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Abstract

We consider a crossed product of a unital simple separable nuclear stably finite Z-
stable C∗-algebra A by a strongly outer cocycle action of a discrete countable amenable
group Γ. Under the assumption that A has finitely many extremal tracial states and
Γ is elementary amenable, we show that the twisted crossed product C∗-algebra is
Z-stable. As an application, we also prove that all strongly outer cocycle actions
of the Klein bottle group on Z are cocycle conjugate to each other. This is the
first classification result for actions of non-abelian infinite groups on stably finite C∗-
algebras.

1 Introduction

This is a continuation of our previous paper [27] studying Z-stability of crossed product
C∗-algebras and classification of group actions on Z. Here Z denotes the Jiang-Su algebra
introduced by X. Jiang and H. Su in [11], and a unital C∗-algebra A is said to be Z-stable
if A is isomorphic to A ⊗ Z. In Elliott’s program to classify nuclear C∗-algebras via K-
theoretic invariants (see [34] for an introduction to this subject), the Jiang-Su algebra Z
has recently become to play a central role. In fact, all unital simple separable nuclear
C∗-algebras classified so far by their Elliott invariants are Z-stable. Also, Z-stability is
known to be closely related to other regularity properties, such as finite nuclear dimension,
strict comparison of positive elements and the property (SI) (see [35, 46, 28]). We refer
the reader to [36, 45] for several characterizations of Z.

In the first half of the paper, we study Z-stability of crossed products arising from
strongly outer cocycle actions of discrete countable groups. Let A be a unital, simple,
separable, nuclear, stably finite, Z-stable C∗-algebra with finitely many extremal tracial
states. Let (α, u) : Γ y A be a cocycle action of a discrete group Γ (see Definition
2.1). We say that (α, u) is strongly outer when its extension to the weak closure in any
tracial representation is outer (see Definition 2.5 for the precise definition). In this setting,
we prove that if Γ is elementary amenable and (α, u) is strongly outer, then the twisted
crossed product A o(α,u) Γ is Z-stable (Corollary 4.11). In our previous paper [27], we
had to make extra hypotheses on the C∗-algebra A and on the group Γ in order to deduce
the weak Rohlin property (see Definition 2.5) from strong outerness. The hypothesis on
A was necessary to replace central sequences in the sense of von Neumann algebras with
central sequences in the sense of C∗-algebras. In this paper, we have removed it by using
amenability of nuclear C∗-algebras proved by U. Haagerup [7] (see Proposition 3.5). As
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for the group Γ, we dealt with only ZN and finite groups in the previous paper. Now
we extend our arguments to all elementary amenable groups by showing that they admit
outer actions on the hyperfinite II1-factor with a ‘nice’ Rohlin property (see Definition 2.4
and Proposition 3.3). In order to prove Z-stability of crossed products, we need one more
ingredient, namely the property (SI). In [28], we have already shown that Z-stability
of A implies the property (SI) (Theorem 2.8). Furthermore, by using the weak Rohlin
property of (α, u), we will prove that A satisfies an α-equivariant version of the property
(SI) (Proposition 4.5). Together with an exact sequence of central sequence algebras
(Theorem 4.3), this allows us to conclude that Ao(α,u) Γ is Z-stable.

In Section 5, we will also show that if a unital separable nuclear C∗-algebra A is not
of type I, then the central sequence algebra has a subquotient which is isomorphic to a
II1-factor (Theorem 5.1). This may be thought of as an analogue of Glimm’s theorem.

In the latter half of the paper, we study cocycle actions of the Klein bottle group on
UHF algebras and the Jiang-Su algebra. The Klein bottle group is the group generated by
two elements a, b satisfying bab−1 = a−1, and is isomorphic to the fundamental group of
the Klein bottle. Classification of group actions is one of the most fundamental subjects
in the theory of operator algebras. We briefly review classification results of automor-
phisms or group actions on simple stably finite C∗-algebras known so far. For AF and
AT algebras, A. Kishimoto [15, 16, 17] showed the Rohlin property for a certain class
of automorphisms and obtained a cocycle conjugacy result. The first-named author [24]
extended this result to unital simple AH algebras with real rank zero and slow dimension
growth. The second-named author [38] proved that strongly outer Z-actions on Z are
unique up to strong cocycle conjugacy. T. Katsura and the first-named author [14] gave a
complete classification of strongly outer Z2-actions on UHF algebras by using the Rohlin
property, and then this result was extended to a certain class of strongly outer Z2-actions
on unital simple AF algebras [24]. The uniqueness of strongly outer ZN -actions on UHF
algebras of infinite type was obtained in [26]. In our previous paper [27], we proved that
strongly outer Z2-actions on Z are unique up to strong cocycle conjugacy.

In the present paper, we first show that strongly outer cocycle actions of the Klein
bottle group on UHF algebras are unique up to cocycle conjugacy (Theorem 6.16). The
proof is along the same lines as the proof of [24, Theorem 6.6], but we need to look at
the OrderExt invariant carefully and to check that it always vanishes, unlike the case
of Z2-actions. Then we establish a cohomology vanishing type result for cocycle actions
of the Klein bottle group on the Jiang-Su algebra Z (Proposition 7.7). The Z-stability
theorem proved in the first half of the paper plays an essential role. Finally, by using this
cohomology vanishing, we obtain the uniqueness of strongly outer cocycle actions of the
Klein bottle group on Z (Theorem 7.12). The uniqueness up to strong cocycle conjugacy
of strongly outer actions is also given (Theorem 7.15). These are the first classification
results of (cocycle) actions of non-abelian infinite groups on C∗-algebras.
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2 Preliminaries

2.1 Notations

Let A be a C∗-algebra. For a, b ∈ A, we mean by [a, b] the commutator ab− ba. The set
of tracial states on A is denoted by T (A). For a ∈ A, we define

∥a∥2 = sup
τ∈T (A)

τ(a∗a)1/2

If A is simple and T (A) is non-empty, then ∥·∥2 is a norm. For τ ∈ T (A), we let (πτ , Hτ )
denote the GNS representation of A associated with τ . For τ ∈ T (A), the dimension
function dτ associated with τ is given by

dτ (a) = lim
n→∞

τ(a1/n),

for a positive element a ∈ A.
When A is unital, we mean by U(A) the set of all unitaries in A. For u ∈ U(A), the

inner automorphism induced by u is written Adu. An automorphism α ∈ Aut(A) is called
outer, when it is not inner. For α ∈ Aut(A), the fixed point subalgebra {a ∈ A | α(a) = a}
is written Aα. We let T (A)α = {τ ∈ T (A) | τ ◦ α = τ}. A single automorphism is often
identified with a Z-action generated by it.

Let A be a separable C∗-algebra and let ω ∈ βN \ N be a free ultrafilter. Set

c0(A) = {(an) ∈ ℓ∞(N, A) | lim
n→∞

∥an∥ = 0}, A∞ = ℓ∞(N, A)/c0(A),

cω(A) = {(an) ∈ ℓ∞(N, A) | lim
n→ω

∥an∥ = 0}, Aω = ℓ∞(N, A)/cω(A).

We identify A with the C∗-subalgebra of A∞ (resp. Aω) consisting of equivalence classes
of constant sequences. We let

A∞ = A∞ ∩A′, Aω = Aω ∩A′

and call them the central sequence algebras of A. A sequence (xn)n ∈ ℓ∞(N, A) is called
a central sequence if ∥[a, xn]∥ → 0 as n → ∞ for all a ∈ A. A central sequence is a
representative of an element in A∞. An ω-central sequence is defined in a similar way.
For τ ∈ T (A), we define τω ∈ T (Aω) by

τω(x) = lim
n→ω

τ(xn),

where (xn)n is a representative sequence of x ∈ Aω. When α is an automorphism of A,
we can consider its natural extension on A∞, Aω, A∞ and Aω. We denote it by the same
symbol α.

We let Z denote the Jiang-Su algebra introduced by X. Jiang and H. Su [11]. They
proved that any unital endomorphisms of Z are approximately inner and that Z is isomor-
phic to the infinite tensor product of its replicas. In particular, Z is strongly self-absorbing,
cf. [43]. When a C∗-algebra A satisfies A ∼= A⊗ Z, we say that A absorbs Z tensorially,
or A is Z-stable.
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2.2 Group actions and cocycle conjugacy

We set up some terminologies for group actions. For a discrete group Γ, the neutral
element is denoted by 1 ∈ Γ.

Definition 2.1. Let A be a unital C∗-algebra and let Γ be a discrete group.

(1) A pair (α, u) of a map α : Γ → Aut(A) and a map u : Γ × Γ → U(A) is called a
cocycle action of Γ on A if

αg ◦ αh = Adu(g, h) ◦ αgh
and

u(g, h)u(gh, k) = αg(u(h, k))u(g, hk)

hold for any g, h, k ∈ Γ. We always assume α1 = id, u(g, 1) = u(1, g) = 1 for all
g ∈ Γ. We denote the cocycle action by (α, u) : Γ y A. Notice that α gives rise to
a (genuine) action of Γ on A∞ and Aω.

(2) A cocycle action (α, u) is said to be outer if αg is outer for every g ∈ Γ except for
the neutral element.

(3) Two cocycle actions (α, u) : Γ y A and (β, v) : Γ y B are said to be cocycle
conjugate if there exist a family of unitaries (wg)g∈Γ in B and an isomorphism
θ : A→ B such that

θ ◦ αg ◦ θ−1 = Adwg ◦ βg
and

θ(u(g, h)) = wgβg(wh)v(g, h)w
∗
gh

for every g, h ∈ Γ. Furthermore, when there exists a sequence (xn)n of unitaries in
B such that xnβg(x

∗
n) → wg as n→ ∞ for every g ∈ Γ, we say that (α, u) and (β, v)

are strongly cocycle conjugate.

(4) Let α : Γ y A be an action. The fixed point subalgebra {a ∈ A | αg(a) = a ∀g ∈ Γ}
is written Aα.

(5) Let α : Γ y A be an action. A family of unitaries (xg)g∈Γ in A is called an α-cocycle
if one has xgαg(xh) = xgh for all g, h ∈ Γ.

Definition 2.2 ([33, Definition 2.4]). Let (α, u) : Γ y A be a cocycle action of a discrete
group Γ on a unital C∗-algebra A. The twisted crossed product Ao(α,u) Γ is the universal
C∗-algebra generated by A and a family of unitaries (λαg )g∈Γ satisfying

λαg λ
α
h = u(g, h)λαgh and λαg aλ

α∗
g = αg(a)

for all g, h ∈ Γ and a ∈ A.

If two cocycle actions (α, u) : Γ y A and (β, v) : Γ y B are cocycle conjugate,
then A o(α,u) Γ and B o(β,v) Γ are canonically isomorphic. Conversely, if there exists an
isomorphism θ : Ao(α,u) Γ → B o(β,v) Γ satisfying

θ(A) = B and θ(λαg )(λ
β
g )

∗ ∈ B ∀g ∈ Γ,

then it is easy to check that (α, u) and (β, v) are cocycle conjugate. When Γ is amenable,
A o(α,u) Γ is naturally isomorphic to the reduced twisted crossed product ([33, Theorem
3.11]).
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2.3 The weak Rohlin property

We recall the definitions of amenable groups and of elementary amenable groups (in the
sense of M. M. Day [5]). The cardinality of a set F is written |F |.

Definition 2.3. Let Γ be a countable discrete group.

(1) For a finite subset F ⊂ Γ and ε > 0, we say that a finite subset K ⊂ Γ is (F, ε)-
invariant if |K ∩

∩
g∈F g

−1K| ≥ (1−ε)|K|.

(2) The group Γ is said to be amenable if for any finite subset F ⊂ Γ and ε > 0 there
exists an (F, ε)-invariant finite subset K ⊂ Γ.

(3) The class of elementary amenable groups is defined as the smallest family of groups
containing all finite groups and all abelian groups, and closed under the processes of
taking subgroups, quotients, group extensions and increasing unions.

For countable discrete amenable groups, we introduce the property (Q) as follows.

Definition 2.4. Let Γ be a countable discrete amenable group and let α : Γ y R be an
outer action on the AFD II1-factor R. We say that Γ has the property (Q) if the following
holds: For any finite subset F ⊂ Γ and ε > 0, there exists an (F, ε)-invariant finite subset
K ⊂ Γ and a sequence of projections (pn)n in R such that∥∥∥∥∥∥1−

∑
g∈K

αg(pn)

∥∥∥∥∥∥
2

→ 0 and ∥[x, pn]∥2 → 0 ∀x ∈ R

as n→ ∞.

The definition above does not depend on the choice of the outer action α : Γ y R,
because all outer actions of Γ on R are mutually cocycle conjugate ([4, 13, 30, 23]). In
Proposition 3.3, it will be shown that any elementary amenable group has the property
(Q).

Next we introduce the notions of strong outerness, the weak Rohlin property and the
tracial Rohlin property for group actions on C∗-algebras.

Definition 2.5 ([27, Definition 2.7]). Let A be a unital simple C∗-algebra with T (A)
non-empty and let Γ be a discrete countable amenable group.

(1) We say that an automorphism α ∈ Aut(A) is not weakly inner for τ ∈ T (A)α if the
weak extension of α to an automorphism of πτ (A)

′′ is outer.

(2) A cocycle action (α, u) of Γ on A is said to be strongly outer if αg is not weakly
inner for any τ ∈ T (A)αg and g ∈ Γ \ {e}.

(3) We say that a cocycle action (α, u) : Γ y A has the weak Rohlin property if for any
finite subset F ⊂ Γ and ε > 0 there exist an (F, ε)-invariant finite subset K ⊂ Γ and
a central sequence (fn)n in A such that 0 ≤ fn ≤ 1,

lim
n→∞

∥αg(fn)αh(fn)∥ = 0
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for all g, h ∈ K with g ̸= h and

lim
n→∞

max
τ∈T (A)

|τ(fn)− |K|−1| = 0.

When G = Z, in addition to the conditions above, we further impose the restriction
that K is of the form {0, 1, . . . , k} for some k ∈ N.

(4) Let A be a unital simple C∗-algebra with tracial rank zero. We say that a cocycle
action (α, u) : Γ y A has the tracial Rohlin property if the central sequence (fn)n
in the definition above can be chosen as a central sequence consisting of projections.

We remark that the definition of the tracial Rohlin property which we have introduced
here is slightly stronger than that given in [31, 32]

2.4 The property (SI)

We give the definition of the property (SI) which plays an important role in Section 4.
The original definition given in [38] is slightly different from this version, but they are
actually equivalent (see the discussion following [27, Definition 4.1]).

Definition 2.6 ([27, Definition 4.1]). We say that a separable C∗-algebra A has the
property (SI) when for any central sequences (xn)n and (yn)n in A satisfying 0 ≤ xn ≤ 1,
0 ≤ yn ≤ 1,

lim
n→∞

max
τ∈T (A)

τ(xn) = 0 and inf
m∈N

lim inf
n→∞

min
τ∈T (A)

τ(ymn ) > 0,

there exists a central sequence (sn)n in A such that

lim
n→∞

∥s∗nsn − xn∥ = 0 and lim
n→∞

∥ynsn − sn∥ = 0.

Remark 2.7. The property (SI) introduced in the definition above can be reformulated
in terms of ω-central sequences. Namely, A has the property (SI) if and only if for any
ω-central sequences (xn)n and (yn)n of positive contractions in A satisfying

lim
n→ω

max
τ∈T (A)

τ(xn) = 0 and inf
m∈N

lim
n→ω

min
τ∈T (A)

τ(ymn ) > 0,

there exists an ω-central sequence (sn)n in A such that

lim
n→ω

∥s∗nsn − xn∥ = 0 and lim
n→ω

∥ynsn − sn∥ = 0.

Indeed, these two formulations are both equivalent to the following condition: for any
finite subset F ⊂ A, ε > 0 and c > 0, there exist a finite subset G ⊂ A, δ > 0 and m ∈ N
such that the following holds. If positive contractions x, y ∈ A satisfy

∥[x, a]∥ < δ, ∥[y, a]∥ < δ ∀a ∈ G,

max
τ∈T (A)

τ(x) < δ and min
τ∈T (A)

τ(ym) > c,

then one can find s ∈ A such that

∥[s, a]∥ < ε ∀a ∈ F, ∥s∗s− x∥ < ε and ∥ys− s∥ < ε.
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In [27, Lemma 4.3], we proved that certain Z-stable C∗-algebras have the property
(SI). Recently we have generalized this result and obtained the following ([28]).

Theorem 2.8 ([28, Theorem 1.1, Theorem 4.2]). Let A be a unital, simple, separable,
nuclear, stably finite, infinite dimensional C∗-algebra.

(1) If A is Z-stable, then A has the property (SI).

(2) Assume further that A has finitely many extremal tracial states. If A has the property
(SI), then A is Z-stable.

In Section 4, we will give a slightly different proof of (2) of Theorem 2.8 (Theorem
4.9).

2.5 Approximate representability of cocycle actions

In this subsection, we collect notations and terminologies which will be used in Section 6
and Section 7.

For a Lipschitz continuous function f , we denote its Lipschitz constant by Lip(f).
Let A be a unital C∗-algebra. The collection of all continuous bounded affine maps

from T (A) to R is denoted by Aff(T (A)). The dimension map

DA : K0(A) → Aff(T (A))

is defined by DA([p])(τ) = τ(p). The connected component of the identity in U(A) is
denoted by U(A)0. For τ ∈ T (A), the de la Harpe-Skandalis determinant ([8]) associated
with τ is written

∆τ : U(A)0 → R/τ(K0(A)).

We let log be the standard branch defined on the complement of the negative real axis. If
∥u−1∥ < 2, then ∆τ (u) = (2π

√
−1)−1τ(log u)+τ(K0(A)). We frequently use the following

fact: when u, v ∈ U(A) satisfy ∥u−1∥+∥v−1∥ < 2, one has τ(log(uv)) = τ(log u)+τ(log v)
for any τ ∈ T (A) (see [8, Lemma 1]).

