group of all unitaries u € ® 4 such that u® 4u* = D 4. We denote by
U(D 4) the group of all unitaries in D 4.

Theorem 1.2. Let A be a square matriz with entries in {0, 1} satisfying condition
(1) in [CK]. Then there exists a short exact sequnce:

1 —UDy,) 1, N(OA,D4) SN [ca]le — 1

that splits.

Let Aut(O4,9 4) be the group of all automorphisms « of O 4 such that a(D4) =
D 4. Denote by Inn(Oy4,® 4) the subgroup of Aut(O4,® 4) of inner automorphisms
on O4. We set Out(O4,D 4) the quotient group Aut(Oa, D 4)/Inn(O4, D 4).

Theorem 1.3. Let A be an irreducible square matriz with entries in {0,1} satis-
fying condition (I) in [CK]. Then there exist short exact sequeneces:

(1) 1 — B (U(®D4)) 2> Tn(04,D4) 5 [gale — 1,

(2) 1— 21, UDa4)) 2 Aut(Oa,D4) - N([oal) — 1,

(3) 1— H}, (U(D4)) = Out(Oa,D4) = N(loale)/[oale — 1.
They all split. Hence Out(O4,D 4) is a semi-direct product

Out(0a,D4) = N([oale)/[oale - He, UDA)).

where N([o4].) denotes the normalizer subgroup of [0 4]. in the group Homeo(X 4)
of all homeomorphisms on X4, and Z} (U(D4)), BL, (U(D4)) and H, (U(D4))
are the group of unitary one-cocycles for o4, the subgroup of Z. (U(Da)) of
coboundaries and the cohomology group Z, (U(D4))/Bs, (U(D4)) respectively.

Similar type theorems hold for the pair of the canonical AF-algebra F,4 inside
of O4 and its diagonal algebra © 4, that are studied in Section 7.

In [Mab], the results of this talk is generalized to more general subshifts and the
C*-algebras associated with the subshifts considered in [Ma] (cf.[CM]) and [Ma3].
Throughout the paper, we denote by Z, and N the set of nonnegative integers and
the set of positive integers respectively.



2. PRELIMINARIES

Let A = [A(4,7)]};=; be an N x N matrix with entries in {0,1}, where 1 < N €
N. Throughout the paper, we always assume that A satisfies condition (I) in the
sense of Cuntz-Krieger [CK]. We denote by X4 the shift space

Xa={(@n)nen € {1,..., N | A(zp, 2p41) = 1 for all n € N}

over {1,..., N} of the right one-sided topological Markov shift for A. It is a compact
Hausdorff space in natural product topology. The shift transformation o4 on X 4 is
defined by 04 ((2n)nen) = (Tn+1)nen- It is a continuous surjective map on X 4. The
topological dynamical system (X 4,04) is called the (right one-sided) topological
Markov shift for A. The condition (I) for A is equivalent to the condition that X 4 is
homeomorphic to a Cantor discontinuum. A word g = pq - - py for p; € {1,..., N}
is said to be admissible for X4 if yu appears in somewhere in some element z in
X 4. The length of p is k& and denoted by |u|. We denote by By (X 4) the set of all
admissible words of length k£ € N. For £ = 0 we denote by By(X4) the empty word
0. We set B.(Xa) = U2 ,Br(Xa) the set of admissible words of X 4.

The Cuntz-Krieger algebra O 4 for the matrix A has been defined by the universal
C*-algebra generated by N partial isometries S1, ..., Sy subject to the relations:

N N
Y 8iSr=1, S8 =Y A®i,)8;5;, i=1,....N  ([CK)).
Jj=1 Jj=1

If A satisfies condition (I), the algebra O4 is the unique C*-algebra subject to the
above relations. For a word pt = g1 -+ - i, € Bi(X4a), we denote by S, = S, -+ Sy, -
It is well-known that the fixed point algebra of 04 under the gauge action p is
the AF-algebra F,4 generated by elements S, S;,u,v € By (Xa) with |u| = |v|
([CK]). Let F} be the C*-subalgebra of F4 generated by elements S, S}, 1, v €
B, (X,). Hence Fi® = U | F7 is a dense *-subalgebra of F4. Let ®4 be the
C*-subalgebra of F4 consisting of all diagonal elements of F4. It is generated
by elements 5,5}, 1 € B«(X4) and isomorphic to the commutative C*-algebra
C(X4) of all complex valued continuous functions on X 4 through the correspon-
dence 5,5}, € D «— x, € C(Xa) where x,, denotes the characteristic function
on X4 for the cylinder set U, = {(zn)neny € Xa | 1 = pu1,..., 25 = pg} for
= p -k € Bp(Xa). We identify C(X 4) with the subalgebra ® 4 of O 4. Then
the following lemma is well-known and basic in our further discussions.

