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Abstract

We will show that an equivalence relation on a Cantor set arising from a two-dimensional
substitution tiling by polygons is affable in the sense of Giordano, Putnam and Skau.

1 Introduction

We study an equivalence relation arising from a substitution tiling system in R?. The dynamics
of substitution tiling systems have been studied by many authors (see [[<I’] and the references
given there). A tiling in R? gives rise to an action of R? on a topological space Q. Each element
of this space can be thought of as a tiling of R? and the R2-action is given by translation. Under
suitable hypotheses, this topological space Q becomes compact and the action of R? becomes
minimal. Besides, we can find a transversal to this R2-action and it is known to be a Cantor
set. Our object of study is an equivalence relation on this Cantor set which is induced from the
R2-action. We remark that €2 is known to be homeomorphic to the suspension of a free minimal
Z2-action on a Cantor set X (see [S\W]). This means that the equivalence relation arising from a
tiling space is isomorphic to an induced equivalence relation on a certain clopen subset U C X.

The study of topological orbit equivalence between equivalence relations on a Cantor set was
initiated by Giordano, Putnam and Skau in [ ]. They showed that equivalence relations
arising from Z-actions on Cantor sets are (topologically) orbit equivalent to AF equivalence
relations. An equivalence relation is said to be AF when it can be written as an inductive limit
of compact open subequivalence relations. An equivalence relation is said to be affable when
it is orbit equivalent to an AF equivalence relation (| ). In a recent paper | |, they
also showed that equivalence relations arising from Z2?-actions on Cantor sets are affable under
a hypothesis involving the existence of sufficiently many small positive cocycles.

In the case of tilings, however, it is not known whether the equivalence relation admits
sufficiently many such cocycles. It relates to a more complete understanding of the cohomology
of tiling spaces. In this paper we take a more direct tack. We will prove the affability by a
similar method to [M], in which any extension of a product of two Cantor minimal Z-systems
was shown to be affable. As discussed in [P’], the equivalence relation arising from a substitution
tiling has a canonical AF subequivalence relation. But, this AF equivalence relation is too large
to apply the absorption theorem in [ ]. We will construct a smaller AF subequivalence
relation carefully so that the absorption theorem can be applied.

2 Preliminaries

Let V be a finite collection of polygons in R?. Each element of V is called a prototile. Every
prototile is homeomorphic to the closed unit ball and has finitely many edges and vertices. We
call a translate of one of the prototile a tile. Let w be a substitution rule and let A\ > 1 be
its inflation constant. Thus, for each prototile p € V, w(p) is a finite collection of tiles with



pairwise disjoint interiors and their union is Ap = {M\v : v € p}. Such a pair (V,w) is called
a (two-dimensional) substitution tiling system. Several examples, including the Penrose tiles,
were given in [AP]. We also allow the possibility that our prototiles carry labels. Even if two
tiles coincide as geometric objects, they may be distinguished. A tiling is a collection of tiles
such that their union is R? and their interiors are pairwise disjoint.

As in [AP], [KP] and [P], we assume that our substitution tiling system (V,w) is primitive,
aperiodic and satisfies the finite pattern condition. We follow the notation of [’]. Thanks to the
finite pattern condition, we can define a compact metric space €2 consisting of tilings. For each
tiling T' € Q, we let w(T) = {w(p) : p € T'}. By the aperiodicity condition, this map w : Q — Q
becomes a homeomorphism. We will also assume that our substitution system forces its border.
As discussed in [IKXP], this loses no generality, provided we allow labelled tiles.

Without loss of generality, we may assume that every p € V contains the origin in its interior.
We define the puncture of any prototile p € V to be the origin. For any v € R?, we define the
puncture of the tile p+ v to be v. As in [I’], Qpune denotes the set of all tilings 7" in € such that
the origin is a puncture of some tile p € T'. This set is compact, totally disconnected and has
no isolated points, that is, {2y, is a Cantor set.

Define an equivalence relation Rpune on Qpyne by

Rpune = {(T,T +v) : T, T +v € Qune, v € R}

As explained in [P], this equivalence relation is given a topology so that it becomes a locally
compact, Hausdorff, o-compact, r-discrete, principal groupoid. In other words, Rp,n. is an étale
equivalence relation | , Definition 2.1]. Since the action of R? on by translation is minimal,
the equivalence relation Ry, becomes minimal. In [’], a subequivalence relation Rar C Rpunc
was introduced. The equivalence relation Rap is a minimal AF equivalence relation with the
relative topology from R,unc. Our main theorem asserts that Ry, is orbit equivalent to Rap.

