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Abstract

We explore the topological full group [[G]] of an essentially principal étale groupoid
G on a Cantor set. When G is minimal, we show that [[G]] (and its certain normal
subgroup) is a complete invariant for the isomorphism class of the étale groupoid
G. Furthermore, when G is either almost finite or purely infinite, the commutator
subgroup D([[G]]) is shown to be simple. The étale groupoid G arising from a one-
sided irreducible shift of finite type is a typical example of a purely infinite minimal
groupoid. For such G, [[G]] is thought of as a generalization of the Higman-Thompson
group. We prove that [[G]] is of type F, and so in particular it is finitely presented.
This gives us a new infinite family of finitely presented infinite simple groups. Also,
the abelianization of [[G]] is calculated and described in terms of the homology groups
of G.
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1 Introduction

We study various properties of topological full groups of topological dynamical systems
on Cantor sets. H. Dye [11], [I2] introduced the notion of full groups for ergodic measure
preserving actions of countable groups and proved that the full group is a complete invari-
ant of orbit equivalence. The study of full groups in the setting of topological dynamics
was initiated by T. Giordano, I. F. Putnam and C. F. Skau [I7]. For a minimal action
@ :7Z ~ X on a Cantor set X, they defined several types of full groups and showed that
these groups completely determine the orbit equivalence class, the strong orbit equivalence
class and the flip conjugacy class of ¢, respectively.

The notion of topological full groups was later generalized to the setting of essen-
tially principal étale groupoids G on Cantor sets in [31]. Etale groupoids (called r-discrete
groupoids in [37]) provide us a natural framework for unified treatment of various topolog-
ical dynamical systems. The topological full group [[G]] of G is a subgroup of Homeo(G©))
consisting of all homeomorphisms of G(©) whose graph is ‘contained’ in the groupoid G
as a compact open subset (see Definition 2.1]). From an action ¢ of a discrete group I'
on a Cantor set X, we can construct the étale groupoid G, which is called the transfor-
mation groupoid. The topological full group [[G,]] of G, is the group of o € Homeo(X)
for which there exists a continuous map ¢ : X — T such that a(z) = . (x) for all
x € X. Another important class of étale groupoids is the AF groupoids. The terminology
AF comes from C*-algebra theory and means approximately finite. AF groupoids have
played a crucial role in the study of orbit equivalence for minimal Z"-actions ([16]). The
étale groupoids G arising from one-sided irreducible shifts of finite type (X, o) have been
also studied by many people. The groupoid C*-algebras C(G) are called Cuntz-Krieger
algebras ([10]). V. V. Nekrashevych [34] observed that [[G]] is naturally isomorphic to the
Higman-Thompson group V,, 1 when (X, o) is the full shift over n symbols (see Remark
[63]). Thus, the groups [[G]] for shifts of finite type are regarded as a generalization of V;, ;.
For two étale groupoids GG1 and G» arising from one-sided irreducible shifts of finite type,
K. Matsumoto [29] has recently proved that the topological full groups [[G1]] and [[G2]] are
isomorphic as groups if and only if G; and G5 are isomorphic as étale groupoids. This is
analogous to the above mentioned result for minimal Z-actions. Furthermore, Matsumoto
[27] gave a sufficient condition on the subshifts under which the corresponding groupoids
are isomorphic (see Theorem [6.2]). Clearly the group [[G]] embeds in the Leavitt path
algebra associated with (X, o). This may indicate possible connections to the study of
Leavitt path algebras.

In the present paper, we first extend the results of [I7, 29]. More precisely, for given
essentially principal minimal étale groupoids G and G2 on Cantor sets and normal sub-
groups I'; C [[G;]] containing the commutator subgroups D([[G;]]), we will show that any
isomorphism between I'; and I's is realized by a homeomorphism between the unit spaces
GZ(»O) (Theorem and Proposition B.6]). This means that if I'; and I's are isomorphic as
groups, then G; and G2 are isomorphic as étale groupoids (Theorem B.9). In particular,
[[Gi]] (or D([[Gi]])) are isomorphic to each other if and only if G; are isomorphic to each
other (Theorem B.I0). In other words, we can say that the topological full group [[G]]
(and its commutator subgroup D([[G]])) ‘remembers’ the étale groupoid G. We remark
that similar results are also obtained by S. Bezuglyi and K. Medynets [Il, 33].

In Section 4 we study simplicity properties of [[G]]. The notion of almost finite



groupoids was introduced in [3I]. Almost finiteness is a weak version of approximate
finiteness. The transformation groupoids of free actions of Z"V are known to be almost
finite ([3I, Lemma 6.3]). We show that if G is almost finite and minimal, then the commu-
tator subgroup D([[G]]) is simple (Theorem 7). This is a generalization of [30, Theorem
4.9] and [I, Theorem 3.4 (2)] for minimal Z-actions. We also present a new class of étale
groupoids, namely purely infinite groupoids. The definition of pure infiniteness is inspired
by the work of M. Rgrdam and A. Sierakowski [39] (see Definition [.9]). Transformation
groupoids arising from n-filling actions in the sense of P. Jolissaint and G. Robertson [22]
are purely infinite and minimal (Remark [£12]). In contrast to almost finite groupoids,
purely infinite groupoids admit no invariant probability measures. It will be proven that
if G is purely infinite and minimal, then the commutator subgroup D([[G]]) is simple
(Theorem [A.16]). We also observe that the topological full group [[G]] for a purely infinite
groupoid G contains the free product Zy * Z3 (Theorem [£I0]), and so is not amenable.

In Section 5 we prove that for any purely infinite groupoid G, the index map I : [[G]] —
H,(G) is surjective, where H;(G) stands for the homology group of G. The index map
I is a homomorphism introduced in [31, Section 7]. We denote by [[G]]o the kernel of I.
For almost finite groupoids, the surjectivity of I is already known ([3I, Theorem 7.5]).
Therefore, if G is almost finite or purely infinite, then the abelianization of [[G]] at least
has H1(G) = [[G]]/[[G]]o as its quotient.

Section 6 is devoted to the study of the étale groupoids G arising from one-sided
irreducible shifts of finite type (X, o). Shifts of finite type (also called topological Markov
shifts) form the most prominent class of symbolic dynamical systems. A good introduction
to symbolic dynamics can be found in the standard textbook [25] by D. Lind and B.
Marcus. From (X, o), we can construct the étale groupoid G by

G={(z,n,y) € X xZxX |3k, leN, n=k-l, of(z)=0'(y)}.
By [31, Theorem 4.14], the homology groups H,,(G) of G are

Coker(id—M?') n=0
H,(G) = < Ker(id —M?) n=1
0 n > 2,

where M is the k x k matrix with entries in Z, representing (X, o) and is thought of as
a homomorphism from Z* to Z*. Notice that Hy(G) is a finitely generated abelian group
and H;(G) is isomorphic to the torsion-free part of Hyo(G). For any non-empty clopen set
Y C X, the reduction G|Y of G to Y (see Section 2 for the definition) is again an étale
groupoid.

For the topological full group [[G|Y]] associated to an irreducible shift of finite type,
we have the following.

e G|Y is purely infinite and minimal (Theorem [6.1]). Hence the commutator subgroup
D([[G|Y]]) is simple by Theorem

e By Theorem B10, [[G|Y]] (or [[G|Y]]o or D([[G|Y]])) is a complete invariant of G|Y'.

e By K. Matsumoto’s theorem (Theorem [6.2), for two groupoids G1|Y; and G2|Y> as
above, if there exists an isomorphism ¢ : Hy(G1) — Ho(G2) such that ¢([ly,]|q,) =



[ly,]a, and det(id —M?¥) = det(id — M), then G1|Y; is isomorphic to Go|Ys as an
étale groupoid.

e [[G|Y]] is not amenable (see Theorem [ I0]), but has the Haagerup property (Theorem
[6.7). This is essentially due to B. Hughes’s theorem [21, Theorem 1.1].

e [[G|Y]] is of type Foo (Theorem [6.21). Thus, [[G|Y]] is finitely presented and is of
type FPo. This is a generalization of K. S. Brown’s result [4], which says that the
Higman-Thompson group V, , is of type Fo (see also Remark [6.3]).

e The abelianization [[G|Y]]/D(][[G|Y]]) is isomorphic to (Hy(G)®Z2) @ H1(G) (Corol-
lary [6.24]). In particular, [[G|Y]] is simple if and only if Hy(G) is 2-divisible.

o If Hi(G) =0, then [[G|Y]]op and D([[G|Y]]) are of type Fo, (Corollary [6.25] (2)).
e [[G|Y]]o and D([[G|Y]]) are finitely generated (Theorem [E.1Tland Corollary [6.25](1)).

e Examples are given in Section 6.7. Among others, the boundary action ¢y of the
free group Fy is discussed (Section 6.7.5). The associated transformation groupoid
Gy, is naturally isomorphic to an étale groupoid of an irreducible shift of finite type.
Hence [[G,]] is of type Fo, and the commutator subgroup D([[Gy,]]) is simple. The
abelianization of [[Gy,]] is Z* @ (Z3)* when k is even and is Z¥ & (Z3)**! when k is
odd. If k # [, then D([[G,]]) is not isomorphic to D([[Gy,]]).

We have to explain some terminologies in group theory used above. For a natural number
n € N, a group T is said to be of type F,, if it admits a K (I",1) with finite n-skeleton, and
I is said to be of type Fo, if it admits a K(I',1) with finite n-skeleton in all dimensions
n (see [15, Section 7.2]). A group is of type F; if and only if it is finitely generated, and
a group is of type Fy if and only if it is finitely presented ([I5, Proposition 7.2.1]). The
properties F,, and F, are called topological finiteness properties of I'. A group I is said
to be of type FP,, (resp. FP) if the trivial ZI'-module Z admits a projective resolution
which is finitely generated in dimensions not greater than n (resp. in all dimensions), cf.
[15, Section 8.2]. The properties FP,, and FP, are called homological finiteness properties
of I. It is clear that F, implies FP,,. It is known that I" is of type F, if and only if it is
of type FP+ and is finitely presented (see the proof of [2] Theorem VIIL.7.1]).

We would like to mention various known results for the topological full group [[G]] of
a minimal action ¢ : Z ~ X on a Cantor set X. While this is not directly relevant to the
present article, the reader may find interesting similarities to the case of shifts of finite
type. By [I7, Corollary 4.4] and [I, Theorem 5.13], [[G,]] (or [[G,]lo or D([[G,]])) is a
complete invariant of G, (see also Theorem [3.9). By Theorem A7, the commutator sub-
group D([[G,]]) is simple (this was first proved in [30, Theorem 4.9]). The abelianization
[[G,]]/D([[G,]]) is known to be isomorphic to (Ho(Gy) ® Za) @ Z (see [30, Theorem 4.8]).
Note that Hi(G,) is always Z in this setting. By [30, Theorem 5.4], D([[G,]]) is finitely
generated if and only if ¢ is expansive (i.e. ¢ is conjugate to a two-sided minimal sub-
shift). However, [[G,]], [[Gyllo and D([[G,]]) are never finitely presented ([30, Theorem
5.7, Corollary 5.8]). When D([[G]]) is finitely generated, it is known that D([[G]]) has
exponential growth ([32) Corollary 2.5]). R. Grigorchuk and K. Medynets [18] proved that
[[G,]] is locally embeddable into finite groups, and conjectured that [[G,]] is amenable.



K. Juschenko and N. Monod [23] recently confirmed this conjecture. This provided the
first examples of finitely generated simple amenable infinite groups.

2 Preliminaries

The cardinality of a set A is written # A and the characteristic function of A is written 1 4.
The finite cyclic group of order n is denoted by Z,,. We say that a subset of a topological
space is clopen if it is both closed and open. A topological space is said to be totally
disconnected if its topology is generated by clopen subsets. By a Cantor set, we mean
a compact, metrizable, totally disconnected space with no isolated points. It is known
that any two such spaces are homeomorphic. The homeomorphism group of a topological
space X is written Homeo(X). For o € Homeo(X), we let supp(«) denote the closure of
{r € X | a(x) # x}. The commutator of o, 3 € Homeo(X) is [o, 8] = afa~137L. The
commutator subgroup of a group I' is denoted by D(T").

In this article, by an étale groupoid we mean a second countable locally compact
Hausdorff groupoid such that the range map is a local homeomorphism. We refer the
reader to [37, B8] for background material on étale groupoids. For an étale groupoid G,
we let GO denote the unit space and let s and r denote the source and range maps.
For 2 € G, G(x) = r(Gx) is called the G-orbit of 2. When every G-orbit is dense in
G, @ is said to be minimal. For an open subset Y C GO the reduction of G to Y
is 771(Y) N s71(Y) and denoted by G|Y. The reduction G|Y is an étale subgroupoid of
G in an obvious way. The isotropy bundle is G' = {g € G | r(g) = s(g)}. We say that
G is principal if G’ = G(Y). When the interior of G’ is G(°), we say that G is essentially
principal. A subset U C G is called a G-set if 7|U, s|U are injective. When U,V are G-sets,

Ul={geCG|g'eU}

and
UV={gd€eGlgelU, g eV, sig)=r(¢)}

are also G-sets. For an open G-set U, we let myy denote the homeomorphism 7 o (s|U)~*
from s(U) to r(U). For any compact open G-set U, G|r(U) is naturally isomorphic to
G|s(U). A probability measure 1 on G is said to be G-invariant if u(r(U)) = u(s(U))
holds for every open G-set U. The set of all G-invariant measures is denoted by M (G).
For an étale groupoid G, we denote the reduced groupoid C*-algebra of G by C}(G) and
identify Co(G(®) with a subalgebra of C*(G). J. Renault’s theorem [38, Theorem 4.11]
tells us that two essentially principal étale groupoids G1 and G are isomorphic if and only
if there exists an isomorphism ¢ : C}(G1) — C}(G2) such that @(Co(Ggo))) = C’O(Ggo))
(see also [31, Theorem 5.1]).
We would like to recall the notion of topological full groups for étale groupoids.

Definition 2.1 ([3I, Definition 2.3]). Let G be an essentially principal étale groupoid
whose unit space G(¥) is compact.

(1) The set of all a € Homeo(G(®)) such that for every z € G there exists g € G
satisfying 7(g) = x and s(g) = «a(z) is called the full group of G and denoted by [G].



(2) The set of all @ € Homeo(G(?) for which there exists a compact open G-set U
satisfying o = 7yy is called the topological full group of G and denoted by [[G]].

Obviously [G] is a subgroup of Homeo(G(?) and [[G]] is a subgroup of [G].

For a € [[G]] the compact open G-set U as above uniquely exists, because G is es-
sentially principal. Obviously [[G]] is a subgroup of Homeo(G(). Since G is second
countable, it has countably many compact open subsets, and so [[G]] is at most countable.
By [31], Proposition 5.6], we have the following short exact sequence:

1 — U(C(G?)) — N(C(G),Ci(G)) = [[G]] — 1,

where U(C(G®)) denotes the group of unitaries in C(G(®)) and N(C(G©),C*(Q)) de-
notes the group of unitaries in C*(G) which normalize C(G(®). In addition, the homo-
morphism ¢ has a right inverse.

Lemma 2.2. Let G be an essentially principal étale groupoid whose unit space G\ is
compact. Then supp(«) is clopen for any « € [[G]].

Proof. There exists a compact open G-set U such that o = . The map s|U : U — GO
is a homeomorphism. It suffices to show that supp(a) = s(U \ G?)). Since G(¥ is open
and s(g) = g = r(g) for g € G, it is evident that supp(c) is contained in s(U \ G(O). It
is also clear that s(U \ G’) is contained in supp(a). Therefore s(U \ G(9)) is contained in
supp(«), because G is essentially principal. O

In [31L Section 7], we introduced the index map I : [[G]] — Hi(G), where Hi(G) is
the homology group of G (see [31], Section 3]). For a € [[G]], let U C G be the compact
open G-set such that a = 7. Then the characteristic function 1y € C.(G,Z) is a cycle,
and I(«a) is the equivalence class of 17 in H;(G). The index map [ is a homomorphism.
We let [[G]]o denote the kernel of the index map I. Evidently D([[G]]) is contained in
[[G]lo- The main objective of the present paper is to study various properties of the
groups D([[GT]) < [[Gllo < [[G]].

3 A spatial realization theorem

In this section, we will prove that any isomorphism between (certain normal subgroups of)
topological full groups is realized by a homeomorphism of the underlying spaces (Theorem
3.5 PropositionB.6]). In particular, these various groups (as abstract groups) are complete
invariants for étale groupoids (Theorem [B.10). Our proof of Theorem B3] is essentially the
same as that of [I4, Theorem 384D], and a similar argument can be found in [I, Section
5].

Definition 3.1. Let X be a Cantor set and let I' C Homeo(X) be a subgroup. We say
that I is of class F if the following conditions are satisfied.

(FO) For any « € I' satisfying o = 1, supp(a) is clopen.

(F1) For any € X and any clopen neighborhood A C X of z, there exists a € I'\ {1}
such that = € supp(a), supp(a) C A and o? = 1.



(F2) For any a € T'\ {1} satisfying o> = 1 and any non-empty clopen set A C supp(a),
there exists 5 € I' \ {1} such that supp(8) C AU a(A) and S(z) = a(z) for every
x € supp(f).

(F3) For any non-empty clopen set A C X, there exists o € I' such that supp(a) C A
and o? # 1.

For A C X, we write
I'(A) = {a eI | supp(a) C A}.