Lemma 2.1( [CK;Remark 2.18], cf.[Ma2;Proposition 3.3]). The algebra ® 4
is maximal abelian in O4.

In [To2], [To3], Tomiyama has used structure of pure state extensions of point
evaluations of the underlying space to study orbit structure of topological dynam-
ical systems of homeomorphisms on compact Hausdorff spaces (cf. [To|, [To4]).
However for the Cuntz-Krieger algebras, it has not been clarified structure of pure
state extensions of point evaluations of the underlying shift space. Instead of point
evaluations, we will use a representation of the Cuntz-Krieger algebra O4 on a
Hilbert space having the shift space X4 as a complete orthonormal basis, as in the
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following way. Let $4 be the Hilbert space with its complete orthonormal system
ez, € X4. The Hilbert space is not separable. Consider the partial isometries
T;,i=1,..., N defined by

e; if iz € Xy
Tzem: { 1T )

0 otherwise,
where iz denotes iz = (i,x1,22,...) for x = (zp)nen € Xa. The relations
SN TTy = LTy = SO0, A(i, )T;T) for i = 1,...,N hold. Since A sat-
isfies condition (I), the operator T; is nonzero for each i = 1,..., N so that the

correspondence S; — T; yields a faithful representation of O4 on $H4. We regard
the algebra O4 as the C*-algebra generated by T;,¢ = 1,..., N on $4 by this
representation, and write T; as S; (cf. [Ma2;Lemma 4.1]).

3. TorPOLOGICAL FULL GROUPS OF MARKOV SHIFTS

For © = (n,)nen € X4, the orbit orb, , (z) of z under o4 is defined by
orbg , () = Uiy Uy 04" (04(2)) C Xa.

Hence y = (yn)nen € Xa belongs to orb, , (x) if and only if there exists an admis-
sible word g1 - - i € Br(Xa) such that y = (u1,- .., pk, Ti41, Tit2, - .. ) for some
k,l € Z,. Denote by Homeo(X 4) the group of all homeomorphisms on X 4.
Definition. Let [0 4] be the set of all homeomorphism 7 € Homeo(X 4) such that
7(x) € orby, (z) for all z € X 4. We call [04] the full group of (Xa,04). Let [04].
be the set of all 7 in [0 4] such that there exist continuous functions k,1: X4 — Z,
such that

(3.1) ai(x)(r(x)) = afix)(az) for all z € X 4.

We call [04]. the topological full group for (X4,04). The functions k, [ above are
called orbit cocycles for 7, and sometimes written as k;, [, respectively. We remark
that the orbit cocyles are not necessarily uniquely determined by 7.

Example. Put F' = 1 (1) . Define 7 € Homeo(X ) by setting
(2,1,1,1’4,$5,...) if (331,:1)2,1‘3) :(1,1,1),
T(z1,20,...) =< (1,1,1,24,25,...) if (z1,29,23) = (2,1,1),

(x1,22,23,Tq,T5,...) otherwise.

Since op(7(x)) = op(x) for all z € Xp, by putting k(x) = Il(x) = 1 for all x € Xp,
one sees that 7 belongs to [ofp]..

Let A be an arbitrary fixed N x N matrix with entries in {0, 1} satisfying con-
dition (I). Then one easily knows that [0 4] is a subgroup of Homeo(X 4) and [0 4]
is a subgroup of [ 4].

Although o4 itself does not belong to [0 4], the group [04]. is not trivial in any
case. Put [o4].(x) ={7(x) € X4 | T € [04].} for z € X 4. Then we have

Lemma 3.1. [04].(z) = orbs, (x) for x € X 4.



4. FULL GROUPS AND NORMALIZERS

Denote by U(O4),U(D 4) the groups of unitaries of O 4 and D 4 respectively. We
will identify the algebra C'(X4) with the subalgebra © 4 of O4. For v € U(O4),
we put Ad(v)(a) = vav*, a € O4. Then we have

Proposition 4.1. For T € [04]., there exists a unitary u, € N(Oa,® 4) such that

Ad(u)(f) = for™ ' for f € Da,

and the correspondence T € [o4l. — ur € N(Oa,D4) is a homomorphism of group.