For each p € V, let Punc(p) denote the set of all punctures in the tiles of w(p). Let £ be the
disjoint union of all the Punc(p)’s for p € V. We define s : € — V and r : £ — V as follows:
When e € £ is contained in Punc(q), we put r(e) = q. When p € V satisfies p + e € w(r(e)), we
put s(e) = p. Weregard (V, €, r,s) as a finite directed graph. Since the substitution is primitive,
this graph is also primitive.

Put

X ={(en); € EN: r(en) = s(eny1) for all n e N},

It is easy to see that X is a Cantor set with the induced topology from EN. Moreover, there exists
a natural homeomorphism 7 : Qpune. — X defined as follows: For T' € Q. and n € NU {0},
let p,, + vy, be the tile in w™(T") whose interior contains the origin, where p, € V and v, € R2.
Note that vy equals zero because T' is in ,yn.. For every n € N, it is not hard to see that
€n = Un—1 — Avy, belongs to Punc(p,,). By defining 7(T") = (ey)n, we obtain a homeomorphism
T Qpune — X

We denote the copies of R,une and Rap via the map 7 : Qpypne — X by &, and X, respectively.
Thus,

X ={(@,y) € X x X 1 (771(2), 77 (1)) € Rpunc)

and
X={(z,y) e X x X : (x  (z), 7 (y)) € Rar}.

We topologize X, and X’ by transferring the topology of Ry, and Rar via the map 7 x w. The
aim of this paper it to show that X, is affable. For every n € N, we define a subequivalence
relation X, C X by

X ={((ex)k, (fu)r) € X x X : ey, = fpy, for all m > n}.



Clearly &, is a compact open subequivalence relation of X and X' = |, oy Xn.

For a prototile p € V we denote the set of all edges of p by E(p). Let vy, va,...,v, € R? be
the vertices of p, which are ordered counterclockwise. When a; € E(p) is the edge between v;
and v;y1, we define
Vitl Vi

0,(a;) = LV
(i) lvip1 —vi|

where the indices are understood modulo n and T denotes the set of unit vectors in R2.
We need the following hypotheses about edges of prototiles. Let p,q € V be prototiles and
suppose p + v € w(q) for v € R2.

(P1) If a € E(p) is an edge between vertices u; and ug, then A~a is contained in the boundary
of ¢ — A, or A1 (a \ {u,us}) is contained in the interior of ¢ — A~v.

(P2) Let aj,a2 € E(p) with 6p(a1) = 8p(az). If there exist edges bi,b2 € E(q) such that
A~ a; +v) C b; for i = 1,2, then we have a; = as and by = bo.

et aj,as € p) wit al as). there exist edges b1,02 € q) such that
P3) L FE ith 6, 0 If th i d b1,b FE h th
A~ Ya; +v) C b; for i = 1,2, then a; is adjacent to as and by is adjacent to by.

We further assume the following.

(P4) For any prototiles p1,p2 € V and their edges a; € E(p;), the length of Aa; is greater than
the length of 2as.

We remark that (P4) can be achieved by replacing w and A with w” and AV for sufficiently
large N € N.
Let e € £. By definition, e € Punc(r(e)) and s(e) + e € w(r(e)). We define

Ale) = {(a,b) : a € E(s(e)),b € E(r(e)) and A (a +e) C b}.

Notice that 6,4(b) equals 0,(a) for every (a,b) € A(e). The conditions (P2) and (P3) above can
be interpreted as follows:

(P2) If (a;, b;) € A(e) for i = 1,2 and 0, (a1) = Oy (az), then a1 = az and by = bs.

(P3) If (a;,b;) € A(e) for i = 1,2 and Oy (a1) # Oy)(az), then a1 is adjacent to az and by is
adjacent to bs.

By (P2) and (P3), we can see that the cardinality of A(e) is not greater than two. Moreover,
(P3) and (P4) imply the following.

(P5) For any ¢ € V and b € E(q), there exists e € € such that r(e) = ¢ and A(e) = {(a,b)} for
some a € E(s(e)).

Let © = (zp)n € X. We say that a = (a,), is a border of x when (an,ant+1) € A(xy,) for
every n € N. Note that if a is a border of z, then 0,,,)(an) = Oy(,,)(am) for all n,m € N. We
write this value by 6(a).

For t € T, we define

B, = {z € X : x has a border a = (a,), with §(a) = t}.

The following proposition will play a crucial role in Section 5.