For a homomorphism φ between C∗-algebras, K0(φ) and K1(φ) are the induced homo-
morphisms on K-groups. Let A and B be unital C∗-algebras. Two unital homomorphisms
φ,ψ : A→ B are said to be asymptotically unitarily equivalent if there exists a continuous
family of unitaries (ut)t∈[0,∞) in B such that

φ(a) = lim
t→∞

Adut(ψ(a))

for all a ∈ A. When there exists a sequence of unitaries (un)n∈N in B such that

φ(a) = lim
n→∞

Adun(ψ(a))

for all a ∈ A, φ and ψ are said to be approximately unitarily equivalent. If φ and ψ are
approximately unitarily equivalent, then Ki(φ) = Ki(ψ) for i = 0, 1. An automorphism
α ∈ Aut(A) is said to be asymptotically (resp. approximately) inner if α is asymptotically
(resp. approximately) unitarily equivalent to the identity map. As usual, we denote by
Inn(A) the set of all approximately inner automorphisms of A. Evidently Inn(A) is a
normal subgroup of Aut(A).
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Let φ ∈ Aut(A) be an automorphism of a unital C∗-algebra A. The implementing uni-
tary in the crossed product C∗-algebra AoφZ is written λφ. The set of all automorphisms
ψ ∈ Aut(A oφ Z) satisfying ψ(A) = A and ψ(λφ)λφ∗ ∈ A is denoted by AutT(A oφ Z)
(similar definitions are found in [9, Section 2] and [26, Section 2]). An automorphism
ψ ∈ AutT(Aoφ Z) is said to be T-asymptotically inner if there exists a continuous family
of unitaries (ut)t∈[0,∞) in A such that

ψ(x) = lim
t→∞

Adut(x)

for all x ∈ Aoφ Z. In an analogous way, one can define T-approximate innerness.
Next, we recall the notion of approximate (resp. asymptotical) representability of

group actions.

Definition 2.9 ([9, Definition 2.2]). Let Γ be a countable discrete group and let A be
a unital C∗-algebra. A cocycle action (α, u) : Γ y A is said to be approximately repre-
sentable if there exists a family of unitaries (vg)g∈Γ in A∞ such that

vgvh = u(g, h)vgh, αg(vh) = u(g, h)u(ghg−1, g)∗vghg−1

and
vgxv

∗
g = αg(x)

hold for all g, h ∈ Γ and x ∈ A.
Asymptotical representability is defined in an analogous way.

It is routine to check that approximate (resp. asymptotical) representability is pre-
served under cocycle conjugacy.

The following proposition lists non-trivial examples of strongly outer, asymptotically
representable actions on stably finite C∗-algebras.

Proposition 2.10. Let α : Γ y A be a strongly outer action. Assume that one of the
following conditions holds.

(1) Γ = Z, αg is asymptotically inner for every non-trivial g ∈ Z, and A is a unital
simple AH algebra with real rank zero, slow dimension growth and finitely many
extremal tracial states.

(2) Γ = ZN and A is a UHF algebra of infinite type.

(3) Γ = Z and A is the Jiang-Su algebra.

(4) Γ = Z2 and A is the Jiang-Su algebra.

Then α : Γ y A is asymptotically representable.

Proof. (1) follows from [24, Theorem 4.8, 4.9], because one can easily construct a strongly
outer, asymptotically representable action of Z on A. (2) follows from [26, Theorem 3.4,
4.5]. (3) follows from [37, Theorem 1.2] and [38, Theorem 1.3], because one can easily
construct a strongly outer, asymptotically representable action of Z on Z. In a similar
fashion, (4) follows from [27, Theorem 7.9].
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3 The weak Rohlin property

In this section we prove Theorem 3.6 and Theorem 3.7. See Definition 2.4 for the definition
of the property (Q).

Lemma 3.1. (1) The group of integers Z has the property (Q).

(2) Any finite group has the property (Q).

(3) If Γ =
∪
n Γn is an increasing union of countable discrete amenable groups Γn with

the property (Q), then Γ also has the property (Q).

(4) If 1 → N → Γ → H → 1 is a short exact sequence of countable discrete amenable
groups and N,H have the property (Q), then Γ also has the property (Q).

(5) Any countable abelian group has the property (Q).

Proof. (1) follows from [4] and (2) follows from [13]. (3) is obvious. (5) is an immediate
consequence of the other assertions, because any countable abelian group is an increasing
union of finitely generated abelian groups.

It remains for us to show (4). Let N and H be countable discrete amenable groups
with the property (Q) and let 1 → N → Γ → H → 1 be a short exact sequence. Let
π : Γ → H be the quotient map and let σ : H → Γ be its right inverse. Let α : Γ y R
be an outer action of Γ on the AFD II1-factor R and let β : H y R be an outer action
of H on R. Suppose that we are given a finite subset F ⊂ Γ and ε > 0. Without loss of
generality, we may assume that there exist finite subsets F1 ⊂ N and F2 ⊂ H such that
F = F1 ∪ σ(F2). Since H has the property (Q), we can find an (F2, ε/2)-invariant finite
subset K2 ⊂ H and a sequence of projections (qn)n in R satisfying∥∥∥∥∥∥1−

∑
h∈K2

βh(qn)

∥∥∥∥∥∥
2

→ 0 and ∥[x, qn]∥2 → 0 ∀x ∈ R.

Define a finite subset F̃1 ⊂ N by

F̃1 = {σ(h)−1gσ(h) | h ∈ K2, g ∈ F1} ∪ {σ(h2h1)−1σ(h2)σ(h1) | h1 ∈ K2, h2 ∈ F2}.

Since N has the property (Q), we can find an (F̃1, ε/2)-invariant finite subset K1 ⊂ N
and a sequence of projections (pn)n in R satisfying∥∥∥∥∥∥1−

∑
g∈K1

αg(pn)

∥∥∥∥∥∥
2

→ 0 and ∥[x, pn]∥2 → 0 ∀x ∈ R.

Put K = {σ(h)g ∈ Γ | g ∈ K1, h ∈ K2}. For any t ∈ F1, h ∈ K2 and g ∈ K1 ∩∩
s∈F̃1

s−1K1, one has

tσ(h)g = σ(h)σ(h)−1tσ(h)g ∈ K.

Also, for any t ∈ F2, h ∈ K2 ∩
∩
s∈F2

s−1K2 and g ∈ K1 ∩
∩
s∈F̃1

s−1K1, one has

σ(t)σ(h)g = σ(th)σ(th)−1σ(t)σ(h)g ∈ K.
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Hence ∣∣∣∣∣K ∩
∩
t∈F

t−1K

∣∣∣∣∣ ≥
∣∣∣∣∣∣K2 ∩

∩
s∈F2

s−1K2

∣∣∣∣∣∣ ·
∣∣∣∣∣∣K1 ∩

∩
s∈F̃1

s−1K1

∣∣∣∣∣∣
≥ (1−ε/2)|K2| · (1−ε/2)|K1| > (1−ε)|K|,

thus K is (F, ε)-invariant.
Define an outer action γ : Γ y R⊗̄R by γs = αs ⊗ βπ(s) for s ∈ Γ. It is easy to see

lim
n→∞

∥[x, pn ⊗ qn]∥2 = 0 ∀x ∈ R⊗̄R

and

lim
n→∞

∥∥∥∥∥1− ∑
s∈K

γs(pn ⊗ qn)

∥∥∥∥∥
2

= lim
n→∞

∥∥∥∥∥∥1−
∑

h∈K2,g∈K1

γσ(h)(αg(pn)⊗ qn)

∥∥∥∥∥∥
2

= lim
n→∞

∥∥∥∥∥∥1−
∑
h∈K2

1⊗ βh(qn)

∥∥∥∥∥∥
2

= 0,

which completes the proof.

Remark 3.2. Let N be a countable discrete amenable group with the property (Q) and
let 1 → N → Γ → Z → 1 be a short exact sequence. Thus, Γ is isomorphic to a semidirect
product N o Z. Letting a ∈ Z denote a generator, we write Γ = {gai | g ∈ N, i ∈ Z}.
From the lemma above, Γ has the property (Q). Moreover, its proof tells us that the
‘invariant’ set in Γ can be chosen of the form {gai | g ∈ K, 0 ≤ i ≤ k−1}, where K ⊂ N is
an ‘invariant’ set. More precisely, we get the following. Let α : Γ y R be an outer action
of Γ on the hyperfinite II1-factor R. Then, for any finite subset F ⊂ N , ε > 0 and k ∈ N,
there exists an (F, ε)-invariant finite subset K ⊂ N and a sequence (pn)n of projections
in R such that∥∥∥∥∥∥1−

∑
g∈K

k−1∑
i=0

αgai(pn)

∥∥∥∥∥∥
2

→ 0 and ∥[x, pn]∥2 → 0 ∀x ∈ R

as n→ ∞.

Proposition 3.3. Every countable discrete elementary amenable group has the property
(Q).

Proof. This follows from the lemma above and [2, Proposition 2.2 (b)].

In order to state and prove Proposition 3.5 below, we need to recall U. Haagerup’s
result [7, Theorem 3.1], which says that any nuclear C∗-algebra has a virtual diagonal in
the sense of [12]. In particular, any nuclear C∗-algebra is amenable. Here we quote the
following theorem from [6], which is an interpretation of [7, Theorem 3.1]. See also [19,
Lemma 4.2].
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Theorem 3.4 ([6, Theorem 2.1]). Let A be a unital nuclear C∗-algebra. For any finite
subset F ⊂ A and ε > 0, there exist w1, w2, . . . , wm ∈ A such that

m∑
i=1

wiw
∗
i = 1 and

∥∥∥∥∥
m∑
i=1

awixw
∗
i −

m∑
i=1

wixw
∗
i a

∥∥∥∥∥ < ε∥x∥ ∀a ∈ F, x ∈ A.

The following is a variant of [39, Lemma 2.1]. We include the proof for completeness.

Proposition 3.5. Let A be a unital nuclear C∗-algebra. For any finite subset F ⊂ A and
ε > 0, there exist a finite subset G ⊂ A and δ > 0 such that the following hold. If x ∈ A
is a positive element such that

∥x∥ ≤ 1 and ∥[x, a]∥2 < δ ∀a ∈ G,

then there exists a positive element y ∈ A such that

∥y∥ ≤ 1, ∥x− y∥2 < ε and ∥[y, a]∥ < ε ∀a ∈ F.

Proof. By applying the theorem above to F ⊂ A and ε > 0, we getG = {w1, w2, . . . , wm} ⊂
A. Let δ = ε/m. Suppose that x ∈ A is a positive contraction satisfying ∥[x,wi]∥2 < δ for
any wi ∈ G. Put y =

∑
iwixw

∗
i . Clearly

0 ≤ y ≤
∑
i

wiw
∗
i = 1 and ∥x− y∥2 < mδ = ε.

Furthermore, for any a ∈ F ,

∥[y, a]∥ =

∥∥∥∥∥
m∑
i=1

awixw
∗
i −

m∑
i=1

wixw
∗
i a

∥∥∥∥∥ < ε∥x∥ ≤ ε.

We are now ready to show the equivalence of strong outerness and the weak Rohlin
property (see Definition 2.5 for the definitions) for cocycle actions of groups with the
property (Q).

Theorem 3.6. Let A be a unital, simple, separable, nuclear, stably finite, infinite di-
mensional C∗-algebra with finitely many extremal tracial states and let Γ be a countable
discrete amenable group with the property (Q). For a cocycle action (α, u) of Γ on A, the
following conditions are equivalent.

(1) (α, u) is strongly outer.

(2) (α, u) has the weak Rohlin property.

Proof. The implication (2)⇒(1) was proved in [27, Remark 2.8]. We show the other
implication. Suppose that (α, u) : Γ y A is strongly outer. Let E be the set of extremal
tracial states on A. For τ ∈ E, it is well-known that πτ (A)

′′ is the AFD II1-factor. Set
π =

⊕
τ∈E πτ and M = π(A)′′ =

⊕
τ∈E πτ (A)

′′. We identify A with π(A) and omit π.
The cocycle action (α, u) on A naturally extends to the cocycle action (ᾱ, u) on M . Note
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that, for a bounded sequence (xn)n in M , xn converges to zero in the strong operator
topology if and only if ∥xn∥2 converges to zero.

Suppose that we are given a finite subset F ⊂ Γ and ε > 0. Let R be the AFD
II1-factor and let γ : Γ y R be an outer action. Since Γ has the property (Q), there exist
an (F, ε)-invariant finite subset K ⊂ Γ and a sequence of projections (pn)n in R such that∥∥∥∥∥∥1−

∑
g∈K

γg(pn)

∥∥∥∥∥∥
2

→ 0 and ∥[x, pn]∥2 → 0 ∀x ∈ R

as n→ ∞.
First, we would like to show that there exists a sequence of projections (qn)n in M

such that
∥[x, qn]∥2 → 0, ∥ᾱg(qn)ᾱh(qn)∥2 → 0 and τ(qn) → 1/|K|

for all x ∈ M , g, h ∈ K with g ̸= h and τ ∈ T (M) as n → ∞. The cocycle action ᾱ
induces an action of Γ on the set of minimal central projections in M . For each Γ-orbit
we choose and fix a minimal central projection. Let E0 denote the set of such projections.
There exist finite subsets He ⊂ Γ for each e ∈ E0 such that∑

e∈E0

∑
h∈He

ᾱh(e) = 1.

Put Γe = {g ∈ Γ | ᾱg(e) = e}. Then Γe is a subgroup of Γ and

Γ =
∪
h∈He

hΓe

holds for every e ∈ E0. Let (ᾱe, ue) be the restriction of (ᾱ, u) to Γe and Me, i.e. ᾱeg =
ᾱg|Me, ue(g, h) = u(g, h)e for g, h ∈ Γe. Since (α, u) is strongly outer, the cocycle action
(ᾱe, ue) of Γe on Me is outer. Likewise, we let γe denote the restriction of γ : Γ y R to
Γe. It follows from [30, Chapter 1] (see also [23, Theorem 2.3]) that (ᾱe, ue) is cocycle
conjugate to (ᾱe ⊗ γe, ue ⊗ 1). Hence, there exist an isomorphism πe :Me⊗̄R→Me and
a family of unitaries (veg)g∈Γe in Me such that

Ad veg ◦ ᾱg = πe ◦ (ᾱeg ⊗ γeg) ◦ π−1
e ∀g ∈ Γe.

We define an isomorphism π :M⊗̄R→M by

π((ᾱh ⊗ γh)(x)) = ᾱh(πe(x)) ∀x ∈Me⊗̄R, h ∈ He.

Let qn = π(1⊗ pn). We would like to show ∥ᾱg(qn)− π(1⊗ γg(pn))∥2 → 0 for every g ∈ Γ
as n→ ∞. Once this is done, it is evident that (qn)n is the desired sequence of projections.
We have

qn = π(1⊗ pn)

=
∑
e∈E0

∑
h∈He

π(ᾱh(e)⊗ pn)

=
∑
e∈E0

∑
h∈He

π((ᾱh ⊗ γh)(e⊗ γ−1
h (pn)))

=
∑
e∈E0

∑
h∈He

ᾱh(πe(e⊗ γ−1
h (pn))).

12



Take g ∈ Γ. For each h ∈ He there exists k ∈ He such that gh ∈ kΓe, and the map h 7→ k
is a bijection. Then one can verify

lim
n→∞

∥ᾱg(ᾱh(πe(e⊗ γ−1
h (pn))))− π(ᾱk(e)⊗ γg(pn))∥2

= lim
n→∞

∥ᾱk(ᾱk−1gh(πe(e⊗ γ−1
h (pn))))− π(ᾱk(e)⊗ γg(pn))∥2

= lim
n→∞

∥ᾱk(πe((ᾱk−1gh ⊗ γk−1gh)(e⊗ γ−1
h (pn))))− π(ᾱk(e)⊗ γg(pn))∥2

= lim
n→∞

∥ᾱk(πe(e⊗ γk−1g(pn))− π(ᾱk(e)⊗ γg(pn))∥2 = 0.

Therefore we get

lim
n→∞

∥ᾱg(qn)− π(1⊗ γg(pn))∥2

= lim
n→∞

∥∥∥∥∥∥
∑
e∈E0

∑
h∈He

ᾱg(ᾱh(πe(e⊗ γ−1
h (pn))))− π(1⊗ γg(pn))

∥∥∥∥∥∥
2

= lim
n→∞

∥∥∥∥∥∥
∑
e∈E0

∑
k∈He

π(ᾱk(e)⊗ γg(pn))− π(1⊗ γg(pn))

∥∥∥∥∥∥
2

= 0.

By Kaplansky’s density theorem, we may replace (qn)n with a sequence (xn)n of pos-
itive contractions in A. Thanks to Proposition 3.5, we can further replace (xn)n with a
sequence (yn)n of positive contractions in A satisfying

∥[a, yn]∥ → 0, ∥αg(yn)αh(yn)∥2 → 0 and τ(yn) → 1/|K|

for all a ∈ A, g, h ∈ K with g ̸= h and τ ∈ T (A) as n → ∞. Finally, by the same way as
[27, Proposition 3.3], we obtain a sequence (zn)n of positive contractions in A satisfying

∥[a, zn]∥ → 0, ∥αg(zn)αh(zn)∥ → 0 and τ(zn) → 1/|K|

for all a ∈ A, g, h ∈ K with g ̸= h and τ ∈ T (A) as n → ∞. Consequently (α, u) has the
weak Rohlin property.

For a C∗-algebra A with tracial rank zero, we can prove that strong outerness is
equivalent to the tracial Rohlin property in the sense of Definition 2.5 (4).

