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Abstract

For any unital separable simple infinite-dimensional nuclear C*-algebra with finitely many
extremal traces, we prove that Z-absorption, strict comparison, and property (SI) are equiva-
lent. We also show that any unital separable simple nuclear C*-algebra with tracial rank zero
is approximately divisible, and hence is Z-absorbing.

1 Introduction

X. Jiang and H. Su [5] constructed a unital separable simple infinite-dimensional nuclear C*-algebra
Z, called the Jiang-Su algebra, whose K-theoretic invariant is isomorphic to that of the complex
numbers. The Jiang-Su algebra has recently become to play a central role in Elliott’s classification
program for nuclear C*-algebras. We say that a unital C*-algebra is Z-absorbing if A 2 A ® Z.
H. Lin, Z. Niu and W. Winter proved that certain Z-absorbing C*-algebras are classified by their
ordered K-groups [13}24]. Indeed, all classes of unital simple nuclear C*-algebras for which Elliott’s
classification conjecture have been confirmed consist of Z-absorbing algebras. One may view Z as
being the stably finite analogue of the Cuntz algebra O,,. W. Winter also showed that Z is the
initial object in the category of strongly self-absorbing C*-algebras [25].

In view of this, it is desirable to characterize Z-absorbing C*-algebras in various manners.
In 2008, A. S. Toms and W. Winter conjectured that the properties of strict comparison, finite
nuclear dimension, and Z-absorption are equivalent for unital separable simple infinite-dimensional
nuclear C*-algebras (see [22] [27] for example). M. Rgrdam proved that Z-absorption implies strict
comparison for unital simple exact C*-algebras [17]. W. Winter showed that any unital separable
simple infinite-dimensional C*-algebra with finite nuclear dimension is Z-absorbing [26]. In the
present paper we provide another partial answer to the conjecture above. Namely, it will be shown
that strict comparison implies Z-absorption under the assumption that the algebra has finitely
many extremal traces.

The following is the main result of this paper.

Theorem 1.1. Let A be a unital separable simple infinite-dimensional nuclear C*-algebra with
finitely many extremal traces. Then the following are equivalent:

(i) A Z2= A,

(ii) A has strict comparison.

(iii) Any completely positive map from A to A can be excised in small central sequences.
)

(iv) A has property (SI).
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Here, we recall the definition of strict comparison. In this paper we denote by A the positive
cone of A and by T(A) the set of tracial states on A. We define the dimension function d,
associated to 7 € T(A) by d,(a) = lim,, .o 7(a'/™) for a € My(A),, where T is regarded as an
unnormalized trace on My (A). We say that a separable nuclear C*-algebra A has strict comparison
if for a,b € My (A)+ with d(a) < d,(b) for any 7 € T(A) there exist r, € M(A), n € N such that
rbr, — a. The definition of excision in small central sequences is given in Definition 2] and the
definition of property (SI) is given in Definition FEIl As mentioned above, (i)=-(ii) was proved by
M. Rgrdam [I7), Corollary 4.6] without assuming that A has finitely many extremal tracial states.
The implication (iii)=-(iv) is immediate from the definitions and does not need the assumption of
finitely many extremal traces. We use the full assumption on A for the implications (ii)=-(iii) and
(iv)=-(i). Tt will be also shown that (i) implies (iii) and (iv) without the assumption of finitely
many extremal tracial states in Theorem In Section 5, using the same method, we shall show
approximate divisibility of unital separable simple nuclear C*-algebras with tracial rank zero.

The main technical device in this paper is excision of completely positive maps. In [I], C. A.
Akemann, J. Anderson and G. K. Pedersen proved that any pure state on a C*-algebra can be
excised by positive norm one elements. By using their result, E. Kirchberg obtained a Stinespring
dilation type theorem for unital nuclear completely positive maps from a unital purely infinite
simple C*-algebra to itself. This theorem is one of technical cornerstones in the proof of Kirchberg’s
celebrated embedding theorem for exact C*-algebras [7, [§]. In this article, by using the result of
[1], we will establish a similar ‘dilation’ type result for completely positive maps in the setting of
stably finite C*-algebras. To this end, we have to work with central sequences and to take into
account the values of traces on them (Definition 21]).