A closed set A is said to be regular if it is equal to the closure of its interior.

Lemma 3.2. Let X be a Cantor set and let T' C Homeo(X) be a subgroup of class F. For
two regular closed sets A,B C X, I'(A) C I'(B) if and only if A C B.

Proof. Tt is clear that A C B implies I'(A) C T'(B). Suppose that A\ B is not empty.
Since A is regular, A\ B has non-empty interior. It follows from (F1) (or (F3)) that there
exists @ € I'\ {1} such that supp(a) C A\ B. Hence I'(A) is not contained in I'(B). [

Let X be a Cantor set and let I' C Homeo(X') be a subgroup of class F. For 7 € I'\ {1}
satisfying 72 = 1, we define C;, U,, S, and W, as follows. First, let C; be the centralizer
of 7, that is,

Cr={ael|[a,1] =1}

Define a subset U, C C; by
U ={0€C,|o*=1, [o,a007 =1 VacC,}.

We define S; by
S,={a?eT|acTl, [a,0]=1 VYoeU,}.

Then, we let W, be the centralizer of S;, that is,
Wy={ael||a,f]=1 VB €S}
For these subsets, we can prove the following.
Lemma 3.3. Let the notation be as above.
(1) For any o € Uy and x ¢ supp(7), we have o(x) = z.

(2) For any non-empty clopen set A C supp(7), there exists o € U, such that supp(o) C
AUT(A) and o(x) = 7(x) for every x € supp(o).

(3) For any non-empty clopen set A such that ANsupp(7) =0, there exists « € Sy \ {1}
such that supp(a) C A.

(4) For any a € S; and = € supp(7), a(x) = x.

(5) We have W, = I'(supp(r)).



Proof. (1) Let 0 € U, and = ¢ supp(r). Assume o(z) # x. There exists a clopen
neighborhood A C X of z such that ANo(A) =0 and ANsupp(r) = 0. By (F3), we can
find o € I" such that supp(a) C A and o? # 1. Clearly o commutes with 7, and so « is in
C,. There exists y € A such that a~*(y), y, a(y) are mutually distinct. Then we have

(caca™)(y) = o (y)

and

(aca™lo)(y) = aly),

which contradict [0, aca™1] = 1.

(2) Let A C supp(7) be a non-empty clopen set. By (F2), there exists ¢ € I" such
that supp(c) € AUT(A) and o(z) = 7(z) for every x € supp(c). It suffices to show
that o is in U,. It is easy to see 0 € C; and 02 = 1. Let o € C,. Then, for any
r € supp(aoca~t) = a(supp(c)), one has (aca™t)(z) = (ara™t)(x) = 7(z). It follows
that o commutes with aoca™!, and hence o belongs to Us.

(3) Let A be a non-empty clopen set such that A Nsupp(7) = 0. By (F3), there exists
a € T such that supp(a) C A and a? # 1. It follows from (1) that o commutes with any
elements in U,. Therefore o? is in S, \ {1}.

(4) Suppose that a € I' commutes with any elements in U,. It suffices to show that if
x # 7(x), then a(x) is equal to either x or 7(z). Assume that z,7(z), a(x) are mutually
distinct. There exists a clopen neighborhood A C supp(7) of = such that A,7(A),a(A)
are mutually disjoint. By (2), we can find ¢ € U, such that supp(c) C AU 7(A) and
o(y) = 7(y) for every y € supp(c). Then (ca)(y) = a(y) is not equal to (ao)(y) for
y € supp(o), which is a contradiction.

(5) From (4), we easily obtain I'(supp(r)) € W;. Let us show W, C I'(supp(r)).
Let @« € W, and = ¢ supp(r). Assume «(z) # x. There exists a non-empty clopen
neighborhood A of x such that A Nsupp(r) = @ and A N a(A) = (. By (3), there
exists B € S; \ {1} such that supp(8) C A. Then B is not equal to afa~!, which is a
contradiction. Therefore a(z) = z, and whence a € I'(supp(7)). O

Lemma 3.4. Fori = 1,2, let X; be a Cantor set and let I'; C Homeo(X;) be a subgroup
of class F. Suppose that ® : I'y — 'y is an isomorphism. Let 7,0 € 'y be such that
2 2

T4 =0"=1.

(1) We have supp(7) C supp(o) if and only if supp(®(7)) C supp(®P(0)).
(2) We have supp(r) Nsupp(o) = 0 if and only if supp(® (7)) Nsupp(®(o)) = 0.

Proof. First, we note that ®(W;) equals Wg(,y, because the definition of W is purely
algebraic.
(1) From Lemma 32 and Lemma B3] (5), we get

supp(7) C supp(o) = I'i(supp(7)) C I'i(supp(0)) = Wr C Wy = &(Wr) C &(W5),
which means Wg(;) C W (). Using Lemma and Lemma B3] (5) again, we have

Wa(r) € Wo (o) = Ta(supp(®(7))) C Ia(supp(®(0))) = supp(P(7)) C supp(®(0)).



(2) Suppose that supp(7) N supp(o) is not empty. By (F0), supp(7) N supp(c) has
non-empty interior. It follows from (F1) that there exists p € I'\ {1} such that p? = 1 and

supp(p) C supp(7) Nsupp(c). From (1), we get supp(®(p)) C supp(®(7)) N supp(®(o)).
Thus supp(®(7)) Nsupp(P(c)) is not empty. O

The following theorem is a generalization of [I7, Theorem 4.2] and [29, Theorem 7.2].
K. Medynets [33] also obtained a similar result for (topological) full groups of transforma-
tion groupoids (see [33, Remark 3]).

Theorem 3.5. For i = 1,2, let X; be a Cantor set and let T'; C Homeo(X;) be a sub-
group of class F. Suppose that ® : I'1 — I's is an isomorphism. Then there exists a
homeomorphism ¢ : X1 — Xo such that ®(a) = poaop~! for all a € Ty.

Proof. For x € X;, we let
T(x) ={r €Ty |z €supp(r), 7% =1}.
We first claim that for every x € X1, the set

P(z) = m supp(®(7)) C Xo
T€T ()

is a singleton. Let 7y, 7,...,7, € T(x). By (FO0), supp(7;) is clopen, and so there exists
a clopen neighborhood A of z such that A C supp(r;) for all i = 1,2,...,n. By (F1),
we can find 7 € T(z) NT'1(A). It follows from the lemma above that supp(®(7)) is
contained in supp(®(7;)) for every i = 1,2,...,n. Hence the sets supp(®(7;)) have non-
empty intersection. From the compactness of X, we can conclude that P(z) is not
empty. Assume that P(x) contains two distinct points y,y" € Xs. By (F1), there exists
o € T(y) such that v/ ¢ supp(c). If x does not belong to supp(®~!(c)), then by (F1)
there exists 7 € T(x) such that supp(7) N supp(®~*(c)) = (. By the lemma above, one
has supp(®(7)) Nsupp(c) = 0. Since y is in P(z) and P(z) is contained in supp(®(7)),
supp(®(7)) intersects with supp(c), which is a contradiction. Hence x is in supp(®~!(c)),
that is, ®!(o) is in T(z). Then P(x) is contained in supp(c), and so ¥’ is not in P(x),
which is again a contradiction.

Now we can define a map ¢ : X; — Xo by {p(z)} = P(x). It is easy to see that
¢(supp(7)) C supp(®(7)) holds for any 7 € Ty such that 72 = 1. We would like to
show that ¢ is continuous. Let A be an open neighborhood of ¢(z). By the definition of
P(z), there exist 71, 79,...,7, € T(x) such that the intersection of the sets supp(®(r;))
is contained in A. In the same way as above, using (F0) and (F1), we can find 7 € T'(z)
satisfying supp(7) C supp(7;). Since supp(7) is a clopen neighborhood of = by (F0) and

@(supp(7)) C supp(P ﬂ supp(® C A,

(p is continuous at x.
In exactly the same way, we can construct a continuous map ¢’ : Xo — X7 such that

{fW}r= () supp(® '(0)) Vye€ Xa.

oeT(y)



For any = € X1, by (F1), we have

{Ple@Nt= () sup(@ (o) C () supp(@~'(2(r))) = {«},
)

o€T(p(x)) T€T(x

which means ¢’ o = id. Similarly ¢ o’ = id. Thus ¢ is a homeomorphism and ¢~ = ¢'.

Let o € I';. We would like to show ®(a) = poa o=, For any 7 € I'; satisfying
72 =1, one has

(®() 0 ) (supp(7)) = () (supp(®(7)) = supp(@(ara™))

and
(¢ 0 @) (supp(7)) = p(supp(ara ™)) = supp(®(ara")).
Since {z} =, ep(,) supp(7) for any z € X;, we can conclude ®(a) o p = poa. O

Proposition 3.6. Let G be an essentially principal étale groupoid whose unit space is a
Cantor set. Suppose that G is minimal. Then any subgroup I’ C [[G]] containing D([[G]])
1s of class F.

Proof. Let I' C [[G]] be a subgroup such that D([[G]]) C T". We verify the conditions of
Definition Bl for I". Condition (F0) immediately follows from Lemma

To show (F1),let A C G be a clopen neighborhood of z € G(®). Since G is minimal,
there exists a compact open G-set U C G such that z € s(U), s(U)Ur(U) C A and
s(U)Nr(U) = 0. Define « € [[G]] by

mu(z) x€s(U)
a(z) =S mpl(x) zer(U)

x otherwise.

We can also find a compact open G-set V' C G such that x € s(V), s(V)Ur(V) C s(U)
and s(V)Nr(V) =0, because G is minimal. Define 8 € [[G]] by

my(xz) x€s(V)
Bz) = m, (x) zer(V)

T otherwise.

Then [«, 8] = apaf € D[[G]] satisfies the requirement.

In order to prove (F2), we take a € [[G]]\ {1} satisfying a® = 1 and a non-empty clopen
set A C supp(«). Since G is minimal, we can find a non-empty compact open G-set V'
such that s(V)Ur(V) C A and s(V),r(V),a(s(V)),a(r(V)) are mutually disjoint. Using
V., we define § € [[G]] as above. Define &, § € [[G]] by

T otherwise

a(z) = {a(m) z € s(V)Ua(s(V))
and 3 = [a, 8] = afafB. Then [, 5] € D([[G]]) satisfies the requirement.
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Let us consider (F3). Since G is minimal, there exist non-empty compact open G-sets
Uy, Uy satistying s(U; )Ur(U;) C A, s(U;)Nr(U;) =0, r(Ur)Ns(Usz) = 0 and s(Uy) = r(Us).
For ¢ = 1,2, we define «; € [[G]] by

TI'UZ.(.I) S S(Uz)

a;(z) = 7r5i1 () zerly)
T otherwise.
Then [a1, as] € D([[G]]) is of order three. O

Lemma 3.7. Let G be an essentially principal étale groupoid whose unit space is a Cantor
set. Suppose that every G-orbit contains at least three points. For any g € G, there exists
a compact open G-set U such that my € D([[G]]) and g € U.

Proof. First, let us assume s(g) # r(g). Since the G-orbit of s(g) contains at least three
points, there exist compact open G-sets U and V such that the following hold.

o s(U)=r(V).
e r(U), s(U) and s(V) are mutually disjoint.
e geU.

Then
W=UUuVUWV)Lu @GO\ (r(U)Us(U)Us(V)))

is a desired compact open G-set. Next, assume s(g) = r(g). We can find ¢1,¢92 € G
such that s(g;) # r(g;) for i = 1,2 and g = g192. By the argument above, the proof is
complete. ]

Proposition 3.8. For i = 1,2, let G; be an essentially principal étale groupoid whose
unit space is a Cantor set. Suppose that every G;-orbit contains at least three points. For
each i = 1,2, let T'; be a subgroup of [[G;]] such that D([[G;]]) C Ti. If there exists a
homeomorphism ¢ : Ggo) — Ggo) such that o — @ oo™t gives an isomorphism from Ty
to I's, then G1 and Go are isomorphic as €étale groupoids.

Proof. For g € G1, by the lemma above, we can find a compact open Gi-set U such that
7y € D([[G1]]) € T'1 and g € U. By assumption, ¢ o 7y o ¢! belongs to I'y. Thus, there
exists a compact open Ga-set V such that 7 = p om0 @=L, It follows that there exists
g € G2 such that ¢’ € V and s(¢') = ¢(s(g)). It is routine to check that the map g — ¢
is a well-defined isomorphism from G to Gs. ]

The following theorem is a generalization of several results obtained in [I7), Section 4]
and [29, Corollary 7.3].

Theorem 3.9. Fori = 1,2, let G; be an essentially principal étale groupoid whose unit
space is a Cantor set. Suppose that G; is minimal. For each i = 1,2, let I'; be a subgroup
of [|Gi]] such that D([[G;]]) C ;. IfT'1 and 'y are isomorphic as discrete groups, then Gy
and Go are isomorphic as étale groupoids.

11



Proof. This readily follows from Theorem [B.5, Proposition and Proposition B.8l O
As an immediate consequence of the theorem above, we obtain the following.

Theorem 3.10. For i = 1,2, let G; be an essentially principal étale groupoid whose
unit space is a Cantor set and suppose that G; is minimal. The following conditions are
equivalent.

G1 and G are isomorphic as étale groupoids.

2) [[G1]] and [[G2]] are isomorphic as discrete groups.

3) [[G1]]o and [[G2]lo are isomorphic as discrete groups.

(1)
(2)
(3)
(4)

4) D([[G1]]) and D([[G2]]) are isomorphic as discrete groups.

4 Simplicity of commutator subgroups

4.1 Almost finite groupoids

Throughout this subsection, we let G be an essentially principal étale groupoid whose unit
space is a Cantor set. In this subsection, we would like to show that the commutator
subgroup D([[G]]) of the topological full group [[G]] is simple when G is almost finite and
minimal (Theorem 7). This is a generalization of [30, Theorem 4.9] and [I, Theorem
3.4]. Let us recall the definition of almost finite groupoids.

Definition 4.1 ([31, Definition 6.2]). Let G be an étale groupoid whose unit space is a
Cantor set.

(1) We say that K C G is an elementary subgroupoid if K is a compact open principal
subgroupoid of G such that K(© = GO,

(2) We say that G is almost finite if for any compact subset C' C G and ¢ > 0 there
exists an elementary subgroupoid K C G such that

#(CKzx \ Kx)
#(Kx)

for all z € G(©). We also remark that # (K (z)) equals #(K ), because K is principal.

<eg

In [31, Lemma 6.3], it was shown that when ¢ : Z¥ ~ X is a free action of Z" on a
Cantor set X, the transformation groupoid G, is almost finite (see [3I], Definition 2.1] for
the definition of G,).

A homeomorphism « of a Cantor set X is said to be elementary if it is of finite order
and {r € X | o¥(z) = z} is clopen for every k € N ([31], Definition 7.6 (1)]).

Lemma 4.2. Suppose that G is almost finite. For any e > 0 and « € [[G]], there exists
an elementary homeomorphism ag € [[G]] such that u(supp(apa)) < e for any p € M(G).

Proof. This statement is almost the same as [31, Lemma 7.10] and is shown by a small
modification of its proof. O

12



Lemma 4.3. Suppose that every G-orbit is infinite. For any elementary homeomorphism
a € [[G]] and € > 0, there exist elementary homeomorphisms aq,az,...,a, € [[G]] such
that « = aqag ... o and p(supp(ey)) < e for anyi=1,2,...,n and p € M(G).

Proof. For x € GO let r(z) = min{k € N | o*(2) = x}. Since every G-orbit is infinite,
there exists a clopen neighborhood U, of x such that the following hold.

e r(y) = r(x) for every y € Uy,
e u(U;) <e/r(x) for any pu € M(G).
o Uy, a(Uy),...,a"@=1(U,) are mutually disjoint.

Set V, = U,Ua(U,)U- - -Ua"®~1(U,). Then Vj is a-invariant and u(V,) = r(x)u(U,) < €.
We can find finitely many such clopen sets Vy, say Vi, Va, ..., Vy, so that they cover G(©).
Define W; inductively by Wi = V; and W; = V; \ (W3 UWLo U --- U W;_4). Put

ailr) = {a(w) xeW;

T otherwise.

It is easy to verify that aq, as, ..., a, satisfy the requirement. O

Lemma 4.4. Suppose that G is almost finite and every G-orbit is infinite. For any
a € [[G]] and € > 0, there exist ay,a,...,a, € [[G]] such that « = ajas ..., and
w(supp(a;)) < e foranyi=1,2,...,n and p € M(G).

Proof. This follows immediately from the lemmas above. O

Lemma 4.5. Suppose that G is almost finite and minimal. Let N be a non-trivial subgroup
of [[G]] normalized by D([[G]]). Then there exists T € N \ {1} such that supp(r) # G,

Proof. Take ¢ € N \ {1}. There exists a non-empty clopen set A € G such that
Ano(A) =0 and AUc(A) # GO, Since G is minimal, there exists o € D([[G]])\ {1} such
that supp(a) C A. Then 7 = aca~ o~ 'isin N\ {1} and supp(r) € AUc(4) # GO, O

Lemma 4.6. Suppose that G is almost finite and minimal. Let N be a non-trivial subgroup
of [[G]] normalized by D([[G]]). If T € N satisfies supp(r) # GO, then ara~! € N for
all o € [[G]).