Theorem 3.7. Let A be a unital simple separable C∗-algebra with tracial rank zero and
with finitely many extremal tracial states. Let Γ be a countable discrete amenable group
with the property (Q). For a cocycle action (α, u) of Γ on A, the following conditions are
equivalent.

(1) (α, u) is strongly outer.

(2) (α, u) has the tracial Rohlin property in the sense of Definition 2.5 (4).

Proof. The implication (2)⇒(1) can be shown in a similar fashion to [27, Remark 2.8]. We
prove (1)⇒(2). Suppose that (α, u) : Γ y A is strongly outer. Define M and (ᾱ, u) : Γ y
M in the same way as Theorem 3.6. It is well-known thatM is isomorphic to a finite direct

13



sum of the hyperfinite II1-factor (see [31, Lemma 2.16], [27, Remark 2.6 (8)]). Exactly the
same argument as Theorem 3.6 shows that there exists a sequence of projections (qn)n in
M such that

∥[x, qn]∥2 → 0, ∥ᾱg(qn)ᾱh(qn)∥2 → 0 and τ(qn) → 1/|K|

for all x ∈ M , g, h ∈ K with g ̸= h and τ ∈ T (M) as n → ∞. By [31, Lemma 2.15], we
may replace qn with projections en in A, that is, there exists a sequence of projections
(en)n in A such that

∥[a, en]∥2 → 0, ∥αg(en)αh(en)∥2 → 0 and τ(en) → 1/|K|

for all a ∈ A, g, h ∈ K with g ̸= h and τ ∈ T (A) as n → ∞. Then, from [24, Proposition
4.1], we can find a sequence (fn)n of projections in A such that

∥[a, fn]∥ → 0, ∥αg(fn)αh(fn)∥ → 0 and τ(fn) → 1/|K|

for all a ∈ A, g, h ∈ K with g ̸= h and τ ∈ T (A) as n → ∞. Thus (α, u) has the tracial
Rohlin property.

4 Z-stability of crossed products

In this section, we prove Theorem 4.9. We also prove that the fixed point subalgebra of
the central sequence algebra has strict comparison (Theorem 4.8).

4.1 Fixed point subalgebras of central sequence algebras

Throughout this subsection, we let A be a unital, simple, separable, nuclear, stably finite,
infinite dimensional C∗-algebra with finitely many extremal tracial states. We also fix a
countable discrete amenable group Γ and a cocycle action (α, u) : Γ y A with the weak
Rohlin property. Note that we allow Γ to be trivial.

Let E be the set of extremal tracial states on A. Set π =
⊕

τ∈E πτ and M = π(A)′′ =⊕
τ∈E πτ (A)

′′. It is well-known that πτ (A)
′′ is the AFD II1-factor R for τ ∈ E. We identify

A with π(A) and omit π. It is clear that T (A) is identified with T (M). We let

R = (ℓ∞(N, R)/{(xn)n | ∥xn∥2 → 0 as n→ ω}) ∩R′,

be the central sequence algebra of R in the sense of von Neumann algebra, where R is
identified with the subalgebra consisting of equivalence classes of constant sequences. It is
also well-known that R is a II1-factor (see [41, Theorem XIV.4.18] for example). Similarly,
we define M by

M = (ℓ∞(N,M)/{(xn)n | ∥xn∥2 → 0 as n→ ω}) ∩M ′.

Clearly M is isomorphic to
⊕

τ∈E R. In particular, T (M) is canonically identified with
T (M), and hence with T (A). We let T (A)/Γ ∼= T (M)/Γ ∼= T (M)/Γ denote the quotient
space by the Γ-action τ 7→ τ ◦ αg. The cocycle action (α, u) : Γ y A gives rise to the
cocycle action (ᾱ, u) : Γ y M . Notice that α : Γ y Aω and ᾱ : Γ y M are genuine
actions.
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The inclusion map A ↪→M induces the homomorphism

ρ : Aω → M.

Put J = Ker ρ. For an ω-central sequence (xn)n in A, its image in Aω belongs to J if
and only if ∥xn∥2 → 0 as n → ω. In other words, for x ∈ Aω, x belongs to J if and only
if τω(x

∗x) = 0 for any τ ∈ T (A) (see Section 2.1 for the definition of τω). The action α
globally preserves J , and so the fixed point subalgebra Jα is well-defined. Throughout
this subsection, we keep the above notations.

The following lemma is folklore among experts. For the reader’s convenience, we
include a proof here.

Lemma 4.1. Let (γ,w) : Γ y R be an outer cocycle action of Γ on the AFD II1-factor
R. Then Rγ is a II1-factor.

Proof. By [30, Chapter 1] (see also [23, Theorem 2.3]), (γ,w) is cocycle conjugate to
(γ ⊗ id, w ⊗ 1) : Γ y R⊗̄R. Hence there exists a unital homomorphism φ : R → Rγ (or
one may use [30, Lemma 8.3], which says that Rγ is of type II1). Let τ be the unique trace
on R. Suppose that p is a projection belonging to the center of Rγ . Take a projection
q ∈ R such that τ(φ(q)) = τ(p). There exists a unitary x ∈ R such that xpx∗ = φ(q),
becauseR is a II1-factor. Then (xγg(x

∗))g is a γ-cocycle inR∩{φ(q)}′. By the cohomology
vanishing theorem [30, Proposition 7.2], we can find a unitary y ∈ R ∩ {φ(q)}′ such that
xγg(x

∗) = yγg(y
∗) for all g ∈ Γ. Therefore y∗xpx∗y = φ(q) and y∗x ∈ Rγ . Since p is in

the center of Rγ , we obtain p = φ(q). This means p = 0 or p = 1, and whence Rγ is a
II1-factor.

Lemma 4.2. (1) The fixed point algebra Mᾱ is a finite direct sum of II1-factors.

(2) The map τ 7→ τ |Mᾱ induces an isomorphism from T (M)/Γ to T (Mᾱ).

Proof. (1) The cocycle action ᾱ induces an action of Γ on the set of minimal central
projections of M . For each Γ-orbit we choose and fix a minimal central projection. Let
{e1, e2, . . . , en} denote the set of such projections. For each i = 1, 2, . . . , n, there exist
finite subsets Hi ⊂ Γ such that

n∑
i=1

∑
h∈Hi

ᾱh(ei) = 1.

Put Γi = {g ∈ Γ | ᾱg(ei) = ei}. Then Γi is a subgroup of Γ and

Γ =
∪
h∈Hi

hΓi

holds. Let (ᾱ(i), u(i)) : Γi y Mei be the restriction of (ᾱ, u) to Γi and Mei. It is not so
hard to see

Mᾱ =


n∑
i=1

∑
h∈Hi

ᾱh(x) | x ∈ (Mei)
ᾱ(i)

 ,
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which is isomorphic to
n⊕
i=1

(Mei)
ᾱ(i)

.

Since (ᾱ(i), u(i)) : Γi y Mei is an outer cocycle action of a countable discrete amenable

group on the AFD II1-factor, by the lemma above, the fixed point algebra (Mei)
ᾱ(i)

is a
II1-factor, which completes the proof.

(2) immediately follows from the proof of (1).

Theorem 4.3. (1) The homomorphism ρ : Aω → M is surjective, that is,

0 −−−−→ J −−−−→ Aω
ρ−−−−→ M −−−−→ 0

is exact.

(2) The restriction of ρ to (Aω)
α induces the following short exact sequence:

0 −−−−→ Jα −−−−→ (Aω)
α ρ−−−−→ Mᾱ −−−−→ 0.

Proof. (1) Take a positive contraction x ∈ M. Let (xn)n ∈ ℓ∞(N,M) be a representative
sequence of x consisting of positive contractions. By Kaplansky’s density theorem, we
may assume that xn is in A. We choose an increasing sequence (Fm)m of finite subsets of
A whose union is dense in A. Applying Proposition 3.5 to Fm and 1/m, we get a finite
subset Gm ⊂ A and δm > 0. Define

Ωm = {n ∈ N | n ≥ m, ∥[xn, a]∥2 < 1/δm ∀a ∈ Gm}.

Then Ωm belongs to ω because x is inM. For each n ∈ Ωm\Ωm+1, by means of Proposition
3.5, we obtain a positive contraction yn ∈ A such that

∥xn − yn∥2 < 1/m and ∥[yn, a]∥ < 1/m ∀a ∈ Fm.

Put yn = 0 for n ∈ N \ Ω1. It is easy to see that (yn)n is an ω-central sequence. Let
y ∈ Aω be the image of (yn)n. Since ∥xn − yn∥2 → 0 as n → ω, we have ρ(y) = x which
completes the proof.

(2) Clearly ρ((Aω)
α) is contained in Mᾱ and the kernel of ρ|(Aω)α equals Jα. It

remains to show the surjectivity of ρ|(Aω)α.
Take a positive element x ∈ Mᾱ. We would like to prove that ρ((Aω)

α) contains x.
Since ρ is surjective, there exists a ∈ Aω such that ρ(a) = x. Choose a finite subset F ⊂ Γ,
ε > 0 and m ∈ N arbitrarily. Choose δ > 0 so that

δ(1 + |F |+ · · ·+ |F |m−1) < ε.

Since (α, u) has the weak Rohlin property, there exists an (F, δ)-invariant finite subset
K ⊂ Γ and a positive contraction f ∈ Aω such that

τω(f) = |K|−1 and αg(f)αh(f) = 0
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for all τ ∈ T (A) and g, h ∈ K with g ̸= h. Evidently (ρ(αg(f)))g∈K forms a partition of
unity consisting of projections in M. By the standard reindexation trick, we may assume
that f commutes with a. Define a function ℓ : K → N by

ℓ(g) = min{n ∈ N | ∃g1, g2, . . . , gn ∈ F, gg1 . . . gn /∈ K}.

One has |ℓ−1(1)| ≤ δ|K|, because K is (F, δ)-invariant. Then |ℓ−1(n)| ≤ δ|F |n−1|K| is
obtained inductively, so that

|ℓ−1({1, 2, . . . ,m})| ≤ δ(1 + |F |+ · · ·+ |F |m−1)|K| < ε|K|.

Let h : K → [0, 1] be a function defined by h(g) = m−1min{ℓ(g)−1,m}. The estimate
above implies |h−1(1)| > (1−ε)|K|. We define positive contractions b, c ∈ Aω by

b =
∑
g∈K

αg(af) and c =
∑
g∈K

h(g)αg(af)

It is easy to see that ∥c− αg(c)∥ is less than 1/m for all g ∈ F . Also, we have

ρ(b) =
∑
g∈K

ᾱg(x)ᾱg(ρ(f)) = x,

and so a− b ∈ J . Furthermore, c ≤ b and

τω(b− c) ≤
∑
h(g) ̸=1

τω(αg(af)) ≤
∑
h(g) ̸=1

τω(αg(f)) < ε

for all τ ∈ T (A). Hence τω((a− c)∗(a− c)) = τω((b− c)∗(b− c)) < ε holds for all τ ∈ T (A).
Since F , ε and m were arbitrary, the standard trick on central sequences implies that

there exists a positive contraction c ∈ (Aω)
α such that a − c ∈ J , which completes the

proof.

Lemma 4.4. For any x ∈ Jα, there exists a positive contraction e ∈ Jα such that ex =
xe = x.

Proof. Take x ∈ Jα. Let (xn)n be a representative sequence of x. We choose an increasing
sequence (Fm)m of finite subsets of A whose union is dense in A. Let Γ = {gm | m ∈ N}.
For m ∈ N, define a continuous function hm on [0,∞) by

hm(t) =

{
mt 0 ≤ t ≤ 1/m

1 1/m ≤ t.

Put yn = x∗nxn + xnx
∗
n. It is easy to see that (yn)n is an ω-central sequence of positive

elements satisfying τ(yn) → 0 and αg(yn)− yn → 0 as n→ ω for any τ ∈ T (A) and g ∈ Γ.
Let Ωm be the set of all natural numbers n ≥ m such that

τ(hm(yn)) <
1

m
, ∥αgi(hm(yn))− hm(yn)∥ <

1

m
and ∥[hm(yn), a]∥ <

1

m
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for all τ ∈ T (A), i = 1, 2, . . . ,m and a ∈ Fm. Then Ωm belongs to ω. Set Ω̃m =
Ω1 ∩ Ω2 ∩ · · · ∩ Ωm. Define en ∈ A by

en =

{
hm(yn) n ∈ Ω̃m \ Ω̃m+1

0 n ∈ N \ Ω̃1.

Then (en)n is an ω-central sequence satisfying τ(en) → 0 and αg(en)− en → 0 as n → ω
for all τ ∈ T (A) and g ∈ Γ. Thus, the image e ∈ Aω of (en)n is in Jα. Moreover, for every
n ∈ Ω̃m \ Ω̃m+1, we have

∥xn − enxn∥2 = ∥(1− hm(yn))xnx
∗
n(1− hm(yn))∥

≤ ∥(1− hm(yn))yn(1− hm(yn))∥ < m−1.

Hence x = ex. Likewise, we obtain x = xe, which completes the proof.

In the following proposition, we consider an equivariant version of the property (SI).
Notice that we need not assume that A has finitely many extremal tracial states for this
proposition. See Definition 2.6 for the definition of the property (SI).

Proposition 4.5. Suppose that A has the property (SI). For any ω-central sequences (xn)n
and (yn)n of positive contractions in A satisfying

lim
n→ω

max
τ∈T (A)

τ(xn) = 0, inf
m∈N

lim
n→ω

min
τ∈T (A)

τ(ymn ) > 0,

and
lim
n→ω

∥αg(xn)− xn∥ = lim
n→ω

∥αg(yn)− yn∥ = 0 ∀g ∈ Γ,

there exists an ω-central sequence (sn)n in A such that

lim
n→ω

∥s∗nsn − xn∥ = 0, lim
n→ω

∥ynsn − sn∥ = 0,

and
lim
n→ω

∥αg(sn)− sn∥ = 0 ∀g ∈ Γ.

Proof. The assertion is actually contained in the proof of [27, Theorem 4.7], but we include
a proof here for completeness.

We first note that, by Remark 2.7, the assertion is equivalent to the property (SI)
itself, when Γ is trivial. Let us consider the general case. Let (xn)n and (yn)n be as in the
statement. Put

ν = inf
m∈N

lim
n→ω

min
τ∈T (A)

τ(ymn ) > 0.

Take a finite subset F ⊂ Γ and ε > 0 arbitrarily. Since (α, u) : Γ y A has the weak Rohlin
property, we can find an (F, ε)-invariant finite subset K ⊂ Γ and a central sequence (fl)l
of positive contractions satisfying

lim
l→∞

max
τ∈T (A)

|τ(fl)− |K|−1| = 0 and lim
l→∞

αg(fl)αh(fl) = 0

for all g, h ∈ K with g ̸= h.
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We claim that there exists an ω-central sequence (ỹn)n of positive contractions in A
such that

ỹn ≤ yn, inf
m∈N

lim
n→ω

min
τ∈T (A)

τ(ỹmn ) = ν|K|−1 and lim
n→ω

αg(ỹn)αh(ỹn) = 0

for all g, h ∈ K with g ̸= h. To this end, it suffices to show that for any finite subset
G ⊂ A, δ > 0 and m ∈ N, there exists a sequence (ỹn)n of positive contractions in A such
that

ỹn ≤ yn, lim
n→ω

min
τ∈T (A)

τ(ỹmn ) > ν|K|−1 − 2δ, lim
n→ω

∥αg(ỹn)αh(ỹn)∥ < δ

for all g, h ∈ K with g ̸= h and

lim
n→ω

∥[ỹn, a]∥ < δ ∀a ∈ G.

Choose l ∈ N so that

max
τ∈T (A)

|τ(fl)− |K|−1| < δ, ∥αg(f1/ml )αh(f
1/m
l )∥ < δ

for all g, h ∈ K with g ̸= h and

∥[f1/ml , a]∥ < δ ∀a ∈ G.

Set ỹn = y
1/2
n f

1/m
l y

1/2
n . Clearly ỹn ≤ yn. By means of [27, Lemma 4.6], we get

lim
n→ω

min
τ∈T (A)

τ(ỹmn ) = lim
n→ω

min
τ∈T (A)

τ(ymn fl)

> lim
n→ω

min
τ∈T (A)

τ(ymn )|K|−1 − 2δ ≥ ν − 2δ.

We also have
lim
n→ω

∥αg(ỹn)αh(ỹn)∥ ≤ ∥αg(f1/ml )αh(f
1/m
l )∥ < δ

for all g, h ∈ K with g ̸= h and

lim
n→ω

∥[ỹn, a]∥ ≤ ∥[f1/ml , a]∥ < δ

for all a ∈ G. Thus, the proof of the claim is completed.
Because A has the property (SI) (see also Remark 2.7), there exists an ω-central

sequence (rn)n in A such that

r∗nrn − xn → 0 and ỹnrn − rn → 0

as n→ ω. Define sn ∈ A by

sn =
1√
|K|

∑
g∈K

αg(rn).

Then it is easy to see
s∗nsn − xn → 0 and ynsn − sn → 0
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as n→ ω. Besides, for any h ∈ F ,

lim
n→ω

∥sn − αh(sn)∥ ≤ lim
n→ω

1√
|K|

∥∥∥∥∥∥
∑

g∈K\h−1K

αg(rn)

∥∥∥∥∥∥+
1√
|K|

∥∥∥∥∥∥
∑

g∈K\hK

αg(rn)

∥∥∥∥∥∥
≤ |K \ h−1K|1/2

|K|1/2
+

|K \ hK|1/2

|K|1/2
≤ 2

√
ε.

Since F ⊂ Γ and ε > 0 were arbitrary, the proof is completed.

Lemma 4.6. Suppose that A has the property (SI). For any τ ∈ T ((Aω)
α) and x ∈ Jα,

one has τ(x) = 0.

