
ClassifyingStein'sgroups 2024/9/17
@ RIMS Kyto

Lef (Stein's group H
.
Matri

↑ <(0 , c) countable , multiplicative subgroup

↑ CIR countable , /1)-module ,
dense

&T
, positive

S
right conti . Dijections on (0 . 1)

, 3V(1 ,
M

, l) := piecewise linear , slopes -1

singular points it

For positive XI ,

set V : = V ((1) ,
<(1 ·*+] , 1)

.

Example

(1) ne /12)
,
Un is the Higman-Thompson grouy .

Un Um n = M

-Brown'87 Un is of type Fo

- integers

(2) Stein92 the same for VKn ..

. . .. n )
, [in] , 1).

(3) eary195,00 the same for Vy
F+ 1when x= 2+ 1 , z



Inm.B (M) ↓
dim of NDD

i= 1 , 2 Si is f.g .

rank Ti = 2

T.
F

.
A

.

E
.

(1) V(11 ,
↑

,
1) E VI1z

,
Tz

, (2)

(2) 11 = 12

=> So M = stz ,
li-sla is zero in Ho(1 . T)

Rem (2) = (1) is obvious

Ri : = Spectrum of C
* (57/t ,

ss/t ,
ser

, ts))

In = (IR-N) St-,
t+ 1 tM)

Def (Stein groupoid

S = S(1 , M) : = 1+ XTX1
↑

translation multiplication

V(1 ,
T

, 1) is isomorphic to the topologicall
full group of A(1 ,M) 1/0+ · 1. 7



Ihm (Rubin,
M

imal ample groupoids
with of' compact

(g = 192] E = %2

Goal Classify the Stein groupoids &

Homologygroups Hx(S)

For 11
,
Sx : = S((x) ,

X(x ,*+])

x = n IN
Hx(fn) = [ 4/(n- 14 X = 0

O * = 1

x = 2 + 1
Hx(bx) = (2/27

* = 0 , 1

12- 2x - 1 = 0 * 22

4= Hx(bx) = (2/27
* = 1

* = 0 , 22
x2 - x + ) = 0

[/(n-7) X = 0

* = (n = square) Hx)Ar) = S [/(n+ 1)] * = 1

x- u = 0
O * 22

x : transcendental H*(x)= VX



= canonical homomorphism

8 = 1+ x + y1 + Ny1 + 1

Lem - isotropy group rbc)15 ()

⑮vxEIRn Ax +A is injective

(2) VteM Ste-1 is isomorphism

↳roof

(1) (x ,
t

, 1) =Ker = 1= 1

(x ,
t

, 1) Sx = + = 0

(2) Vx = 1 (t+, (2-1)t , 1) Ste
I

⑰
From now on,

we always assume 1 = IN and rank 2 2.

Def
Xi totally disconnected , locally opt ,

Hausdorff

GuX

XXG is Hi-rigid if XXG + G induces

isomorphism Hi(d) = H(XXG)



Krop S = 1R+ X(4X1) is Hi-rigid .

7) : = 1R+X M

Let (4) be an increasing see of f.g . subgrps

of It such that T = Win
.

In := IR+ X In

I = W In

Lem rankin = 3 = Un is Hi-rigid

(2) rank in = 2

=> H(in) = H(r) Kerlak -> 2)

&roof

Suppose In = "

F : = I span of 1 (t ,d) VteM

o -> Cc(in , 2) -> F -> X - 0

is an exact seg of Lin-modules.



Since F is free,

H* (Mn , F)=
X = 0

S
o * ]]

·

Hence

H* (In ,
ColIRn ,

It))

= S # (in)
&Ker + 1) * = 0

Hx+ (in) *1
.

Then
Hi (Hn) = H' (Hn/o , t -]) some te Mn

= HI (In ,
CalIRr ,[l)

=> Hx-2)In ,
CalIRr ,[l)

.

*

When K = 3,
* Poincare duality

Hi (Hn) = His(in) * H(m)
·

The case k= 2 is done similarly. I



Lem It = 1RX1 is H-rigid.

Froot-UHn ,
H is H-rigid when rank 3.

· TnvR+ is minimal (: rankinz 2).

· extra effort when rank=2.
I

ProofofProd

cohomology long exact see implies :

id-H'(x)
o - X - H(TX)) -> H(M -> H(M)

II ↓ H(t) H(m)E H
id-H'(x)

o -> X - H(HXX) -> H()-> H(H)

Hence H'lit) is also isomorphism.

As 1 = IN ,
we can repeat this argument. I

Remar H'(TX1) = HomITX1 , 7) is

isomorphic to HA) and
= IN may be non-trivial



Lam

Suppose a homo. 3 : -> &N satisfies :

(1) Kers admits a unique inv. measure r

up to scalar multiplication

(2) The essential range of 3 is XN

Then R(S , u) = 1
.

-

ratio set : = [xt(0 , c) /79-8 +dr = xdr]

Prop
.

E3cHom(NX1 ,
7) s .

t
.

3 is cohomologous to 3 . t
.

It : S + Tx 1

By(2) , 3 is surjective .

By (1) ,
3 factors through 1 and 311 is injective.

Let W : ** -> 1 be the inverse of 311
.

=>
feCIRt , IN) 3 = 30 + (for-fos)

When M is an7-iur . measure on IRT,

dr (x) = = ((f()" &Mb)

gives a Ker3-invariant measure.
#



In A (M) +
f.g ·
/
rank = 2

i= 1 . 2 Si = S)Ti , Sil

T. F.

A .E
.

(1) Sie A2

121 1. = 12 ,
Esso M = st2

Proof

Let E : S .
-> A be an iso.

May assume 11 12 IV.

Let 3 :S 1
- TX 11 + 1 ,

= X*

Apply the lemma to 30
#

ThmB follows from ThmA.