Proof. By [31, Lemma 6.8], there exists ¢ > 0 such that p(supp(r)) < 1 — ¢ for all
pu € M(G). Let a € [[G]]. By virtue of Lemma [£4] it suffices to show ara™! € N when
wu(supp(a)) < ¢ for any p € M(G). Tt follows from [3I, Lemma 6.7] that there exists
o € [[G]] such that o(supp(a)) N supp(7) = (. Therefore ca~to~! commutes with 7.
Since [o,0] = aca~to~ ! is in D([[G]]) and N is normalized by D([[G]]), we get

ara! = a(ca o Hr(cac Hat € N,

which completes the proof. ]

The proof of the following theorem is inspired by that of [I, Theorem 3.4].
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Theorem 4.7. Suppose that G is almost finite and minimal. Then any non-trivial sub-
group of [[G]] normalized by the commutator subgroup D([[G]]) contains D([[G]]). In par-
ticular, D([[G]]) is simple.

Proof. Let N C [[G]] be a non-trivial subgroup normalized by D([[G]]). By Lemma [A.5]
there exists 7 € N \ {1} such that supp(r) # G©. Let A ¢ G be a non-empty clopen
set such that AN 7(A) = 0. By [31, Lemma 6.8], there exists ¢ > 0 such that u(A4) > ¢
for any p € M(G). We call a € [[G]] small when p(supp(a)) < ¢/2 for any u € M(G).
Notice that if a € [[G]] is small, then

p(supp([er, 0])) = p(supp(aoao ™)) < p(supp(a) Uo(supp(a))) < ¢ <1
holds for any o € [[G]] and u € M(G), and hence supp([a, o]) # G©).

First, we claim that the commutator [«, 5] belongs to N for any small «, 5 € [[G]]. By
[31, Lemma 6.7], we can find o € [[G]] such that o(supp(a) Usupp(S)) C A. From Lemma
4.6 we get T = 0170 € N. Since 7(supp(c)) and supp(f3) are disjoint, 7a7~! commutes
with 8. Hence

[0, ] = afa™ '™ = a(Fa 7T )B(Fai a8 = ([, 7], 6.

As supp(7) = oL (supp(7)) # G, by using Lemma again, we also have afa~! € N,
and hence [a,7] € N. As mentioned above, supp([a,7]) # G because « is small.
Therefore, by Lemma 6] we can conclude [o, 5] € N.

Next, we claim that the commutator [«, 5] belongs to N if § is small. By Lemma
44 there exist aj,o,...,a, € [[G]] such that & = ajay...q, and «; is small for all
i = 1,2,...,n. Suppose that [ayas...ax—1,8] € N is known. By the claim above,
[ag, B] € N. Besides, we can apply Lemma for [y, B], because supp([oy, B]) # GO,
Then

[as ... o, B] = aras . .. ag_1|ag, Bl(aas . .. ap_1) Hogas ... ag_1, B

is also in N. By induction, we obtain [«, 5] € N.

Finally, we would like to show that [«, 5] belongs to N for any «,f € [[G]]. By
Lemma (4] there exist f1,52,...,0m € [[G]] such that 8 = B182...05, and f§; is small
for all i =1,2,...,m. Suppose that [a, 5152 ...8k—_1] € N is known. By the claim above,
[, Br] € N. Besides, we can apply Lemma for [a, Bx], because supp([o, Bi]) # GO,
Then

[, 8182 ... Br] = [, B1B2 .. . Br—1]B1B2 - - - Br1lev, Bi) (B1Ba - - . Br—1)

is also in N. By induction, we obtain [«, 5] € N. Hence the commutator subgroup D([[G]])
is contained in N. O

Remark 4.8. In general, we do not know what the abelianization [[G]]/D([[G]]) is. In
[31, Theorem 7.5], it was shown that the index map I : [[G]] — H1(G) is surjective when G
is almost finite. Thus [[G]]/D([|G]]) at least has Hi(G) = [[G]]/[[G]]o as its quotient. For
a minimal action ¢ : Z ~ X of Z on a Cantor set X, it is known that [[G,]]o/D([[G,]]])
is isomorphic to Hy(Gy,) ® Zs (see [30, Theorem 4.8] and the remark following it).
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4.2 Purely infinite groupoids

Throughout this subsection, we let G be an essentially principal étale groupoid whose unit
space is a Cantor set. In this subsection, we would like to show that the commutator
subgroup D([[G]]) of the topological full group [[G]] is simple when G is purely infinite
and minimal (Theorem [L16)). We first introduce the notion of purely infinite groupoids.
This definition is inspired by the work of M. Rgrdam and A. Sierakowski [39].

Definition 4.9. (1) A clopen set A € G() is said to be properly infinite if there exist
compact open G-sets U,V C G such that s(U) = s(V) = A, r({U) Ur(V) C A and
r(U)Nr(V)=0.

(2) We say that G is purely infinite if every clopen set A C G is properly infinite.

It is easy to see that if G is purely infinite, then for any clopen set Y c G©) the
reduction G|Y is also purely infinite. It is also clear that if G is properly infinite, then
there does not exist a G-invariant probability measure. When G is purely infinite, in
essentially the same way as [39, Theorem 4.1], one can prove that the reduced groupoid
C*-algebra C}(G) is purely infinite.

The following is a generalization of [28, Theorem 2.5].

Proposition 4.10. Suppose that G is properly infinite. The group [[G]] contains a
subgroup isomorphic to the free product Zs * Zs. In particular, [[G]] is not amenable.

Proof. Since G\ is properly infinite, there exist compact open G-sets U,V C G such that
s(U)=5(V) =G and r(U)Nr(V) = 0. Let A =r(U) and B = r(V). Define a, 8 € [[G]]
by

mv (gl (z) we A mv (' (' () e r(UU)

alz) =L my(rot(z) =z ) = () reB
( ) xU( 1% ( )) OtlelerBWise 5( ) ﬂ_U(ﬂ_U(ﬂ_‘;l((ﬂ_El(x))))) CCET(UV)
7 z otherwise.

Evidently o® = 1, 2 = 1, a(A) = B, B(B) C A and ?(B) C A. The table-tennis
lemma (see [19), I1.B.24], for instance) implies that the subgroup generated by « and f is
isomorphic to the free product Zo * Zs. O

Proposition 4.11. The following conditions are mutually equivalent.
(1) G is purely infinite and minimal.

(2) For any clopen sets A, B C GO with B # 0, there exists a compact open G-set
U C G such that s(U) = A and r(U) C B.

(3) For any clopen sets A,B C GO with A # G and B # 0, there exists o € [[G]]
such that a(A) C B.

Proof. (1)=-(2) There exist compact open G-sets U,V C G such that s(U) = s(V) = B,
r(U)Ur(V) C B and r(U) Nr(V) = 0, because B is properly infinite. Define V1, V5, ...
inductively by Vi = U, V41 = VV,. Then V, are compact open G-sets which satisfy
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s(Vp) = B, r(V,) € B and 7(V,,) Nr(Vy,) = 0 for n # m. Since G is minimal, we can find
compact open G-sets Wy, Wa, ..., W, such that r(W;) C B, A = s(W1)Us(Wa)U- - -Us(Wy,)
and s(W;) N s(W;) = 0 for ¢ # j. Define a compact open G-set W C G by

w = Jviw.
i=1

Clearly we have s(W) = A and (W) C B.
(2)=-(3) First, we assume that B\ A is not empty. By (2), there exists a compact open
G-set U C G such that s(U) = A and r(U) C B\ A. Then

V=UuU"U GO\ (s(U)ur(U)))

is a compact open G-set satisfying s(V) = r(V) = G(©. Hence my belongs to [[G]]. It is
easy to see my (A) C B. Next, we assume that B\ 4 is empty, thus B C A. By the argument
above, we can find oy, as € [[G]] such that a;(A) C GO\ A and ay(G® \ A) € B. Then
a = aga] meets the requirement.

(3)=(1) Clearly (3) implies minimality of G. Let A ¢ G© be a non-empty clopen
subset. Choose mutually disjoint non-empty clopen sets By, B1, Ba C A. By (3), there
exist aj, a0 € [[G]] satisfying a1(A \ By) C B and ag(By U By) C Bs. Let Uy, Us be
compact open G-sets such that oy = 7y, and ag = 7y,. Define compact open G-sets V;
and V5 by

Vi=ByU Ul(A\Bo) and Vo =U,V;.

It is not so hard to see s(V1) = s(Va) = A, (V1) C By U By and r(Va) C By. The proof is
complete. O

Remark 4.12. Let X be a Cantor set and let ¢ : I' ~ X be an action of a countable
discrete group I' by homeomorphisms. The action ¢ is said to be n-filling in the sense
of P. Jolissaint and G. Robertson [22] if for any non-empty clopen sets A, Ag, ..., A, of
X, there exist g1,92,...,9n € I' such that ¢g (A1) U--- U g, (A,) = X. We can see
that if ¢ is n-filling, then the transformation groupoid G, =I' x X is purely infinite and
minimal. Indeed, one can verify condition (2) of the proposition above as follows. We
identify the unit space G(©) with X. Let A, B C X be non-empty clopen sets. We would
like to construct a compact open G,-set U C G, such that s(U) = A and r(U) C B.
Let By, Bs,..., B, C B be mutually disjoint non-empty clopen sets. Since ¢ is n-filling,
there exist g1, 92,...,9n € I' such that ¢4, (B1)U---Uypy, (B,) = X. Define Cy,Cy,...,C,
inductively by

Ci=B1n 805;11(14) and Cpy1 = Bgy1 N SO;lirl (A\ ((pgl (Cl) U---Upg, (Ck)))

Then C}, are mutually disjoint and A equals the disjoint union ¢g, (C1)U--- Uy, (Cy). It
follows that U = [J{g;, '} x ¢4, (Ck) is a compact open G-set with s(U) = A and r(U) C B.

Lemma 4.13. Suppose that G is purely infinite and minimal.

(1) For any clopen set A, B C GO with A # G©) and B # 0, there ezists a € [[G]] such
that a(A) C B and AUsupp(a) # GO,
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(2) For any clopen set A, B ¢ GO with A # G© and B # 0, there exists o € D([[G]])
such that a(A) C B.

Proof. (1) Take a clopen set C so that C #G® A c C,C\A#0and BNC # 0. The
reduction G|C = r~1(C)Ns~1(C) is purely infinite and minimal. By Proposition E11] (3),
there exists a € [[G|C]] such that a(A) C BN C. Letting a(z) = = for x ¢ C, we may
regard a as an element of [[G]] and obtain A Usupp(a) C C # G(©),

(2) By (1), we can find a € [[G]] such that a(A) € B and A Usupp(a) # G). By
Proposition 171 (3), there exists o € [[G]] such that

o(AUsupp(a)) ¢ GO\ (AUsupp(a)).
Then we have (aca~lo1)(A) = a(A) C B. O

Lemma 4.14. Suppose that G is purely infinite and minimal. Let N C [[G]] be a non-
trivial subgroup normalized by D([[G]]). For any T € N, there exist 11,70 € N such that
supp(1) # GO, supp(m) # GO and 7 = 7.

Proof. 1t suffices to show the lemma when supp(7) = G©®. We can find a non-empty
clopen set A € G(© such that AN7(A) =@ and AUT(A) # G©®. Choose a non-empty
clopen set B so that BNA =0, BN7(A) =0 and AUT(A)UB # G©. There exists
oo € [[G]] such that oo(7(A)) C B, because G is purely infinite and minimal. Define
01,03 € [[G]] by

7(x) reA oo(z) x€T(A)
o(x) =<7 Hz) zer(4d) and o(x)= ao_l(x) x € op(T(A))
x otherwise x otherwise.

Then ¢ = [02,01] € D([[G]]) satisfies supp(c) C AUT(A)U B and o(x) = 7(z) for x € A.
By Lemma .13 (2), there exists o € D([[G]]) such that a(AUT(A)U B) C A. Since
N is normalized by D([[G]]) and 7 is in N, we have

1

m =a aca™l T]a € N.

In addition, as
supp(Taaa_lT_l) = 7(a(supp(0))) C T(a(AUT(A)UB)) C 7(A)
and ANT(A) =0, for any z € A we get
1 —1_—1 1

m(z) = (ca trac ta v ta) (z) = (ca™ta)(z) = o(x) = 7(z).

Also, one has supp(r;) C a Y (AUT(A)) # GO, Let 7 = 7 '7. Then 7 = 77y is a
desired decomposition. O

Lemma 4.15. Suppose that G is purely infinite and minimal. Let N C [[G]] be a non-
trivial subgroup normalized by D([[G]]). For any T € N and o € [[G]], we have ata™" € N.
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Proof. First, we assume supp(a) # G and supp(r) # G©). By Proposition EIT] (3),
there exists o € [[G]] such that o(supp(a)) Nsupp(7) = . Then

ara™t = [a,0]7]a,0] 7t € N,

because cao—! commutes with 7.

Let us consider the general case. Let 7 € N and « € [[G]]. By Lemma [£.14] there exist
71,72 € N such that supp(ry) # GO supp(me) # G and 7 = 7y79. Similarly, there exist
a1, az € [[G]] such that supp(a) # GO, supp(as) # G and o = ajas. (It is easy to
find such a decomposition for an element in [[G]].) It follows from the proof above that

ara” = (alagﬁa;lafl)(alagrgaglafl) € N.

We are now ready to prove the main theorem of this subsection.

Theorem 4.16. Suppose that G is purely infinite and minimal. Then any non-trivial
subgroup of [[G]] normalized by the commutator subgroup D([[G]]) contains D([[G]]). In
particular, D([[G]]) is simple.

Proof. Let N be a non-trivial subgroup of [[G]] normalized by D([[G]]). Let 7 € N \ {1}.
There exists a non-empty clopen set A € G(9) such that AN 7(A) = 0.

We would like to show that [o, 8] is in N for any «,f € [[G]]. First, we assume
supp(a) # G© and supp(B) # G©). By Lemma I3 (1), we can find v € [[G]] such that
y(supp(a)) Nsupp(B) = 0 and supp(a) Usupp(y) # GO). There exists o € [[G]] such that
o(supp(a) Usupp(v)) C A. By Lemma I5, 7 = o170 isin N. It is easy to see

(supp(a) Usupp()) N 7(supp(«) Usupp(y)) = 0,

and so (7y7 1)(x) = x for any x € supp(a). Hence 5 = [y, 7] satisfies ¥(supp(a)) N
supp(8) = 0. It follows that ya5~! commutes with 3. Moreover, by Lemma EI5], 7 is in
N, too. Therefore

[, B] = afa™ ' 7" = a(Fa7 H)B(Fa T a1 87 = ([, 7], ]
isin N.
Next, we would like to show [, 8] € N when supp(8) # G(©. We can find a1, s € [[G]]

such that supp(ay) # GO, supp(az) # G© and a = ajas. By the proof above, [y, A]
and [, f] are in N. It follows from Lemma that

[, B] = [0, B] = aias, flag Mo, B]

belongs to N.

Finally, let us show [a, 3] € N. We can find 31, B2 € [[G]] such that supp(3;) # GO,
supp(B2) # G and B = 313,. By the proof above, [a, 31] and [a, B2] are in N. It follows
from Lemma that

[, B8] = [a, B1Ba] = [ev, Bi] B, Ba] By
belongs to N, as desired. O
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Remark 4.17. In view of Theorem [£.16] it is a natural problem to determine the abelian-
ization [[G]]/D([[G]]). In Theorem B.2] it will be shown that the index map I : [[G]] —
H,(G) is surjective when G is purely infinite. Thus [[G]]/D([[G]]) at least has Hi(G) =
[[G])/1IG]]o as its quotient. In general, however, we do not know what the quotient group
[[G]]lo/D([[G]]) is. When G arises from a one-sided irreducible shift of finite type, we will
prove that [[G]]/D([[G]]) is isomorphic to (Hy(G) ® Z2) ® H1(G) (Corollary (1)).

5 Surjectivity of the index map

Throughout this section, we let G be an essentially principal étale groupoid whose unit
space is a Cantor set. In this section we will show that the index map I : [[G]] — H1(G)
is surjective when G is purely infinite (Theorem [£.2)).

Lemma 5.1. Suppose that G is purely infinite. For any clopen sets Ay, As, ..., A, C GO,
there exist compact open G-sets Uy, Us, ..., U, such that s(U;) = A; for all i and the sets
r(U;) are mutually disjoint.

Proof. The proof is by induction on n. Suppose that the lemma is known for n — 1. Let
A1, As, ..., A, C GO be clopen sets. There exist compact open G-sets Uy, Us, ..., Up_1
such that s(U;) = A; for all i and the sets r(U;) are mutually disjoint. Set B; = r(U;) N A,
for i =1,2,...,n—1. By pure infiniteness of G, we can find compact open G-sets V; and
W; such that s(V;) = s(W;) = By, r(V;) Ur(W;) C B; and r(V;) N r(W;) = (. Define
compact open G-sets Uy, US, ..., U}, _; by

U; = ((r(Ui) \ Bi) UV;B;)Uj.

Let
U,=W1BiuUWyByU---UW,_1B,-1 U (An \ (Bl UByU---U anl))-
Then Uy, US, ..., U] _4,U, meet the requirement. O

Theorem 5.2. Suppose that G is purely infinite. The index map I : [[G]] — Hi(G) is
surjective.

Proof. Let 61 : Co(G,Z) — C(G©,Z) and 6y : C.(G?,Z) — C.(G,Z) be as in [31]
Section 3]. The homology group H;(G) is Kerd;/Imde. For f € Kerd;, we denote its
equivalence class in H1(G) by [f]. For a subset C' C G, we let 1¢ denote the characteristic
function of C.