Proof. Let x ∈ Jα be a positive contraction. It suffices to show τ(x) = 0 for all τ ∈
T ((Aω)

α). By Lemma 4.4, we can find a positive contraction e1 ∈ Jα such that xe1 = x.
By Proposition 4.5, there exists s1 ∈ Jα such that s∗1s1 = x and (1− e1)s1 = s1. Applying
Lemma 4.4 to the positive contraction x+ s1s

∗
1, we obtain a positive contraction e2 ∈ Jα

such that (x + s1s
∗
1)e2 = x + s1s

∗
1. By Proposition 4.5, there exists s2 ∈ Jα such that

s∗2s2 = x and (1− e2)s2 = s2. Then x+ s1s
∗
1 + s2s

∗
2 is again a positive contraction in Jα.

Repeating this argument, one can find (si)i ⊂ Jα satisfying

s∗i si = x and x+ s1s
∗
1 + s2s

∗
2 + · · ·+ sns

∗
n ≤ 1

for every n ∈ N. Hence τ(x) = 0 for all τ ∈ T ((Aω)
α).

Lemma 4.7. Suppose that A has the property (SI).

(1) The map τ 7→ τω|(Aω)α induces an isomorphism from T (A)/Γ to T ((Aω)
α).

(2) The map τ 7→ τω is an isomorphism from T (A) to T (Aω).

(3) If A has a unique tracial state, then so does (Aω)
α.

Proof. (1) immediately follows from Lemma 4.2, Theorem 4.3 and Lemma 4.6. (2) and
(3) are direct consequences of (1).

The following proposition says that (Aω)
α has strict comparison in a certain sense. We

remark that the condition dτω(a) < dτω(b) for all τ ∈ T (A) is equivalent to the condition
dτ (a) < dτ (b) for all τ ∈ T ((Aω)

α), thanks to the lemma above.

Proposition 4.8. Suppose that A has the property (SI). Let a, b ∈ (Aω)
α be positive

elements satisfying dτω(a) < dτω(b) for all τ ∈ T (A). Then there exists r ∈ (Aω)
α such

that rbr∗ = a.

Proof. For a subset X ⊂ R, we let 1X be the characteristic function of X. Notice that we
keep the identification between T (A), T (M) and T (M). By τ ◦ ρ = τω, we have

dτω(a) = lim
n→∞

τω(a
1/n) = lim

n→∞
τ(ρ(a)1/n) = τ(1(0,∞)(ρ(a))),

where the support projection 1(0,∞)(ρ(a)) is well-defined because Mᾱ is a von Neumann
algebra. Similarly we get

dτω(b) = τ(1(0,∞)(ρ(b))).
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Choose k ∈ N so that

dτω(a) <
k − 1

k
dτω(b) ∀τ ∈ T (A).

By Lemma 4.2 (1), there exists a unital homomorphism φ :Mk → Mᾱ. By [22, Theorem
10.2.1], C0((0, 1]) ⊗ Mk is projective. It follows from Theorem 4.3 that we can find a
homomorphism φ̃ : C0((0, 1])⊗Mk → (Aω)

α such that ρ(φ̃(ι⊗ x)) = φ(x) holds for every
x ∈ Mk, where ι ∈ C0((0, 1]) is the identity map. By the usual fast reindexation trick,
we may and do assume that the range of φ̃ commutes with b. Let p ∈ Mk be a rank one
projection. Since ρ(b) commutes with elements of φ(Mk), we have

τ(1(0,∞)(ρ(b)φ(p))) = τ(1(0,∞)(ρ(b))φ(p)) =
1

k
τ(1(0,∞)(ρ(b)))

and

τ(1(0,∞)(ρ(b)φ(1−p))) = τ(1(0,∞)(ρ(b))φ(1−p)) =
k−1

k
τ(1(0,∞)(ρ(b)))

for all τ ∈ T (M). As T (M) has finitely many extremal points, there exists ε > 0 such
that

min
τ∈T (M)

τ(1(ε,∞)(ρ(b)φ(p))) > 0 (4.1)

and
τ(1(0,∞)(ρ(a))) < τ(1(ε,∞)(ρ(b)φ(1−p))) ∀τ ∈ T (M). (4.2)

Define continuous functions g and h on [0,∞) by g(t) = min{ε−1, t−1} and h(t) = tg(t).
By Lemma 4.2, Mᾱ is a finite direct sum of II1-factors and every trace on Mᾱ is the
restriction of a trace on M. It follows from (4.2) that we can find a unitary v ∈ Mᾱ such
that

1(0,∞)(ρ(a)) ≤ v1(ε,∞)(ρ(b)φ(1−p))v∗.

By Theorem 4.3, there exists a unitary w ∈ (Aω)
α such that ρ(w) = v. Set

r = a1/2wg(b)1/2φ̃(ι⊗ (1−p))1/2.

Then

rbr∗ = a1/2wg(b)1/2φ̃(ι⊗ (1−p))1/2bφ̃(ι⊗ (1−p))1/2g(b)1/2w∗a1/2

= a1/2wh(b)φ̃(ι⊗ (1−p))w∗a1/2 ≤ a

and

ρ(rbr∗) = ρ(a1/2wg(b)1/2φ̃(ι⊗ (1−p))1/2bφ̃(ι⊗ (1−p))1/2g(b)1/2w∗a1/2)

= ρ(a1/2)(v1(ε,∞)(ρ(b)φ(1−p))v∗)vρ(h(b))φ(1−p)v∗ρ(a1/2)

= ρ(a1/2)v1(ε,∞)(ρ(b)φ(1−p))h(ρ(b)φ(1−p))v∗ρ(a1/2)

= ρ(a1/2)v1(ε,∞)(ρ(b)φ(1−p))v∗ρ(a1/2)
= ρ(a).
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Thus, a− rbr∗ is a positive element of Jα. On the other hand, one has

τω((h(b)φ̃(ι⊗ p))m) = τ((ρ(h(b))φ(p))m)

= τ(h(ρ(b)φ(p))m)

≥ τ(1(ε,∞)(ρ(b)φ(p))).

This, together with (4.1), implies

inf
m∈N

min
τ∈T (M)

τω((h(b)φ̃(ι⊗ p))m) > 0.

Therefore, by appealing to Proposition 4.5, we can find s ∈ (Aω)
α such that

s∗s = a− rbr∗ and h(b)φ̃(ι⊗ p)s = s.

Put
t = s∗g(b)1/2φ̃(ι⊗ p)1/2.

Clearly rbt∗ = 0, and so we get

(r + t)b(r + t)∗ = rbr∗ + tbt∗

= rbr∗ + s∗g(b)1/2φ̃(ι⊗ p)1/2bφ̃(ι⊗ p)1/2g(b)1/2s

= rbr∗ + s∗h(b)φ̃(ι⊗ p)s = a.

4.2 Z-stability of crossed products

In this subsection, we state direct consequences of the results obtained in Section 3 and
Section 4.1. Throughout this subsection, we let A be a unital, simple, separable, nuclear,
stably finite, infinite dimensional C∗-algebra with finitely many extremal tracial states.
See Definition 2.1 and Definition 2.2 for the definitions of (strong) cocycle conjugacy and
twisted crossed products.

We note that the following theorem contains Theorem 2.8 (2) as a special case (namely
Γ = {1}).

Theorem 4.9. Suppose that A has the property (SI). Let (α, u) : Γ y A be a cocycle action
of a countable discrete amenable group Γ with the weak Rohlin property. Then there exists
a unital homomorphism from Z to (Aω)

α, and hence (α, u) : Γ y A is strongly cocycle
conjugate to (α⊗id, u⊗1) : Γ y A⊗Z. In particular, the twisted crossed product Ao(α,u)Γ
is Z-stable.

Proof. We first prove the existence of a unital homomorphism from Z to (Aω)
α. As shown

in [11], Z is an inductive limit of the prime dimension drop algebras I(k, k+1)’s. Hence,
in the light of [44, Proposition 2.2], it suffices to construct a unital homomorphism from
I(k, k+1) to (Aω)

α. Let (ei,j)i,j be a system of matrix units for Mk. As in the proof of
Proposition 4.8, we can find a homomorphism φ̃ : C0((0, 1]) ⊗ Mk → (Aω)

α such that
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τω(φ̃(ι
m ⊗ e1,1)) = 1/k for every τ ∈ T (A) and m ∈ N, where ι ∈ C0((0, 1]) is the identity

map. Clearly

φ̃(ι⊗ e1,1) ≥ 0 and φ̃(ι⊗ e1,i)φ̃(ι⊗ e1,j)
∗ =

{
φ̃(ι⊗ e1,1)

2 i = j

0 i ̸= j.

By Lemma 4.5, there exists s ∈ (Aω)
α such that

s∗s = 1− φ̃(ι2 ⊗ 1) and φ̃(ι⊗ e1,1)s = s.

It follows from [38, Proposition 2.1] that there exists a unital homomorphism from I(k, k+1)
to (Aω)

α.
Once we get a unital embedding Z → (Aω)

α, strong cocycle conjugacy between (α, u)
and (α ⊗ id, u ⊗ 1) follows by essentially the same method as [34, Theorem 7.2.2]. Then
we can conclude that the twisted crossed product Ao(α,u) Γ is Z-stable.

Corollary 4.10. Let Γ be a countable discrete amenable group with the property (Q).
Suppose that A has the property (SI). Let (α, u) : Γ y A be a strongly outer cocycle
action. Then there exists a unital homomorphism from Z to (Aω)

α, and hence (α, u) is
strongly cocycle conjugate to (α⊗ id, u⊗1) : Γ y A⊗Z. In particular, the twisted crossed
product Ao(α,u) Γ is Z-stable.

Proof. By Theorem 3.6, the cocycle action (α, u) has the weak Rohlin property. Then the
conclusion follows from the theorem above.

Corollary 4.11. Let Γ be an elementary amenable group. Suppose that A has the property
(SI). Let (α, u) : Γ y A be a strongly outer cocycle action. Then there exists a unital
homomorphism from Z to (Aω)

α, and hence (α, u) is strongly cocycle conjugate to (α ⊗
id, u⊗ 1) : Γ y A⊗Z. In particular, the twisted crossed product Ao(α,u) Γ is Z-stable.

Proof. By Proposition 3.3, Γ has the property (Q). Then the conclusion follows from the
corollary above.

Remark 4.12. In the corollaries above, the assumption of the property (SI) can be
replaced with Z-stability of A, thanks to Theorem 2.8 (1).

5 A remark on central sequence algebras

In this section, we show that for any unital separable nuclear C∗-algebra A which is not
of type I, the central sequence algebra Aω has a subquotient which is isomorphic to a
II1-factor (Theorem 5.1). This may be regarded as a variant of Glimm’s theorem, which
says that if a separable C∗-algebra is not of type I, then it has a subquotient isomorphic
to a UHF algebra.

Let M be a von Neumann algebra with separable predual M∗. We recall the definition
of the central sequence algebra ofM in the sense of von Neumann algebra from [3, Section
II] (see also [41, Chapter XIV §4]).
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For a normal positive functional φ ∈M∗, we let

∥x∥#φ =

(
φ(x∗x) + φ(xx∗)

2

)1/2

.

Since x 7→ φ(x∗x)1/2 is a seminorm, x 7→ ∥x∥#φ is also a seminorm on M . The locally

convex topology onM defined by the family of these seminorms ∥·∥#φ is called the ∗-strong
topology (see [40, Definition II.2.3] for example).

A bounded sequence (xn)n in M is called strongly ω-central if

lim
n→ω

sup{|φ(xny − yxn)| | y ∈M, ∥y∥ ≤ 1} = 0

for every φ ∈ M∗. Let C denote the set of all strongly ω-central sequences. Clearly C is
a unital C∗-subalgebra of ℓ∞(N,M). Let I denote the set of all bounded sequences in M
ω-converging to zero in the ∗-strong topology. It is easy to see that I is a norm-closed
two-sided ideal of C. We call the quotient M = C/I the central sequence algebra of M .
It is well-known that if M is a hyperfinite type II factor then M is a II1-factor (see [41,
Theorem XIV.4.18] and [3, Lemma 2.11.(b)]).

Theorem 5.1. Let A be a unital separable nuclear C∗-algebra which is not of type I. Then
there exists a subquotient of Aω = Aω ∩A′ which is isomorphic to a II1-factor.

Proof. Since A is not of type I, by Glimm’s theorem, there exist a type II factor M with
separable predual and a unital homomorphism π : A → M such that π(A) is ∗-strongly
dense in M . Moreover, M is hyperfinite, because A is assumed to be nuclear.

Let C, I and M be as above. We let B ⊂ ℓ∞(N, A) be the set of all ω-central
sequences (an)n such that the sequence (π(an))n in M is strongly ω-central. It is routine
to check that B is a unital C∗-subalgebra of ℓ∞(N, A) and that B contains cω(A). Let
π̃ : ℓ∞(N, A) → ℓ∞(N,M) be the homomorphism which is naturally induced by π. Then
π̃(B) is contained in C and π̃(cω(A)) is contained in I. Hence π̃|B induces a unital
homomorphism from B/cω(A) ⊂ Aω to M. As mentioned above, M is known to be a
II1-factor. Therefore, it remains for us to show that the homomorphism B/cω(A) → M
is surjective. The proof is essentially the same as [39, Lemma 2.1], but we include it for
completeness.

Take a strongly ω-central sequence (xn)n ∈ C arbitrarily. We assume ∥xn∥ ≤ 1. Let

ψ ∈ M∗ be a normal positive faithful functional. Then ∥·∥#ψ is a norm and the ∗-strong
topology agrees with the topology induced by the norm ∥·∥#ψ on any bounded subset of M
(see [40, Proposition III.5.3] for example). Hence it suffices to show that there exists an

ω-central sequence (an)n in A such that ∥xn − π(an)∥#ψ → 0 as n → ω. By Kaplansky’s
density theorem (see [40, Theorem II.4.8] for example), we can find (bn)n ∈ ℓ∞(N, A) such
that ∥bn∥ ≤ 1 and ∥xn − π(bn)∥#ψ → 0 as n → ∞. We choose an increasing sequence
(Fm)m of finite subsets of A whose union is dense in A. Since A is nuclear, we can apply
Theorem 3.4 to Fm and 1/m, and get a finite subset Gm ⊂ A. Define

Ωm = {n ∈ N | n ≥ m, ∥[π(bn), π(w)]π(w∗)∥#ψ < m−1|Gm|−1 ∀w ∈ Gm}.

As (xn)n is strongly ω-central, (π(bn))n is also strongly ω-central. Therefore, by [41,
Lemma XIV.3.4 (i)], [π(bn), π(w)] tends to zero in the ∗-strong topology as n → ω for
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every w ∈ A. It follows that Ωm belongs to ω. For each n ∈ Ωm \Ωm+1, we define an ∈ A
by

an =
∑
w∈Gm

wbnw
∗.

By the choice of Gm, we have ∥[an, c]∥ < 1/m for all c ∈ Fm, that is, (an)n is an ω-central
sequence. Besides,

∥xn − π(an)∥#ψ =

∥∥∥∥∥xn − ∑
w∈Gm

π(wbnw
∗)

∥∥∥∥∥
#

ψ

≤

∥∥∥∥∥xn − ∑
w∈Gm

π(bn)π(ww
∗)

∥∥∥∥∥
#

ψ

+ 1/m

= ∥xn − π(bn)∥#ψ + 1/m,

and so ∥xn − π(an)∥#ψ → 0 as n→ ω.

Remark 5.2. In the theorem above, suppose that M is the hyperfinite II1-factor. Then,
by [41, Lemma XIV.3.4 (ii)], we can see that for any ω-central sequence (an)n in A, the
sequence (π(an))n in M is strongly ω-central. Thus, B above equals Aω = Aω ∩ A′, and
whence there exists a unital homomorphism from Aω to the II1-factor M.

6 Actions of the Klein bottle group I

In this section, we would like to prove that all strongly outer cocycle actions of the Klein
bottle group on a UHF algebra are mutually cocycle conjugate (Theorem 6.16). We note
that some of the ideas and techniques used in this section are borrowed from [10].

6.1 The OrderExt invariant

In this subsection, we would like to collect some basic facts on the OrderExt group for
later use. The OrderExt invariant was introduced by A. Kishimoto and A. Kumjian [18]
in order to determine when an approximately inner automorphism of a unital simple AT
algebra with real rank zero is asymptotically inner. In the later subsections, we use this
invariant for classification of certain group actions on AF algebras.

We begin with the definition of the OrderExt group ([18, Section 2]). Let G0, G1, F
be abelian groups and let D : G0 → F be a homomorphism. When

ξ : 0 −−−−→ G0
ι−−−−→ Eξ

q−−−−→ G1 −−−−→ 0

is exact, R is in Hom(Eξ, F ) and R ◦ ι = D, the pair (ξ,R) is called an order-extension.
Two order-extensions (ξ,R) and (ξ′, R′) are equivalent if there exists an isomorphism
θ : Eξ → Eξ′ such that R = R′ ◦ θ and

ξ : 0 −−−−→ G0 −−−−→ Eξ −−−−→ G1 −−−−→ 0∥∥∥ yθ ∥∥∥
ξ′ : 0 −−−−→ G0 −−−−→ Eξ′ −−−−→ G1 −−−−→ 0
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is commutative. Then OrderExt(G1, G0, D) consists of equivalence classes of all order-
extensions. As shown in [18], OrderExt(G1, G0, D) is equipped with an abelian group
structure. The map sending (ξ,R) to ξ induces a homomorphism from OrderExt(G1, G0, D)
onto Ext(G1, G0).

When (ξ,R) is an order-extension, there exists r ∈ Hom(G1, F/ ImD) such that the
following diagram is commutative:

0 −−−−→ G0
ι−−−−→ Eξ

q−−−−→ G1 −−−−→ 0yD yR yr
0 −−−−→ ImD −−−−→ F −−−−→ F/ ImD −−−−→ 0,

Clearly r depends only on the OrderExt class of (ξ,R) and the map (ξ,R) 7→ r gives rise
to a homomorphism. We denote it by ρ : OrderExt(G1, G0, D) → Hom(G1, F/ ImD).

