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1. Introduction and preliminaries

A norm on C2 is said to be absolute if ‖(z, w)‖ = ‖(|z|, |w|)‖ and normalized

if ‖(1, 0)‖ = ‖(0, 1)‖ = 1. In [2], they proved that the set Na of all absolute

normalized norms on C2 corresponds to the family Ψ of all convex functions on

[0, 1] satisfying that ψ(0) = ψ(1) = 1 and max{1− t, t} ≤ ψ(t) ≤ 1 (0 ≤ t ≤ 1)

in one-to-one fashion under the following equations

ψ(t) = ‖(1− t, t)‖ (0 ≤ t ≤ 1) (1)

and

‖(z, w)‖ψ =

 (|z|+ |w|)ψ
(
|w|
|z|+|w|

)
if (z, w) 6= (0, 0),

0 if (z, w) = (0, 0).
(2)

for every (z, w) ∈ C2.

In [16], by using these convex functions , they introduced the ψ-direct sum

X ⊕ψ Y of Banach spaces X and Y as their direct sum X ⊕ Y equipped with the

norm

‖(z, w)‖ψ =

 (|z|+ |w|)ψ
(
|w|
|z|+|w|

)
if (z, w) 6= (0, 0),

0 if (z, w) = (0, 0).
(3)

This is the generalized notion of `p-sum X ⊕p Y and this notion gives us many

examples of (non `p-type) norms on X ⊕ Y .
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In this papar, we shall deal with the necessary and sufficient conditions co-

cerning the convexity and non-squareness. of X ⊕ψ Y , which described with these

properties of X and Y and with the property of the convex function ψ.

Banach space X is said to be strictly convex provided, if ‖x‖ = ‖y‖ = 1, x 6= y,

then ‖(x+ y)/2‖ < 1. X is called uniformly convex if any ε > 0 there is a δ (0 <

δ < 1) such that, whenever ‖x−y‖ ≥ ε, ‖x‖ = ‖y‖ = 1, one has ‖(x+y)/2‖ < 1−δ.
X is called uniformly non-square ([7]; cf. [1, 11]) if there exists a δ (0<δ<1) such

that, whenever ‖(x− y)/2‖ > 1− δ, ‖x‖, ‖y‖ ≤ 1, one has ‖(x + y)/2‖ ≤ 1− δ.
A function ψ on [0, 1] is called strictly convex if, for any s, t ∈ [0, 1], s 6= t, and

for any c (0 < c < 1), one has ψ((1− c)s+ ct) < (1− c)ψ(s) + cψ(t).

2. Monotonicity property of absolute norms

we shall state the following monotonicity properties of absolute norms on C2,

as they play crucial roles to prove the main theorems.

Lemma 1 ([2, p.36, Lemma 2]). Let ψ ∈ Ψ.

(i) If |p| ≤ |r| and |q| ≤ |s|, then ‖(p, q)‖ψ ≤ ‖(r, s)‖ψ.

(ii) If |p| < |r| and |q| < |s|, then ‖(p, q)‖ψ < ‖(r, s)‖ψ.

Proposition 1 (Takahashi, Kato and Saito [16]). Let ψ ∈ Ψ. Then the

following assertions are equivalent:

(i) If |z| ≤ |u| and |w| < |v|, or |z| < |u| and |w| ≤ |v|, then ‖(z, w)‖ψ <

‖(u, v)‖ψ.

(ii) ψ(t) > ψ∞(t) for all t ∈ (0, 1).

In particular, if ψ is strictly convex, the assertion (i) holds true.

Proposition 2. ([10]Let ψ ∈ Ψ and let (z, w), (u, v) ∈ C2.

(i) Let |z| < |u| and |w| = |v|. Then ‖(z, w)‖ψ = ‖(u, v)‖ψ if and only if

‖(z, w)‖ψ = |w|.
(ii) Let |z| = |u| and |w| < |v|. Then ‖(z, w)‖ψ = ‖(z, v)‖ψ if and only if

‖(z, w)‖ψ = |z|.
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3. Strict convexity, uniform convexity and uniform non-squareness of

X ⊕ψ Y

We need the following lemma to prove the main theorems.

Lemma 2. Let {xn} and {yn} be sequences in a Banach space X such that

{‖xn‖} and {‖yn‖} converge to non-zero limits, respectively. Then the following

are equivalent.

(i) limn→∞ ‖xn + yn‖ = limn→∞(‖xn‖+ ‖yn‖).

(ii) lim
n→∞

∥∥∥∥ xn
‖xn‖

+
yn
‖yn‖

∥∥∥∥ = 2.

Now we present the main theorems.

Theorem A ([16, 13]). Let X and Y be Banach spaces and let ψ ∈ Ψ. Then

(i) X ⊕ψ Y is strictly convex if and only if X and Y are strictly convex, and ψ

is strictly convex ([16, Theorem 1]).

(ii) X ⊕ψ Y is uniformly convex if and only if X and Y are uniformly convex,

and ψ is strictly convex ([13, Theorem 1]).

Theorem B ([14]). Let ψ ∈ Ψ. Then (C2, ‖ · ‖ψ) is uniformly non-square if

and only if ψ 6= ψ1 and ψ 6= ψ∞.

Theorem C([10]). Let X and Y be Banach spaces and ψ ∈ Ψ. Then the

following are equivalent.

(i) X ⊕ψ Y is uniformly non-square.

(ii) X and Y are uniformly non-square and ψ 6= ψ1, ψ∞.

Example (cf. [13]). Let 1 ≤ q < p ≤ ∞ and 21/p−1/q < λ < 1. Let ψp,q,λ =

max{ψp, λψq}, where ψp is as in (6). Then ψp,q,λ ∈ Ψ and, as is easily seen, the

norm of X ⊕ψp,q,λ Y is given by

‖(x, y)‖ψp,q,λ = max{‖(x, y)‖p, λ‖(x, y)‖q}. (4)

Indeed, ψp and λψq meet in (0, 1) (note that ψp < ψq, and ψp and ψq have thier

minimums 21/p−1 and 21/q−1 respectively), and ψp,q,λ is convex, so ψp,q,λ ∈ Ψ.

According to Theorem 1, X ⊕ψp,q,λ Y is uniformly non-square if and only if X

and Y are uniformly non-square.
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