Let f € Kerd;. We would like to show that there exists a compact open G-set V' such
that s(V) = r(V) = GO and [f] = [1y]. By [3I, Lemma 7.3 (4)], we may assume that
there exist compact open G-sets C,Cy,...,Cy, such that f = 1¢, +1¢, +-- -+ 1¢,,. Since
f is in Ker 61, one has

n n
> Liey = D Lscy):
i=1 j=1
Hence there exist clopen sets A;; C GO for i, =1,2,...,n satisfying

n n
Z 1Aij = 1T(Cj) and Z 1Aij = 15(01.).
i=1 J=1
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By the lemma above, we can find compact open G-sets Uy, Us, ..., U, such that s(U;) =
r(C;) for all i and the sets r(U;) are mutually disjoint. Put

Vij = UiCi AU
Then V;; is a compact open G-set which satisfies
r(Vig) = UiCiAyU; ' Uj Ay CiUT = UiCiAijr(Cy) Aiy CiU; = r(UiCi Aij)
and
s(Vij) = UjAi;C7 U7 UG AU = U Ay G (G GiAi U = s(AgUST).
Therefore V = Ul ; Vij is a compact open G-set satisfying

r(V)=Jr:iCi) = JrW) = s(U; ) = s(V).

i=1 i=1 j=1

By using [31, Lemma 7.3 (1)] repeatedly, we obtain

[ly] = Zlvij = ZlUiCiAijU;l
,J ,J

= Z(]‘UiCiAij + 1A2-]-Uj_1)
L Z?]

— ZlUiCi_FZlUj_l
K j

)

= | 160+ 1
J

in Hi(G). This, together with [31, Lemma 7.3 (4)], implies [1y] = [f] in H1(G). Hence
V=V UG\ sV)) is a desired G-set. O

We will use the following lemma in Section 6.5. For f € C(G(),Z), we denote its
equivalence class in Ho(G) by [fla-

Lemma 5.3. Suppose that G is purely infinite. For any h € Ho(G), there exists a non-
empty clopen set A such that [14]g = h.

Proof. There exists f € C(G®,Z) such that [fl¢ = h. We can find non-empty clopen
sets C1,Cs,...,Cy, and D1, Do, ..., D,, such that

n m
szlci—Zle.
i=1 j=1
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From Lemma [5.] there exist compact open G-sets Uy, Us, ..., U, and Vi, Vs, ..., V,, such
that s(U;) = Cj, s(V;) = D; for all 4, j and the sets 7(U;), r(V}) are mutually disjoint. Let

C:

-

r(U;) and D = U r(V;).
j=1

=1

Then [f]¢ = [lc]e — [Ip]g- Since G is purely infinite, there exist compact open G-sets
U,V C G such that s(U) = s(V) = D, r(U)Ur(V) C D and r(U)Nr(V) = (. Put
E=D\ (r(U)Ur(V)). One has

[1ele = [Iple — [Lyanle — [Lrv)le = [Iple — [Iple — [1ple = —[1plas
which implies
h=[fle =[1cle — [Iple = [Icle + [1Elc = [lcuEla,

as desired. ]

6 Groupoids from shifts of finite type

In this section we study topological full groups of étale groupoids arising from shifts of
finite type. We refer the reader to [10} 25] for background material on symbolic dynamical
systems.

6.1 Preliminaries

Let (V,€) be a finite directed graph, where V is a finite set of vertices and £ is a finite
set of edges. For e € &, i(e) denotes the initial vertex of e and t(e) denotes the terminal
vertex of e. Let M = (M(&,n))¢nev be the adjacency matrix of (V,€), that is,

M(&n) = e € € |ie) =&, t(e) = n}

We assume that M is irreducible (i.e. for all £,n € V there exists n € N such that
M"™(&,m) > 0) and that M is not a permutation matrix. Define

X = {(zk)ken € gN | t(zg) = i(zp41) VEk € N}

With the product topology, X is a Cantor set (see condition (I) defined in [I0]). Define a
surjective continuous map o : X — X by

o(@)k =zr1 kEN, 2= (2p)r € X

In other words, o is the (one-sided) shift on X. It is easy to see that o is a local homeo-
morphism. The dynamical system (X, o) is called the one-sided irreducible shift of finite
type associated with the graph (V,E).

The étale groupoid G for (X, o) is given by

G={(x,ny) €EXXZxX|3k,1eN, n="k-l, o"x)=0o'(y)}
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The topology of G is generated by the sets {(z,k—l,y) € G | x € A, y € B, oF(x) =
o'(y)}, where A, B C X are open and k,l € N. Two elements (z,n,y) and (z/,n’,%) in G
are composable if and only if y = 2/, and the multiplication and the inverse are

(‘/'U’ n? y) : (y7 n/’ y/) = (‘,1:7 n—l_n,’ y/)7 ($7 n? y)_l = (y7 _n7 :I:).

We identify X with the unit space G via 2 — (x,0,2).

A multiindex p = (eq,e2,...,e;) with e; € £ is called a word. We denote by |u| the
length & of p and write i(u) = i(e1), t(u) = t(eg). Every e € £ is regarded as a word of
length one. When p = (e1,es,...,¢e;) and v = (f1, fo, ..., fi) are words, we write uv for
the word uv = (e1, ..., ek, fi,..., fi) of length k+ 1. A word u = (e1,e2,...,ex) is said to
be admissible if t(e;) = i(ej41) for every j =1,2,...,k—1. For a word 1 = (e1, e2,...,ex),

C :{(:cn)neNeXH;j:ej Vj:1,2,...,k‘}

is a clopen subset of X and is called a cylinder set. Clearly, C, is non-empty if and only
if 41 is admissible. For any two cylinder sets C,, and C,,, we have C,NC, =0, C, C C, or
CuDC,. For £ €V, we set

De = {(zn)nen € X | i(z1) = &}
For words p and v with t(u) = t(v), we define a compact open G-set Uy, ,, by
U = {(, 1l — 0], ) € G | o) (2) = oM (y), 2 € Cp, ye ).
The subsets U, form a base for the topology of G.

Lemma 6.1. For any non-empty clopen set Y C X, the étale groupoid G|Y is purely
infinite and minimal.

Proof. By the remark following Definition .9 we may assume Y = X. We check condition
(2) of Proposition LTIl Let A and B be non-empty clopen subsets of X. Write A and B
as disjoint unions A = J per Cnand B = U, e Cv of non-empty cylinder sets, respectively.
By dividing up the cylinder sets C,, if necessary, we may assume that #.J is not less than
#I. Let f: 1 — J be an injection. Since the graph (V, ) is irreducible, for each p € I,
we can find an admissible word ' such that C,, C C(,) and t(u') = t(u). Set

U=JUwp
nel

Then U is a compact open G-set satisfying s(U) = A and r(U) C B. O

Let us recall the homology groups H,,(G) from [31, Section 4]. The étale groupoid G
has an open subgroupoid
K ={(z,0,y) € G}.

It is well-known that K is an AF (approximately finite) groupoid (see [37, Defintion I11.1.1]
or [31, Definition 2.2] for the definition of AF groupoids) and that Hy(K) is isomorphic
to the inductive limit

lim(2” Mgy ML),
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where M? is the transpose of M and is thought of as a homomorphism from ZY to ZV.
This group is called the dimension group of the subshift (X,o). Notice that K is not
necessary minimal. Indeed, K is minimal if and only if the subshift (X, o) is topologically
mixing. For f € C(X,Z), we denote its equivalence class in Ho(K) by [f]x. There exists
an automorphism ¢ : Hy(K) — Hy(K) such that

Lyl = 07" ((Lsw)lx)

holds for any n € Z and any compact open G-set U contained in {(x,n,y) € G}. Then,
by virtue of [31, Theorem 4.14], we have

Hy(G) = Coker(id —§) = Coker(id —M?),
H1(G) = Ker(id —0) = Ker(id —M")

and H,(G) = 0 for n > 2. In particular, Hy(G) is a finitely generated abelian group
and H;(G) is the torsion-free part of Hy(G). We remark that Coker(id —M?) is called
the Bowen-Franks group of M ([25, Definition 7.4.15]). For f € C(X,Z), we denote its
equivalence class in Hyo(G) by [fla.

K. Matsumoto [26, 27] obtained the following classification theorem (see also [31, The-
orem 5.1]). Actually, only the case of Y; = X; was considered in [26, 27], but the proof
works in the general case.

Theorem 6.2 (|26, Theorem 1.1], [27, Theorem 1.1]). For i = 1,2, let (V;,&;) be a
finite directed graph and suppose that the adjacency matriz M; is irreducible and is not
a permutation matriz. Let (X;, 0;) be the one-sided shift associated with (V;,E;) and let
G; be the étale groupoid for (X;,0;). Let'Y; C X; be a non-empty clopen subset. If
there exists an isomorphism ¢ : Ho(G1) — Ho(G2) such that o([1y,]a,) = [lv,]a, and
det(id —M?}) = det(id —M?), then G1|Y1 is isomorphic to Go|Ya as an étale groupoid.

In the theorem above, we do not know whether or not the hypothesis det(id —M}) =
det(id —M?) is really necessary. If the torsion-free part of Hy(G;) is non-zero (or equiva-
lently H1(G;) # 0), then det(id —M!) = 0. Thus the hypothesis det(id —M7}) = det(id —M3)
automatically holds. When Hy(G;) is a torsion group (or equivalently H;(G;) = 0), we al-
ways have |det(id —M{})| = |det(id — M), and so the only issue is the sign of det(id —MY).

We also remark that the pair Coker(id —M?) and det(id —M?) is a complete invariant
of flow equivalence for two-sided irreducible shifts of finite type ([13]).

Remark 6.3. We would like to note a close connection between the topological full group
[[G]] and Thompson’s groups. I wish to thank R. Grigorchuk, who drew my attention
to this connection. For background on Thompson’s groups, see the survey article [7] and
the references therein. In 1965 Richard Thompson gave the first example of a finitely
presented infinite simple group. G. Higman [20] and K. S. Brown [4] later introduced
infinite families F,, C T, C V,, of finitely presented infinite simple groups generalizing
Thompson’s example. Notice that V;,, is written Gy, , in [4]. Here we describe F),, and
Vp,r as subgroups of PL (piecewise linear) maps on an interval.

Let n € N\ {1} and r € N. Let F},, be the set of all PL. homeomorphisms f : [0, 7] —
[0, 7] with finitely many singularities such that all singularities of f are in Z[1/n| and the
derivative of f at any non-singular point is n* for some k € Z. It is easy to see that
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F,,, is closed under composition and forms a group. It is known that F, , is independent
of r up to isomorphism, the commutator subgroup D(F}, ) is simple, the abelianization
Fon,/D(F,,)is Z", and F,, , is finitely presented ([4]). It is an outstanding open problem
whether the group F}, , is amenable. The group V;, , is defined to be the group of all right
continuous PL bijections f : [0,7) — [0,7) with finitely many singularities such that all
singularities of f are in Z[1/n], the derivative of f at any non-singular point is n* for some
k € Z and f maps Z[1/n] N[0, r) to itself. We call V}, , the Higman-Thompson groups. It
is known that V}, , is finitely presented, the commutator subgroup D(V;, ) is simple, and
the abelianization V;,,/D(V,,,) is trivial when n is even and is Zy when n is odd ([4]).
Also, V;, ,» contains non-abelian free groups. For ny,ng,r1, 72, the groups V,,, », and Vy, ,
are isomorphic if and only if n; = ng and ged(n1—1,r1) = ged(na—1,7r2) ([36]). It is also
possible to describe F;,, C V;,, as groups of homeomorphisms of the Cantor set.

Let (X, o) be the full shift over n symbols and let G be the étale groupoid associated to
(X,0). The C*-algebra C}(G) is the Cuntz algebra O,,. V. V. Nekrashevych [34] proved
that the Higman-Thompson group V,, 1 is identified with a certain subgroup of the unitary
group U(O,,) ([34, Proposition 9.6]). This identification yields an isomorphism between
the Higman-Thompson group V;, 1 and the topological full group [[G]]. Therefore, when
(X, 0) is a shift of finite type which is not necessarily a full shift, [[G]] can be thought of
as a generalization of V, 1. We will prove that [[G]] is of type Foo in later subsections. In
Section 6.7.1, we revisit the étale groupoids of full shifts.

6.2 Equivalence between clopen subsets

We use the notation of the preceding subsection. As mentioned above, Hy(G) is isomorphic
to Coker(id —M?). This isomorphism is described as follows. For £ € V, we consider the
clopen set D¢ = {x € X [ i(z1) = {}. The map sending £ + [lpJc gives rise to a
homomorphism from ZY to Ho(G). It is well-known that this homomorphism is surjective
and its kernel is (id —M*)ZY (see [9, Proposition 3.1], [31, Theorem 4.14]). Thus, it induces
Hy(G) = Coker(id —M?).

Theorem 6.4. For non-empty clopen sets A, B C X, the following conditions are equiv-
alent.

(1) [1ale = [1B]¢ in Ho(G).
(2) There exists a compact open G-set U such that s(U) = A and r(U) = B.

Proof. The implication from (2) to (1) is immediate from the definition of Hy(G). We show
that (1) implies (2). Write A and B as disjoint unions A = {J,,c; Cy and B =J,¢; Cy of
non-empty cylinder sets C,, C,, respectively. By dividing up a cylinder set if necessary,
we may assume that there exist po € I and vy € J such that t(ug) = ¢ = t(vp). We define

a,b € ZY by

a§) = #{pel|t(n) =& bE)=#{reJ|tlv)=¢ VEeV.

Since [14]g equals [1g]g, a — b € ZY is in the image of id —M?!. Therefore, there exist
¢,d € NV such that a + (M* —id)c = b+ (M! — id)d. By dividing the clopen set D
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into cylinder sets, we can find a finite set L of admissible words such that D, equals the
disjoint union (J,.; Cy and

HOE L1 =€) > max{e(€), d(©)} Ve € V.
Define I’ and .J' by
I'=(I\{po}) U{moA | A€ L} and J' = (J\{wo})U{wA |\ € L}

Then we have A =J,cp Cp and B =, ¢ Cu. Also,

d(§) =#{pel'|t(n) =¢ and V() =#{veJ |[t)=¢}

still satisfy @’ + (M* —id)c = ¥ + (M*' — id)d, because a’ —a = V' — b. For each £ € V, we
can find a finite subset I; C I” such that t(u) = £ for all p € I and #I{ = ¢(€). Define I”
by

"=\ )ulJpelpell, ecé€, ife)=¢}.

ey %
Then we have A = J,¢;» C and

a"(&) = #{n e 1" | t(p) = & = (&) — (&) + 3 M(n, &)c(n),
"
that is, a” = o’ + (M* — id)e. Similarly, we can construct a set J” of admissible words
such that B = J,c;» Cy and b =V + (M" —id)d, where
b'(&) = v € J" | t(v) = ¢}

It follows from a' + (M* —id)c = b’ + (M* — id)d that there exists a bijection f : I" — J”
such that ¢(u) = t(f(n)) for every p € I"”. Then

U= U Ut ().
wer”
is a compact open G-set satisfying 7(U) = B and s(U) = A. O

6.3 The Haagerup property

As in Section 6.1, we let G be the étale groupoid arising from a one-sided irreducible shift
of finite type (X, o). We use the notation of Section 6.1. We have already seen that [[G]]
is not amenable (see Proposition .10 and Proposition [6.I]). In this subsection, we would
like to see that [[G]] has the Haagerup property, i.e. it is a-T-menable in the sense of M.
Gromov. Indeed, this is a corollary of B. Hughes’s theorem [21, Theorem 1.1], which states
that any locally finitely determined group of local similarities on a compact ultrametric
space has the Haagerup property. One can regard X as a compact ultrametric space and
introduce a suitable finite similarity structure for (cylinder sets of) X. Then [21, Theorem
1.1] applies to show that [[G]] has the Haagerup property. But, instead of proceeding in
this way, we would like to provide a self-contained succinct proof of it for the convenience
of the reader. I wish to thank R. Grigorchuk, who drew my attention to this problem and
to the reference [21].
We recall the notion of zipper actions from [21].
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Definition 6.5 ([2I], Defintion 5.1]). An action ¢ : I' ~ Q of a discrete group I' on a set
Q) is called a zipper action if there exists a subset Z C €2 such that the following hold.

(1) For every a € T', the symmetric difference ¢, (Z) A Z is finite.

(2) For every r > 0, {a € ' | #(¢a(Z) A Z) < r} is finite.

Theorem 6.6 (|21, Theorem 5.3]). If a discrete group T’ admits a zipper action, then T
has the Haagerup property.

In order to apply the theorem above to I' = [[G]], we have to construct a zipper action
of [[G]]. Let Q be the set of equivalence classes of non-empty compact open G-sets V' such
that s(V') is a cylinder set. Two such Vi and Vs are equivalent provided Vo = ViU,
where s(Vi) = C,, and s(V2) = C,. We denote the equivalence class of V' in Q by [V].
Define an action ¢ : [[G]] ~ Q by ¢4 ([V]) = [WV], where W is the compact open G-set
such that o = 7.

Theorem 6.7. The action ¢ : [[G]] ~ Q is a zipper action. In particular, [[G]] has the
Haagerup property.

Proof. Define a subset Z C Q2 by
Z ={[C,] € Q| C, is a non-empty cylinder set}.