Lemma 6.1. Let G0, G1, F be abelian groups and let D : G0 → F be a homomorphism.
If D is injective, then the homomorphism ρ : OrderExt(G1, G0, D) → Hom(G1, F/ ImD)
is an isomorphism.

Proof. Suppose that r ∈ Hom(G1, F/ ImD) is given. Define ξ ∈ Ext(G1, G0) by

Eξ = {(g, f) ∈ G1 × F | r(g) = f + ImD}, ι(h) = (0, D(h)), q(g, f) = g.

Note that ι is injective, because D is injective. We define R : Eξ → F by R(g, f) = f .
Then one has ρ([(ξ,R)]) = r. To prove the injectivity of ρ, we assume that an order-
extension (ξ,R) satisfies ρ([(ξ,R)]) = 0. Then R(Eξ) is contained in ImD. Since KerD =
0, by Lemma 2.4 and Proposition 2.5 of [18], we get [(ξ,R)] = 0. Therefore ρ is an
isomorphism.

We would like to recall the main result of [18]. Let B be a unital simple AT algebra
with real rank zero. As described in [18], there exist natural homomorphisms

η̃0 : Inn(B) → OrderExt(K1(B),K0(B), DB)

and
η1 : Inn(B) → Ext(K0(B),K1(B)).

The following is the main result of [18].

Theorem 6.2 ([18, Theorem 4.4]). Suppose that B is a unital simple AT algebra with real
rank zero. Then the homomorphism

η̃0 ⊕ η1 : Inn(B) → OrderExt(K1(B),K0(B), DB)⊕ Ext(K0(B),K1(B))

is surjective and its kernel equals the set of all asymptotically inner automorphisms of B.

In the rest of this subsection, we let A be a unital simple AF algebra and let φ ∈ Inn(A)
be an approximately inner automorphism such that φn is not weakly inner for every
n ∈ N. By the Pimsner-Voiculescu exact sequence, (K0(AoφZ),K1(AoφZ)) are naturally
identified with (K0(A),K0(A)) (see [24, Section 6]). The space of tracial states T (AoφZ)
is also identified with T (A). These identifications induce the natural isomorphism

OrderExt(K1(Aoφ Z),K0(Aoφ Z), DAoφZ)
∼= OrderExt(K0(A),K0(A), DA).

From now on we will freely identify these two OrderExt groups.
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Lemma 6.3. For any approximately inner automorphism ψ ∈ AutT(A oφ Z), one has
η1(ψ) = 0.

Proof. This follows from the proof of [24, Lemma 6.3].

From Theorem 6.2 and the lemma above, we obtain the following.

Proposition 6.4. Suppose that Aoφ Z is a unital simple AT algebra with real rank zero.
Let ψ ∈ AutT(Aoφ Z) be an approximately inner automorphism. If η̃0(ψ) = 0, then ψ is
asymptotically inner.

For t ∈ R we define φ̂t ∈ AutT(Aoφ Z) by

φ̂t(x) = x ∀x ∈ A and φ̂t(λ
φ) = exp(2π

√
−1t)λφ.

Lemma 6.5. Let ρ : OrderExt(K0(A),K0(A), DA) → Hom(K0(A),Aff(T (A))/ ImDA) be
the homomorphism described above. For every t ∈ R and x ∈ K0(A), one has

ρ(η̃0(φ̂t))(x) = tDA(x) + ImDA.

Proof. Let t ∈ R and let p ∈ A be a projection. It suffices to show the equation for x = [p].
Under the identification betweenK0(A) andK1(AoφZ), [p] corresponds to [λφp+v(1−p)],
where v is a unitary in A satisfying vpv∗ = φ(p). Define f : [0, 1] → U(Aoφ Z) by

f(s) = exp(2π
√
−1st)λφp+ v(1− p).

Then f is a unitary in the mapping torus of φ̂t and

1

2π
√
−1

∫ 1

0
τ(ḟ(s)f(s)∗) ds =

1

2π
√
−1

∫ 1

0
τ(2π

√
−1tp) ds = tτ(p)

for τ ∈ T (A). Hence ρ(η̃0(φ̂t))([p]) = tDA([p]) + ImDA.

We conclude this subsection by the following lemma, which will be used in Section 6.3.

Lemma 6.6. Suppose that σ ∈ Aut(A oφ Z) satisfies σ|A ∈ Inn(A) and σ(λφ)λφ ∈ A.
Let ψ ∈ AutT(A oφ Z) be an approximately inner automorphism. Then σ ◦ ψ ◦ σ−1 is in
AutT(Aoφ Z) and η̃0(σ ◦ ψ ◦ σ−1) = −η̃0(ψ).

Proof. Let B = Aoφ Z. It is straightforward to check σ ◦ ψ ◦ σ−1 ∈ AutT(B). Let

M(B,ψ) = {f ∈ C([0, 1])⊗B | ψ(f(0)) = f(1)}

and
M(B, σ ◦ ψ ◦ σ−1) = {f ∈ C([0, 1])⊗B | (σ ◦ ψ ◦ σ−1)(f(0)) = f(1)}

be mapping tori. Then we have the following commutative diagram:

0 −−−−→ C0(0, 1)⊗B −−−−→ M(B,ψ) −−−−→ B −−−−→ 0yid⊗σ
y yσ

0 −−−−→ C0(0, 1)⊗B −−−−→ M(B, σ ◦ ψ ◦ σ−1) −−−−→ B −−−−→ 0,
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where the horizontal sequences are exact. As mentioned above, K∗(B) = K∗(A oφ Z) is
naturally isomorphic to K0(A). Since σ|A is approximately inner, we get K0(σ) = id on
K0(B). Also, from σ(λφ)λφ ∈ A, we obtain K1(σ) = − id on K1(B). Thus, we get the
commutative diagram:

ξ : 0 −−−−→ K0(B) −−−−→ K1(M(B,ψ)) −−−−→ K1(B) −−−−→ 0yid

yθ y− id

ξ′ : 0 −−−−→ K0(B) −−−−→ K1(M(B, σ ◦ ψ ◦ σ−1)) −−−−→ K1(B) −−−−→ 0,

where the horizontal sequences ξ and ξ′ are exact. Hence ξ′ = −ξ in Ext(K1(B),K0(B)).
Moreover, letting R and R′ be the corresponding rotation maps for ψ and σ ◦ ψ ◦ σ−1

respectively, we can easily check R = R′◦θ. Then the conclusion follows from the definition
of η̃0(·).

6.2 Cocycle actions of Z2 on UHF algebras

In this subsection, we would like to summarize the results obtained in [24, Section 6] and
generalize them to cocycle actions of Z2. Throughout this subsection, we write Z2 = ⟨a, b |
bab−1 = a⟩. For a cocycle action (α, u) : Z2 y A, we put

ǔ = u(b, a)u(a, b)∗,

so that
αb ◦ αa = Ad ǔ ◦ αa ◦ αb

holds. When A is a UHF algebra or the Jiang-Su algebra, (α, u) is cocycle conjugate to a
genuine action if and only if ∆τ (ǔ) = 0 ([27, Theorem 8.6, 8.8]).

First, let us recall the invariant of cocycle actions of Z2 taking its values in an OrderExt
group ([24, Definition 6.4]). Let (α, u) : Z2 y A be a strongly outer and locally KK-trivial
(i.e. K0(αg) = id) cocycle action of Z2 on a unital simple AF algebra A. The automor-
phism αb ∈ Aut(A) extends to α̃b ∈ AutT(Aoαa Z) by letting α̃b(x) = αb(x) for all x ∈ A
and α̃b(λ

αa) = ǔλαa . As mentioned in the previous subsection, by the Pimsner-Voiculescu
exact sequence, (K0(Aoαa Z),K1(Aoαa Z)) are naturally identified with (K0(A),K0(A)).
The space of tracial states T (Aoαa Z) is also identified with T (A). Under these identifi-
cations, we regard η̃0(α̃b) as an element in OrderExt(K0(A),K0(A), DA), and define our
invariant c(α, u) ∈ OrderExt(K0(A),K0(A), DA) by

c(α, u) = η̃0(α̃b) ∈ OrderExt(K0(A),K0(A), DA).

Remark 6.7. Let ρ : OrderExt(K0(A),K0(A), DA) → Hom(K0(A),Aff(T (A))/ ImD) be
the homomorphism described in the previous subsection. Then one has ρ(c(α, u))([1]) =
∆τ (ǔ). Indeed, under the identification between K0(A) and K1(Aoαa Z), [1] corresponds
to [λαa ]. Let z : [0, 1] → U(A) be a piecewise smooth path such that z(0) = 1 and
z(1) = ǔ. Then f(t) = z(t)λαa is a unitary in the mapping torus of α̃b. Therefore
ρ(c(α, u))([1]) = ∆τ (ǔ).

Lemma 6.8. Let (α, u), (β, v) : Z2 y A be strongly outer and locally KK-trivial cocycle
actions of Z2 on a unital simple AF algebra A. If (α, u) and (β, v) are cocycle conjugate
via an approximately inner automorphism θ ∈ Inn(A), then c(α, u) = c(β, v).
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Proof. There exists a family of unitaries (wg)g∈Z2 in A such that

θ ◦ αg ◦ θ−1 = Adwg ◦ βg and θ(u(g, h)) = wgβg(wh)v(g, h)w
∗
gh

hold for every g, h ∈ Z2. Then θ extends to an isomorphism from Aoαa Z to Aoβa Z by
letting

θ(λαa) = waλ
βa .

As in [24, Section 6], we let M(Aoαa Z, α̃b) and M(Aoβa Z, β̃b) denote the mapping tori.
Take a continuous path of unitaries z : [0, 1] → U(A) such that z(0) = 1 and z(1) = wb.
Define an isomorphism θ̃ :M(Aoαa Z, α̃b) →M(Aoβa Z, β̃b) by

θ̃(f)(t) = z(t)∗θ(f(t))z(t).

Since
w∗
bθ(αb(x))wb = (Adw∗

b ◦ θ ◦ αb)(x) = βb(θ(x))

for any x ∈ A and

w∗
bθ(α̃b(λ

αa))wb = w∗
bθ(ǔλ

αa)wb

= w∗
bθ(ǔ)waλ

βawb

= w∗
bwbβb(wa)v̌βa(w

∗
b )w

∗
awaλ

βawb

= βb(wa)v̌λ
βa

= β̃b(waλ
βa)

= β̃b(θ(λ
αa)),

θ̃ is well-defined. Hence we obtain the following commutative diagram:

0 −−−−→ C0(0, 1)⊗ (Aoαa Z) −−−−→ M(Aoαa Z, α̃b) −−−−→ Aoαa Z −−−−→ 0yθ̃ yθ̃ yθ
0 −−−−→ C0(0, 1)⊗ (Aoβa Z) −−−−→ M(Aoβa Z, β̃b) −−−−→ Aoβa Z −−−−→ 0.

From this it is not so hard to see η̃0(α̃b) = η̃0(β̃b), because K0(θ) = id. Therefore we get
c(α, u) = c(β, v).

In the same way as [24, Theorem 6.6], we can prove the following.

Theorem 6.9. Let (α, u), (β, v) : Z2 y A be strongly outer, locally KK-trivial cocycle
actions of Z2 on a unital simple AF algebra A with finitely many extremal tracial states.
The following are equivalent.

(1) c(α, u) = c(β, v) in OrderExt(K0(A),K0(A), DA).

(2) (α, u) and (β, v) are cocycle conjugate via an approximately inner automorphism
θ ∈ Aut(A).
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Proof. We give only sketchy arguments as the proof of [24, Theorem 6.6] applies almost
verbatim. (2)⇒(1) was shown in the lemma above without assuming that A has finitely
many extremal traces. Let us consider the other implication (1)⇒(2). It is well-known
(see [24, Section 4] for example) that Aoαa Z and Aoβa Z are unital simple AT algebras
with real rank zero. By [24, Theorem 4.8, 4.9], we may assume that there exists w ∈ U(A)
such that βa = Adw ◦ αa. Define an isomorphism θ : Aoβa Z → Aoαa Z by θ(x) = x for
x ∈ A and θ(λβa) = wλαa . We can observe

η̃0(α̃b) = c(α, u) = c(β, v) = η̃0(β̃b) = η̃0(θ ◦ β̃b ◦ θ−1).

It follows from Proposition 6.4 that α̃b and θ ◦ β̃b ◦ θ−1 are asymptotically unitarily equiv-
alent. Then [24, Theorem 6.1] applies and yields an approximately inner automorphism
µ ∈ AutT(Aoαa Z) and t ∈ U(A) such that µ|A is in Inn(A) and

µ ◦ θ ◦ β̃b ◦ θ−1 ◦ µ−1 = Ad t ◦ α̃b.

(Actually, in [24, Theorem 6.1], A is assumed to have a unique trace. We can weaken this
hypothesis by using Theorem 3.7 instead of [24, Lemma 5.1]. See also Theorem 6.14.) Let
s = µ(λαa)(λαa)∗ ∈ U(A). One can deduce

(µ|A) ◦ βb ◦ (µ|A)−1 = Ad t ◦ αb

and
(µ|A) ◦ βa ◦ (µ|A)−1 = (Adµ(w)s) ◦ αa.

Moreover, we can verify

tαb(µ(w)s)ǔαa(t
∗)s∗µ(w∗) = µ(v̌),

which implies that (α, u) and (β, v) are cocycle conjugate.

Let us consider the case that A is a UHF algebra. As in [14, Section 5], for every prime
number p, we define

ζA(p) = sup{k ∈ N ∪ {0} | [1] is divisible by pk in K0(A)} ∈ {0, 1, 2, . . . ,∞}.

In [14], it was shown that there exists a bijective correspondence between the set of (strong)
cocycle conjugacy classes of strongly outer Z2-actions on A and the abelian group∏

1≤ζA(p)<∞

Z/pζA(p)Z.

As mentioned in [24, Remark 6.7], it is easy to see that this group is isomorphic to

{r ∈ Hom(K0(A),R/ ImDA) | r([1]) = 0}.

It is also known that this group is isomorphic to the fundamental group π1(Aut(A)) ([42]).
The following theorem is a strengthened version of the main result of [14] (see also [27,

Theorem 8.6]).
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Theorem 6.10. Assume that A is a UHF algebra. There exist bijective correspondences
between the following three sets.

(1) Cocycle conjugacy classes of strongly outer cocycle actions of Z2 on A.

(2) OrderExt(K0(A),K0(A), DA).

(3) Hom(K0(A),R/K0(A)).

The correspondences are given by (α, u) 7→ c(α, u) and (α, u) 7→ ρ(c(α, u)). Furthermore,
a strongly outer cocycle action (α, u) : Z2 y A is cocycle conjugate to a genuine action if
and only if ρ(c(α, u))([1]) = 0.

Proof. SinceDA : K0(A) → Aff(T (A)) ∼= R is injective, by Lemma 6.1, the homomorphism

ρ : OrderExt(K0(A),K0(A), DA) → Hom(K0(A),R/K0(A))

is an isomorphism. By virtue of the theorem above, the correspondence from (1) to (2) is
injective. Take r ∈ Hom(K0(A),R/ ImDA). Let t ∈ R be such that r([1]) = t + ImDA.
Define r′ ∈ Hom(K0(A),R/ ImDA) by

r′(x) = r(x)− tDA(x) + ImDA

so that r′([1]) = 0. By [14, Lemma 5.3] and the observation above, there exists a strongly
outer action γ : Z2 y A such that ρ(c(γ, 1)) = r′. By Lemma 6.5, we have

ρ(η̃0((γ̂a)t ◦ γ̃b))(x) = tDA(x) + r′(x) = r(x).

Take a scalar valued 2-cocycle u : Z2×Z2 → T ⊂ U(A) such that ǔ = exp(2π
√
−1t) (note

that the 2-cohomology group H2(Z2,T) is isomorphic to T). Then ρ(c(γ, u)) = r. Thus
the correspondence from (1) to (2) is surjective.

Let (α, u) : Z2 y A be a strongly outer cocycle action. Evidently, if (α, u) is cocycle
conjugate to a genuine action, then ρ(c(α, u))([1]) = 0 thanks to the theorem above and
Remark 6.7. If ρ(c(α, u))([1]) = 0, then by [14, Lemma 5.3] and the observation above,
there exists a strongly outer action γ : Z2 y A such that c(γ, 1) = c(α, u). By using
the theorem above again, we can conclude that (α, u) is cocycle conjugate to the genuine
action γ.

We will use the following lemma in the next subsection.

Lemma 6.11. Let A be a UHF algebra and let φ be an automorphism of A such that φn

is not weakly inner for every n ∈ N. For any c ∈ OrderExt(K0(A),K0(A), DA), there
exists ψ ∈ AutT(Aoφ Z) such that η̃0(ψ) = c.

Proof. From the theorem above, there exists a strongly outer cocycle action (α, u) : Z2 y
A such that c(α, u) = c. By [15, Theorem 1.3], we may assume that there exists w ∈ U(A)
such that αa = Adw ◦ φ. Define an isomorphism θ : A oαa Z → A oφ Z by θ(x) = x for
x ∈ A and θ(λαa) = wλφ. Then θ ◦ α̃b ◦ θ−1 is in AutT(Aoφ Z) and

η̃0(θ ◦ α̃b ◦ θ−1) = η̃0(α̃b) = c(α, u) = c.
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6.3 Actions of the Klein bottle group on UHF algebras

Throughout this subsection, we let Γ = ⟨a, b | bab−1 = a−1⟩. The group Γ is isomorphic
to the fundamental group of the Klein bottle and is called the Klein bottle group. In this
subsection, we will show that all strongly outer cocycle actions of Γ on a UHF algebra are
cocycle conjugate to each other.