For v € N(O4,D4), Ad(v) induces an automorphism on both algebras O4 and
4. Let 7, denote the homeomorphism on X4 induced by Ad(v) : D4 — D
satisfying Ad(v)(f) = for, ! for f € D 4. We will know that 7, gives rise to an
element of [o4].. We fix v € N(O4,D4) for a while.

Lemma 4.2. There exists a family v,,,m € Z of partial isometries in O4 such
that all but finitely many v,,,m € Z are zero, and

(1) v=7>",,c7Vm : finite sum.

2) V@AV, C D4 and V5D AV, CDa for m € Z.
) U Um, U U, are projections in © 4 for m € Z.

) VR U = vpvt, =0 form #m’.

) vg € Fa.

NN SN

3
4
5
Lemma 4.3. For a fized n € N, there exist partial isometries v,,v_, € Fa for
each p € B, (X ) satisfying the following conditions:

(1) vn =2 ,en, (xa) Sulu and v_n =3 e (x,) V=S

(2) VLU, Spopv Sy, Spv vy S, and v, v* | are projections in D 4 such that

* _ * * * Qi
Uy Uy, = E VU Up U, = E Spvuv, Sy,

* _ * * * *
v Uy = g SpvZ v—pS,, v_pvl, = g V_p v,
HEBR(Xa) HEBA(Xa)

(3) vy =vX, v =0 for p,v € By(Xa) with p # v.
(4) VD AV}, VD AV, vy D av”  and vE D av_, are contained in D 4.

Let u € O4 be a partial isometry satisfying
u®D qu”* C Dy, WD au CDy.
Put the projections p,, = u*u, g, = uu* € © 4 and clopen sets X,, = supp(py), Yo =

supp(qy) C Xa. Then Ad(u) : D ap, — D aqy yields an isomorphism and induces
a homeomorphism h,, : X,, — Y, such that

Ad(u)(g) = gohy™ € Daqu(=C(Ya))  for g € Dapu(= C(Xu)).



Lemma 4.4. Keep the above situation. Assume that v € F4. Then there exists
k € N such that for all x = (xy)nen € Xu

Yn = Tp for alln >k
where Yy = (Yn)nen = hy ().

Thus we have

Lemma 4.5. For a partial isometry u € Fa satisfying
u@Au* C@A, u*@AuC@A,
there exists k, € N such that the homeomorphism h, : supp(u*u) — supp(uu®)
defined by Ad(u)(g) = go h; ! for g € D au*u satisfies the condition
ok (hu(z)) = ok (2) for x € supp(u*u).

Therefore we have

Proposition 4.6. For anyv € N(O4,®4), the homomorphism T, on Xz induced

by the automorphism of © 4 defined by the restriction of Ad(v) to ® 4 gives rise to
an element of the topological full group [0 a]..

The unitaries U(® 4) are naturally embedded into N(O4, D 4). We denote the
embedding by id. For v € N(O4,®4), the induced homemorphism on X4 is
denoted by 7,, that gives rise to an element of [0 4]. by the above proposition. We
then have

Theorem 4.7. The sequence
1 —UD4) ~5 N(OA,Da) = [0a]le — 1

1s exact and splits.

5. ORBIT EQUIVALENCE

Definition. Let (X4,04) and (Xp,0p) be topological Markov shifts. If there
exists a homeomorphism h : X4 — Xp such that h(orb,,(z)) = orb,, (h(z)) for
x € X4, then (X4,04) and (Xp,0p) are said to be topologically orbit equivalent.
In this case, for x € Xa, h(ca(z)) € orby,(h(x)) so that h(ca(z)) € U2, UX,
op"ol(h(z)). Hence there exist ki, I; : Xa — Z, such that ag(x)(h(aA(a:))) =
ag(m)(h(:z:)). Similarly there exist ko, lo : Xp — Z such that aff(y)(hfl(aB(y))) =
5 (7 (W),

We say that (X4,04) and (Xp,0p) are continuously orbit equivalent if there
exists a homeomorphism h : X4 — Xp and continuous functions ki, [y : X4 —
Zy and kg, ly : Xp — Z such that

(51) 0V (h(oa@) =057 (h(@), oKV osm) =5 (T (w)
forz € X4 and y € Xp.