Let o = my € [[G]]. There exist admissible words w1, pa, ..., g, v1,v2,...,v; such
that t(u;) = t(v;) for all « = 1,2,...,k and W equals the disjoint union Ule Ui,
Suppose that there exists L C {1,2,...,k} such that (J;c; Uy, equals Uy, for some
admissible words p,v with ¢(u) = t(v). Then we may replace ;cr Uy, With Uy,
By repeating this procedure if necessary, we may assume that no such L exists. Let
m(a) = max{|w|, |vi| |1 =1,2,...,k}.

We would like to estimate #(pq(Z) A Z). Let [Cy\] € Z. Then ¢, ([C)\]) = [WC,] is
in Z if and only if there exists ¢ such that C) is contained in C,,. Hence, if [C}] is in
Z\ ¢;1(Z), then C) is not contained in any C,,, and so in particular

A < max{|v| | i =1,2,...,k} < m(a).

Therefore #(Z \ ¢;(Z)) = #(pa(Z) \ Z) does not exceed the number of admissible
words of length less than m(«), and hence is finite. In the same way, we can show
#(Z\ va(Z)) is finite, which implies condition (1) of Definition Next, let us estimate
#(pa(Z) A Z) from below. Without loss of generality, we may assume m(«) = |v1|. Let
v = (e1,€2,. .., em)). Put A\j = (e1,ea,...,¢;) for j = 1,2,...,m(a)-1. Then C), is
not contained in any C,,. It follows that ¢, ([C),]) is not in Z, and so we get

#(0a(Z2) AN Z) 2 #(pa(Z2)\ Z) > m(a) — 1.

Hence, in order to prove condition (2) of Definition [6.5] for given r > 0, it suffices to
show that the set of @ € [[G]] such that m(a) < r is finite. Clearly there exist finitely
many partitions of X into cylinder sets C), satisfying || < r. Hence the number of
a = my € [[G]] for which there exist i, po, ..., pur and vy, va,. .., v such that |u| < r,
lvi| < rand W = J¥_, Uy, ,, is at most finite. The proof is complete. O

For any clopen set Y C X, [[G|Y]] is a subgroup of [[G]]. It follows from the theorem
above that [[G|Y]] also has the Haagerup property.
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6.4 Kernel of the index map

As in Section 6.1, we let G be the étale groupoid arising from a one-sided irreducible
shift of finite type (X, o). We use the notation of Section 6.1. Fix a non-empty clopen
subset Y C X. In this subsection, we would like to show that [[G|Y]]o is finitely generated

(Theorem [6.1T]).

First we need to write down the index map I : [[G|Y]] — H1(G|Y) explicitly. Any
a € [[G|Y]] extends to an element of [[G]] by letting a(x) = x for x € X \ Y, and so we
may regard [[G|Y]] as a subgroup of [[G]]. Since G is minimal, the inclusion G|Y — G
induces isomorphisms between H,,(G|Y') and H,(G) (see Proposition 3.5 and Theorem 3.6
of [31]). These observations yield the diagram

[G]Y]] —— H\(G]Y)

b

6] —— H(G),

which becomes commutative by the definition of the index map. From now on, we
identify Hi(G|Y) with H1(G). As mentioned in Section 6.1, H;(G) is isomorphic to
Ker(id —¢), which is a subgroup of Hy(K). For a € [[G|Y]], we would like to describe
I(a) € Hi(G|Y) = Hi(G) as an element of Ker(id —¢). Take a compact open G|Y-set U
such that a = 7. For n € Z, we put

S(a,n)={zx €Y | (a(x),n,x) € U}.
Note that S(«,n) is empty except for finitely many n. We have
Myl =) [samlk
neL
in Hy(K), because {S(a,n) | n € Z} is a clopen partition of Y. Since {a(S(c,n)) | n € Z}
is also a clopen partition of Y, one obtains
[1Y]K = Z[la(S(a,n))]K = Z o " ([LS'(a,n)]K)
neL neL
in Ho(K). Therefore, we get
S (id =6 ([Lsgm)i) = 0. (6.1)
neL
For n € Z, we define homomorphisms 6 : Ho(K) — Hy(K) by
S n >0
5™ =<0 n=0
—(6P+62+ -+ ") n<O,

so that (id —6)6(™ = id —6™ hold. It follows from (G.I)) that
> (ia=6) (67 ([Lsemlx) ) =0,

nel
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which means that . 5(=n) ([Ls(a,n)lx) is in Ker(id —d). The proof of [31, Theorem 4.14]
immediately implies the following.

Lemma 6.8. In the setting above, I(a) € Hi(G|Y) = Hi(G) is identified with

Z 5(771) ([15((17”)][() c Ker(id —(5)

nez

In what follows, we regard [[K|Y]] as a subgroup of [[G|Y]]. As mentioned in Section
6.1, K is an AF groupoid, and so is K|Y. Hence, by [30, Proposition 3.2], [[K]|Y]] is
a locally finite group. More precisely, [[K]|Y]] is written as an increasing union of finite
direct sums of symmetric groups. In particular, [[K|Y]] is contained in [[G]Y]]o = Ker I.
For two clopen sets A, B C X, it is well-known that [14]x = [15]x in Ho(K) if and only if
there exists a compact open K-set U such that s(U) = A and r(U) = B. For a € [[G|Y]],
it is also easy to see that « belongs to [[K|Y]] if and only if S(«,0) =Y.

We introduce the set of transpositions. We call o € [[G|Y]] a transposition if there
exists a clopen set A C Y such that AN a(A) = 0, supp(a) = AU a(A) and o? = 1. By
Theorem [6.4] if non-empty clopen sets A, B C Y satisfy AN B = () and [14]¢ = [18]¢,
then there exists a transposition a € [[G|Y]] such that a(A) = B and supp(a) = AU B.
We let T denote the set of all transpositions. By [31, Lemma 7.3], T is contained in
[[G|Y]]o = Ker I. It is also easy to see that the group [[K|Y]] is generated by 7 N [[K|Y]].
Below we will see that [[G]Y]]o is generated by 7 (Lemma and Theorem [6.17).

Lemma 6.9. Let A,B C Y be clopen sets and let n € Z. If é"([la]lx) = [1]k in
Hy(K), then there exists a compact open G-set U such that r(U) = A, s(U) = B and
U C {(z,n,y) € G}. Furthermore, if A and B are disjoint, then there exists T € T such
that S(r,—n) = A, S(t,n) = B, 7(A) = B and supp(7) = AU B.

Proof. The case n = 0 is trivial as mentioned above. We may assume without loss of
generality that n is positive. Write B as a disjoint union B = Uue 7 Cy of non-empty
cylinder sets. For each u € I, there exists an admissible word p' such that ¢(u') = i(u)
and |4/| = n. Then

> e, lxk =Y 0" (Lalk) =6 "([Lslk) = [Lalk-
nel pel
in Ho(K). Since K is an AF groupoid, we can find compact open K-sets V,, such that
8(Vi) = Cpy and A equals the disjoint union J, 7(V,,). Then
U= U ViU
nel

is a desired compact open G-set.
Assume further that A and B are disjoint. Clearly

V=UuU1uU{Y\(AUB))

is a compact open G-set satisfying (V) = s(V) =Y, and 7 = 7y satisfies the requirement.
O
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Lemma 6.10. Suppose that (X, o) is topologically mizing. Then [[G|Y]]o is generated by
the set T of transpositions.

Proof. We remark that (X, o) is topologically mixing if and only if the matrix M =
(M(&,1m))eney is primitive, that is, there exists n € N such that M™(&,n) > 0 for all £, €
V (|25, Proposition 4.5.10]). Moreover, in this case the AF groupoid K is minimal and has
a unique K-invariant probability measure on X, say w. We can define a homomorphism
@ : Ho(K) — R by

a(lf) = [ rao

for f € C(X,Z). Let r > 1 be the Perron eigenvalue of M. Then it is well-known that
wod = rw holds.

Let (7T) be the subgroup generated by 7. Suppose that a € [[G|Y]]o \ {1} is given.
There exists a non-empty clopen set C C Y such that C N «(C) = . We can construct
7 € T such that 7(z) = «a(z) for all x € C. Hence, by replacing a with 7, we may
assume that supp(«) is not equal to Y. Let A = supp(a) & Y. Since K is minimal, one
has w(Y) > 0 and w(Y \ 4) > 0.

By Lemma [6.8, we have

Z 5(—71) ([IS(a,n)]K) = 0.

nez

Set P={neN|S(a,n)#0} and Q={ne€Z|n<0, S(a,n) # 0}. Then

=326 (Msamli) = > 6™ (Lsam]x) - (6.2)

neP neqQ

Put

z=[lalx +0 [ D6 ((Lsamlx) | € Ho(K).

new

We have

&(2) =w(A) + D _(r+r7 4+ Mw(S(a,n)).
new
Choose m € N so that

rMw(A) <w(Y'\A) and r0(2) < w(Y)

hold. Then we can find a clopen set B C Y \ A such that [1p|x = 0 " ([la]x). It
follows from Lemma [6.9] that there exists 79 € 7 such that S(m9,m) = A, S(19, —m) = B,
70(A) = B and supp(19) = AU B. Set 8 = mpaty. It suffices to show that 8 belongs to
(T). Notice that supp(8) = 10(A) = B, S(8,n) = 10(S(a,n)) and

Lsgmle =07 (Lsamlk)
for every n € Z. Hence, by (6.2)), we get

=20 (Lsamlx) = Y 8 ([Ls(amlx) - (6.3)

neP new
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We would like to construct v € (7) such that S(v,n) = S(5,n) for all n € Z. Because

WB)+ > (r+1?+- +r Mw(S(B,n))

new
=r " |w(A)+ Z(r +r 4+ r~w(S(a,n))
new
=r "w(z) <w(Y),
there exist mutually disjoint clopen sets Cy,; CY \ B forn € Q and i =1,2,..., —n such
that

d ([15(5,n)]K) = [1Cn,1]K and 4 ([1Cn,¢]K) = [1Cn,i+1]K
foreachn e Qandi=1,2,...,—n—1. By Lemma[.9], forn € Q andi=1,2,..., —n, we
can find 7, ; € T such that
S(Tn,la_l) :S(ﬁ7n)) S(Tn,la]-) :Cn,lv

Tn1(S(B,n)) = Cp1, supp(7n,1) = S(B,n) U Cp1
and
S(tnit1, —1) = Cniy  S(mniv1, 1) = Chjita,
Tn,i+1(Cnyi) = Cnjit1, SUPP(Tn,it1) = Cni U Cpisa.
Define 7_ € (T) by

T_ = H Tr,—m -+~ Tn2Tn,1-
new
Then we can verify

S(r_,n)=S(B,n) VneQ, S(r_,1)= ] U Ch,i

neqQ i=1
and
7_(S(B,n) =Cp—n YneQ, supp(r-)= U <S(5,n) U U C'm> .
neq =1
Next, we would like to consider S(5,n) for n € P. By using (6.3), we have

D Ms@mle + Y 0 +072 44+ 67") ([Lsamlk)

nepP neP
=D [semlc = > 07" (Lsam)x)
nepr nepP
=) [s@mlr + > 60" ([Lsgmlx)
nepP neq
=D Ms@mlx + ) _Ms@mlx + Y 0+ ++07") ([Lsn]k)
neP new neq
—n—1
= > lsmlr + Y [s@emls + > Y ok
neP new neqQ i=1
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Hence we can find mutually disjoint clopen sets D, ; for n € P and j = 1,2,...,n such
that

5_1 ([1S(B,n)]K) = [1Dn,1]K’ 5_1 ([1Dn,j]K) = [1Dn,j+1]K

and

n —n—1
U UDbwi=U <S(6,n)u U cm).

neP j=1 neq

Therefore, in the same way as above, we can construct 74 € (7) such that

—n—1
S(t4,n)=8(B,n) ¥YneP, S(ry,—1)= U (S(ﬁ,n) U U C’m)
new =1

and

—n—1
7+(S(B,n)) = Dpy Yn € P, supp(ry) = U S(B,n)U U <S(B,n) U U Cn,i) .
i=1

neP neq

Let v = 77— € (T). It is not so hard to see

S(y,n)=S(B,n) YnePUQ, |J S(Hn)US(,0) =Y,
nePUQ

and so S(y,n) = S(B,n) for all n € Z. Then we obtain S(fy~!,0) = Y, which implies
By~ € [[K|Y]] and hence By~! € (T). It follows that 3 belongs to (T), as desired. [

We are now ready to prove the main theorem of this subsection.
Theorem 6.11. The group [[G|Y]]o is generated by finitely many elements of T .

Proof. Let p € N be the period of the shift (X, o) or, equivalently, of the irreducible matrix
M ([25], Definition 4.5.4]). It follows from [25, Section 4.5] that there exists a non-empty
oP-invariant clopen subset Z C X such that (Z,0P|Z) is (conjugate to) a topologically
mixing shift of finite type. Clearly the groupoid G|Z is identified with the étale groupoid
arising from the shift (Z,0”|Z). Since G is purely infinite and minimal, there exists a
compact open G-set U satisfying s(U) = Y and r(U) C Z (see Lemma [6.1]). Hence
G|s(U) = G|Y is isomorphic to G|r(U) as an étale groupoid. The groupoid G|r(U) is
equal to the reduction of G|Z to r(U). Therefore, by replacing G with G|Z, we may
assume that G arises from a topologically mixing shift of finite type.

Choose two distinct edges p,q € € such that ¢(p) = i(q). It is not so hard to see
Cpg U Cy # X. By Proposition AI1] (3), there exists a compact open G-set U such that
Y = s(U) and Cpy U Cy C r(U). It follows that G|Y = G|s(U) is isomorphic to G|r(U).
By replacing Y with (U), we may assume that Cpy U Cy is contained in Y. Let J be the
set of admissible words p such that C,, C'Y. Then pq,q € J.

For a word p =ejea...ep and 1 < ¢ < 5 < k, we write Kij] = €i€it1 - - - €5 The clopen
set Y C X is written as a disjoint union of finitely many cylinder sets, and so there exists
I € N such that if y € J and [p| > [, then pp ;) € J. Because we have assumed that the
adjacency matrix M is primitive, there exists m € N such that every entry of the matrix
M™ is greater than 2. We assume m > [.
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Let p,v € J be such that t(u) = t(r). In Section 6.1, we introduced the compact open
G-set U, . Suppose that C,, and C, are disjoint. Then

V=Uu UU, U Y\ (CuUGy))

is a compact open G|Y-set satisfying r(V) = s(V) =Y. We write y(u,v) = 7y, which
is an element of 7. Let 7y denote the set of all such elements y(u,v). Since the sets
Uy, form a base for the topology of G|Y', any element of 7 is a product of finitely many
elements of 7. Note also that v(u, ) equals v(v, u). Define the finite set F' by

F={y(pmv)eT|lpl=v|<m+2yU{v(n,v) € To||ul+1=v] <m+ 2}

Let (F) be the subgroup generated by F. By Lemma 610, [[G|Y]]o is generated by 7.
Hence, it suffices to prove that (F') contains 7p.

First, we claim that (F') contains {v(u,v) € To | || = |v|}. The proof is by induction
on the length of the words. Assume that the claim is known for length n, where n > m+2.
Let u,v € J be distinct admissible words of length n+1 such that ¢(u) = ¢(v). We would
like to show ~(u,v) € (F). Since each entry of M™ is not less than 3, we can find an
admissible word A of length n+1 such that

A2 =pg,  tN) =tp), At # Hi3mt2s  ABm+2] F V3m+2)-
We will show that (i, A) is in (F). By the choice of m, there exists an admissible word
a of length n such that
ana =49 Am+2n] = Hm+3n+1]s  A2,m+1] a )‘[3,m+2}7 a[2,m+1] a H[3,m+2]
Set b = Ajgny1)- Then a,b € J, |a| = |b] = n and a # b. By the induction hypothesis,
v(a,b) belongs to (F). It follows that

v(q,pq)¥(a, b)v(q, pq) = v(pa, pb) = v(pa, A)

also belongs to (F'). Set ¢ = ap ,,—1) and d = pu; ). We have pe,d € J, |pc| = |d| = n and
pc # d. By the induction hypothesis, v(pc,d) is in (F). Also Cy N Cpe = CxNCy =0 and
Cpa C Cpe. Therefore

v(pe, d)y(pa, Ny (pe, d) = v(p, A)

is in (F), too. In the same way, we can show v(v, ) € (F). Then

Yy M)y (v My(ps A) = y(p,v) € (F),

which completes the induction, and the proof of the claim.

Next, we claim that (F') contains ~y(u,v) for p,v with |u| + 1 = |v|. The proof is by
induction on the length |v|. Assume that the claim is known for length n, where n > m+-2.
Let p,v € J be such that t(u) = t(v), |u| = n, |[v| = n+1 and C, N C, = @. Since each
entry of the matrix M™ is greater than 2, we can find an admissible word a of length n
such that

A =4 Omt2.n] = Vima3n+l]s  O2m+1] 7 H2m+1]y  Q2um+1] 7 V1,m]-
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Let b = afy p—1] and ¢ = vy ). Then a,b,c € J, [b| = n—1, |c]| =n and C, N C. = 0. By
the induction hypothesis, v(b,c) is in (F). Note also that C, N C, = C, N C. = 0 and
C, C Cy. We have already shown that v(u,a) is in (F). It follows that

v(b, )y (1, a)y(b, ) = v(p, v)

is in (F'), which completes the induction, and the proof of the claim.