First, we would like to show the existence of strongly outer, approximately repre-
sentable Γ-actions on the Jiang-Su algebra Z. See Definition 2.9 for the definition of
approximate representability.

Lemma 6.12. There exists a homomorphism π : Γ → U(C([0, 1]) ⊗M2) such that π(g)
is not a scalar multiple of 1 for any g ∈ Γ \ {1} and π(g)(0) = 1 for all g ∈ Γ.

Proof. Put

u(t) =

[
expπ

√
−1t 0

0 exp(−π
√
−1t)

]
.

Let v : [0, 1] →M2 be a continuous path of unitaries such that

v(0) =

[
1 0
0 1

]
, v(1) =

[
0 1
1 0

]
.

One can define a homomorphism π : Γ → U(C([0, 1])⊗M2) by

π(a)(t) =

{
1 t ≤ 1/2

u(t− 1/2) 1/2 ≤ t
and π(b)(t) =

{
v(2t) t ≤ 1/2

v(1) 1/2 ≤ t.

Clearly π(g) is not a scalar multiple of 1 for any g ∈ Γ\{1} and π(a)(0) = π(b)(0) = 1.

Proposition 6.13. There exists a strongly outer, approximately representable action α :
Γ y Z. In particular, for any unital Z-stable C∗-algebra A, there exists a strongly outer,
approximately representable action α : Γ y A.

Proof. Since the C∗-algebra

{f ∈ C([0, 1])⊗M2 | f(0) ∈ C}

is embeddable to Z, by the lemma above, there exists a homomorphism π : Γ → U(Z)
such that Adπ(g) ̸= id for all g ∈ Γ \ {1}. Define an action α of Γ on the infinite tensor
product of Z by

αg =
⊗
k∈N

Adπ(g).

It is clear that α is strongly outer and approximately representable. For any unital C∗-
algebra A, the action id⊗α : Γ y A⊗Z is strongly outer and approximately representable.

The following is a Rohlin type theorem for Γ-actions on unital simple AF algebras.
The proof is almost the same as [29, Theorem 3] and [24, Theorem 5.5].
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Theorem 6.14. Let A be a unital simple AF algebra with finitely many extremal tracial
states and let (α, u) : Γ y A be a strongly outer cocycle action. Assume further that αra
and αsb are in Inn(A) for some r, s ∈ N. Then for any m ∈ N, there exist projections
e, f ∈ (A∞)αa such that

αmb (e) = e, αm+1
b (f) = f

and
m−1∑
i=0

αib(e) +

m∑
j=0

αjb(f) = 1.

Proof. For any ε > 0, by Proposition 3.3 and Theorem 3.7, there exists an ({a, b}, ε)-
invariant finite subset K ⊂ Γ and a central sequence (en)n of projections in A such that

lim
n→∞

∥αg(fn)αh(fn)∥ = 0

for all g, h ∈ K with g ̸= h and

lim
n→∞

max
τ∈T (A)

|τ(fn)− |K|−1| = 0.

In addition, by the proof of Lemma 3.1 (4), we may assume that K is of the form

{bjai ∈ Γ | 0 ≤ i ≤ m1 − 1, 0 ≤ j ≤ m2 − 1}

for some m1,m2 ∈ N. Since αra is approximately inner, when m1 is large enough, we can
construct a central sequence of projections (f ′n)n in A such that

lim
n→∞

∥f ′n(fn + αa(fn) + · · ·+ αm1−1
a (fn))− f ′n∥ = 0,

αa(f
′
n) ≈ f ′n and τ(f ′n) ≈ m1τ(fn) ∀τ ∈ T (A),

by using the arguments in [15, Lemma 3.1] (see also [29, Lemma 6]). Consequently we
obtain the following: for any m ∈ N, there exists a central sequence of projections (en)n
in A such that

lim
n→∞

max
τ∈T (A)

|τ(en)−m−1| = 0, lim
n→∞

∥en − αa(en)∥ = 0

and
lim
n→∞

∥enαjb(en)∥ = 0

for all j = 1, 2, . . . ,m−1. By using this instead of [24, Lemma 5.2], one can complete the
proof in exactly the same way as that of [24, Theorem 5.5].

Next we would like to establish a Γ-action version of [24, Theorem 6.1] (or [9, Theorem
4.11]). We note that the idea of the proof is taken from [10].

Theorem 6.15. Let A be a unital simple AF algebra with finitely many extremal tracial
states and let φ ∈ Inn(A). For i = 1, 2, assume that ψi ∈ Aut(A oφ Z) satisfies the
following conditions.

(1) ψi(A) = A and ψi(λ
φ)λφ ∈ A.
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(2) φn ◦ (ψi|A)m ∈ Aut(A) is not weakly inner for each (n,m) ∈ Z2 \ {(0, 0)}.

(3) ψri |A is approximately inner for some r ∈ N.

Assume further that ψ1 ◦ψ−1
2 is asymptotically inner. Then there exists an approximately

inner automorphism µ ∈ AutT(A oφ Z) and a unitary v ∈ U(A) such that µ|A is also
approximately inner and

µ ◦ ψ1 ◦ µ−1 = Ad v ◦ ψ2.

Proof. We would like to apply the Evans-Kishimoto intertwining argument to ψ1 and
ψ2. It is easy to see that ψ1 ◦ ψ−1

2 is in AutT(A oφ Z). By Proposition 2.10 (1), (the
Z-action generated by) φ is asymptotically representable. Then [9, Theorem 4.8] implies
that ψ1◦ψ−1

2 is T-asymptotically inner. For each i = 1, 2, the cocycle action of Γ generated
by φ and ψi|A is strongly outer. It follows from the theorem above that we can find Rohlin
projections for ψi in the fixed point algebra (A∞)φ. Hence, with the help of [24, Lemma
4.10] (or [26, Lemma 3.3]), the (equivariant version of) Evans-Kishimoto intertwining
argument shows the statement.

We are now ready to prove the uniqueness of strongly outer cocycle actions of the
Klein bottle group on UHF algebras.

Theorem 6.16. Let (α, u) and (β, v) be strongly outer cocycle actions of Γ on a UHF
algebra A. Then (α, u) and (β, v) are cocycle conjugate.

Proof. Put ǔ = u(b, a)u(a−1, b)∗u(a−1, a) and v̌ = v(b, a)v(a−1, b)∗v(a−1, a). Because

ǔ(λαa)∗αb(x)λ
αa ǔ∗ = Ad ǔ(α−1

a (αb(x)) = αb(αa(x))

for x ∈ A, the automorphism αb extends to α̃b ∈ Aut(A oαa Z) by letting α̃b(λ
αa) =

ǔ(λαa)∗. Likewise, we can extend βb to β̃b ∈ Aut(A oβa Z). By [15, Theorem 1.3], we
may assume that there exists w ∈ U(A) such that βa = Adw ◦αa. Define an isomorphism
θ : Aoβa Z → Aoαa Z by θ(x) = x for x ∈ A and θ(λβa) = wλαa . Then θ ◦ β̃b ◦ θ−1 ◦ α̃−1

b

is in AutT(Aoαa Z). Since

OrderExt(K0(A),K0(A), DA) ∼= Hom(K0(A),R/ ImDA)

is divisible, there exists c ∈ OrderExt(K0(A),K0(A), DA) such that

−2c = η̃0(θ ◦ β̃b ◦ θ−1 ◦ α̃−1
b ).

By Lemma 6.11, there exists ψ ∈ AutT(Aoαa Z) such that η̃0(ψ) = c. Then

η̃0(ψ ◦ θ ◦ β̃b ◦ θ−1 ◦ ψ−1 ◦ α̃−1
b )

= η̃0(ψ ◦ θ ◦ β̃b ◦ θ−1 ◦ ψ−1 ◦ θ ◦ β̃−1
b ◦ θ−1 ◦ θ ◦ β̃b ◦ θ−1 ◦ α̃−1

b )

= η̃0(ψ) + η̃0(θ ◦ β̃b ◦ θ−1 ◦ ψ−1 ◦ θ ◦ β̃−1
b ◦ θ−1) + η̃0(θ ◦ β̃b ◦ θ−1 ◦ α̃−1

b )

= c+ c+ η̃0(θ ◦ β̃b ◦ θ−1 ◦ α̃−1
b ) = 0,

where we have used Lemma 6.6. Therefore, by Lemma 6.4,

ψ ◦ θ ◦ β̃b ◦ θ−1 ◦ ψ−1 ◦ α̃−1
b ∈ AutT(Aoαa Z)
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is asymptotically inner. It follows from the theorem above that there exist an approxi-
mately inner automorphism µ ∈ AutT(Aoαa Z) and a unitary t ∈ U(A) such that

µ ◦ ψ ◦ θ ◦ β̃b ◦ θ−1 ◦ ψ−1 ◦ µ−1 = Ad t ◦ α̃b. (6.1)

Let ν = µ ◦ ψ and let s = ν(λαa)(λαa)∗ ∈ U(A). One can deduce

(ν|A) ◦ βb ◦ (ν|A)−1 = Ad t ◦ αb (6.2)

and
(ν|A) ◦ βa ◦ (ν|A)−1 = (Ad ν(w)s) ◦ αa. (6.3)

Moreover, from (6.1),

(ν ◦ θ ◦ β̃b ◦ θ−1 ◦ ν−1)(λαa) = (ν ◦ θ ◦ β̃b ◦ θ−1)(ν−1(s∗)λαa)

= (ν ◦ θ ◦ β̃b)(ν−1(s∗)w∗λβa)

= (ν ◦ θ)(βb(ν−1(ν(w)s)∗)v̌(λβa)∗)

= ν(βb(ν
−1(ν(w)s)∗)v̌(λαa)∗w∗)

= Ad t(αb(ν(w)s)
∗)ν(v̌)(λαa)∗(ν(w)s)∗

= Ad t(αb(ν(w)s)
∗)ν(v̌)α−1

a (ν(w)s)∗(λαa)∗

is equal to
Ad t(α̃b(λ

αa)) = tǔα−1
a (t∗)(λαa)∗.

Hence we can verify
ν(v̌) = tαb(ν(w)s)ǔα

−1
a (t∗)α−1

a (ν(w)s).

This, together with (6.2), (6.3), implies that (α, u) and (β, v) are cocycle conjugate.

Corollary 6.17. Any strongly outer cocycle action of Γ on a UHF algebra A is approxi-
mately representable.

Proof. This immediately follows from the theorem above and Proposition 6.13.

Remark 6.18. Let (α, u) : Γ y A be a strongly outer cocycle action on a UHF algebra
A. By [27, Corollary 5.9], Ao(α,u) Γ ∼= (Aoαa Z)oα̃b

Z is a unital simple AH algebra with
real rank zero and slow dimension growth. By means of the Pimsner-Voiculescu exact
sequence, we get

K0(Ao(α,u) Γ) ∼= K0(A), K1(Ao(α,u) Γ) ∼=

{
K0(A) ζA(2) = ∞
K0(A)⊕ Z/2Z otherwise.

Note that ζA(2) = ∞ if and only if A absorbs the UHF algebra of type 2∞ tensorially.

7 Actions of the Klein bottle group II

Throughout this section, we let Γ denote the Klein bottle group ⟨a, b | bab−1 = a−1⟩.
In this section we will prove that all strongly outer cocycle actions of Γ on the Jiang-Su
algebra are cocycle conjugate to each other (Theorem 7.12).
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7.1 Homotopy of unitaries

In this subsection we establish Lemma 7.1 and Lemma 7.3, which will be used in the next
subsection to obtain certain cohomology vanishing type results.

The following lemma is a variant of [24, Lemma 4.10] or [27, Lemma 6.3], and is
essentially contained in the proof of [38, Theorem 5.3]. But we include a proof here for
completeness.

Lemma 7.1. Let B be a UHF algebra with a unique trace τ and let φ be an automorphism
of B such that φn is not weakly inner for all n ∈ N. For any finite subset F ⊂ B and
ε > 0, there exist a finite subset G ⊂ B and δ > 0 such that the following holds. If
x ∈ U(B) satisfies

∥[x, c]∥ < δ ∀c ∈ G, ∥φ(x)− x∥ < δ, τ(log(xφ(x∗))) = 0,

then we can find a continuous map z : [0, 1] → U(B) such that z(0) = 1, z(1) = x,

∥[z(t), c]∥ < ε ∀c ∈ F, ∥φ(z(t))− z(t)∥ < ε ∀t ∈ [0, 1] and Lip(z) < 4.

In addition, if F = ∅, then G = ∅ is possible.

Proof. The case F = G = ∅ is contained in [27, Lemma 8.1], and so we treat the general
case here. Let (dn)n be a sequence of natural numbers such that dn < dn+1 and

B ∼=Md1 ⊗Md2 ⊗Md3 ⊗ . . . .

We regard Bn = Md1 ⊗ · · · ⊗ Mdn as a subalgebra of B. Let yn ∈ Bn ∩ B′
n−1 be a

unitary whose spectrum is {ζkn | k = 1, 2, . . . , dn}, where ζn = exp(2π
√
−1/dn). Define an

automorphism σ of B by σ = limn→∞Ad(y1y2 . . . yn). Then σm is not weakly inner for
all m ∈ N. By [15, Theorem 1.3, 1.4], the Z-actions generated by φ and σ are strongly
cocycle conjugate. Hence it suffices to show the assertion for σ.

Suppose that we are given F ⊂ B and ε > 0. Without loss of generality, we may
assume that there exists n ∈ N such that F is contained in the unit ball of Bn. Applying
[14, Lemma 4.2] to ε/2, we obtain a positive real number δ1 > 0. We may assume δ1 is
less than min{2, ε}. Choose a finite subset G ⊂ B and δ2 > 0 so that if u ∈ U(B) satisfies
∥[u, c]∥ < δ2 for all c ∈ G, then there exists u0 ∈ U(B ∩ B′

n) such that ∥u − u0∥ < δ1/4.
Let δ = min{δ1/2, δ2}.

Suppose that x ∈ U(B) satisfies

∥[x, c]∥ < δ ∀c ∈ G, ∥σ(x)− x∥ < δ, τ(log(xσ(x∗))) = 0.

By the choice of δ, we can find x0 ∈ B ∩ B′
n such that ∥x− x0∥ < δ1/4. We may assume

that there exists m > n such that x0 ∈ Bm ∩ B′
n. Put y = yn+1yn+2 . . . ym ∈ Bm ∩ B′

n.
Then

∥[y, x0]∥ = ∥σ(x0)− x0∥ < ∥σ(x)− x∥+ δ1/2 < δ + δ1/2 ≤ δ1.

Also, from ∥x− x0∥ < δ1/4 < 1/2 and ∥x− σ(x)∥ < δ < 1, one has

τ(log(x0yx
∗
0y

∗)) = τ(log(x0σ(x
∗
0)))

= τ(log(x0x
∗xσ(x∗)σ(xx∗0)))

= τ(log(xσ(x∗))) = 0.
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It follows from [14, Lemma 4.2] that one can find a path of unitaries w : [0, 1] → Bm ∩B′
n

such that w(0) = 1, w(1) = x0, Lip(w) ≤ π + ε and ∥[y, w(t)]∥ < ε/2 for every t ∈ [0, 1].
Note that yw(t)y∗ is equal to σ(w(t)). Take a path of unitaries w′ : [0, 1] → B such that
w′(0) = 1, w′(1) = xx∗0 and Lip(w′) < δ1/4. Then the path z(t) = w′(t)w(t) meets the
requirement.

In order to prove Lemma 7.3, we need the following lemma. The proof uses [21].

Lemma 7.2. Let C be a unital simple AT algebra with a unique trace τ . Assume that
Ki(C) is isomorphic to a non-zero subgroup of Q for each i = 0, 1. Let w ∈ U(C) be such
that [w] ̸= 0. Suppose that (xn)n is a central sequence of unitaries in C such that [xn] = 0
and τ(log(xnwx

∗
nw

∗)) = 0 for all sufficiently large n. Then there exists a central sequence
(zn)n of unitaries in C([0, 1], C) such that zn(0) = 1, zn(1) = xn and Lip(zn) < 7 for all
sufficiently large n.

Proof. For almost commuting unitaries u, v in a unital C∗-algebra A, we denote their
Bott class by Bott(u, v) ∈ K0(A) ([1, Section 1]). When A is a unital simple separable
C∗-algebra with tracial rank zero, by [20, Theorem 3.6], we have

τ(Bott(u, v)) =
1

2π
√
−1

τ(log(vuv∗u∗)) ∀τ ∈ T (A).

Let x ∈ C∞ be the image of (xn)n. Since the unitary x commutes with C, there exists a
homomorphism π : C0(T\{1})⊗C → C∞ such that π(f⊗c) = f(x)c for every f ∈ C0(T\
{1}) and c ∈ C. We regard Ki(π) as homomorphisms from K1−i(C) to Ki(C

∞). Then
K1(π)([1]) = [x] = 0, because [xn] = 0 in K1(C) for all sufficiently large n. Also, one has
K0(π)([w]) = Bott(w, x) = 0, because τ(Bott(w, xn)) = (2π

√
−1)−1τ(log(xnwx

∗
nw

∗)) = 0
for all sufficiently large n and K0(C) has no infinitesimal. As Ki(C) is isomorphic to a
non-zero subgroup of Q for each i = 0, 1, we obtain K1(π) = 0 and K0(π) = 0. Hence we
have the following.

• Let p ∈ C be a projection. Then for all sufficiently large n, the K1-class of xnp+1−p
is zero.

• Let u ∈ C be a unitary. Then for all sufficiently large n, Bott(u, xn) equals zero.