Proposition 2.1. Fort € T, B; is a closed X-étale subset.

Proof. Let U, be the set of z = (z,,), € X for which there exist a; € E(s(x;)) fori=1,2,...,m
such that 0,(,,y(a1) =t and (a;, a;+1) € A(z;) for every i = 1,2,...,m — 1. It can be easily seen
that U, is clopen. Since By is the intersection of all the U,,’s, it is a closed subset.

In order to show that By is X-étale, take z = (x,)n € By and y = (yn)n € By with (z,y) € X),.
Assume that a = (ay,), is a border of z and b = (b,),, is a border of y such that 6(a) = 6(b) = t.
Define

U={(z,w) € Xp:x; =z and y; = w; for all i = 1,2,...,m+ 1}.

Then, U is a clopen neighborhood of (z,y) in X. Suppose that (z,w) € U and z € B;. We
would like to show that w also belongs to B;. By the definition of By, z has a border ¢ = (¢,)n
with 6(c) = t. Since (bpm+1,0m+2) € A(Ym+1)s (Cm+1,Cm+2) € A(2m+1), 0(b) = 6(c) =t and
Ym+1 = Zm+1, thanks to the condition (P2), we get by, 41 = ¢pmt1 and b2 = Cppo. Put

{bn n<m-+1
d, =
cpn, n>m++1.

One can see that d = (d,,), is a border of w with 0(d) = ¢, which means w € B,. It follows that
By is X-étale. ]

3 Boundaries of tilings

For a tiling T € €2, we let 9(T") be the union of boundaries of all tiles belonging to 7'. We define

00 (T) = (| A"0(w™™(T)).
neN

It is clear that for each connected component O of R?\ 9. (T) the set {T — v € Qpunc : v € O}
is a Ryp-orbit. We have the following three possibilities: When 0. (7") is an empty set, we say
that T is of type I. In this case the Rp,n.-orbit of T' is equal to the Rap-orbit of it. When
Ooo(T') is a line, we say that T is of type IL. In this case the Rpync-orbit of T' splits into two
R ap-orbits. In the other case, we say that T is of type III. If T is of type III, then there exists
v € R? such that 9 (T) equals a union of finitely many (at least two) half lines with the same
end-point v € R?2. We call v the center of O (T). Note that if O (T) consists of n half lines
then the Rpyy,c-orbit of T' splits into n R p-orbits. Evidently the type of T' depends only on the
Rpunc-orbit of T'. We also remark that a connected component of R?2\ 0, (T) can be an open
half-plane, even if T is of type III.

For distinct s,t € T, we would like to define a closed subset B, ; of Bs; N B; as follows: Let
x = (zp)n € Bs N By. By definition, x has borders a = (ay), and b = (by,), with §(a) = s and
0(b) =t. Let vy, va,...,v, be the vertices of s(x1), which are ordered counterclockwise. Assume
that a; is the edge between v;_; and v;. From the condition (P3), by is adjacent to a;. We
define By, to be the set of all x € B; N B, for which the edge b; agrees with the edge between
v; and v;41. Clearly By U By s = Bs N By.

For u = (u1,us),v = (v1,v2) € R?, we denote the real number ujve — ugvy by det(u,v). We
can see the following lemma by an easy geometric observation and the condition (P3).

Lemma 3.1. Let © = (zp)n,y = (Yn)n € X. Let s,t € T be distinct elements satisfying
det(s,t) > 0. Suppose that both x and y belong to Bsy. If r(xy) = r(yn), then we get x, = yn.

By the lemma above, we obtain the following.



Lemma 3.2. Let s,t € T be distinct elements satisfying det(s,t) > 0.
(1) The cardinality of Bsy is not greater than the cardinality of V.
(2) Every x € Bs; is a periodic sequence.

Proof. (1) Let N be the cardinality of V. Suppose that 2@ M 2V belong to B, ;. There

exist distinct ¢ and j such that {n € N : r(xq(f )) = r(x&] ))} is infinite. It follows from the lemma
above that (9 = z(9) which means that the cardinality of B, ; is not greater than N.

(2) Let « € Bsy. It is obvious that z(m = (Zn+m)n also belongs to By, for every m € N.
From (1), z must be periodic. O

Lemma 3.3. The set L = {T € Quunc : T is of type III } consists of finitely many Rpync-orbits.