The other ingredient in this paper is property (SI). The idea of property (SI) originates with A.
Kishimoto (see [I1, Lemma 3.6]). Using it, he proved that certain automorphisms of AT algebras
have the Rohlin property. (See [14} 19] for further developments.) In [I5] 20], property (SI) was
used to show Z-absorption of crossed products by strongly outer actions. The main theorem in
the present paper implies that this property is not so restrictive but is shared by ‘many’ stably
finite nuclear C*-algebras.

We recall the notion of central sequence algebras of C*-algebras. Let A be a separable C*-
algebra. Set

A% = 2N, A){ () € (N A) | Tim | = 0}

We identify A with the C*-subalgebra of A*° consisting of equivalence classes of constant sequences.
We let
Ao = AN A

and call it the central sequence algebra of A. A sequence (x,), € £*°(N,A) is called a central
sequence if ||[a,z,]|| — 0 as n — oo for all a € A. A central sequence is a representative of an
element in A.

2 Excision in small central sequences

In this section, we prove Proposition 2.2] which plays an important role in Section [3]

Definition 2.1. Let A be a separable C*-algebra with T(A) # 0, and let ¢ : A — A be a
completely positive map. We say that ¢ can be excised in small central sequences when for any
central sequences (e, ), and (f,)n of positive contractions in A satisfying

lim max 7(e,) =0, lim liminf min 7(f]") >0,
n—oo TeT(A) m—o0 n—oo TeT(A)

there exist s, € A, n € N such that

lim ||s}as, —¢(a)e,|| =0, for any a € A, lim ||fnsn — sn| = 0.
n—oo n—oo



The following proposition is our main tool for the proof of (ii)=-(iii) of Theorem [Tl This may
be thought of as a stably finite analogue of Kirchberg’s Stinespring type theorem [7] (see also [8]
Proposition 1.4]).

Proposition 2.2. Let A be a unital separable simple infinite-dimensional C*-algebra with T'(A) #
(0. Suppose that A has strict comparison. Let w be a state on A and let ¢;, d; € A, i=1,2,...,N.
Then the completely positive map ¢ : A — A defined by

N
pla) = Y w(djad;)cic;, a€ A,

ij=1
can be excised in small central sequences.
In order to prove this proposition, we need a couple of lemmas.

Lemma 2.3. Let A be a separable C*-algebra with T(A) # 0. For any central sequence (fp)n of
positive contractions in A, there exists a central sequence (fy,)n of positive contractions in A such

that (fnfn)n = (fn)n and

1 1 f _ 1. 1. . f . m .
At g, T = Jm, Tninf iy, 7O

Proof. We can find a natural number N,,, € N such that

liminf min 7 < min T —
iminf min (fa") nin )+
holds for every | > N,,. We may assume N,, < Npt1. Define a sequence (m,), of natural
numbers so that m,, = m when N,,, < n < N,,1+1. Note that (m,,), is an increasing sequence such
that m,, — oo and

liminf min 7(f"*) > lim liminf min 7(f).

n—oo TeT(A) m—o0 n—oo TET(A)
Let (), be a sequence of natural numbers such that m, — oo, M, < my/? and (fmn),, is a
central sequence. Let f,, = a1t is easy to see (fn fn)n = ( fn)n Also, we have

lim liminf min 7(f™) > lim liminf min 7(f™)
m—oo n—oo TeT(A) m—oo n—oo TeT(A)

= lim liminf min 7(f™™
m—oo n—o0 TeT(A) (f )

> liminf min Mn) > lim liminf min
n— o0 TeT(A) T(f ) m—oo n—oo TET(A) T(fn)

O

Lemma 2.4. Let A be a unital separable simple C*-algebra with T(A) # 0 and let a € A be a
non-zero positive element. Then there exists a > 0 such that

lim inf ) < liminf 12 f1/2
ol o, TV < nint_min, TUaaf ),

for any central sequence (fy)n of positive contractions in A.