Once this is done, one can construct (zn)n as follows. Let F ⊂ C be a finite subset
and let ε > 0. By applying [21, Corollary 17.9] (see also [25, Theorem 5.4]), we get a
finite subset G ⊂ C, δ > 0, a finite subset P of projections in C and a finite subset U of
unitaries in C. Notice that we do not need to work with the entire K-group K(C) of C,
because Ki(C) are torsion free. For all sufficiently large n,

∥[c, xn]∥ < δ, [xnp+ 1− p] = 0 and Bott(u, xn) = 0

hold for all c ∈ G, p ∈ P and u ∈ U . It follows from [21, Corollary 17.9] that there exists
a continuous map zn : [0, 1] → U(C) such that zn(0) = 1, zn(1) = xn, Lip(zn) < 2π + ε
and ∥[c, zn(t)]∥ < ε for all c ∈ F and t ∈ [0, 1]. Since F and ε were arbitrary, the proof is
completed.
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Lemma 7.3. Let B be a UHF algebra with a unique trace τ and let (α, u) : Γ y B
be a strongly outer cocycle action. Suppose that B absorbs the UHF algebra of type 2∞

tensorially. For any finite subset F ⊂ B and ε > 0, there exist a finite subset G ⊂ B and
δ > 0 such that the following holds. If x ∈ U(B) satisfies

∥[x, c]∥ < δ ∀c ∈ G, ∥αa(x)− x∥ < δ, ∥αb(x)− x∥ < δ, τ(log(xαb(x
∗))) = 0,

then we can find a continuous map z : [0, 1] → U(B) such that z(0) = 1, z(1) = x,
Lip(z) < 7,

∥[z(t), c]∥ < ε, ∥αa(z(t))− z(t)∥ < ε and ∥αb(z(t))− z(t)∥ < ε

for all c ∈ F and t ∈ [0, 1].

Proof. The proof is by contradiction. Assume that there exist a finite subset F ⊂ B and
ε > 0 such that the assertion does not hold. Then we would have a central sequence (xn)n
of unitaries in B satisfying

lim
n→∞

∥αg(xn)− xn∥ = 0 ∀g ∈ Γ and τ(log(xnαb(x
∗
n))) = 0,

and such that there does not exist a unitary z ∈ C([0, 1], B) as described in the statement.
Let C = B o(α,u) Γ be the twisted crossed product C∗-algebra. Since B absorbs the

UHF algebra of type 2∞, by Remark 6.18, C is a unital simple AT algebra with real rank
zero and K0(C) ∼= K1(C) ∼= K0(B). Evidently [λαb ] is not zero in K1(C). We regard B
as a subalgebra of C and think of τ as the unique tracial state on C. Then the sequence
(xn)n consisting of unitaries in B is a central sequence in C such that [xn] = 0 in K1(C)
and

τ(log(xnλ
α
b x

∗
n(λ

α
b )

∗))) = τ(log(xnαb(x
∗
n))) = 0.

It follows from the lemma above that there exists a central sequence (zn)n of unitaries in
C([0, 1], C) such that zn(0) = 1, zn(1) = xn and Lip(zn) < 7 for all sufficiently large n. By
Corollary 6.17, (α, u) : Γ y B is approximately representable. Therefore, in the same way
as [26, Lemma 3.3], we may further assume that zn(t) is in B for all n ∈ N and t ∈ [0, 1].
When n is sufficiently large, we have

∥[zn(t), c]∥ < ε, ∥αa(zn(t))− zn(t)∥ < ε and ∥αb(zn(t))− zn(t)∥ < ε

for all c ∈ F and t ∈ [0, 1], which is a contradiction.

7.2 Cohomology vanishing

In this subsection we prove Proposition 7.7, which is a cohomology vanishing type result
for cocycle actions of Γ on Z. We also prove that all strongly outer actions of Γ on a
certain UHF algebra are strongly cocycle conjugate (Theorem 7.9).

Lemma 7.4. Let (α, u) : Γ y B be a strongly outer cocycle action on a UHF algebra B
with a unique trace τ . For any finite subset F ⊂ B and ε > 0, there exist a finite subset
G ⊂ B and δ > 0 such that the following holds. If x ∈ U(B) satisfies

∥[x, c]∥ < δ ∀c ∈ G, ∥αa(x)− x∥ < δ, τ(log(xαa(x
∗))) = 0,
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then there exists y ∈ U(B) such that

∥[y, c]∥ < ε ∀c ∈ F, ∥αa(y)− y∥ < ε and ∥x− yαb(y
∗)∥ < ε.

In addition, if F = ∅ and u(g, h) = 1 for all g, h ∈ Γ, then G = ∅ is possible.

Proof. The proof is by contradiction. Assume that there exist a finite subset F ⊂ B and
ε > 0 such that the assertion does not hold. Then we would have a central sequence
(xn)n of unitaries in B satisfying αa(xn) − xn → 0 as n → ∞ and τ(log(xnαa(x

∗
n))) = 0,

and such that there does not exist a unitary y ∈ B as described in the statement. Let
x ∈ U((B∞)αa) be the image of (xn)n. Choosem ∈ N so that 4/m < ε. Define xi,n ∈ U(B)
for i = 0, 1, 2, . . . by x0,n = 1 and xi+1,n = xnαb(xi,n). It is easy to see that (xi,n)n is also
a central sequence and αa(xi,n)− xi,n → 0 as n → ∞. Put ǔ = u(b, a)u(a−1, b)∗u(a−1, a)
(we need u(a−1, a) because αa−1 is not necessarily equal to α−1

a ). For each i, when n is
sufficiently large,

τ(log(xi+1,nαa(x
∗
i+1,n)))

= τ(log(xnαb(xi,n)αa(αb(x
∗
i,n)x

∗
n)))

= τ(log(αb(xi,n)αa(αb(x
∗
i,n)))) + τ(log(αa(x

∗
n)xn))

= τ(log(α−1
a (αb(xi,n))αb(x

∗
i,n)))

= τ(log(ǔ∗αb(αa(xi,n))ǔαb(x
∗
i,n)))

= τ(log(ǔ∗αb(αa(xi,n))αb(x
∗
i,n)ǔ)) + τ(log(ǔ∗αb(xi,n)ǔαb(x

∗
i,n)))

= τ(log(αa(xi,n)x
∗
i,n)),

where the last equality follows since (αb(xi,n))n is central and ǔ is homotopic to 1. There-
fore, for each i, we have τ(log(xi,nαa(x

∗
i,n))) = 0 for all sufficiently large n.

Let xi ∈ U((B∞)αa) be the image of (xi,n)n. By Lemma 7.1, there exist paths of
unitaries z0, z1 ∈ C([0, 1], (B∞)αa) such that z0(1) = z1(1) = 1, z0(0) = xm, z1(0) = xm+1,
Lip(z0) ≤ 4 and Lip(z1) ≤ 4. By Theorem 6.14, there exist projections e, f ∈ (B∞)αa

such that
αmb (e) = e, αm+1

b (f) = f

and
m−1∑
i=0

αib(e) +

m∑
j=0

αjb(f) = 1.

We may further assume that the projections e, f commute with {αkb (xi), z0(t), z1(t) | k ∈
Z, i ∈ N, t ∈ [0, 1]}. Define a unitary y ∈ (B∞)αa by

y =
m−1∑
i=0

xiα
i
b(z0(i/m))αib(e) +

m∑
j=0

xjα
j
b(z1(j/(m+1)))αjb(f).

It is easy to check ∥x− yαb(y
∗)∥ ≤ 4/m < ε. This is a contradiction.

We consider the case F = ∅ and u(g, h) = 1 for all g, h ∈ Γ. In this case we would
have a unitary x in (B∞)αa , and ǔ defined above is equal to 1. By replacing (B∞)αa with
(B∞)αa , the same proof works.
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Lemma 7.5. Let B be a UHF algebra of infinite type with a unique trace τ and let
(α, u) : Γ y B be a strongly outer cocycle action. For any finite subset F ⊂ B, ε > 0 and
r ∈ τ(K0(B)) with |r| < 1/2, there exists z ∈ U(B) such that

∥[z, c]∥ < ε ∀c ∈ F, ∥z − αa(z)∥ < ε, ∥z − αb(z)∥ < |e2π
√
−1r − 1|+ ε

and
τ(log(zαb(z

∗))) = 2π
√
−1r.

Proof. Suppose that we are given r ∈ τ(K0(B)) with |r| < 1/2. Let σ = limAd(y1y2 . . . yn)
be the automorphism of B =Md1 ⊗Md2 ⊗Md3 ⊗ . . . constructed in the proof of Lemma
7.1. Since B is of infinite type, we may further impose the condition that dn divides dn+1.
We regard Mdn as a subalgebra of B. When n is sufficiently large, there exists a unitary

zn ∈ Mdn such that znynz
∗
ny

∗
n = e2π

√
−1r. Hence we have τ(log(znσ(z

∗
n))) = 2π

√
−1r and

∥zn − σ(zn)∥ = |e2π
√
−1r − 1|. Moreover (zn)n is a central sequence in B.

Take a strongly outer action γ : Γ y Z. Define β : Γ y Z ⊗ B by βa = γa ⊗ id and
βb = γb⊗σ. Set z′n = 1⊗ zn ∈ Z ⊗B. It is clear that (z′n)n is a central sequence in Z ⊗B

satisfying z′n = βa(z
′
n), ∥z′n − βb(z

′
n)∥ = |e2π

√
−1r − 1| and τ(log(z′nβb(z′n)∗)) = 2π

√
−1r.

Let (α, u) : Γ y Z ⊗ B be a strongly outer cocycle action. By Theorem 6.16, (α, u)
is cocycle conjugate to β. Thus, there exist θ ∈ Aut(Z ⊗ B) and a family of unitaries
(wg)g∈Γ in Z ⊗B such that

θ ◦ αg ◦ θ−1 = Adwg ◦ βg ∀g ∈ Γ.

Put z′′n = θ−1(z′n). Then (z′′n)n is again a central sequence in Z ⊗B. It is straightforward
to see

lim
n→∞

∥z′′n − αa(z
′′
n)∥ = 0 and lim

n→∞
∥z′′n − αb(z

′′
n)∥ = |e2π

√
−1r − 1|.

In addition, for sufficiently large n,

τ(log(z′′nαb(z
′′
n)

∗)) = τ(log(z′nwbβb(z
′
n)

∗w∗
b )) = τ(log(z′nβb(z

′
n)

∗)) = 2π
√
−1r,

because (z′n)n is central and wb is homotopic to 1. The proof is completed.

Lemma 7.6. Let (α, u) : Γ y B be a strongly outer cocycle action on a UHF algebra B
of infinite type with a unique trace τ . For any finite subset F ⊂ B and ε > 0, there exist
a finite subset G ⊂ B and δ > 0 such that the following holds. If x ∈ U(B) satisfies

∥[x, c]∥ < δ ∀c ∈ G, ∥αa(x)− x∥ < δ, τ(log(xαa(x
∗))) = 0, ∆τ (x) = 0

then there exists y ∈ U(B) such that

∥[y, c]∥ < ε ∀c ∈ F, ∥αa(y)− y∥ < ε, ∥x− yαb(y
∗)∥ < ε

and
τ(log(y∗xαb(y))) = 0.
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Proof. Suppose that we are given F ⊂ B and ε > 0. By applying Lemma 7.4 to F and
ε/2, we obtain a finite subset G ⊂ B and δ > 0. We would like to show that G and δ meet
the requirement. For x as in the statement of the lemma, there exists y ∈ U(B) such that

∥[y, c]∥ < ε/2 ∀c ∈ F, ∥αa(y)− y∥ < ε/2 and ∥x− yαb(y
∗)∥ < ε/2.

Set

r =
1

2π
√
−1

τ(log(y∗xαb(y))).

Then
|e2π

√
−1r − 1| ≤ ∥x− yαb(y

∗)∥ < ε/2.

From ∆τ (x) = 0, one also obtains r ∈ τ(K0(B)). By using the lemma above, we can find
a unitary z ∈ B such that

∥[z, c]∥ < ε/2 ∀c ∈ F, ∥z − αa(z)∥ < ε/2, ∥z − αb(z)∥ < |e2π
√
−1r − 1|+ ε/2

and
τ(log(zαb(z

∗))) = 2π
√
−1r.

Then
τ(log(z∗y∗xαb(yz))) = τ(log(y∗xαb(y))) + τ(log(αb(z)z

∗)) = 0.

Thus yz does the job.

The following is a cohomology vanishing type result for cocycle actions of the Klein
bottle group Γ on the Jiang-Su algebra Z. We will use this proposition in the next
subsection to prove the uniqueness of strongly outer cocycle actions of Γ on Z. In the
proof, Corollary 4.11 plays a central role. We remark that the basic idea of the proof is
the same as that of [27, Lemma 7.5, 7.6] or [38, Theorem 5.3].

Proposition 7.7. Let (α, u) : Γ y Z be a strongly outer cocycle action and let τ denote
the unique trace on Z. For any finite subset F ⊂ Z and ε > 0, there exist a finite subset
G ⊂ Z and δ > 0 such that the following holds. If x ∈ U(Z) satisfies

∥[x, c]∥ < δ ∀c ∈ G, ∥αa(x)− x∥ < δ, ∆τ (x) = 0

then there exists y ∈ U(Z) such that

∥[y, c]∥ < ε ∀c ∈ F, ∥αa(y)− y∥ < ε and ∥x− yαb(y
∗)∥ < ε.

Proof. According to [36, Proposition 3.3], the Jiang-Su algebra Z contains a unital subal-
gebra isomorphic to

Z = {f ∈ C([0, 1], B0 ⊗B1) | f(0) ∈ B0 ⊗ C, f(1) ∈ C⊗B1},

where B0 and B1 are the UHF algebras of type 2∞ and 3∞, respectively. We identify B0

and B1 with B0 ⊗C and C⊗B1. Set B = B0 ⊗B1 and denote the unique trace on Z ⊗B
by τ . Clearly (α ⊗ id, u ⊗ 1) : Γ y Z ⊗ Bj and (α ⊗ id, u ⊗ 1) : Γ y Z ⊗ B are strongly
outer.
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Suppose that we are given a finite subset F ⊂ Z and ε > 0. By applying Lemma 7.3 to
(α⊗id, u⊗1) : Γ y Z⊗B, {c⊗1 | c ∈ F} and ε/2, we obtain a finite subset G1 ⊂ Z⊗B and
δ1 > 0. By taking a smaller δ1, we may assume that there exist finite subsets G′

1 ⊂ Z⊗C,
G1,0 ⊂ C⊗B0 and G1,1 ⊂ C⊗B1 such that G1 = G′

1 ∪G1,0 ∪G1,1, and that δ1 is smaller
than ε. For each j = 0, 1, by applying Lemma 7.6 to (α ⊗ id, u ⊗ 1) : Γ y Z ⊗ Bj ,
G′

1 ∪G1,j ∪{c⊗ 1 | c ∈ F} and δ1/2, we obtain a finite subset G2,j ⊂ Z ⊗Bj and δ2,j > 0.
We may assume that G2,j is contained in {c ⊗ 1 | c ∈ G3,j} ∪ {1 ⊗ d | d ∈ Bj} for some
finite subsets G3,j ⊂ Z. Let G = G3,0 ∪G3,1 and δ = min{δ2,0, δ2,1, 2}.

Suppose that we are given a unitary x ∈ Z satisfying

∥[x, c]∥ < δ ∀c ∈ G, ∥αa(x)− x∥ < δ, ∆τ (x) = 0.

For each j = 0, 1, we have

∥[x⊗ 1, c]∥ < δ2,j ∀c ∈ G2,j , ∥(αa ⊗ id)(x⊗ 1)− x⊗ 1∥ < δ2,j

and
∆τ (x⊗ 1) = 0.

Since τ(K0(Z)) equals Z, we also have

τ(log((x⊗ 1)((αa ⊗ id)(x⊗ 1))∗)) = 0.

Then Lemma 7.6 implies that there exists yj ∈ U(Z ⊗Bj) such that

∥[yj , c]∥ < δ1/2 ∀c ∈ G′
1 ∪G1,j ∪ {c⊗ 1 | c ∈ F}, ∥(αa ⊗ id)(yj)− yj∥ < δ1/2,

∥x⊗ 1− yj(αb ⊗ id)(y∗j )∥ < δ1/2 and τ(log(y∗j (x⊗ 1)(αb ⊗ id)(yj))) = 0.

Put y = y∗0y1 ∈ Z ⊗B. Then one can verify

∥[y, c]∥ < δ1 ∀c ∈ G1, ∥(αa ⊗ id)(y)− y∥ < δ1, ∥(αb ⊗ id)(y)− y∥ < δ1

and

τ(log(y(αb ⊗ id)(y∗)))

= τ(log(y∗0y1(αb ⊗ id)(y∗1y0)))

= τ(log(y1(αb ⊗ id)(y∗1y0)y
∗
0))

= τ(log((x⊗ 1)∗y1(αb ⊗ id)(y∗1y0)y
∗
0(x⊗ 1)))

= τ(log((x⊗ 1)∗y1(αb ⊗ id)(y∗1))) + τ(log((αb ⊗ id)(y0)y
∗
0(x⊗ 1)))

= 0.

It follows from Lemma 7.3 that there exists a continuous map z : [0, 1] → U(Z ⊗B) such
that z(0) = 1, z(1) = y,

∥[z(t), c⊗ 1]∥ < ε/2, ∥(αa ⊗ id)(z(t))− z(t)∥ < ε/2

and
∥(αb ⊗ id)(z(t))− z(t)∥ < ε/2
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for all c ∈ F and t ∈ [0, 1]. Let w̃(t) = y0z(t). Then one may think of w as a unitary in
Z ⊗ Z ⊂ Z ⊗Z because w(j) = yj belongs to Z ⊗Bj for each j = 0, 1. Furthermore,

∥[w, c⊗ 1]∥ < ε ∀c ∈ F, ∥(αa ⊗ id)(w)− w∥ < ε

and
∥x⊗ 1− w(αb ⊗ id)(w∗)∥ < ε.