Proof. Suppose that T' € Q. is of type III. There exists at least one connected component O
of R?\ O (T) which is congruent to a cone, that is, O is a translate of

{u € R? : det(s,u) > 0, det(t,u) > 0}

for some distinct s,t € T. By replacing (s, t) with (¢, s) if necessary, we may assume det(s,t) > 0.
Choose a tile p € T whose puncture v is contained in O. Put x = (z,), = 7(T —v). It is not
hard to see that (z,4m)n belongs to B, for sufficiently large m € N. Since {t € T : B; # 0} is
a finite set, it suffices to show the following: For any distinct s,t € T satisfying det(s,t) > 0,

C ={x = (zn)n € X : there exists m € N such that (xy4m)m € Bs¢}

consists of finitely many X-orbits. Assume that 2@ @ () belong to C, where N is
the cardinality of V. There exists m € N such that y(?) = (a;ﬁjim)n is contained in B,; for all
i=0,1,...,N. By Lemma 3.2 (1), there must exist distinct ¢ and j such that " = y), which
implies that (z(, 20)) € X,,, € X. Therefore C' consists of at most N X-orbits. O

Lemma 3.4. Suppose that T € Q is of type III and the center of Os(T) is the origin. Letp € T
be a tile which meets the origin and let w € R? be the puncture of p. If w™*(T) = w(T), then
the sequence (T — w) has period k.

Proof. For n € NU {0}, let ¢, + u, € w™ (T — w) be the tile which contains the origin in its
interior, where ¢, € V and u,, € R2. It suffices to show that the sequence (u,_1 — Auy), has
period k. As p meets the origin and the origin is in 0 (7T), we can see that —A™"w is in the
boundary of the tile ¢, + u, € w (T — w). Hence the boundary of

Gn + Up + X "w € (T

contains the origin. Put p,, = ¢n +u, +A"w. By w™*(T) = w(T), we have p,, € w™*(T), and
so the interior of p,, does not intersect \¥p,, or p, is contained in \p,,. We obtain p, C \ep,,
because the boundary of p,, contains the origin and p,, is a polygon. It follows that

)\_k(qn +un) Cqn + up + A "w — AR,
From this and

w_"_k(T —w)=w "(T)— ARy
= w T —w) + X\ ""w—A""Fw
S g + Un + A "w — AT,



we get qpik = gn and up g = up + AW — A"k, Then we have

Uptk—1 — ANUntk
= 1 + AN — AT R — Mty + A7"w — )\_”_kw)

= Up—1 — AUp,
thereby completing the proof. O
Lemma 3.5. When T € Quunc is of type 111, there exists a unique periodic sequence x € [m(T)]x.

Proof. Since the uniqueness is clear, it suffices to show the existence.

As in the proof of Lemma 3.3, we can find a connected component O of R? \ d(T) which
is congruent to a cone, that is, O is a translate of {u € R? : det(s,u) > 0, det(t,u) > 0} for
some distinct s,t € T. By replacing (s,t) with (¢,s) if necessary, we may assume det(s,t) > 0.
Choose u € O so that S =T —u € Qpync. At first we would like to show the assertion for S. Let
Yy = (yn)n = m(S5). There exists m € N such that (yp4m)n belongs to By;. By virtue of Lemma
3.2 (2), we see that (yn4+m)n is a periodic sequence. Let k € N be its period. Take [ € N so that
kl > m. Define z = (2p,)n, € X by 2z, = yn4ki- 1t is easy to see that z is a periodic sequence and
(z,y) € X. Thus the assertion has been shown for S.

Let v € R? be the center of 95 (T). The sequence z = (2,), has period k, and so we have

{peT—vipc(O-v)#£ 0 ={pew™(T—v):pcC(0—-v)#0},

where O means the closure of O. Since the substitution system forces its border, we can conclude
that T — v equals w™*(T — v).

Let U be the connected component of R? \ 0 (7T") which contains the origin. We notice
that U corresponds to the X-orbit of 7(7"). We can find a tile p € T which meets v and whose
interior is contained in U. Then we have n(T — w) € [7(T')]x, where w is the puncture of p.
The conclusion follows from the lemma above. O

By Lemma 3.3,
L ={T € Qpunc : T is of type III}

consists of finitely many R 4p-orbits. It follows from Lemma 3.5 that
M = {z € X : x is periodic and 77! (x) is of type III}

is a finite set and there exists a natural bijective correspondence between M and 7(L)/X. By
replacing w with w? for some appropriate N € N, we may assume that every z € M has period
one. Define

C={ec&:z=(ee...)en(L)}.

We remark that there exists a natural bijective correspondence between C and w(L)/X.
By the conditions (P2) and (P3), we also have the following.