m
Proof. Since A is unital and simple, there exist vy, vs,...,v, € A such that vaavi = 1. Set
i=1



a= (>, |lvil*)~* > 0. Then we have

m
linniig(l)f TénTi&) 7(fn) = limninf mTin ; T(vfav; fr)

m
= limninf min E T(vi*almfnal/%i)
T
=1

= lim inf min Z T(f%/zal/Qvivi*al/zfﬁ,/Q)
i=1

< o " im inf min T(f,ll/Qafi/Q)
n T
O

Lemma 2.5. Let A be a unital separable simple C*-algebra with T(A) # 0. Suppose that A has
strict comparison. Let (en)n and (fn)n be as in Definition 2. Then for any norm one positive
element a € A, there exists a sequence () in A such that

1/2

lim ||r:fn1/2a 2cry —en|| =0, limsup||r,|| = limsup||en||1/2.
n—oo n—oo n—oo

Proof. By Lemma 3.2 (i) in [20], we may assume limmaxd,(e,) = 0. Set
n T

c= lim liminf min 7(f) > 0.
m—00 n—oo 7ET(A) (£")

Take € > 0. It suffices to show that there exist r, € A, n € N such that

limsup||r 1 2af ?r, —en|| <e,  lim |rir, —e,| = 0.
n—oo n—oo
As |la|| = 1, using continuous functional calculus, we get non-zero positive contractions ag, a1 €
A such that ||ag — al| < e and a1 < af* for all m € N. Applying Lemma [Z4 to a; € A4 \ {0}, we
obtain o > 0. Then for any m € N it follows that

ac < aliminf min 7(f™
< alminf min (77"

< liminf : m/2 m/2
< limin TénTl&)T(fn a1 fy"'7)

< liminf . m/2_m pm/2 )
< lim in TngI&)T(fn ag' fn"'")

1/2

Put b,, = 3/2(10 »'°. Since (fn)n is central, one has

liminf min b™) = liminf min m/2,mem/2y 5 .
n—0o0 TET(A)T( n) n—oo TeT(A) T(fn 0 fn ) =

for any m € N. Then we have an increasing sequence m, € N of natural numbers such that
m,, — oo and lim inf min 7(0]"") > ac.
n T

For 6§ > 0, define a continuous function g5 € C([0,1]) by g5(t) = max{0,6 (¢t — 1 +4)}. Let
en > 0, n € N be a decreasing sequence such that ¢, — 0 and (1 — &,)™» — 0. Then we have

liminf min d, (g, (by)) > liminf min 7(ge,, (b))
n—oo TeT(A) ) n T

> liminf min7(b)'") — (1 —ep,)™

n T
= liminf min 7(b]'") > ac > 0.
n T



Because A has strict comparison, we can find a sequence (gy,), in A such that

lim ||g;,9e, (bn)gn — enll = 0.
n—oo

Note that (¢n)n is not necessarily bounded. We define r,, = gglf(bn)qn for n € N. Then it follows
that

[(1 = bn)rall < enllrnll — 0,

[rabnrn — enll <[5, (bn — Drall + ([ — el — 0,
as n — o0o. Consequently we have

limsupHerTll/Qaf;/an —enl < limsupHrfo}Lpaof,ll/Zrn —enl|te==e
n—oo

n—oo

Now we are ready to prove Proposition

Proof of Proposition[Z2 Let ¢ : A — A be as in the statement. Replacing ¢; and d; with ¢;/||¢;||
and ||¢;||d; we may assume ||¢;|| < 1. Let F be a finite subset of the unit ball of A and let € > 0.
It suffices to show that there exist s, € A, n € N such that

limsup||s;zs, — p(x)ey]| <e and  lim ||fpS, — su|| =0
n— oo n—00
forany r € F. Set G = {dxd; € A|x € F, i=1,2,...,N} and § = ¢/N?.