By Corollary 4.11, there exists a unital embedding of Z into (Z∞)α. Hence we can
find a unital homomorphism π : Z ⊗ Z → Z∞ such that

π(c⊗ 1) = c ∀c ∈ Z, αg ◦ π = π ◦ (αg ⊗ id) ∀g ∈ Γ.

Consequently, we obtain

∥[π(w), c]∥ < ε ∀c ∈ F, ∥αa(π(w))− π(w)∥ < ε

and
∥x− π(w)αb(π(w)

∗)∥ < ε,

thereby completing the proof.

As a byproduct of Lemma 7.4, we get the following.

Proposition 7.8. Let α : Γ y B be a strongly outer action on a UHF algebra B with a
unique trace τ . For an α-cocycle (xg)g∈Γ in B, the following conditions are equivalent.

(1) ∆τ (xa) = 0.

(2) There exists a sequence (wn)n of unitaries in B such that wnαg(w
∗
n) → xg as n→ ∞

for every g ∈ Γ.

Proof. We show (2)⇒(1). Suppose that there exists a unitary w ∈ B such that ∥xg −
wαg(w

∗)∥ < 1 for each g = a, b, a−1. Let x′g = w∗xgαg(w). Then (x′g)g is also an α-
cocycle, and so we have

x′aαa(x
′
b) = x′bαb(x

′
a−1).

This, together with x′a−1 = α−1
a (x′a)

∗, implies

τ(log x′a) = τ(log x′a−1) = −τ(log x′a).

Thus τ(log x′a) = 0. Hence ∆τ (xa) = ∆τ (x
′
a) = 0.

Let us consider the other implication. Take ε > 0 arbitrarily. By applying Lemma 7.4
to α : Γ y B with the empty set and ε/3 in place of F and ε, we obtain δ > 0. Since the
Z-action generated by αa has the Rohlin property, there exists a unitary u ∈ B such that

∥xa − uαa(u
∗)∥ < min{δ/4, ε/3}.

Put x′g = u∗xgαg(u) for all g ∈ Γ. From x′aαa(x
′
b) = x′bαb(x

′
a−1), one obtains

∥αa(x′b)− x′b∥ < δ/2.
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Besides,

τ(log(x′bαa(x
′
b)

∗)) = τ(log(x′aαa(x
′
b)αb(x

′
a−1)

∗αa(x
′
b)

∗))

= τ(log x′a) + τ(log(αb(x
′
a−1)

∗))

= 2τ(log x′a).

By ∆τ (x
′
a) = ∆τ (xa) = 0, we have

r =
1

2π
√
−1

τ(log x′a)) ∈ τ(K0(B)).

It follows from [27, Lemma 8.3] that there exists a unitary v ∈ B such that

∥v − αa(v)∥ < min{δ/4, ε/3}, τ(log(vαa(v
∗))) = 2π

√
−1r.

Put x′′g = v∗x′gαg(v) for all g ∈ Γ. Then one has

∥αa(x′′b )− x′′b∥ = ∥αa(v∗x′bαb(v))− v∗x′bαb(v)∥ < δ/4 + δ/2 + δ/4 = δ

and

τ(log(x′′bαa(x
′′
b )

∗)) = τ(log(v∗x′bαb(v)αa(αb(v
∗))αa(x

′
b)

∗αa(v)))

= τ(log(x′bαb(v)αa(αb(v
∗))αa(x

′
b)

∗)) + τ(log(αa(v)v
∗))

= τ(log(vαa−1(v∗))) + τ(log(αa(x
′
b)

∗x′b)) + τ(log(αa(v)v
∗))

= τ(log(x′bαa(x
′
b)

∗))− 4π
√
−1r

= 0.

Therefore, by Lemma 7.4, we can find a unitary w ∈ B such that

∥αa(w)− w∥ < ε/3 and ∥x′′b − wαb(w
∗)∥ < ε/3.

Consequently we get

∥xa − uvwαa(w
∗v∗u∗)∥ = ε/3 + ε/3 + ∥xa − uαa(u

∗)∥ < ε

and
∥xb − uvwαb(w

∗v∗u∗)∥ = ∥x′′b − wαb(w
∗)∥ < ε/3.

Since ε was arbitrary, (2) has been shown.

In the setting of the proposition above, the map g 7→ ∆τ (xg) is a homomorphism
from Γ to R/τ(K0(B)). Therefore we always have 2∆τ (xa) = 0 because of bab−1 = a−1.
Moreover, if K0(B) is 2-divisible (or equivalently, if B absorbs the UHF algebra of type
2∞ tensorially), then we always have ∆τ (xa) = 0.

Theorem 7.9. Let B be a UHF algebra. If B absorbs the UHF algebra of type 2∞

tensorially or B does not contain a unital copy of M2, then all strongly outer actions of
Γ on B are strongly cocycle conjugate.
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Proof. By Theorem 6.16, all strongly outer actions of Γ on B are cocycle conjugate.
If B absorbs the UHF algebra of type 2∞ tensorially, then the conclusion follows from
Proposition 7.8 and the observation above. Suppose that B does not contain a unital copy
of M2. Then {c ∈ R/τ(K0(B)) | 2c = 0} is isomorphic to Z/2Z and 1/2 + τ(K0(B)) is
the generator. Let α : Γ y B be a strongly outer action and let (xg)g be an α-cocycle in
B such that ∆τ (xa) ̸= 0. By the observation above, ∆τ (xa) equals 1/2 + τ(K0(B)). For
g = anbm ∈ Γ, set ζg = (−1)n ∈ C ⊂ B. It is easy to see that (ζgxg)g is an α-cocycle
satisfying Ad(ζgxg) = Adxg and ∆τ (ζaxa) = 0. Hence the conclusion follows.

7.3 Actions of the Klein bottle group on the Jiang-Su algebra

In this subsection we prove that all strongly outer cocycle actions of Γ on Z are mutually
cocycle conjugate (Theorem 7.12). We also show that all strongly outer actions of Γ on Z
are strongly cocycle conjugate to each other (Theorem 7.15). The following is an analogue
of Theorem 6.15 for the Jiang-Su algebra.

Proposition 7.10. Let φ ∈ Aut(Z). For i = 1, 2, assume that ψi ∈ Aut(ZoφZ) satisfies
the following conditions.

(1) ψi(Z) = Z and ψi(λ
φ)λφ ∈ Z.

(2) φn ◦ (ψi|Z)m ∈ Aut(Z) is not weakly inner for each (n,m) ∈ Z2 \ {(0, 0)}.

Assume further that ψ1 ◦ ψ−1
2 is approximately inner. Then there exists an approximately

inner automorphism µ ∈ AutT(Z oφ Z) and a unitary v ∈ U(Z) such that

µ ◦ ψ1 ◦ µ−1 = Ad v ◦ ψ2.

Proof. We denote the unique trace on Z by τ . It is easy to see that ψ1 ◦ ψ−1
2 is in

AutT(Z oφ Z). By Proposition 2.10 (3), (the Z-action generated by) φ is asymptotically
representable. Then [9, Theorem 4.8] implies that ψ1 ◦ψ−1

2 is T-approximately inner, that
is, for any finite subset F ⊂ Z oφ Z and ε > 0, there exists a unitary x ∈ Z such that
∥ψ1(c)− xψ2(c)x

∗∥ < ε for all c ∈ F , and we may also assume ∆τ (x) = 0 by replacing x
with its suitable scalar multiple. Moreover, for each i = 1, 2, the cocycle action of Γ on Z
generated by φ and ψi|Z is strongly outer. Hence, by virtue of Proposition 7.7, we have
the following for each i = 1, 2: if a sequence (xn)n of unitaries in Z is a central sequence
in Z oφ Z and ∆τ (xn) = 0, then there exists a sequence (yn)n of unitaries in Z such that
(yn)n is a central sequence in Z oφ Z and satisfies xn − ynψi(y

∗
n) → 0 as n → ∞. Then

the Evans-Kishimoto intertwining argument shows the statement (see [17, Theorem 5.1]
for example).

Lemma 7.11. Let φ be an automorphism of Z such that φn is not weakly inner for every
n ∈ N. Then an automorphism ψ ∈ AutT(Z oφ Z) is approximately inner if and only if
∆τ (ψ(λ

φ)(λφ)∗) = 0, where τ denotes the tracial state on Z.

Proof. Let A = Z oφ Z. By Corollary 4.11, A is Z-stable. It is well-known that for any
UHF algebra B, A⊗B ∼= (Z⊗B)oφ⊗idZ is a unital simple AT algebra with real rank zero
(see [15, Theorem 1.3]). Therefore one can apply [25, Theorem 7.1] to automorphisms of
A.
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Let ψ ∈ AutT(A). By the Pimsner-Voiculescu exact sequence, K0(A) ∼= K1(A) ∼= Z.
Clearly K0(ψ)([1]) = [1] and K1(ψ)([λ

φ]) = [λφ]. It follows that Ki(ψ) is the identity for
each i = 0, 1, and henceKL(ψ) = KL(id). Let Θψ,id : K1(A) → Aff(T (A))/ ImDA

∼= R/Z
be the homomorphism described in [25, Section 3]. Then, by definition, Θψ,id([λ

φ]) is equal
to ∆τ (ψ(λ

φ)(λφ)∗), and so the conclusion follows from [25, Theorem 7.1].

Theorem 7.12. Let (α, u) and (β, v) be strongly outer cocycle actions of Γ on the Jiang-Su
algebra Z. Then (α, u) and (β, v) are cocycle conjugate.

Proof. Put ǔ = u(b, a)u(a−1, b)∗u(a−1, a) and v̌ = v(b, a)v(a−1, b)∗v(a−1, a). The auto-
morphism αb extends to α̃b ∈ Aut(Z oαa Z) by letting α̃b(λ

αa) = ǔ(λαa)∗. Likewise, we
can extend βb to β̃b ∈ Aut(Z oβa Z). By [38, Theorem 1.3], we may assume that there
exists w ∈ U(Z) such that βa = Adw ◦αa. Define an isomorphism θ : Zoβa Z → Zoαa Z
by θ(x) = x for x ∈ Z and θ(λβa) = wλαa . Then θ ◦ β̃b ◦ θ−1 ◦ α̃−1

b is in AutT(Z oαa Z).
Let ζ ∈ C be such that |ζ| = 1 and

∆τ (ζ
−21) = ∆τ ((θ ◦ β̃b ◦ θ−1 ◦ α̃−1

b )(λαa)(λαa)∗).

Define ψ ∈ AutT(Z oαa Z) by ψ(x) = x for x ∈ Z and ψ(λαa) = ζλαa . Then

(ψ ◦ θ ◦ β̃b ◦ θ−1 ◦ ψ−1 ◦ α̃−1
b )(λαa) = ζ2(θ ◦ β̃b ◦ θ−1 ◦ α̃−1

b )(λαa),

and so

∆τ ((ψ ◦ θ ◦ β̃b ◦ θ−1 ◦ ψ−1 ◦ α̃−1
b )(λαa)(λαa)∗)

= ∆τ (ζ
21) + ∆τ ((θ ◦ β̃b ◦ θ−1 ◦ α̃−1

b )(λαa)(λαa)∗)

= 0.

It follows from the lemma above that ψ ◦ θ ◦ β̃b ◦ θ−1 ◦ ψ−1 ◦ α̃−1
b is approximately inner.

Therefore, Proposition 7.10 applies to the automorphisms ψ ◦θ◦ β̃b ◦θ−1 ◦ψ−1 and αb, and
yields an approximately inner automorphism µ ∈ AutT(Z oαa Z) and a unitary t ∈ U(Z)
such that

µ ◦ ψ ◦ θ ◦ β̃b ◦ θ−1 ◦ ψ−1 ◦ µ−1 = Ad t ◦ α̃b.

In the same way as the proof of Theorem 6.15, we can conclude that (α, u) and (β, v) are
cocycle conjugate.

Corollary 7.13. Any strongly outer cocycle action of Γ on the Jiang-Su algebra Z is
approximately representable.

Proof. This immediately follows from the theorem above and Proposition 6.13.

Finally, we would like to prove that all strongly outer actions of Γ on Z are mutually
strongly cocycle conjugate (Theorem 7.15).

Proposition 7.14. Let α : Γ y Z be a strongly outer action. For two α-cocycles (xg)g
and (yg)g in Z, the following conditions are equivalent.

(1) ∆τ (xg) = ∆τ (yg) for all g ∈ Γ, where τ is the unique tracial state on Z.
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(2) There exists a sequence (wn)n of unitaries in Z such that wnxgαg(w
∗
n) → yg as

n→ ∞ for every g ∈ Γ.

Proof. (2)⇒(1) is obvious. We prove the other implication.
Let α⊗ : Γ y Z⊗ be the two-sided infinite tensor product of α : Γ y Z, that is,

Z⊗ =
⊗
Z

Z, α⊗
g =

⊗
Z
αg ∀g ∈ Γ.

First, we claim that the assertion holds for α⊗. Let (xg)g be an α⊗-cocycle in Z⊗. Let
ζg ∈ C ⊂ Z⊗ be the unitary satisfying ∆τ (xg) = ∆τ (ζg). Then (ζg)g is clearly an α⊗-
cocycle, and so it suffices to show that there exists a sequence (wn)n of unitaries in Z such
that wnxgαg(w

∗
n) → ζg as n → ∞. Note that g 7→ ζg is a homomorphism. In particular,

ζa = 1 or ζa = −1.
Take ε > 0 arbitrarily. Apply Proposition 7.7 to α⊗ : Γ y Z⊗ with the empty set and

ε/2 in place of F and ε > 0 to obtain a finite subset G ⊂ Z⊗ and δ > 0. By [38, Theorem
5.3], there exists a unitary y ∈ Z⊗ such that

∥ζ−1
a xa − y∗α⊗

a (y)∥ < min{δ/2, ε/2},

and hence
∥yxaα⊗

a (y
∗)− ζa∥ < min{δ/2, ε/2}.

From xaα
⊗
a (xa−1) = 1, it is easy to see

∥yxa−1α⊗
a−1(y

∗)− ζ−1
a ∥ < min{δ/2, ε/2}.

Therefore, defining an α⊗-cocycle (x′g)g by x′g = yxgα
⊗
g (y

∗) for g ∈ Γ, one gets

∥α⊗
a (x

′
b)− x′b∥ = ∥ζaα⊗

a (x
′
b)− ζ−1

a x′b∥ < ∥x′aα⊗
a (x

′
b)− x′bα

⊗
b (x

′
a−1)∥+ δ = δ.

Let σ ∈ Aut(Z⊗) be the shift automorphism. Then we have σ ◦α⊗
g = α⊗

g ◦σ for any g ∈ Γ
and [σn(s), t] → 0 as n→ ∞ for any s, t ∈ Z⊗. Choose n ∈ N so that

∥[σn(x′b), c]∥ < δ ∀c ∈ G.

Evidently ∥α⊗
a (σ

n(x′b)) − σn(x′b)∥ = ∥σn(α⊗
a (x

′
b)) − σn(x′b)∥ < δ. It follows from Lemma

7.7 that there exists z ∈ U(Z⊗) such that

∥α⊗
a (z)− z∥ < ε/2 and ∥ζ−1

b σn(x′b)− z∗α⊗
b (z)∥ < ε/2.

Put w = σ−n(z)y. Then we obtain

∥wxaα⊗
a (w

∗)− ζa∥ = ∥σ−n(z)x′aα⊗
a (σ

−n(z∗))− ζa∥
= ∥σ−n(z)x′aσ−n(α⊗

a (z
∗))− ζa∥

< ∥σ−n(z)σ−n(α⊗
a (z

∗))− 1∥+ ε/2

< ε
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and

∥wxbα⊗
b (w

∗)− ζb∥ = ∥σ−n(z)x′bα⊗
b (σ

−n(z∗))− ζb∥
= ∥zσn(x′b)α⊗

b (z
∗)− ζb∥

< ε/2.

Since ε > 0 was arbitrary, the proof of the claim is completed.
Now we consider α-cocycles (xg)g and (yg)g in Z satisfying ∆τ (xg) = ∆τ (yg) for all

g ∈ Γ. By Theorem 7.12, α is cocycle conjugate to α⊗. Thus, there exist an isomorphism
θ : Z → Z⊗ and an α⊗-cocycle (ug)g in Z⊗ such that

θ ◦ αg ◦ θ−1 = Adug ◦ α⊗
g ∀g ∈ Γ.

Then (θ(xg)ug)g and (θ(yg)ug)g are α⊗-cocycles satisfying ∆τ (θ(xg)ug) = ∆τ (θ(yg)ug).
By the claim above, we can find a sequence (wn)n of unitaries in Z⊗ such that

wnθ(xg)ugα
⊗
g (w

∗
n) → θ(yg)ug ∀g ∈ Γ,

and whence

θ−1(wn)xgαg(θ
−1(w∗

n)) = θ−1(wn)xgθ
−1(ugα

⊗
g (w

∗
n)u

∗
g)

= θ−1(wnθ(xg)ugα
⊗
g (w

∗
n)u

∗
g)

→ yg

for all g ∈ Γ as desired.

Theorem 7.15. Any two strongly outer actions α : Γ y Z and β : Γ y Z are strongly
cocycle conjugate.

Proof. By Theorem 7.12, α and β are cocycle conjugate, that is, there exist an isomorphism
θ : Z → Z and a β-cocycle (xg)g in Z such that

θ ◦ αg ◦ θ−1 = Adxg ◦ βg ∀g ∈ Γ.

As in the proof of the proposition above, let ζg ∈ C ⊂ Z be the unitary satisfying
∆τ (xg) = ∆τ (ζg). Then (ζ−1

g xg)g is also a β-cocycle. Hence, by replacing xg with ζ−1
g xg,

we may assume ∆τ (xg) = 0. It follows from the proposition above that there exists (wn)n
in U(Z) such that wnβg(w

∗
n) → xg as n→ ∞ for all g ∈ Γ, which implies that α is strongly

cocycle conjugate to β.
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