Lemma 3.6. For e € C, we have A(e) = {(a,a)} or A(e) = {(a,a),(b,b)} for some a,b €
E(r(e)).

In the next section we will need the following condition.

(P6) For any p € V and a € E(p), there exists e € £\ C such that A(e) = {(b,a)} for some
be E(s(e)).

Replacing w with w? if necessary, we can easily achieve this condition.



4 Construction of a subequivalence relation

In this section we would like to construct a subequivalence relation X’ of X.

At first we define a closed subset 0. of r(e) € V for each e € C as follows. Let vi,va,...,v, €
R? be the vertices of 7(e), which are ordered counterclockwise. By definition, A~!(s(e) + e)
is a subset of r(e), and s(e) is equal to r(e). By Lemma 3.6, we have A(e) = {(a,a)} or
A(e) = {(a,a),(b,b)} for some a,b € E(r(e)).

Let us consider the case of A(e) = {(a,a)}. Suppose that a is the edge between v; and v;11,
where the indices are understood modulo n. Since A~!(a + e) C a, the two points A~ (v; + e)
and A\71(v;11 + e) lie on the edge a. In this case we let &, be the closed interval between v; and
A"L(vi11 + €). Note that d. is a subset of a.

Next, let us consider the case of A(e) = {(a,a), (b,b)}. We may assume that a is the edge
between v;—1 and v;, and that b is the edge between v; and v;41. In this case we let d. be the
edge a.

By using these d.’s, we would like to define continuous functions p¢ : X — {0,1} for e € C
and n € N. Let = (x,,), € X. At first we define u§ by

. 1 r(x1) =r(e) and A1 (a + x1) C d, for some a € E(s(z1))
pile) = .
0 otherwise.

For n =2,3,..., we define u, by

fn1(z) Tn=e
po(x) =41 T, # e,r(x,) = 7(e) and A" (a + x,) C J. for some a € F(s(x,))

0 otherwise.

It is easily checked that puf is well-defined and continuous.
The following is an immediate consequence of the definition of u¢.

Lemma 4.1. Fore € C and (x,y) € X, if
i () = i (y)

then we have
fn (%) = i, (y)

for allm > n.

For every n € N, we define a subset X, of X,, by
XD ={(z,y) € Xy : pl(x) = pé(y) for all e € C}.

Lemma 4.2. For every n € N, X is a compact open subequivalence relation of X, and X is
contained in X, .

Proof. Tt is obvious that X is a subequivalence relation of A,,. Since pf is continuous, X}, is

compact and open. From the lemma above we can see X, C X, Y1 ]
Define
X =]
neN

By the lemma above, X’ is an AF equivalence relation on X.



Lemma 4.3. Suppose that T' € Qpync is not of type III. Then we have [1(T)|x = [7(T)]x.

Proof. Let © = (xy)n = m(T"). Take y = (yn)n € [z]x arbitrarily. We would like to show that
y belongs to [z]ys. There exists m € N such that (z,y) € X,,,. Let e € C. If 2; = e for every
[ > m, then x is equivalent to (e,e,...) in X. It follows that 7—!(z) = T is of type III. Hence
we can find [ > m such that z; # e. Combined with z; = y;, this implies pf(z) = pj(y). By
Lemma 4.1 the proof is completed. O

Lemma 4.4. The equivalence relation X' is minimal.

Proof. Let x = (z,)n € X. It suffices to show that [z] is dense in X. If #~1(T) is not of type
III, by the lemma above, [z]x = [z]x. Since X is minimal, we can deduce that [z]y = [z]x is
dense in X.

Let us assume that T = 7~1(z) is of type III. There exist e € C and m € N such that z,, = e
for all n > m. Take a finite path (y1,ya2,...,yx) in (V, ) arbitrarily. It suffices to find 2’ € [z]x/
whose initial segments agree with (y1,y2,...,yx). Since the directed graph (V, &) is primitive,
we can find N € N such that for any p € V there exists a path of length IV which starts from
r(yr) and ends at p. Let [ be a natural number greater than m and k + N.

We would like to consider the case of pf(x) = 1. We can find f € &£ such that f # e,
r(f) = s(e) and A~ (a + f) C 6, for some a € E(s(f)). Take a finite path (Y11, Yrra,---> Y1)
in (V,€) so that r(yx) = s(yk+1) and r(y;—1) = s(f). Define

x/:(ylayZa"'ayl—l)faevea"') EX

By the choice of f we have pf(2') = 1. Therefore we can conclude that (z,z’) € &7 ;.