1 1 1 1
11057 10
sequences (Z,)nen of 1,2 such that the word (2,2) is forbidden. Define a homeo-
morphism h : Xp — X4, by substituting the word 2 in X4, for the word (2,1)
in Xp from the leftmost. Then h : Xp — X Ap) gives rise to a continuous orbit
equivalence between (Xp,or) and (Xa,,04, ). The following hold.

Example. Let Ap = . The subshift X is the set of all
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Proposition 5.1. There exists a homeomorphism h : X4 — Xp such that h o
[0a]lc o h™t = [0B]. if and only if then (Xa,04) and (Xp,0B) are continuously
orbit equivalent.

Proposition 5.2. If there exists an isomorphism ¥ : O4 — Op such that
U(D4) = Dp, then there exists a homeomorphism h : X4 — Xp such that
holoal.oh™ = [og]..

Proof. By Theorem 4.7, there exists an isomorphism U : [0ale — [oB]c of group
such that the following diagrams are commutative:

1 —— UD) —2 N0, D4) —— [oa]le —— 1

| P E E

1 —— U(Dp) _d N(Op,Dp) T, ol —— 1.

Let h: X4 — Xp be the homeomorphism satisfying W(f) = f o h~! for f € D 4.
The identity ¥ o Ad(v) o U= = Ad(¥(v)) implies that ho[oa].oh™t = [op]..
Then we have

Theorem 5.3. Let A, B be irreducible square matrices with entries in {0,1} sat-
isfying condition (I). The following three assertions are equivalent:

(1) There exists an isomorphism ¥V : Oy — Op such that V(D 4) = Dp.
(2) (Xa,04) and (Xp,0p) are continuously orbit equivalent.
(3) There exists a homeomorphism h : X4 — Xp such that ho [oa]lc o h™! =

[O‘B]c.
6. NORMALIZERS OF THE FULL GROUPS AND AUTOMORPHISMS OF OA

In this section, we will study the normalizer subgroup

1

N([oale) = {¢p € Homeo(X 4) | poTop " € [oa]. for all T € [04].}

of [04]. in Homeo(X 4), related to the automorphism group Aut(O4,0 4). We set

Nloa] ={h € Homeo(X 4) | h(orbs,(z)) = orbs,, (h(z)) for x € X4},
N [oa] ={h € Homeo(X 4) | there exist continuous functions k11, ka,lo : X4 — Z
PO (h(oa(x) = o4 (h(z)),

"2 (o a(2))) = 02 (W (2)) for 2 € X4}

such that o

Lemma 6.1. N_.[oa] = N([oa]c).

Proposition 6.2. For a homeomorphism h € N.([oa]) there exists an automor-
phism ap, € Aut(Oa,D ) such that an(f) = foh™t for f € D4, and the corre-
spondence h € N.([oa]) — an € Aut(O4,D4) is a homomorphism.

Conversely for any automorphism a € Aut(O4,® 4), we denote by ¢, the home-
omorphism on X4 induced by the restriction of a to D 4 such that a(f) = fo ¢!
for f € ® 4. We then have



Proposition 6.3. ¢, belongs to N([oalc).

We denote by w4 : ® 4 — D 4 the homomorphism defined by v 4(a) = vazl SiaS}
for a € ® 4. In regarding © 4 with C(X4) as usual, one sees w4 (f) = fooa for
f € C(X4). A unitary one-cocycle for ¢4 is a U(D 4)-valued function U : Z; —
U(D 4) satisfying

Uk+1)=U(k)e"(U(1)), k,l€Z, (cf[Ma2)]).

Let Z} (U(D4)) be the set of all unitary one-cocycles for ¢4, that is an abelian
group in natural way. For U € Z} (U(D4)), put

(U)(Su) =U(k)S, for p € Bi(Xa).