Since A is unital simple infinite-dimensional, by Glimm’s lemma, any state on A can be ap-
proximated by pure states in the weakx-topology. Hence we may assume that w is a pure state on
A. By [1l Proposition 2.2], there exists a € A such that ||a|| = 1 and ||a(w(z) — z)a|| < § for every
xz € G. Let (en)n and (fn)n be as in Definition 211 By Lemma 23] we obtain a central sequence
( fn)n of positive contractions in A satisfying ( fn fr)n = ( fn)n and

lim liminf mi f7) = lim liminf mi m) s ).
i Hninf auin, 7(37) = Jim, trndut in, 7(7)

Applying Lemma to (en)n, (fn)n and a2, we obtain r,, € A, n € N satisfying
lim |7 fY/2a2 f}/ %7, —e,|| =0, limsup|r,| < 1.
n—oo n—oo

We define N
Sp = Zdiaﬁmrnci, n € N.
i=1
Since (fy)n is central and (r,), is bounded it follows that

N
limsup [ fusn — sa | < lmsup (1= fu)diafh/2] - [l

i=1

N
= limsupz |dia(1 — f,,) f/?|| = 0.
n i=1



Also, for any x € F' we have

N
limsup ||s}xs, — o(z)e,| = limsup Z (i fiadi xdja f ?r, — w(dizd;)en)c;
N ~. ~
< lim sup Z ’ i fi2adiadjafl ?r, — w(dizd))en,
=1
N ~. ~.
= lim sup Z i Y2 (adlwdia — w(dixdy)a®) fH %,
=1

N
< limsup Z lla(dfzd; — w(d;zd;))al| < e.
=1

O

Remark 2.6. In the argument above, the assumption of strict comparison is used in the proof of
Lemma But, it should be pointed out that we need much less than the full strength of strict
comparison. Indeed, what we used in the proof of Lemma is as follows: if (e,), and (f,), are
sequences of positive contractions in A satisfying

lim max d-(e,) =0, liminf min d,.(f,) >0,
n—00 r€T(A) n—oo reT(A)

then there exists a sequence (r,,), in A such that

lim ||r} forn — en] = 0.
n—oo

3  Proof of (ii) = (iii) of Theorem [1.1]

In this section, we give a proof of (ii)=-(iii) of Theorem [T by using Proposition We begin
with the following well-known fact. This is a special case of [9, Proposition 4.2].

Lemma 3.1. Let A be a unital separable simple infinite-dimensional nuclear C*-algebra, and let
w be a pure state of A. Then any completely positive map from A to A can be approrimated in the
pointwise norm topology by completely positive maps ¢ of the form

N N
p(a) = Z Z w(diadj)cc15, a€ A,

1=1i,j=1
where ¢ ;,d; € A, L,i=1,2,...,N.

Proof. Let p: A — My and o : My — A be completely positive maps. Because A is nuclear, any
completely positive map is approximated by completely positive maps which factor through full
matrix algebras. Thus it suffices to show that cop can be approximated in the pointwise norm topol-
ogy by completely positive maps ¢ as in the lemma. Replacing p and o by p(14)~2p(-)p(14)~ /2
and (7(,0(1,4)1/2 . p(lA)l/Q) with inverses taken in the respective hereditary subalgebra, we may
assume that p is unital.

We denote by (7, H, &) the GNS representation associated with w. Since A is unital separable
simple infinite-dimensional, 7(A) does not contain non-zero compact operators on H. Applying
Voiculescu’s theorem (see [3, Theorem 1.7.8] for example) to the unital completely positive map
porm t:m(A) — My we can find isometries V,, : C¥ — H, n € N such that

lim [[p(a) = Vi (a)Va|| = 0,



for any a € A. Let {e1,ea,...,en} be a basis for CV and set &, = Vye; € H. By Kadison’s
transitivity theorem we obtain d; , € A, ¢ =1,2,..., N, n € N such that 7(d; ,,)€ = & ». Then we
have

w(d; yadjn) = (1(a)8;nléin)n = (V,ym(a)Vaeile;),
fori,j=1,2,...,N, and a € A, which implies

lim [|p(a) — [w(d} nad;jn)lill =0, a€ A

Let e; ; be the standard matrix units for My. Since o : My — A is a completely positive map,
the matrix [o(e; j)];; € Mn(A) is positive (see [3, Proposition 1.5.12] for example). Hence there
exist ¢;; € A, 1,7 =1,2,..., N such that o(e; ;) = Zl]\il ¢l iClj- O