Finally, we claim that (F) contains ~y(u,v) for p,v with |u| < |v|. Clearly we may
assume |p| > m + 1. The proof is by induction on n = |v| — |g|. The case n = 1 is
done. Assume that the claim is known for n—1. Let u,v € J be such that t(u) = t(v),
| >m+1, |v| —|p| =n>2and C,NC, = 0. In the same way as the argument above,
we can choose an admissible word A of length |u|+1 such that

>\[1,1} =q, t(\)=t(), )\[2,m+1} # Hi2,m+1]s )\[2,m+1} # Vi2m+1]-

Thus, A is in J, and C, C) and C), are mutually disjoint. By the induction hypothesis,
v(p, A) and (v, \) are in (F'). Hence we get

Y, Ny (s My(ps ) = v, v) € (F),

thereby proving the theorem. O

6.5 Finiteness properties

As in Section 6.1, we let G be the étale groupoid arising from a one-sided irreducible
shift of finite type (X, o). We use the notation of Section 6.1. Fix a non-empty clopen
subset Y C X. In this subsection, we would like to show that [[G|Y]] is of type Foo. As
mentioned in Section 1, this is equivalent to saying that [[G|Y]] is of type FPo, and is
finitely presented.

Such finiteness properties for Thompson’s group F 1 were studied by K. S. Brown and
R. Geoghegan [6]. Brown [4] [5] later extended this to the infinite families F}, , C T}, C Vj,
(see Remark [6.3]). M. Stein [41] generalized these families further. Here we follow the
approach of [4, 5 41]. The following theorem, due to Brown, is the key tool. We refer the
reader to [2, Section I1.4] for the definition of a I'-complex.

Theorem 6.12 ([4, Corollary 3.3]). Let I" be a group. Suppose thatI' admits a contractible
I'-complex Z such that the stabilizer of every cell is of type Fuo. Let {Zy}qen be a filtration
of Z such that each Z, is finite mod I'. Suppose that the connectivity of the pair (Zy41, Zg)
tends to oo as q tends to co. Then I is of type Foo.

First, we need to modify the finite directed graph (V,£) so that its adjacency matrix
M has a certain special property. Let N = (N (%, j))i<i j<n be a matrix with entries in N.
We say that N is in canonical form if the following conditions are satisfied.

e For any i # j, N(i,j) = 1.
e For any i, N(i,1) > 2.

e There exists j such that N(j,j) = 2.
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Note that N is primitive and N = N!. Take j such that N(j,j) = 2. For i # j, let
d; = N(i,i) — 2. It is not so hard to see

Coker(id —N*) = @5 Zg, and det(id—N') = (-1)" [ ] &,
i#] i#]
where Z is understood as 0 and Zg is understood as Z. Hence, for the given matrix M,
we can construct a matrix IV in canonical form satisfying

Coker(id —M") = Coker(id —N*) and det(id —M") = det(id —N?).
Let (X ,0) be the one-sided shift of finite type arising from the matrix N and let G be
the étale groupoid of (X, 7). Then there exists an isomorphism ¢ : Ho(G) — Ho(G). By
Lemma [5.3] there exists a non-empty clopen set Y C X such that [1y]s = ¢([ly]a). It
follows from Theorem that G|Y is isomorphic to G|Y. Therefore, by replacing G|Y

with G|Y, we may assume that the adjacency matrix M of the graph (V, £) is in canonical
form. Set Vo = {¢ € V| M*((,¢) = 2}. Then

a€Ker(id—M") <= > a(()=0 and a(§) =0 YE€V\W. (6.4)
¢eVo
This property will play an important role in the argument below.
We write Z; = NU {0}. For an admissible word p, we define a compact open G-set
U, by
Uy ={(x, ul,y) € G | o¥(2) =y, x € Cu}.
In other words, U, equals U,, y, where () denotes the empty word of length zero. For £ € V,
we let i71(€) = {e € £ | i(e) = £}. Define € € ZY by

£(n) = {1 e
0 n#¢&.
Recall that D¢ = {(xn)n € X | i(z1) = &}
Now we would like to construct a poset (partially ordered set) B. Let By denote the
set of all compact open G-sets U such that »(U) C Y and s(U) = D¢ for some § € V. For
a finite subset u of By, we define rank(u) € Z¥ by

rank(u)(€) = #{U € u | s(U) = D¢} V€€ V.

We let B denote the set of all finite subsets u of B such that {r(U) | U € u} is a clopen
partition of Y. We equip B with a partial order and view it as a poset in the following
way. Given u € B and an element U € u with s(U) = D¢, we get v € B by replacing U
with the sets UU, for e € £ with i(e) = £. Thus,

v=(u\{UYU{UU. € By | e i (&)}

One says that v is a simple expansion of u. Notice that rank(v) is equal to rank(u) +
(M —id)¢. Conversely, if we start with v € B, € € V and an injection f : i~1(£) — v such
that s(f(e)) = Dy, then we obtain u € B by replacing the elements f(e) with

U reu;! € Bo.
i(e)=¢
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The element u is called a simple contraction of v. Again we have rank(u) = rank(v) +
(id—M t)é . Given two elements u,v € B, v is a simple expansion of u if and only if u
is a simple contraction of v. We now iterate these construction. We say that v € B
is an expansion of u € B and that u is a contraction of v if there exists a sequence
u=ug, U1, ..., ug=v (d > 0) with u; a simple expansion of u;—1 for i = 1,2,...,d. Then
we equip B with a partial order by saying v < v if v is an expansion of u.

Lemma 6.13. The poset B is directed, i.e. for any w,v € B there exists w € B such that
u<wandv < w.

Proof. Let u € B. We first claim that there exists an expansion w of u such that any
W € w is of the form U, for some admissible word p. Take U € u which is not of the form
Uu. Let s(U) = D¢. There exist admissible words g1, p2, . .., ptg, V1,2, ..., such that
U equals the disjoint union Ule Uy, ;- Consider a simple expansion

o = W\ {U}) U{UU, € By | e € i7'(€)}

of u. Then for any e € i71(&),
UUe = J Uy,

where the union runs over all ¢ such that the first letter of v; is e, and 7; is the (possibly
empty) word obtained by removing the first letter of v;. In particular, || = || — 1. By
repeating this argument, we finally obtain an expansion w of u for which every v; is of
length zero. The proof of the claim is complete.

By the claim above, we may assume that there exist admissible words g1, o, ..., tk,
v1,Va, ...,V such that

u={U, |i=1,2,...,k} and v={U, |j=12,...,1}
Let m = max{|wi|,|v| | i=1,...,k, 5 =1,...,l}. Suppose that |u;| is less than m. Then
u' = (u\{Up}) U{Upe € Bo | € € €, t(ps) = i(e)}

is a simple expansion of w and |u;e| = |u;| + 1. By repeating this argument, we can find
an expansion % of u such that any element of % is of the form U, with |u| = m. In the
same way, there exists an expansion v of v such that any element of v is of the form U,
with |p| = m. This means that @ equals ¥, which completes the proof. O

We denote by |B]| the simplicial complex whose simplices are the non-empty finite
linearly ordered subsets of B. For a subset C C B, |C| denotes the subcomplex of |B|
spanned by C. We identify the set of vertices of |B| with B.

We now define an action of [[G|Y]] on |B|. For a € [[G|Y]], take a compact open
G|Y-set W such that o = 7. Note that »(W) =Y and s(W) =Y. For u € B, we define

au={WU € By | U € u}.

This gives a well-defined action of [[G|Y]] on B. It is easy to see that u — au is an
order preserving map. Hence this action gives rise to an action of [[G]Y]] on the simplicial
complex |B|.
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Lemma 6.14. (1) For u,v € B, there exists a € [[G|Y]] such that au = v if and only
if rank(u) = rank(v).

(2) Ewvery vertez stabilizer is a finite group. More precisely, for any u € B, {a € [[G|Y]] |
au = u} is isomorphic to @gev Yrank(u)(e), Where Xy, stands for the symmetric group
on n letters.

Proof. (1) The ‘only if’ part is obvious. To prove the ‘if ’ part, assume rank(u) = rank(v).
There exists a bijection f :u — v such that s(f(U)) = s(U) for every U € u. Then

w=J rou!
Ucu
is a compact open G|Y-set satisfying r(W) = s(W) =Y and mppu = v.
(2) Assume au = u. Take a compact open G|Y-set W such that o = my. The
homeomorphism « induces a permutation of the finite set u. Suppose that the induced
permutation is the identity. For every U € u, we have WU = U, and so

W=WY = U WUU ! = U vul=v.
Uecu Ueu

Thus « is the identity. It is clear that the induced permutations form a group isomorphic
to @g Erank(u)(ﬁ)' [

Let w € B. By replacing w with its any simple expansion, we may assume that
rank(w)(&) is positive for any € € V, because each entry of M* —id is positive. We fix such
w € B and set

B, ={u € B|aw < u for some « € [[G|Y]]}.

Since each entry of rank(w) and M* —id is positive, from Lemma[6.14] (1) one can see that
B, is equal to

{u € B | rank(u) = rank(w) + (M" — id)a for some a € ZY } .

As B is directed, so is B,,. This readily implies the following (see [I5, Proposition 9.3.14]
for instance).

Lemma 6.15. The simplicial complex |B,,| is contractible.

For u € B, choose a € ZK so that
rank(u) = rank(w) + (M" —id)a.

Put
height(u) = ) _a(¢).
ey

Thanks to (6.4]), height(u) does not depend on the choice of a. If v is a simple expansion
of u € B, then height(v) = height(u) + 1. Clearly height(u) equals the largest integer
n such that there exists a linearly ordered (n+1)-tuple up < u; < -+ < up, = u in By,
Because each entry of M! —id is positive, one has rank(u)(£) > height(u) for every £ € V.
We also note that the [[G|Y]]-action preserves height, i.e. height(au) = height(u).
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Next, we would like to construct a contractible [[G|Y]]-invariant subcomplex Z C |B,,|.
Given an element v € BB, an elementary expansion of w is an element v € B obtained by
choosing a subset «' C u and taking simple expansions of u at each of U € u/, that is,

v=(u\u)U{UU, €By |U €, s(U)=Dg, eci *(&)}.

We call a simplex ug < uj < -+ < uy, of |By| elementary if u,, is an elementary expansion
of ug. This implies that u; is an elementary expansion of u; for any ¢ < j. Hence any
face of an elementary simplex is elementary. Clearly elementary simplices are preserved
by the action of [[G]Y]]. It follows that the union Z of all elementary simplices is a
[[G]Y]]-invariant subcomplex of |B,|.

In what follows, we will use the standard notation for intervals in a poset. For example,
the open interval (u,v) is defined by (u,v) = {w € B, | v < w < v}. The closed interval
[u,v] and the half-open intervals [u,v) and (u,v] are defined similarly. The following is
exactly the same as the lemma of [5, Section 4].

Lemma 6.16. Let v € B, be an expansion of u € B,,. If v is not an elementary expansion
of u, then the subcomplez |(u,v)| is contractible.

The following is exactly the same as [5, Theorem 1]. We include the argument here
for completeness.

Lemma 6.17. The complex Z is contractible.

Proof. Let W, be the complex obtained by adjoining to Z the subcomplexes of the form
|[u,v]| with v a non-elementary expansion of u € B, and height(v) — height(u) < n.
Since |B,| is contractible by Lemma and |B,| equals the union |J,, Wy, it suffices to
show that the inclusion Z — W,, is a homotopy equivalence. Suppose by induction that
Z — Wp_1 is a homotopy equivalence. Let v be a non-elementary expansion of u € B,
such that height(v) —height(u) = n. The intersection of |[u, v]| with W,,_1 is |[u, v)U(u, v],
which is the suspension of |(u,v)| and hence is contractible by the lemma above. Since
|[u, v]| is also contractible for trivial reasons, the adjunction of |[u, v]| does not change the
homotopy type of W,,_1. Two such subcomplexes |[u, v]| intersect only in W,,_1, and so
the inclusion W,,_1 — W, is a homotopy equivalence. The proof is complete. ]

We remark that the argument above goes through without change if we fix p € Z
and replace B,, with {u € B, | height(u) > p}. Therefore the subcomplex of Z spanned
by the vertices u with height(u) > p is also contractible.

For every u € B,,, we introduce the (finite) simplicial complex K, as follows. Consider
a pair (£, f) of € € V and an injection f : i~1(¢) — wu such that s(f(e)) = Dy(ey- A simplex
of K, is a finite collection {(&o, fo),-- -, (&m, fm)} of such pairs satisfying the following
conditions.

e The images of the maps f; are pairwise disjoint.

e There exists a € ZK such that

rank(u) — (M* —id) (& + - - - + &) = rank(w) + (M* — id)a.
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The first condition says that by contracting Im f; we can obtain v such that v is an
elementary expansion of v. The second condition says that v is still in B,,, because the
left-hand side of the equality is the rank of v.

Lemma 6.18. For any integer n > 0, there exists r € N such that the simplicial complex
K, is n-connected provided height(u) > r.

Proof. Let | = max{M(&,n) | {&,m € V}. We claim that for any m € Z, and k € N the
following holds: if
height(u) > max{(m+1)#V, k(m+1)l +1}

and Py,..., P, are m-simplices of K, then we can find a vertex (7, g) of K, such that
PjU{(n,9)} is an (m+1)-simplex of K, for any j. Choose a € Z¥ so that rank(u) =
rank(w) + (M* —id)a. From

Za({) = height(u) > (m+1)#V,

Leyv

we can find n € V such that a(n) > m+1. Let
k
J=1(&,f)eP
Then for any £ € V we have

#{U € u\u'| s(U) = D¢} > rank(u)(£) — k(m~+1)l > height(u) — k(m+1)l > [.

Hence we can find an injection g : i~!(n) — u such that s(g(e)) = Dy for all e € i~t(n)
and ' NImg = (). Now for each j =1,2,...,k, let

(& f)ePp;

so that R
rank(u) — Z (M" —id)¢ = rank(w) + (M* —id)b;.
(& 1)eP;
Since P;j is a simplex of K, by (6.4]), one has

> bi(Q)=0 and b;(¢) >0 VEEV\ W
¢eVo

From the choice of n, we can verify

D=2 =0 and (b —A)(E) =0 VE€V\ W
¢eVo

From (6.4]), we can conclude that P; U {(n,9)} is an (m+1)-simplex of K, for any j.
Once this claim is established, the rest of the proof proceeds in the same manner as
[0, Lemma 4.20]. We omit the details. O
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Notice that the natural number r obtained in the lemma above depends only on the
adjacency matrix M and does not depend on the choice of w € B.

Given integers p, g with 0 < p < g, we let Z, ; be the subcomplex of Z spanned by the
vertices u with p < height(u) < ¢. Note that Z, ; is [[G|Y]]-invariant. Note also that the
dimension of Z,, is at most ¢ — p. The following is almost the same as [5, Theorem 2].
We include the proof for completeness.

Lemma 6.19. For any integer n > 0, there exists r € N such that the inclusion Z, 4 —
Zpg+1 induces isomorphisms mi(Zpq) — Ti(Zpg+1) for all i < n, provided ¢ > r and
q > p+n+1. In particular, for such p,q. Z, 4 is n-connected.

Proof. For given n > 0, let r € N be as in the lemma above. The inclusion Z, ; < Z, 4+1
is obtained by adjoining, for each u € B,, with height(u) = ¢ + 1, a cone over the link
L of win Z,,. The vertices of this link L are v € B, such that v is an elementary
expansion of v and p < height(v) < ¢, and the simplices of L are linearly ordered tuples
Vo <V < < Uy

We can describe a vertex v of L by specifying which elements of u are contracted to
get v. More precisely, each vertex v of L corresponds to a set P = {(&o, fo),-- - (&m, fim)}
consisting of pairs of £; € V and injections f; : i~!(§;) — wu such that the following
conditions are satisfied.

e 5(fj(e)) = Dy for every e € i *(¢;).
e Im f; are pairwise disjoint.

e There exists a € ZK such that

rank(u) — (M* —id)(€ 4 - - - + &m) = rank(w) + (M* —id)a.

e qg—m2>0p.

The simplices of L correspond to chains Py C --- C P, of such sets P. Now such P are the
same as simplices of the complex K, defined above that have dimension at most ¢ — p.
It follows that the complex L is the barycentric subdivision of the (¢—p)-skeleton of K.
The lemma above implies that K, is n-connected, because height(u) = ¢+ 1 > r. Hence
L is n-connected, too. Attaching a cone over such a complex L C Z,, does not affect 7;
for i < n. Consequently, m;(Zp4) = mi(Zp4+1) is an isomorphism as required.

Consider the sequence of inclusions Z, ; C Zp 441 C Zpg+2 C .... The union is the
subcomplex of Z spanned by the vertices u with height(u) > p. This union is contractible
by Lemma and the remark following it. Therefore Z, , is n-connected. O

Lemma 6.20. For any integers p,q with 0 < p < q, the simplicial complex Z, 4 is finite
mod [[G|Y]].

