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Goal

Goal

Classify outer actions of poly-Z groups on Kirchberg algebras
up to K K-trivial cocycle conjugacy (as much as possible).

A C*-algebra A is called a Kirchberg algebra if A is separable,
nuclear, simple and purely infinite.
Kirchberg algebras are classified by K K-theory.
Theorem (Kirchberg-Phillips 2000)
Let A and B be Kirchberg algebras. T.F.A.E.
@ A and B are stably isomorphic. i.e. AQ K= B ® K.
® A and B are K K-equivalent, i.e. 3 invertible x € KK (A, B).
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Poly-Z groups

A (countable, discrete) group G is called a poly-Z group
if G has a subnormal series

{1}=G0<1G1<1G2<1'”<1G12G

such that G;11/G; = Z. The length [ is independent from the
choice of the series, and is called the Hirsch length of G.

In other words, a poly-Z group is a group of the form

((ZXZ)x...)\Z7)xZ

Poly-Z groups with Hirsch length two are Z? and

the Klein bottle group (a,b | bab = a~1).

The (discrete, three dimensional) Heisenberg group is a poly-Z
group with Hirsch length three.
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Group actions (1/2)

Goal

Classify outer actions of poly-Z groups on Kirchberg algebras
up to K K-trivial cocycle conjugacy (as much as possible).

e An action a: G ~ A is said to be outer if for any g € G\ {1},
Qg is not an inner automorphism.

e Two actions «, 8 : G ~ A are said to be conjugate
if there exists § € Aut(A) such that ay =60 ;067!
forall g € G.

¢ A family of unitaries (ug), in A is called an a-cocycle
if ugag(up) = ugp holds for all g, h € G.
g — Adwug o ay is also an action of G, and is called a cocycle
perturbation of a.
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Group actions (2/2)

Definition
Let a, 8 : G ~ A be two actions of G on A.
e « and [ are said to be cocycle conjugate if 3 is conjugate to
a cocycle perturbation of a,
i.e. 3 a-cocycle (ug)g, 3 6 € Aut(A)
such that Adug o ag =60 B, 06071 holds for all g € G.

e « and [ are said to be K K-trivially cocycle conjugate
if they are cocycle conjugate and one can make KK (0) = 1.

v

It is easy to see that if & and 3 are cocycle conjugate, then the
crossed products A X, G and A xg G are isomorphic.
Indeed,

a+— 0(a), )\5 > Uug Ay

gives the isomorphism.
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Overview

@ Conjecture and partial answers

@ Equivariant version of Nakamura's theorem
@ Uniqueness of outer G-actions on O

@ Absorption of outer (G-actions on O

® Stability

® Classification

6
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Conjecture (1/2)

In order to formulate our conjecture, we need to introduce
principal Aut(A ® K)-bundles associated with actions of G.

Let a : G ~ A be an action of a poly-Z group G on a unital
Kirchberg algebra A. Let A\ : G ~ £2G be the left regular
representation.

We denote by a® the stabilization a ® Ad ) : G ~ A @ K(£2G).

Let BG be the classifying space and let EG be the total space.
We can define the principal Aut(A ® K)-bundle P} over BG
as the quotient space of EG x Aut(A ® K) by the equivalence
relation

(g.a:, ’7) ~ (:L'a Oé; © 7)

forz € EG, g € G and v € Aut(A ® K).



Conjecture (2/2)

Conjecture (lzumi 2010)

Let A be a unital Kirchberg algebra and let G be a poly-Z group.
Let « : G~ A and 5 : G ~ A be outer actions.
The following are equivalent.
@ « and [ are K K-trivially cocycle conjugate.
® There exists a base point preserving isomorphism
between Py and Pj.

The second condition is equivalent to the following:
there exists a continuous map ¢ : EG — Aut(A ® K)o
such that ®(z) = id and ®(g.x) o ag = B o ®(x).



Partial answers (1/2)

When G = Z, its classifying space BZ is T and its total space EZ
is R. So, the conjecture says that o € Aut(A) and 5 € Aut(A)
are K K-trivially cocycle conjugate if and only if

30 :[0,1] » Aut(A® K)o, ®(0) =id, ®(1)0a® = 3° o0 d(0),

i.e. a® is homotopic to 5°.
This is known to be equivalent to KK (a) = KK ().

Theorem (Nakamura 2000)

The conjecture is true for G = Z.
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Partial answers (2/2)

Theorem (Izumi-M)

Let G be a poly-7Z group. If A is either Oy, Oy or Oso ® B
with B being a UHF algebra of infinite type, there exists a unique
cocycle conjugacy class of outer G-actions on A.

Theorem (lzumi-M)

Let A be a unital Kirchberg algebra and let G be a poly-7Z. group.
All asymptotically representable outer actions of G on A are
mutually K K -trivially cocycle conjugate.

Note that P} is trivial if a is asymptotically representable.

Theorem (Izumi-M)

When G is a poly-Z group with Hirsch length < 3,
the conjecture is true.
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Obstruction theory

Let o, 8 : G ~ A be outer actions of a poly-Z group G.
How can we know whether P, and Pj are isomorphic or not?

The classical obstruction theory says (at least in principle) that
we can determine it by computing relevant cohomology classes in

H™(G, mp_1(Aut(A® K)g)), 1<n < dimBG.