In the case of uf(z) = 0, we choose f € & so that r(f) = s(e) and A '(a + f) C 6
does not hold for any a € E(s(f)). Then the proof goes in a similar fashion to the preceding
paragraph. O

It is well-known that both Rpu,. and Rap are uniquely ergodic (see [I’] for example). It
follows that both X, and X are also uniquely ergodic. The next lemma claims that X’ is uniquely
ergodic, too.

Lemma 4.5. If v is a X'-invariant probability measure on X, then v equals the unique X-
tnvariant probability measure.

Proof. It follows from Lemma 4.4 that v is nonatomic. By Lemma 3.3 and Lemma 4.3,
{r e X:[a]x # [2]ar}
consists of finitely many X’-orbits. Hence v is X-invariant. O
Lemma 4.6. Let t1,t5 € T be distinct elements. For
U= {(xn)n € X : the cardinality of A(x1) is one},
we have X' N ((UN By,) x (UN By,)) = 0.

Proof. For a proof by contradiction, assume that X’ N (U N By, ) x (U N By,)) contains (x,y).
Let * = (z,)n and y = (yn)n. Since t; is distinet from ¢, 771(z) is of type III. By Lemma
3.5, there exist e € C and m € N such that =, = y, = e for all n > m. Besides, A(e) should
be {(a,a), (b,b)} for some a,b € E(r(e)). We may assume that d. = a, 0,)(a) = t; and
0r(e)(b) = ta. Then, for any n > m, one can see that pg(z) = 1 and puy5,(y) = 0 by an inductive
calculation. But this contradicts (z,y) € X’. O



5 Affability

Let p € V be a prototile and let a € E(p) be an edge with 6,(a) = t. Thanks to the conditions
(P5) and (P6), we can choose e; € £ and a; € E(s(e;)) for ¢ = 1,2,3 so that the following are
satisfied.

e r(e1) = s(e2), r(e2) = s(e3) and r(e3) = p.
o Aler) ={(a1,a2)}, A(e2) = {(az, a3)} and A(ez) = {(as, a)}.
e ¢3 does not belong to C.
Define a clopen subset U, of X by
Uy ={(zn)n € X : 21 = €1,9 = €3 and 3 = e3}.

Let us consider the prototile s(es) and its edge as. Since the substitution system forces its
border and satisfies the condition (P4), there exist v € R%, ¢ € V and b € E(q) such that the
following hold.

e If S € Q contains s(e3), then w(S) contains ¢ + v.
e 0,(b) = —t and A™1(b+v) C as.

From the condition (P5), we can find f € & such that r(f) = ¢ and A(f) = {(¥',b)} for some

v e s(f).
Put u, = f 4+ M — deg —e1 € R%. For T € 7~ 1(U,) we would like to consider T' — u,. By
the definition of U,, the tiling w=2(T') contains the tile s(e3) — A~tea — A72eq, which implies

g+v—e—Nteg €w HT).
From s(f) + f € w(q) we get
s(f)+f+ = Dea—e1 =s(f)+tu, €T.

Hence the map sending n(7T") € U, to 7(T — u,) € X is well-defined. We denote this map by
Be: U, — X.

Let T = T — ug,. The tile s(f) € T contains the origin in its interior, The first coordinate
of m(T") is f and A(f) = {(¢/,b)}. We define w = —A\"leg — A73f — A=2v € R%. Then we have

w3(T) = w3(T) — X\ 3u,

S r(es) — A les — A 26y — A 30 — A 20y,

=p—Ales—A3fF -1

=p+tw

Moreover we can see
a+w DA azg+e3)+w

=A"taz—22f —x"lo)
SA YA +v) =A% — A1)
=272 (b-27)
DAY+ ) = ATH)
= \73.

We can summarize these arguments as follows.



Lemma 5.1. Let p € V and a € E(p). Putt = 0,(a). Define a clopen subset U, C X and a
map B : Uy — X as above.

(1) B4 is a homeomorphism from Uy to Ba(Us) and {(z, Ba(x)) € X X X : @ € Uy} is a clopen
subset of X,,.

(2) If x = (xn)n € Uy, then x3 ¢ C.

(3) If x = (zn)n € Uy, then A(x1) = {(a1,a2)}, A(xa) = {(a2,a3)} and A(x3) = {(as,a)} for
some a1, as, a3 with 95(951)((11) =t

(4) If y = (Yn)n € Ba(Ua), then A(yr) = {(V/,b)} for some V', b with O, (b') = —t. Moreover,
there exists w € R? such that p+w € w3 (77 1(y)) and \730' C a + w.