The proof of the following lemma relies on A. Kishimoto’s technique used in the proof of 2=1
of Theorem 4.5 in [I0]. For a state w on A, we define the seminorm |-, by ||all. = w(a*a)'/? for
a€ A

Lemma 3.2. Let w be a state on a unital separable C*-algebra A and let k € N. Let (e,)n be a
central sequence of positive contractions in A and let (u,)n be a central sequence of unitaries in

A If

lim [|[Adu! (en)en]|w =0

holds for every i =1,2,...,k—1, then there exists a central sequence (€),), of positive contractions
in A such that

<en, lim w(e, —¢€,)=0, and lim |Adu’/(e),)el, || =0

for everyi=1,2,...,k—1.

Proof. For m € N, we let f,, denote the continuous function on [0,00) defined by f,,(t) =
min{1,mt}. Define central sequences (gn), and (ey, ,,)n by

k—1
gn = €L/? (Z Adu;(en)> el/?
i=1

and
Ern =€/ (1= frmlgn))en/>.

Note that e;,, , < e, for any m,n € N. By the assumption of e,, and u,, for any j € N it follows
that

w(ey/*ghen’?) < llgall’ ' wley > gner/?)
. k_l .
< (k—1)7t Zw(en Adul(en)en)
i=1
. k_l .
<(k—1)7t ZHAdu;(en)enHw —0, n— oo.

i=1

Then we have

w(en —el, ) =w(er? fr(gn)el/?) =0, n— oo

m,n



for any m € N. Furthermore, for ¢ =1,2,...,k — 1 we have

1A g, (€1 ) e nll* < ller n Ad g, (€7, )e
k—1
efm,n Z Ad “; (€n)€;n7n

=1

mnl
m,n

<

k—1
eiL/Z(l - fm(gn))e,ll/Q Z Ad u;(en)e;ﬁ(l - fm(gn))eizm
i=1

< = fmlgn))gnll < 1/m.

Since A is separable and (e, ,,)n is a central sequence, we can find an increasing sequence (1, )n
of natural numbers such that m,, — oo, w(e, — ¢, ) — 0 and (e, ) is a central sequence.

Mn ;N
Therefore e;, = e;,, ,, n € N satisfy the desired conditions. O

In the proof of the following lemma, we use [2I] Lemma 2.1]. We remark that this lemma
in [21] heavily depends on U. Haagerup’s theorem [4, Theorem 3.1], which says that any nuclear
C*-algebra has a virtual diagonal in the sense of B. E. Johnson [0].

For the definition of order zero maps, the reader should see [27, Section 1.

Lemma 3.3. Let A be a unital separable simple infinite-dimensional nuclear C*-algebra with
finitely many extremal tracial states. For any k € N, there exist a completely positive contrac-
tive order zero map vV : M — Ao and a central sequence (cp,), of positive contractions in A such
that

lim max |7(c') —1/k| =0

Jim e [7(el?) — 171

for any m € N and 1(e) = (cn)n, where e is a minimal projection in M.

Proof. Let {1, 72,...,7n} be the set of extremal points of T(A4). Set 7 = N~! Ef\il 7; and let 7
be the GNS representation associated with 7 € T(A). Clearly 7; and 7 extend to tracial states on
w(A)”. In what follows, we regard A as a subalgebra of w(A)” and omit 7. Since A is nuclear, A”
is isomorphic to the direct sum of N copies of the AFD II;-factor R. In particular, A”@R = A”.
Hence we have a sequence of matrix units E; ;,, € A” for Mj, such that

lim [[[E jn, z][l- =0

n—oo

holds for any x € A”. Define a unitary U, € A” by

k
Un = E Ei,i+1,’n7
=1

where i + 1 is understood modulo k. By [21I, Lemma 2.1], we can find a central sequence (e, ), of
positive contractions in A and a central sequence (uy ), of unitaries in A such that

lim Jle, — Eyinll- =0 and  lim [u, — Uy |l- = 0.
o0 n—oo

n—

Then we have '
lim [[Adw/ (en)en|lr =0

n—oo
for every j =1,2,...,k — 1. From Lemma B2] we may assume that (e;), and (uy), satisfy
lim ||Adul (en)en|| = 0.
n—oo