Then (U) gives rise to an automorphism of O4 such that (U)|p, = id. We note
that the correspondence U € Z, , (U(Da)) — U(1) € U(D 4) yields an isomorphism
of abelian group, and hence we may identify Z!, (U(D4)) with U(D4). By [Ma2;
Lemma 4.8],

: Z;A UD4)) — Aut(O4,D4)

is an injective homomorphism of group.
Let V:Z4 — U(D4) be a U(D 4)-valued function on Z, satisfing

V(k) =vpli(v"), kel

for some unitary v € U(D 4). Then V is called a coboundary for ¢ 4. Note that
a coboundary for ¢4 is a unitary one-cocycle for p4. Let BL (U(D4)) be the set
of all coboundaries for 4. It is easy to see that BL, (U(D4)) is a subgroup of
Zr (U(D4)). We remark that if U € Z1, (U(D4)) satisfies U(1) = vpa(v*) for
some v € U(D4), then U(k) = veh(v*) for k € N, and hence U € B, (U(D4)).
Define H, (U(D4)) by the quotient group Z:, (U(Da))/Bs, UD4)).

Theorem 6.4. There exist short exact sequences:

(1) 1— BL,(U(Da4)) 2> In(04,D4) - [oa]e — 1,

2) 1— Z1 (UD4)) = Aut(O4,D4) —2 N([oale) — 1,

(3) 1 — H}, U(D.)) 2> Out(O4,D4) ~= N([oale) /[0l — 1.
They all split.

7. ORBIT EQUIVALENCE AND AF-ALGEBRAS

In this section, we will show that the discussions in the previous sections can be
applied to the pair (Fa,9 ) of the AF-algebra F4 and its diagonal algebra © 4,
instead of the pair (04, ) that we have studied. For x = (x,)nen € Xa, the
uniform orbit orb, ,[x] of x under o4 is defined by

orbe[r] = U200 3" (0% (1)) € Xa.

8



Hence y = (yn)nen € Xa belongs to orb,, [z] if and only if there exist k € Z, and
an admissible word p; - - ug € Br(X ) such that

Yy = (,U/l? sy Mk Ykt 1, Yket-25 - - - )

Let [[ca]] be the set of all homeomorphisms 7 € Homeo(X4) such that 7(x) €
orb, ,[x] for all x € X 4. Let [04]ar be the set of all 7 in [[o4]] such that there
exists a continuous function k : X4 — Z, such that

(7.1) o (r(2)) =" (z)  for all z € Xy4.

We call [0 4] ar the AF-full group for (X 4,04). As X4 is compact, for a homeomor-
phism 7 € Homeo(X 4), 7 belongs to [04]ar if and only if there exists a constant
number k € Z, such that o%(7(z)) = 0% (x) for all z € X4. We set for z € X,
[oalar(z) ={7(x) | T € [0a]ar}. It is immediate to see that [ca]ap(z) = orb, , [z].
Let N(Fa,D4) be the normalizer of © 4 in Fy, that is defined as the group of all
unitaries u € F4 such that uD u* = © 4. We note that the algebra 2 4 is also
maximal abelian in F4. By similar argument to the previous sections, there exists
a short exact sequnce:

1 — UD4) S N(Fa,04) " [0alar — 1

that splits. We say that (Xa,04) and (Xp,op) are uniformly orbit equivalent if
there exists a homeomorphism h : X4 — Xp such that h(orb, ,[z]) = orb,,[h(z)]
for x € X 4 and there exist constant numbers k1, ko € Z such that

o (h(oa(x)) = o (h(z)), o (h™(oB(y)) = o (k" (y)

for x € X4 and y € Xp. Then we have

Theorem 7.1. The following three assertions are equivalent:

(1) There exists an isomorphism ¥ : F54 — Fp such that V(D 4) = Dp.

(2) (Xa,04) and (Xp,0p) are uniformly orbit equivalent.

(3) There exists a homeomorphism h: X4 — Xp such that ho[oalapoh™ =
[oB]aF.

Let Aut(F4,® 4) be the group of all automorphisms « of F4 such that a(D4) =
D 4. Denote by Inn(F4,D 4) the subgroup of Aut(Fa,® 4) of inner automorphisms
on Fa. We set Out(Fa,D 4) the quotient group Aut(Fa,D4)/Inn(Fa,D ). By the
same argument as Section 6, we have

Theorem 7.2. There exist short exact sequeneces:

(1) 1 — B}, (D)) = Inn(Fa, D) 2 [oalar — 1,

(2) 1 — Z1, (UDa)) 2 Aut(Fa,Da) = N([oa]ar) — 1

(8) 1 — H}, (U(Da)) > Out(Fa,Da) = N([oalar)/loa]ar — L.
They all split, where N([oa]lar) is the normalizer subgroup of [oa]ar in [[04]].
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