(5) For x € Uy, x € By if and only if B,(x) € B_y.

Proof. Only (5) needs a proof. We use the notation used in the argument above. Take z € U,
and put T = 7~ 1(x). We notice that the tiling w=3(T) contains the tile p—A"tes—A"2ea — A "3e;
and a is an edge of p. Hence it is not hard to see that = € By if and only if

a—A"les — A 2es — A\ 3¢y C )\na(w_g_n(T))

for all n € N. We also notice that the tiling 7' — u, contains the tile s(f) and ¥’ is an edge of
s(f). It follows that §,(x) € B_; if and only if

YV CN'O(w ™(T — ug))
for all n € N. Therefore we have (3,(z) € B_; if and only if
AT = uq) C A" PT(T))

for all n € N. From
A3 —ug) Ca—Nleg — A 26y — A e

and the condition (P1), we get = € By if and only if §,(z) € B_. O
Lemma 5.2. Let p1,p2 € V and let a; € E(p;) fori=1,2.

(1) If a1 is not equal to az, then Uy, NU,, = 0.

(2) If a1 is not equal to az, then By, (Uqy) N Bay(Uay) = 0.

Proof. (1) is evident from Lemma 5.1 (3). Let us prove (2). Suppose that y = (yn)n € X
belongs to both 4, (Uy,) and (g, (Us,). By Lemma 5.1 (4), we have A(y1) = {(c,d)} for
some ¢ and d, and —0,(,,)(c) must be equal to both ), (a1) and 60p,(az). Thus, we can put
t = —0y(,)(c) = Op, (a1) = Op,(a2). Besides, there exists w; € R? such that p;+w; € w™> (771 (y))
and A\73c C a; +w; for each i = 1,2. Since w3 (7~ !(y)) is a tiling, we can conclude p; = py and
a1 = as. ]

Let U, be the union of all U,’s, that is,

Vo= |J U

a€E(p),peV

For x € U, C U, we define 3(x) = B,(z). By the lemma above 3 is a well-defined homeomor-
phism from U, to 3(U,). Moreover {(z,3(z)) : # € U,} is a clopen subset of A,.

Choose a finite subset F' of T so that the following are satisfied:
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e If B; is not empty, then either of ¢ or —t belongs to F.
o Ift € F, then —t ¢ F.
We define closed subsets B and B* of X by

B=U,n|J B
ter

and
B* =p3(U,)n | B-+.
teF
(3) and (4) of Lemma 5.1 tells us that if € Ug, a € E(p) and 0,(a) = t, then U, N B; = () and
Ba(Uy) N B_s = () for all s # t. Moreover, from Lemma 5.1 (5), one can see 3(B) = B*. We
denote the restriction of 3 to B by £.

Lemma 5.3. Both B and B* are closed X'-étale thin subsets.

Proof. At first let us prove that B and B* are thin for X’. Let v be the unique X-invariant
probability measure on X. We remark that v is also the unique X,-invariant probability measure.
By Lemma 4.5 it suffices to show v(BUB*) = 0. But this follows immediately from [P, Theorem
2.1].

We next show that B is étale for X’. Note that B is equal to a disjoint union Ute U, N By
Suppose that (z,y) belongs to X’ N (B x B). Let x € U, N By, and y € U, N By,. By Lemma
4.6 and Lemma 5.1 (3), t; must equal to. Thus, z and y lie in some U, N B;. From Proposition
2.1, U, N By is X-étale. Since X’ is an open subequivalence relation of X', we can deduce that
B is X'-étale.

Similarly we can prove that B* is also X’-étale. The proof is completed. O

Lemma 5.4. We have X' N (B x B*) = .

Proof. For a proof by contradiction, suppose that X’ N (B x B*) contains (z,y). Let x € U,N By,
and y € B(Uy) N B_y,, where ¢; and t2 belong to F'. By Lemma 5.1 (3), (4) and Lemma 4.6, t;
must equal —ty. But this contradicts the choice of F'. ]

Lemma 5.5. The homeomorphism 3 : B — B* induces an isomorphism between X' N (B N B)
and X' N (B* x B*).