It follows from [I8, Proposition 2.4] that there exists a completely positive contractive order zero
map ¢ : My — Ao such that ¢(e) = (e,)n, where e is a minimal projection in M. Because
7, < N7 for any i = 1,2,..., N, one has

‘Tl( )_1/k| _|Tl( E11n)|
< ||en _El’l,nH’ri

< N'Y2|le — Erally* =0, n—oo
for any m € N. The proof is completed. O

Lemma 3.4. Let A be a unital separable simple infinite-dimensional nuclear C*-algebra with
T(A) # 0. Suppose that the conclusion of Lemma holds for A. Then for any central se-
quence (fn)n of positive contractions in A and any k € N, there exist central sequences (fin)n,
i =1,2,...,k of positive contractions in A such that (fnfin)n = (fin)n, (finfin)n =0 fori#j,
and

lim liminf min 7(f7,) = lim liminf min 7(f;")/k.

m—oo n—oo TeT(A) m—oo n—oo 7T (A)
Proof. Set ¢ = lim,, liminf,, min, 7(f}"). Take a finite subset F' C A, £ > 0, and N € N arbitrarily.
It suffices to show that there exist sequences (fin)n, ¢ = 1,2,...,k of positive contractions in A
satisfying lim sup,, ||[fin, a]|| < € for each a € F, limsup,, || fnfin — finl <&, limsup,,
for i # j, and

lim inf k| <
im in TénTl&)T(f ) — 6/‘ €

for any m < N. Let | € N be such that |(t — 1)t!| < & for t € [0,1] and

liminf min 7(f2m) —¢

<eg/2
n—oo TeT(A) /

for any m < N. Because we assumed that the conclusion of Lemma [3.3] holds for A, we obtain
positive contractions e; € A, i =1,2,...,k such that ||[e;,a]|| < e for a € F, |le;e;| < € for i # j,
and max,|7(el") — 1/k| < ¢/4 for any m < N.

Set fin = fleifl, i = 1,2,...,k. Clearly it follows that limsup,||[fin,a]|| < ¢ for a € F
and ||fnfin — finl < [[fafh — fill < e for n € N. For i # j we have limsup,| finfjnl <
limsup, ||e; f2e;|| < e. By [15, Lemma 4.6], we have

lim sup mTazx [T (flmem fimy — 7 (f2m) /k| < 2max|7(el) — k71 < /2
e T

n—oo T

for any m < N. Since || /7, — fime" fi™| — 0 as n — oo, we conclude that

i, (770 /| = Jim_| i min 730 — /4
< limsup | inf min7(fmemfim) — mf m1n7(f2lm)/k
N n>N T
1 3 : 2lm _
| inf i (727 /8~ o/

<e/2+¢/2k<e
for any m < N. O

We are now ready to prove (ii)=-(iii) of Theorem [I1]



Proof of (ii)=(iii) of Theorem [l Let ¢ be a completely positive map from A to A. We would
like to show that ¢ can be excised in small central sequences. Let (e,)n, (frn)n be as in Definition
21 By Lemma B we may assume that there exist a pure state w on A and ¢;;,d; € A, l,i =
1,2,..., N, such that

N N
Z w(d;adj)er 15, a€ A
=1 1i,j=1
N
Set ¢;(a) = Z w(diad;)ci ;c15, a € A so that o = o1 + @2 + -+ @N.
i,j=1

Applying Lemma B4 to (fy)n, we have central sequences (f;n)n, I = 1,2,..., N, of positive
contractions in A satisfying (fi.nfn)n = (fin)ns (finfirm)n =0 for I #1', and

lim liminf min 7 > 0.
m—o0 Nn—oo TGT(A) (fln)

Applying Proposition to 1, (en)n, and (fin)n, we obtain a sequence (S;,)n in A such that

lim ||s; ,as1, — @i(a)en]| =0, a € A, lim | finsin —
n—oo n—oo
N
We define s,, = Z s1,n for n € N. Since limsup,, |[s;..| < |l@i(1)]], it follows that
=1

N
||fn3n - SnH < Z |fn5l,n - sl,n”

N
Z fall - 500 = Frmsinll + 1fafin = fonll - Isial = 0, n— oc.