Proof. Let ug < u; < --+ < u;, be an elementary simplex. For every j = 1,2,...,m, let
u; C up be the subset such that u; is obtained by taking simple expansions of ug at each
of U € ug \ @;. Then we have

U()Qﬂlgﬂgz--'gﬂm.
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Let vg < v1 < --+ < v, be another elementary simplex. Define 1,09, . .., ¥y in the same
way. We claim that if rank(ug) = rank(vg) and rank(u;) = rank(v;) for every j, then there
exists a € [[G]Y]] such that au; = v; for all j =0,1,...,m. From rank(t,,) = rank(dy,,),
we can find a bijection f : @, — Oy, satisfying s(U) = s(f(U)) for all U € @y,. Using
rank(ty, \ Upm-1) = rank(0, \ Um—1), we can extend f to a bijection from ,,—1 t0 Up—1
satisfying s(U) = s(f(U)) for all U € 1,,—1. Repeating this argument, we finally obtain a
bijection f :uy — vg such that f(a;) = 0; for any j and s(U) = s(f(U)) for any U € uy.
Define a compact open G|Y-set W by

w=J rout
U€cug
Then o = my € [[G|Y]] satisfies au; = v; for all j =0,1,...,m.

If up < ug < -+ < uy, is a simplex of Z,,, then height(ug) is at most ¢ — m. Evi-
dently {rank(u) € ZY | height(u) < g—m} is finite. Hence the number of (m-1)-tuples
(rank(uop), rank(ay), . .., rank(a@,,)) for m-simplices of Z,, is finite. It follows from the
claim above that m-simplices of Z, , is finite mod [[G|Y]]. O

We are now in a position to apply Brown’s theorem.

Theorem 6.21. The group [[G|Y]] is of type Fs. In other words, the group [[G|Y]] is
finitely presented and is of type FPs.

Proof. This immediately follows from Lemma [6.14] (2), Lemma [619] Lemma [6.20] and
Theorem 0

6.6 A presentation for [[G]Y]]

As in Section 6.1, we let G be the étale groupoid arising from a one-sided irreducible shift
of finite type (X, o). We use the notation of Section 6.1. Fix a non-empty clopen subset
Y C X. In this subsection, we would like to describe generators and relations for [[G|Y]].
This enables us to calculate the abelianization of [[G|Y]] (Corollary [6.24]). Consequently,
the commutator subgroup D([[G]Y]]) is shown to be type Fo, when Hy(G) is a finite
abelian group (Corollary [6.25)).

As in the last subsection, we assume that the adjacency matrix M is in canonical form,
and put Vo = {n € V | M'(n,n) = 2}. Fix an element ¢ € Vy. Set V; = (V' \ Vo) U {C}.
Notice that the rank of the free abelian group Hi(G) is equal to #(V\ V1) = #(Vo \ {¢}).
We equip V'\ V1 with a linear order. We regard Z"! as a subgroup of ZV. By (6.4), id —M"*
is injective on ZM1, i.e. for a € ZV1, (id —M%)a = 0 implies a = 0. For a € ZY, we define
Jall = Seer a(®).

In the previous subsection, we constructed contractible [[G|Y]]-invariant complexes
Z C |By|. For p < q, Z,4 denotes the subcomplex of Z spanned by vertices u with
p < height(u) < ¢. In Lemma[6.19] we proved that Z, , is n-connected if p is large enough
and ¢ — p > n. In particular, there exists p € N such that the 2-dimensional simplicial
complex Z,, ;12 is 1-connected. We would like to examine the [[G|Y]]-action on Z, 12 and
write down generators and relations of [[G|Y]], by using [3, Theorem 1].

As pointed out in the remark following Lemma [6.18] the natural number p depends
only on the matrix M and does not depend on the choice of w € ZK. Hence, by replacing

40



w with its certain expansion if necessary, we may assume rank(w)(£) > p+2 for any £ € V.
Let
f:Vx{1,2,....p+2} » w

be an injection satisfying s(f (&, j)) = Dg for every (€, 7). For each a € ZY¥ with ||a|| < p+2,
we let

u={f&iew|eV, 1<j<a()}
and define a vertex w(a) of Z by
w(a) = (w\u)U{UU. | U € u, s(U)=Dg, eci (&)}

Thus, w(a) is the elementary expansion of w with respect to the subset u C w. Clearly
rank(w(a)) = rank(w) + (M* — id)a, and height(w(a)) = |la||. Note also that w(a’) is an
elementary expansion of w(a) if a(£) < a/(€) for every £ € V.

For every n € V' \ Vi, we associate an element 60, € [[G|Y]] as follows. First, for each
n € Vo, we choose an edge e, € £ such that i(e,) = t(e;) =n. Let n € V\ V1. Since the
matrix M is in canonical form, there exists a unique bijection

hei O\ {ect =i () \ {ey}

satisfying t(h(e)) = t(e). Let U = f(¢,1) and V = f(n, 1). Define a compact open G|Y -set
W by
W =U(UU,) ' U(VU, )V ' U VU U

One has 7(W) = s(W) = r(U) Ur(V). Let W = W U (Y \ 7(W)) and define 6, € [[G|Y]]
by 0, = 3. Then we have 0,w(() = w(7). For every n € Vp and 1 < k < p+2, we define
a compact open G|Y-set U by

U= fn,1)f(nk)""Uf(nk)f(n,1)""

and put 3, = 75 € [[G|Y]], where U=UU(Y\rU)). It is easy to see that §, yw = w
and B%k = 1. Moreover, for n € V \ Vi we have

(B¢ kB 100 By Be 1 )w(a + C) = wla+ 1)
if a(() =k —1and a(n)=1—1.

For each 1 = 0,1, 2, we would like to find a set of representatives for the i-simplices of
Zpp+2 mod [[G|Y]]. For p < k < p+2, set

Ay = {a ez | |a| = k:}
Then, by Lemma (1),
Co ={w(a) € Zppta |a € ApU Api1 U Apio}

is a set of representatives for the vertices of Z, 12 mod [[G|Y]], that is, for any vertex u
of Z,, 42 there exists a unique vertex v € Cp such that au = v for some a € [[G]Y]].

41



We let C be the set of all 1-simplices of the simplicial complex |Cy|. In other words,
Oy ={w(a) <wla+&) |ac Ay UA,, €€V}
Ufw(a) <wla+&+&)|ac Ay &,6ent

In order to obtain a set of representatives for the 1-simplices mod [[G|Y]], we consider the
following 1-simplices.

(i) w(a) <w(a+n) foraec Ay, and ne V\ V.

) w(a)
(ii) w(a) <w(a+n) fora € Appq and n € V\ V1.
(i) w(a) <w(a+E+7) forae Ay, €€V and ne V\ V.
(iv) w(a) <w(a+ 1M + 1) for a € A, and n1,m2 € V \ V1.

Let C be the set of these 1-simplices. Then C; U C] is a set of representatives for the
1-simplices of Z, 12 mod [[G|Y]],
Likewise, we let Cy be the set of all 2-simplices of |C], i.e.

02 = {OJ((I) < W((I-i-él) < OJ((I—Fél +€2) ’ a < Ap7 51752 S Vl}

In order to obtain a set of representatives for the 2-simplices mod [[G|Y]], we consider the
following 2-simplices.

(v) w(a) <w(a+&) <w(a+E+7) forae Ay, €V andneV\ V.
(vi) w(a) <w(a+17) <w(a+E+7) forac Ay, £€Vyand e V\ V.
(vil) w(a) <w(a+m) <w(a+n1 +12) for a € A, and n1,m2 € V\ V1.

Let C4 be the set of these 2-simplices. Then Cy U CY is a set of representatives for the
2-simplices of Z, 12 mod [[G|Y]],

For each vertex u of Z, 12, let 3(u) denote the stabilizer of u. By Lemma (2),
¥ (u) is naturally identified with a subgroup of the symmetric group on u and is isomorphic
to @gev Yrank(u)(¢)- Similarly, for each 1-simplex e of Z) 12, we denote the stabilizer of
e by X(e). We define an abstract group I' to be the free product of the groups X(u) for
u € Cy and a free group generated by elements g, for e € C; U Cf. It is clear that the
group I is finitely presented.

Next, we would like to introduce a surjective homomorphism 7 : I' — [[G|Y]]. To this
end, for each e = {u<v} € C1UCY, we choose . € [[G|Y]] such that v, 1(v) € Cj as follows.
First, for e € Cy, we put 7. = 1. Let us consider 7, for e € C]. For e = {w(a)<w(a+7)}
as in (i) and (ii), we put

Ye = ﬂc,iﬁnﬁc,k,

where k = a(¢) + 1. For e = {w(a)<w(a+£E+7)} as in (iii), we put

_ J BerOnbBek §#C
‘ Bekr10nBck+1 § =G,
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where k = a(¢) + 1. For e = {w(a)<w(a+n1+72)} as in (iv), we put

_ ) Berln Be k) (B ket 105 8¢ k1) m <1y
(Be k01 Be k) (Be k+1 8o, 20ms Bo 28 k1) M1 = 112,

where k = a(¢) + 1. Now we set 7(ge) = 7. for e € Cy U C]. This, together with the
canonical inclusions ¥ (u) — [[G]Y]], gives rise to a homomorphism 7 : I' — [[G|Y]].

The following theorem says that the kernel of 7w : I' — [[G|Y]] is finitely generated as a
normal subgroup of I'. In order to describe generators of the kernel, we need to introduce a
little more notations. The 1-skeleton of |Cp| is Co U Cy, which can be regarded as a graph.
Consider a maximal tree of this graph. Every vertex of Cj is contained in the tree. Let us
identify this tree with the corresponding subset T' C Cy. For e = {u<v} € C1 U], we let
ie : X(e) — X(u) be the canonical inclusion and let ¢, : ¥(e) — 3(9) be the homomorphism
given by a +— v, tay,, where & = v, v € C. For each 2-simplex 7 € Co U}, as discussed
in [3| Section 1], we can associate a ‘relator’ r- € I' by thinking of the boundary of 7 as a
closed path.

Theorem 6.22 (3, Theorem 1]). The homomorphism w : I' — [[G|Y]] is surjective and
its kernel is generated by the following elements as a normal subgroup.

(1) ge foreeT.
(2) g lic(a)gece(a™) fore € C1UC] and a € S(e).
(3) vy forT e CoUCY.

The presentation given in the theorem above contains much redundancy. We would
like to obtain a ‘smaller’ presentation of [[G|Y]]. First, let us look at e € C; \ T. Since
T is a maximal tree of the 1-skeleton of |Cp|, there exists a loop in T'U {e} containing e.
Then, from 7w(r;) =1 for all 7 € Cy, we obtain

(4) m(ge) =1foraleec Cy\T.

Let us now look at the elements r, € I' associated with 7 € C3. From the 2-simplices
T = {w(a)<w(a+{)<w(a+&£+n)} as in (v), we get

(5) 7(ge) = m(ger) for all e = {w(a+€)<w(a+E+7)} and ¢ = {w(a)<w(a+E+7)} with
ac Ay eViand neV\ V.

Next, let 7 = {w(a)<w(a+7)<w(a+E+7)} be a 2-simplex as in (vi). In case & # (, we
obtain

(6) 7(ge) = m(ger) for all e = {w(a)<w(a+7)} and ¢ = {w(a)<w(a+E+7)} with a € A,,
ceVi\{¢}and n e V\ V.

In case £ = (, we have

(7) m(Bgef) = m(ge) for all e = {w(a)<w(a+)} and ¢ = {w(a)<w(a+(+7)} with
a € A, and n € V\ Vi, where § € ¥(w(a)) denotes the simple transposition on

{£(¢a(Q)+1), f(C a(C)+2)}-
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Finally, let us look at 2-simplices 7 = {w(a)<w(a+71)<w(a+n1+72)} as in (vii). Recall
that we have fixed a linear order on V \ V;. In case 11 < 12, one obtains

(8) (geger) = m(ger) for all e = {w(a)<w(a+)}, € = {w(a+)<w(a+C+7z)} and
¢ ={w(a)<w(a+m+n2)} with a € Ay, n1,m2 € V\ Vi and 1 < na.

In case 11 > 72, one obtains

(9) 7(BgegerB) = m(ger) for all e = {w(a)<w(a+m)}, € = {w(a+f)<w(a+f+ﬁ2)} and
¢’ = {w(a)<w(a+m+1m2)} with a € A,, m,n2 € V\ Vi and 01 > 12, where 3 €
Y(w(a)) is the simple transposition on {f({,a(¢)+1), f(¢,a(¢)+2)}.

In case m1 = m2 = 1, one has

(10) 7(geogeo) = m(ger) for all e = {w(a)<w(a+n)}, ¢ = {w(a+)<w(a+C+7)} and
¢" = {w(a)<w(a+2n)} with a € Ay, n € V\ V1, where 0 € X(w(a)) is the simple
transposition on {f(n,1), f(n,2)}.

For each n € V' \ Vy, consider the 1-simplex

e = {w((p+1){)<w((p+1){ + )} € C]

and set g, = ge. Let I'g be the free product of the groups ¥(u) for v € Cy and the free
group generated by g, for n € V\ V1. We regard I'y as a subgroup of I. As a consequence
of the discussion above, the following theorem is obtained.

Theorem 6.23. The homomorphism m : I'y — [[G|Y]] is surjective and its kernel is
generated by the following elements as a normal subgroup.

o i.(a)ce(a™t) for any e € C and o € X(e).

o (BgnB)Lic(a)(BgyB)ce(a™) for any e = {w(a)<w(a+n)} € C] and a € T(e), where
ais in Ay U Apir, nis in V\ Vi and § € X(w(a)) is the simple transposition on

{£(¢a(Q)+1), f(¢p+2)}

® (9., Bgn,B] for any distinct m1,m2 € V \ V1, where § € S(w(pl)) is the simple trans-
position on {f(¢,p+1), f(¢,p+2)}.

o (89y809,0) ie(a)(BgyBogyo)ce(a™) for any e = {w(pl)<w(pl + 27)} € C and
a € X(e), where n is in V\ Vi, B € X(w(p()) denotes the simple transposition

~

on {f({,p+1), f(¢,p+2)} and o € E(w(pC)) denotes the simple transposition on
{f(n, 1), f(n,2)}.

As an application of the theorem above, we obtain the following.

Corollary 6.24. (1) The abelianization [[G|Y]]/D([[G|Y]]) of the topological full group
[[G|Y]] is isomorphic to (Ho(G) ® Z2) & H1(G).

(2) The group [[G|Y]]o/D([[G|Y])]) is isomorphic to Hy(G) ® Za.
(3) The group [[G|Y]] is simple if and only if Hyo(G) is 2-divisible.
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Proof. (1) Since T’y is the free product of the groups X(u) for u € Cy and the free group
generated by g, for n € V' \ Vi, its abelianization I'y/D(I'g) is isomorphic to

@ (ZQ)V ® ZV\VI.

ueCy

By the theorem above, we have 7(i.(a)) = 7(ce()) for any e = {w(a)<w(a + €)} and
a € X(e), where a is in A, U Apy1 and & is in V;. These equations collapse the group
To/D(T) to

(Z2)Y & ZY\W1.
By the theorem above, we also have m(ic(a)) = 7(ce(a)) for any e = {w(a)<w(a + 2€)}

and o € X(e), where a is in A, and § is in V. These equations collapse the group above

to
((Z2)¥/Im(id —M")) @ ZV\"1,

which is isomorphic to (Ho(G) ® Z2) & H1(G). The theorem above tells us that no further
collapsing occurs.

(2) This follows from (1) and Theorem

(3) As mentioned in Section 6.1, Hy(G) is a finitely generated abelian group and H;(G)
is isomorphic to the torsion-free part of Ho(G). Therefore if Hy(G) is 2-divisible, then
(Ho(G) ® Z2) ® H1(G) = 0, and so [[G|Y]] = D([[G|Y]]). By Lemma and Theorem
416l D([[G|Y]]) is simple. Hence [[G|Y]] is simple. The other implication is shown in a
similar way. O

The corollary above, together with Theorem and Theorem [6.2T] implies the fol-
lowing.

Corollary 6.25. (1) The group D([[G|Y]]) is finitely generated.

(2) If Hyo(G) is a finite group, then the groups [[G|Y]]o and D([[G|Y]]) are of type Fs.
In particular, they are finitely presented and are of type FP.

In general, we do not know if [[G|Y]]o and D([[G|Y]]) are finitely presented or not.

6.7 Examples
6.7.1 Full shifts

We consider étale groupoids arising from full shifts. Let n € N\ {1} and let » € N. Let
(V, ) be a finite directed graph such that #V = r and its adjacency matrix is

00 ... 0n
10 ... 00
M= 101 0 0
0 0 ... 1 0]
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Note that det(id —M?*) = 1—n. Let (X, ,,0n,) be the shift of finite type associated with
(V,€). When r = 1, the shift (X, 1,0p,1) is the full shift over n symbols. Let Gy, be the
étale groupoid of the shift (X, ,,0n) (see Section 6.1). One has

Ho(Gr ) = Coker(id —M") 2 Z,, 1 and Hi(G,,) = Ker(id —M?") = 0,

where id —M! is thought of as a homomorphism from Z" to Z". The equivalence class of
lx,, in Hyo(Gy,) corresponds to r € Z,_1. As mentioned in Remark [6.3] the topological
full group [[Gy]] is naturally isomorphic to the Higman-Thompson group V,,,. From
Hi(Gy,) =0, we obtain [[Gy, r]] = [[Gn,r]]o. By Lemma[6.1land Theorem E.16] D([[G, ]])
is simple. Moreover, Corollary says that

0 n is even

[[Gr ]/ D([Grr]]) & Zp—1 @ Zo = {Zg s odd.

By Theorem .91 and Theorem [6.2, [[G), ]| (or D([[Gy,]])) is isomorphic to [[Gy,s]] (or
D([[Gm.s]])) if and only if there exists an isomorphism ¢ : Z,_1 — Zp—1 such that
©(r) = s. This reproves the main result of [36]. By Theorem and Corollary [6.25]
[[Gnr]] and D([[Gr,]]) are of type Fu.