Proof. Since {(z, 3(z)) : # € U,} is a clopen subset of X,,,
BxB:X,NU,NU,) — X, N(BUL,) x B(U,))

is a well-defined isomorphism. Because X’ is an open subequivalence relation of X, and 3 is a
restriction of 3 : U, — B(Uw) to B, it suffices to show that 3 induces a bijective correspondence
between X' N (B x B) and X’ N (B* x B*).

Take z,y € B. It suffices to show that (z,y) € X’ if and only if (3(x),3(y)) € X’. When
7~1(x) is of type I, we have nothing to do because of [z]x, = [z]:.

Assume that T = 7~ !(z) is of type II. In this case 0. (T) is a line and it divides the plane
into two open half-planes. By Lemma 4.3 we have [z]x = [z]xs, and so it suffices to show
(z,y) € X if and only if (8(x),8(y)) € X. If (z,y) € X, then there exists ¢ € F such that
x,y € B;. It follows that 5(z), 8(y) € B_;, which means (8(x), 5(y)) € X. In the same way we
can show that (6(z), 5(y)) € X implies (z,y) € X.

Suppose that T' = 7~ 1(z) is of type I1I. Thus 0 (T) consists of finitely many half lines. Let
v € R? be the center of (7). Note that if p € T does not meet v, then p meets at most one
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half line in 0o (T"). We denote the canonical bijective correspondence from [x]y, to T by p, that
is, if the puncture of p € T is u € R? then p(n(T — u)) = p. Suppose that (x,%) belongs to X”.
Let p = p(z) and ¢ = p(y). By Lemma 5.1 (2), we notice that neither p nor ¢ meets v. From
(z,y) € X" we can deduce that there exists a half line £ in Jo(7") such that both p and ¢ meet
¢ from the same side of £. It follows that both p(3(z)) and p(5(y)) meet £ but they lie on the
opposite side from p and ¢ across the half line £. Hence we can see that (G(z), 5(y)) € X’. Next,
assume that (z,y) belongs to X, but does not belong to X’. There exist half lines ¢; and ¢ in
O (T') such that p meets ¢; and q meets ¢5. If {1=>F(5, then p and g never lie on the same side of
l1 = ¥f5. But, if p is located on the opposite side from ¢ across the half line £1 = #5, then FF C T
must contain both ¢ and —t for some ¢ € T, which is a contradiction. Therefore /1 and ¢ should
be different. Since p(5(z)) meets ¢1 and p(B(y)) meets 2, we can conclude that (3(x), 5(y))
never belongs to X’. Consequently we have (z,y) € X’ if and only if (3(z), 3(y)) € X', thereby
completing the proof. O

Let X be the equivalence relation generated by &” and {(z,8(x)) € X x X : v € B}. It is
obvious that X is a subequivalence relation of A,.

Lemma 5.6. The equivalence relation X is orbit equivalent to X .

Proof. From Lemma 4.4, 5.3, 5.4, 5.5, we can apply the absorption theorem [ , Theorem
4.18] to X" and § : B — B*. It follows that X is orbit equivalent to X’. Both X’ and X are
minimal AF equivalence relations. Moreover they are uniquely ergodic with the same invariant
probability measure v by Lemma 4.5. By [ , Theorem 2.3], we can conclude that X is orbit
equivalent to X. O

Now we are ready to prove the main theorem.

Theorem 5.7. Let (V,w) be a substitution tiling system in R? which is primitive, aperiodic
and satisfies the finite pattern condition. Suppose that each prototile is a polygon and the con-
ditions (P1), (P2) and (P3) are satisfied. Then the equivalence relation Rpyne on Qpune is orbit
equivalent to Rap. In particular Ryunc s affable.

Proof. Let v = w(T) € X. When T is of type I, the X,-equivalence class [z|x, is equal to
the &'-equivalence class [z]yr. Hence [z]x, = [2]5. Let us assume that 7" is of type II. The
X,-orbit [z]x, splits into two X’-orbits. As described in the proof of Lemma 5.5, these two
orbits are glued by 3 : B — B*. It follows that [7]x, agrees with [z]5. If T is of type III,
then [z]x, may not agree with [z]5. By Lemma 3.3, however, there are only finitely many
Ryunc-orbits of type IIL. In addition, every A,-orbit splits into finitely many A”-orbits. There-
fore, we can find (z1,91), (z2,92), ..., (Zn,yn) in X x X such that X, is generated by X and
(x1,91), (2,Y2)s - - -y (Tn, yn). It follows from Lemma 5.6 and | , Corollary 4.17] that A, is
orbit equivalent to X'. Consequently the equivalence relation Rp,n. on 2,y is orbit equivalent

to Rap. O
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