If I # I, then

lim (|57, asp || = lim||s; ,, finafo nsynll =0
n— o0 n ’

for any a € A. Therefore we conclude that

N

Z Sl*,nasl,n — pi(a)en

=1

=0.

lim [|s) as, — p(a)ey| = lim
n—oo n

4  Proof of (iii)=(iv)=(i) of Theorem 1.1l
In this section we prove (iii)=-(iv)=-(i) of Theorem 1.1. First, let us recall the definition of property
(SI) from [15].

Definition 4.1 ([15, Definition 4.1]). Let A be a separable C*-algebra with T'(A) # ). We say
that A has property (SI) when for any central sequences (e,,), and (f,), of positive contractions
in A satisfying

lim max 7(e,) =0, lim liminf min 7(f]*) >0,
n—ooTeT(A) m—o0 n—oo 7T (A)

there exists a central sequence (s,), in A such that

lim ||s}sn —en|| =0, lim || fnsn — snl = 0.
n—00 n—oo

10



Proof of (iii)= (iv) of Theorem [Tl Let (ey), and (f,), be as in Definition LIl By the assumption
of (iii), id4 can be excised in small central sequences. Thus we have s, € A, n € N such that
Iskasy, —aey|| — 0 for any a € A and || f$n — sn|| — 0. Since A is unital, we get ||sk s, —e,|| — 0.
Also, for any a € A we obtain

lim sup||[s,,, a]||* = limsup||a*s’ spa — a* s as, — sta*s,a + ska*as,|| = 0,
n— o0 n—oo
which means that (sy,), is central. O

Proof of (iv)= (i) of Theorem[L1 By Lemma B3] we obtain central sequences (¢; ), in A, i =
1,2,...,k, such that (ci’nc;"”)n =0 (cin)n,

I T)—1/kl=0, meN,
i, max [r(erla) — 1/K] m

and ¢, is a positive contraction for all n € N. Let (e,), be a central sequence of positive
k

contractions in A such that (e,), = (1 — Z € nCin)n- Then we have
i=1

k

limsup max 7(e,) = limsupmax7(1 — Z ¢ Cin) = limsupmax 1 — k7(ci,,) =0
n—oo TET(A) n T i1 ’ n T ’

and

lim liminf mi ) =1/k>0.

it R 2l () =
Thanks to property (SI), we obtain a central sequence (s, ), in A such that (s},s,+>_ ¢}, Cin)n =1
and (¢1.n,5n)n = (Sn)n, which means that {(c;n)n }*_; U{(sn)n} C Aw satisfies relation Ry defined
in [20, Section 2]. It follows from [I8, Proposition 5.1] (see also [20, Proposition 2.1]) that there
exists a unital homomorphism from the prime dimension drop algebra I(k,k + 1) to As. The
Jiang-Su algebra Z is an inductive limit of such I(k,k + 1)’s. By [23] Proposition 2.2], we can
conclude that A ® Z = A. O

In the same way as the proof above, we can show the following. Notice that we do not need
the assumption of finitely many extremal traces for this theorem.

Theorem 4.2. Let A be a unital separable simple infinite-dimensional nuclear C*-algebra with
T(A) # (0. Suppose that A is Z-absorbing. Then any completely positive map from A to A can be
excised in small central sequences. Moreover, A has property (SI).

Proof. By [I7), Corollary 4.6], A has strict comparison. Since Z is a unital separable simple infinite-
dimensional nuclear C*-algebra with a unique trace, Lemma[3.3]is valid for Z. Hence the conclusion
of Lemma [3.3] also holds for A =2 A ® Z. Then the proof of (ii)=-(iii) of Theorem [[T] (see Section
3) works for A, and whence any completely positive map from A to A can be excised in small
central sequences. By the proof of (iii)=(iv) of Theorem [[T], we can conclude that A has property
(SI). O

5 Cr*-algebras with tracial rank zero

In this section we prove that any unital separable simple nuclear infinite-dimensional C*-algebra
with tracial rank zero is approximately divisible (Theorem [5.4]).
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Lemma 5.1. Let A be a unital separable simple infinite-dimensional C*-algebra with tracial rank
zero and let k € N. There exists a sequence (@n)n of homomorphisms from My to A such that
(¢n(x))n is a central sequence for any x € My, and

nlgrolng%),i)T(l on(1)) =0.