For Kirchberg algebras A, the homotopy groups 7, (Aut(A ® K))
are computed by Dadarlat 2007:

mo(Aut(A ® K)) = KK (A4, A)~,

KK(A,A) niseven

m(Aut(A ® K)) = {KK(A, SA) nisodd,
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Central sequence algebra

Fix a free ultrafilter w € SN\ N.
L, = {(an)n € ((N, A) | %%”ann =0}

is an ideal of />°(N, A). We define the limit algebra A“ and
the central sequence algebra A, by

AY =(*(N,A)/I, and A,=ANA".
We also need the continuous version, namely
A" = Cy([0,00), A) /Co([0,00), A),
A, =ANA

A group action o : G ~ A naturally extends to A¥, A,,, A° and
Ay, for which we use the same symbol «.
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Asymptotical representability

A group action « : G ~ A is said to be asymptotically
representable if there exists a family of continuous maps
ug : [0,00) = U(A) (g9 € G) such that

ug(t)un(t) = ugn(t) = 0, ug(t) a ug(t)” — ag(a)

ag(uh(t)) - ughg—l(t) — 0.

In other words, (u,), C U(A®) forms a unitary representation
satisfying ugauy = ag(a) and ag(up) = ugpg-1 in AP

It is easy to see that a — a, Ay —> ug give rise to a unital
homomorphism A x, G — A°.

When G is a poly-Z group and A is a unital Kirchberg algebra,
we will prove that asymptotically representable, outer actions
of G on A are unique up to K K-trivial cocycle conjugacy.

Approximate representability is also defined in a similar way.
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Equivariant Nakamura's theorem (1/3)

Our first goal is to show the following.
e Quter actions i : G ~ O are unique up to cocycle
conjugacy.
e Any outer action oo : G ~ A is cocycle conjugate to
a@u:GN AR Oy.
To this end, we discuss an equivariant version of Nakamura's
theorem.

Let G be a group and let N <1 G be a normal subgroup with

G/N = 7. Suppose that G is generated by N and £ € G.

Let o : G ~ A be an action of G on a unital C*-algebra.

The automorphism a¢ € Aut(A) extends to &g € Aut(A x, N) by

dg(x) = ag(z) Ve €A and ag(A]) = Age1 Vg€EN.
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Equivariant Nakamura's theorem (2/3)

Our setting is as follows:
e G= N xZis agroup generated by N << G and € € G.

e Two outer actions «, 5 : G ~ A on a unital Kirchberg algebra
A are given, and assume that o|N and §|N are
asymptotically representable.

e B|N is a cocycle perturbation of «|N. Thus, there exists an
a-cocycle (ug)gen such that By = Adugoay for g € N.

We like to compare é¢ € Aut(A o N) and Bf € Aut(A xg N).
Define an isomorphism 6 : A xg N — A x4, N by
6(a) = a for a € A and 9()\5) = ugAy for g € N.

Theorem (Equivariant Nakamura's theorem)

If KK (G¢) = KK(0o0 fe007Y), then o : G ~ A is KK-trivially
cocycle conjugate to 3 : G ~ A.
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Equivariant Nakamura's theorem (3/3)

Theorem (Equivariant Nakamura's theorem)

If KK (G¢) = KK(0o0 e 007 Y), then o : G ~ A is KK-trivially
cocycle conjugate to 3 : G ~ A.

In the case that N is trivial (i.e. G =Z),
the theorem above becomes

KK(ag) = KK(B:) = oag~ fe (KK-trivial cc),

which is the original version of Nakamura’'s theorem.

The proof of this theorem consists of the following three parts.
o Ju:[0,00) = U(A) s.t. limy_yoo Adu(t) ode =00 fe o0
a|N (

e ag has ‘Rohlin projections’ in (A,) and the same for f3¢)

e Evans-Kishimoto intertwining argument
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Proof of Equiv. Nakamura's thm (1/3)

First, we want to find u : [0,00) — U(A) such that
limy 00 Adu(t) o g = 6o e o 01,

By KK (a¢) = KK (Ao fB:00'), there exists a continuous path of
unitaries v : [0,00) — U(A X, N) such that

) - |
tlinoloAdv(t)oag—905509 .

Now, a|N : N ~ A is asymptotically representable,

and so there exists a unital homomorphism 7 : A x, N — A”
such that 7(a) = a for all a € A.

By ‘sending’ v by 7 to A,

we obtain the desired u : [0, 00) — U(A).
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Proof of Equiv. Nakamura's thm (2/3)

Next, we want to find ‘Rohlin projections’ for ag in (A,)*.

Since o : G ~ A is outer, we can show that the automorphisms
of € Aut((Ay)*N) are outer for every n € N.

Furthermore, by using that «|N : N ~ A is approximately
representable, we can show that (A,,)*" is purely infinite simple.

Then, we can modify Nakamura's argument and obtain the
following: for any m € N, there exist projections ey, e1,...,€mn_1,
fos f1s s fm in (A such that

m—1 m
SRS IS
1= 7=0

ag(e;) = eir1,  ae(fy) = fim-
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Proof of Equiv. Nakamura's thm (3/3)
We have obtained
o u:[0,00) = U(A) s.t. limy_oo Adu(t) ode =00 B0,
o Rohlin projections for o in (A,)*V. (the same for 5;)

Then, we can apply Evans-Kishimoto intertwining argument
for the automorphisms &¢ and ¢ o 3¢ o =1 of A x, N.

The essence of this argument is described as follows:
We have u € U(A”) such that

(Aduodg)(a) = (0o feob " )(a) Vac A

Using the Rohlin property of é¢ (and Bg) we can construct
v € U(A”) such that |ju — véie(v*)|| ~ 0. Then

(AdvodgoAdv*)(a) ~ (fofeo ) (a) Vac A,

which shows ¢ and (¢ are ‘conjugate’.
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Overview
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