6.7.2 The golden mean shift

Let X be the set of sequences of {0,1} in which ‘11’ does not appear, that is,
X = {(xn)n € {0, 1}N ’ if x,, = 1, then Tpal = 0}

Let 0 : X — X be the one-sided shift. The dynamical system (X, o) is called the golden
mean shift, and the corresponding matrix is

M—E (1)]

The Perron eigenvalue of M is the golden number (1 + v/5)/2, and det(id —M?*) = —1.
Consider the étale groupoid G of (X, o). One has

Hy(G) = Coker(id—M") =0 and H;(G) = Ker(id —M") = 0.

It follows from Theorem [6.2] that G is isomorphic to Gg; discussed above. Hence [[G]] is
isomorphic to the Higman-Thompson group V5 1.

In [24], for an arbitrary real number 5 > 1, the S-shifts and the associated C*-algebras
Op were studied. It is known that the 3-shift is a shift of finite type if and only if the
B-expansion of 1 is finite (see [24, Proposition 3.8] for instance). The golden mean shift
(X,0) is equal to the B-shift with 8 = (1 + +/5)/2. Note that the ring Z[3, 37!] equals
7 + BZ, because 32 — 3 —1 = 0. We would like to observe that [[G]] is identified with
a group of PL bijections on the unit interval. As in Remark 6.3] let F3; be the set of
all PL homeomorphisms f : [0,1] — [0, 1] with finitely many singularities such that all
singularities of f are in Z[3, 37!] and the derivative of f at any non-singular point is g*
for some k£ € Z. The group Fjp; was shown to be finitely presented and is of type FP
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in [8]. In the same fashion as Remark [6.3] one can define the group V3 ; containing Fj ;.
Define a continuous map p : X — [0, 1] by

plan)n) = D7 50 Vlamn € X.
n=1

Then for every ¢ € [0, 1],

7 2 teZBpNo,1
#o7(0) = Sy

1 otherwise.
Any cylinder set of X is mapped to an interval [a,b] with a,b € Z[B3,57]. Tt is not so
hard to see that [[G]] is naturally isomorphic to a subgroup of V3 ; via the map p. Thus
Va,1 is embeddable into V3 1.

6.7.3 A subshift with non-trivial H;

Let (X, 0) be the irreducible shift of finite type arising from the matrix
2 1
=]
and let G be the étale groupoid of (X, o). One has
Ho(G) = Coker(id —M*) =2 7Z and H;(G) = Ker(id —M") = Z.

The equivalence class of 1y in Hy(G) corresponds to 0 € Z. By Lemma and Theorem
@16l D([[G]]) is simple. Theorem says that [[G]]/[[G]lo = Z. By Corollary [6.24]
[[G]lo/D([[G]]) = Z3. By Theorem [6.21] [[G]] is of type Foo. By Theorem and
Corollary [6.25] [[G]]o and D([[G]]) are finitely generated.

We would like to give a finite presentation for [[G]]. The notation is borrowed from
Section 6.5 and Section 6.6. Let (V, &) be a finite directed graph whose adjacency matrix
is M. Let V = {(,n}. Then w = {D¢, Dy} is in B and rank(w) = (1,1). It is easy to
see rank(u) = (n,n) for u € B, with height(u) = n—1. By Lemma [6.I8 there exists n
such that K, is 1-connected for any u € B, satisfying rank(u) = (n,n). In view of the
remark given in [5, Section 5] (this argument is due to K. Vogtmann), one can take n =9
in this case. Thus, the simplicial complex Z5 7 is 1-connected. Let ug € B, be such that
rank(ug) = (6,6). Choose two elements Vi, Vs € ug such that s(Vi) = s(V2) = D¢. Let
u7 be the elementary expansion of ug with respect to V; and let ug be the elementary
expansion of u; with respect to V5. Then rank(uy) = (k, k), {ug<ur<ug} is a 2-simplex
of Zs7 and {ue, u7,ug} is a set of representatives for the vertices of Zs 7 mod [[G]]. The
stabilizer of uj is isomorphic to ¥ x X for each k = 6,7,8. To simplify notation, we
denote products of symmetric groups by ¥;; = X x X, etc. Let I'g be the free product
of ¥¢,6, X7,7, Xgg and Z generated by g = g,. As discussed in Section 6.6, there exists a
natural surjection 7 : Ty — [[G]].
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Consider the direct limit (in the sense of J-P. Serre) of the following diagram.

28,8

)

N

2426 26,7

/ N\

26,6 Y56 Y7

Regard Xy 1, as the group of permutations of letters {1k, 2, ..., kx} U {1}, 2}, ..., k;} for
k = 6,7,8. The maps ¥56 < X for £ = 6,7 are obtained by letting Y5 permute
{1k, 2k, 3k, 4k, ki } and letting X¢ permute {1},2}, ..., 6, }. Similarly, the maps g7 — Xj 1
for k = 7,8 are obtained by letting 3¢ permute {1j,...,6;} and letting ¥; permute
{1%,...,7,}. The map X426 — X¢6 is obtained by letting 3426 permute {1g,...,46},
{56,66} and {1, ...,65}. The embedding 3496 < Xgg is not of the standard type. The
subgroup ¥4 x Xg permutes {lg,...,4g} and {1%,...,65}, but the non-trivial element of
Y9 maps to the product (53 75)(6g 8s)(7% 8%) of three transpositions. Let I'; be the direct
limit of this triangle of groups. Then the restriction of the homomorphism = : I'g — [[G]]
to the subgroup g * ¥77 * g g factors through I'y.

Let us now turn to discussion on the relations involving g = g,. We consider the
following diagram.

20 co
26,6 26,5 X7

The maps ip and ¢y are obtained by letting ¥ permute {1g,..., 5k, ki } and letting X5

permute {2}, ...,6)} for k = 6,7. The maps i; and ¢; are obtained by letting 37 permute
{1g,...,7;} and letting ¥ permute {2,...,7,} for k = 7,8. The map iz is obtained by
letting ¥ 24 permute {1g,...,66}, {15,245} and {3§,...,65}. The map cy is not of the

standard type. The subgroup g x X4 permutes {1g,...,5s,7s} and {35, ..., 65}, but the
non-trivial element of ¥y maps to the product (1% 25)(75 8%5)(6s 8s) of three transpositions.
Now the relations involving g are given by

(BogBo)~tio(o)(BogBo)co(o) Vo € Se5, g lir(o)gei(o) Vo € Srg,

and

(BogBoB1gB1) tia(a)(BogBoBigBi)ca(o) Vo € Sea.4,

where 8y = (56 6¢) and 51 = (1 2§). Hence [[G]] is isomorphic to the quotient of the free
product of I'; and Z = (g) by the normal subgroup generated by these relations.
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6.7.4 Boundary actions I

We consider the boundary actions of free products of finite groups. These actions and
related C*-algebras were studied in |40} [35]. Let P and @ be non-trivial finite groups (we
exclude the case P = Q = Z3). Put p = #P and q = #Q. Let £ be the disjoint union of
P\ {1} and @\ {1}. We define

X = {(zn)n € EN | if 2, € P (resp. x, € Q), then x,,.1 € Q (vesp. zn41 € P)}.

The topological space X is naturally identified with the hyperbolic boundary of the free
product P * ), and admits a natural action ¢ : P x Q ~ X by homeomorphisms, which
is called the boundary action (see [35, Proposition 5.5], for example). Let o : X — X be
the one-sided shift. Then (X, o) is the shift of finite type associated with the matrix

_ | 0 »p-1
M_L]_l 0}

We have det(id —M*) = 1— (p—1)(g—1). It is not so hard to see that the transformation
groupoid G, is canonically identified with the étale groupoid arising from (X, o) (see [31]
Definition 2.1} for the definition of G,). By Lemma 6.} the groupoid G, is purely infinite
and minimal. One has

Hy(G,) = Coker(id —M") 2 Z,_y and H;(G,) 2 Ker(id —M") =0,

where n = (p—1)(¢ — 1). The equivalence class of 1x in Hy(G,,) corresponds to p € Z,_1
(or ¢ € Zp—1). Hence Theorem tells us that G, is isomorphic to Gy (or Gy g)
discussed in Section 6.7.1.

6.7.5 Boundary actions II
Let £ € N\ {1} and let Fj; denote the free group on k generators sy, sa,...,Sg. Let
E= {31,51_1, 52,32_1, .. ,sk,slzl}. Set

X =A{(zp)n € eN | if x,, = s; (resp. =, = sl-_l), then z,11 # si_l (resp. Tp41 7 Si)}-

In the same way as the preceding example, the space X} is naturally identified with the
hyperbolic boundary of the free group Fi. Let i : Fr. » X be the boundary action. The
one-sided shift o : X — X is a shift of finite type associated with the 2k x 2k matrix

10 1 1 1 1]

0111 11

1110 11

110 1 11
M =

1111 10

111 1 . 1]
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In the same way as the preceding example, the transformation groupoid G, is canonically
identified with the étale groupoid arising from (X}, o). By Lemmal[6.1] the groupoid G,
is purely infinite and minimal. We have

Ho(G,,) = Coker(id —M") 2 ZF © 7,
and
Hy(Gy,) = Ker(id —M") = 7.

The equivalence class of 1x in Hy(G,,) corresponds to (0,1) € Z* & Zj_1. By Theo-
rem 3.9, if & # [, then [[G,,]] (or [[Gy,]lo, D([[G,]])) is not isomorphic to [[Gy,]] (or
[[Gyllo, D([[Gy,]])). It follows from Theorem that [[G,]]/[[Ge,llo is isomorphic to
7ZF. Theorem tells us that D([[G,]]) is simple. By Corollary [6.24]

(Zs)* k is even

(o llo/ DG ) = (25 & Zus) 92 = { ZoF ks odd,

By Theorem 6.21], we know that [[G,]] is of type Foo. By Theorem and Corollary
6.25] [[Gy,)]Jo and D([[Gy,]]) are finitely generated.

Acknowledgments

I am very much indebted to D. Tamaki for helpful discussions on homotopy theory
and algebraic topology. I also thank R. Grigorchuk and K. Matsumoto for many valuable
suggestions and comments.

References

[1] S. Bezuglyi and K. Medynets, Full groups, flip conjugacy, and orbit equivalence of
Cantor minimal systems, Colloq. Math. 110 (2008), 409-429.

[2] K. S. Brown, Cohomology of groups, Graduate Texts in Mathematics, 87. Springer-
Verlag, New York-Berlin, 1982.

[3] K. S. Brown, Presentations for groups acting on simply-connected complexes, J. Pure
Appl. Algebra 32 (1984), 1-10.

[4] K. S. Brown, Finiteness properties of groups, J. Pure Appl. Algebra 44 (1987), 45-75.

[5] K. S. Brown, The geometry of finitely presented infinite simple groups, Algorithms
and classification in combinatorial group theory (Berkeley, CA, 1989), 121-136, Math.
Sci. Res. Inst. Publ., 23, Springer, New York, 1992.

6] K. S. Brown and R. Geoghegan, An infinite-dimensional torsion-free FPs, group,
Invent. Math. 77 (1984), 367-381.

[7] J. W. Cannon, W. J. Floyd and W. R. Parry, Introductory notes on Richard Thomp-
son’s groups, Enseign. Math. (2) 42 (1996), 215-256.

[8] S. Cleary, Regular subdivision in Z[(1 + +/5)/2], Illinois J. Math. 44 (2000), 453-464.

50



[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

22]

23]

[24]

[25]

J. Cuntz, A class of C*-algebras and topological Markov chains II: Reducible chains
and the Ezt-functor for C*-algebras, Invent. Math. 63 (1981), 25—40.

J. Cuntz and W. Krieger, A class of C*-algebras and topological Markov chains,
Invent. Math. 56 (1980), 251-268.

H. A. Dye, On groups of measure preserving transformations I, Amer. J. Math. 81
(1959), 119-159.

H. A. Dye, On groups of measure preserving transformations II, Amer. J. Math. 85
(1963), 551-576.

J. Franks, Flow equivalence of subshifts of finite type, Ergodic Theory Dynam. Systems
4 (1984), 53-66.

D. H. Fremlin, Measure theory Vol. 8 Measure algebras, Torres Fremlin, Colchester,
2004.

R. Geoghegan, Topological methods in group theory, Graduate Texts in Mathematics
243. Springer, New York, 2008.

T. Giordano, H. Matui, I. F. Putnam and C. F. Skau, Orbit equivalence for Cantor
minimal Z-systems, Invent. Math. 179 (2010), 119-158. larXiv:0810.3957

T. Giordano, I. F. Putnam and C. F. Skau, Full groups of Cantor minimal systems,
Israel J. Math. 111 (1999), 285-320.

R. Grigorchuk and K. Medynets, On algebraic properties of topological full groups,
preprint. larXiv:1105.0719

P. de la Harpe, Topics in geometric group theory, Chicago Lectures in Mathematics,
University of Chicago Press, Chicago, IL, 2000.

G. Higman, Finitely presented infinite simple groups, Notes on Pure Mathematics,
No. 8 (1974), Australian National University, Canberra, 1974.

B. Hughes, Local similarities and the Haagerup property, with an appendix by Daniel
S. Farley, Groups Geom. Dyn. 3 (2009), 299-315. larXiv:0804.0610

P. Jolissaint and G. Robertson, Simple purely infinite C*-algebras and n-filling ac-
tions, J. Funct. Anal. 175 (2000), 197-213.

K. Juschenko and N. Monod, Cantor systems, piecewise translations and simple
amenable groups, preprint. larXiv:1204.2132

Y. Katayama, K. Matsumoto and Y. Watatani, Simple C*-algebras arising from [3-
expansion of real numbers, Ergodic Theory Dynam. Systems 18 (1998), 937-962.

D. Lind and B. Marcus, An introduction to symbolic dynamics and coding, Cambridge
University Press, Cambridge, 1995.

51


http://arxiv.org/abs/arXiv:0810.3957
http://arxiv.org/abs/1105.0719
http://arxiv.org/abs/0804.0610
http://arxiv.org/abs/1204.2132

[26]

[27]

28]

[29]

[30]

[31]

32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

K. Matsumoto, Orbit equivalence of topological Markov shifts and Cuntz-Krieger al-
gebras, Pacific J. Math. 246 (2010), 199-225. arXiv:0707.2114

K. Matsumoto, Classification of Cuntz-Krieger algebras by orbit equivalence of topo-
logical Markov shifts, to appear in Proc. Amer. Math. Soc.

K. Matsumoto, K-groups of the full group actions on one-sided topological Markov
shifts, to appear in Discrete Contin. Dyn. Syst.

K. Matsumoto, Full groups of ome-sided topological Markov shifts, preprint.
arXiv:1205.1320

H. Matui, Some remarks on topological full groups of Cantor minimal systems, Inter-
nat. J. Math. 17 (2006), 231-251. math.DS/0404117

H. Matui, Homology and topological full groups of étale groupoids on totally discon-
nected spaces, Proc. Lond. Math. Soc. (3) 104 (2012), 27-56. arXiv:0909.1624

H. Matui, Some remarks on topological full groups of Cantor minimal systems II, to
appear in Ergodic Theory Dynam. Systems. arXiv:1111.3134

K. Medynets, Reconstruction of orbits of Cantor systems from full groups, Bull. Lon-
don Math. Soc. 43 (2011) 1104-1110. arXiv:1006.1145

V. V. Nekrashevych, Cuntz-Pimsner algebras of group actions, J. Operator Theory
52 (2004), 223-249.

R. Okayasu, Cuntz-Krieger-Pimsner algebras associated with amalgamated free prod-
uct groups, Publ. Res. Inst. Math. Sci. 38 (2002), 147-190. arXiv:math /0010097

E. Pardo, The isomorphism problem for Higman-Thompson groups, J. Algebra 344
(2011), 172-183. larXiv:1006.1759

J. Renault, A groupoid approach to C*-algebras, Lecture Notes in Mathematics 793,
Springer, Berlin, 1980.

J. Renault, Cartan subalgebras in C*-algebras, Irish Math. Soc. Bull. 61 (2008), 29-63.
arXiv:0803.2284

M. Rgrdam and A. Sierakowski, Purely infinite C*-algebras arising from crossed prod-
ucts, Ergodic Theory Dynam. Systems 32 (2012), 273-293.

J. Spielberg, Free-product groups, Cuntz-Krieger algebras, and covariant maps, Inter-
nat. J. Math. 2 (1991), 457-476.

M. Stein, Groups of piecewise linear homeomorphisms, Trans. Amer. Math. Soc. 332
(1992), 477-514.

52


http://arxiv.org/abs/0707.2114
http://arxiv.org/abs/1205.1320
http://arxiv.org/abs/math.DS/0404117
http://arxiv.org/abs/0909.1624
http://arxiv.org/abs/1111.3134
http://arxiv.org/abs/1006.1145
http://arxiv.org/abs/math/0010097
http://arxiv.org/abs/1006.1759
http://arxiv.org/abs/0803.2284

	Introduction
	Preliminaries
	A spatial realization theorem
	Simplicity of commutator subgroups
	Almost finite groupoids
	Purely infinite groupoids

	Surjectivity of the index map
	Groupoids from shifts of finite type
	Preliminaries
	Equivalence between clopen subsets
	The Haagerup property
	Kernel of the index map
	Finiteness properties
	A presentation for [[G|Y]]
	Examples