Proof. Let C be a unital simple infinite-dimensional C*-algebra with real rank zero. We first claim
that for any & > 0 there exists a homomorphism ¢ : My, — C such that 7(1 — ¢(1)) < € for every
7 € T(C). Choose m € N so that k/2™ is less than . By [28, Theorem 1.1 (i)], there exists a
partition of unity 1 = py 4+ pa + - - - + pam + q consisting of projections in C' such that p; is Murray-
von Neumann equivalent to p; for all ¢ = 1,2,...,2™ and ¢ is Murray-von Neumann equivalent
to a subprojection of p;. There exists a unital homomorphism from Mam to (1 — q)C(1 — q) and
7(gq) < 27™ for any 7 € T(C). It follows that there exists a homomorphism ¢ : M}, — C such that
T(1—¢(1) <27™(k—-1)+7(q) < 27"k <e.

We now prove the statement. Since A has tracial rank zero, there exist a sequence of projections
e, € A, a sequence of finite dimensional subalgebras B,, of A with 15, = e, and a sequence of
unital completely positive maps 7, : A — B, such that the following hold.

o ||[a,en]|| — 0 as n — oo for any a € A.
o ||m,(a) — enae,| — 0 as n — oo for any a € A.
o 7(1—e,) <1/2n for all T € T(A).

Choose a family of mutually orthogonal minimal projections py 1,Pn,2,--.,Pnk, of By so that
enAen, N B, = @, pn,iApn,i. As A has real rank zero, so does p, ;Apy ;. It follows from the
claim above that we can find a homomorphism ¢, ; : My — Py ;Apn,; such that 7(pn,; — ©n,i(1))
is arbitrarily small for all 7 € T(A). By taking a direct sum of ¢, ;’s, we get a homomorphism
©n @ My — e, Ae, N B, such that 7(e, — pn(1)) < 1/2n for all 7 € T(A). It is easy to see that
(¢pn(x))n is a central sequence for any x € My and 7(1 — ¢, (1)) < 1/n for every 7 € T(A). The
proof is completed. O

Lemma 5.2. Let A be a unital separable simple nuclear infinite-dimensional C*-algebra with tracial
rank zero. Then any completely positive map from A to A can be excised in small central sequences.

Proof. By [12, Theorem 3.7.2] and [16, Corollary 3.10], A has strict comparison. Then we can
prove this lemma in the same way as the proof of (ii)=-(iii) of Theorem 1.1 (see Section 3), by
using the lemma above instead of Lemma O

Lemma 5.3. Let A be a unital separable simple nuclear infinite-dimensional C*-algebra with tracial
rank zero. Then A has property (SI).

Proof. This follows from the lemma above and the proof of (iii)=-(iv) of Theorem 1.1 (see Section
4). O

Theorem 5.4. Let A be a unital separable simple nuclear infinite-dimensional C*-algebra with
tracial rank zero. Then A is approximately divisible. In particular, A is Z-absorbing.

Proof. In order to prove that A is approximately divisible, it suffices to construct a unital homo-
morphism from My & M3 to Ay ([2, Proposition 2.7]). By Lemma [BE] there exists a sequence
(¢n)n of homomorphisms from My to A such that (¢, (z)), is a central sequence for any x € M,
and

I 1— (1)) = 0.
A max 7(1 = ¢a(1))

12



By the lemma above, A has property (SI). It follows that there exists a central sequence (s, )n
such that

lim [|s;s, = (1 = @n (1)) =0, lim [|pn(e11)sn = sal =0,

n—oo n—0o0

where e;; € Ms is a rank one projection in Ms. Hence there exists a unital homomorphism from
My & M3 to As. Thus, A is approximately divisible. By [23, Theorem 2.3], a unital separable

approximately divisible C*-algebra is Z-absorbing. The proof is completed. O
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