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Preliminaries

Notations

A group I' is always assumed to be countable, discrete and
amenable.

A C*-algebra A is always assumed to be unital, simple and
separable.

U(A) denotes the group of unitaries of A, and
Aut(A) denotes the group of automorphisms of A.

Foru € U(A), Adu € Aut(A) is given by x — uzu* and
is called an inner automorphism.

@ Z denotes the Jiang-Su algebra.
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Preliminaries
Cocycle actions

Definition

A pair (a,u) of amap o : T' — Aut(A) and
amapu:I'xT'— U(A) is called a cocycle action of I" on A if

agoap =Adu(g, h) o agn

and
u(ga h)u(gh? k) = ag(u(h, k))”(Q? hk)

hold for any g, h,k € I'. We write (a,u) : I' ~ A.

We always assume a; = id, u(g,1) = u(l,g) =1 for all g € T".
When ay is not inner for any g € "\ {1},

(v, u) is said to be outer.

When u =1, o : I' ~ A is a genuine action.



Preliminaries

Cocycle conjugacy

Definition

Two cocycle actions (o, u) : I' ~ A and (B,v) : I' ~ B are said to
be cocycle conjugate if there exist a family of unitaries (wgy)ger in
B and an isomorphism 6 : A — B such that

Hoagoﬂ_ledwgoBg

and
0(u(g, h)) = weBg(wn)v(g, h)wy,
hold for every g,h € T.

Our eventual goal is
e to classify the twisted crossed product A x4 ) I'.

e to classify (o, u) up to cocycle conjugacy and to determine
when (o, u) is cocycle conjugate to a genuine action.



Preliminaries
Twisted crossed product

Definition

For (o, u) : T' ~ A, the twisted crossed product A x4, I is the
universal C*-algebra generated by A and a family of unitaries

(A§)ger satisfying

AgAh = u(g,h)Ag, and  AgaAg™ = agy(a)

for all g,h € I" and a € A.

v

If (o, w) and (3, v) are cocycle conjugate via # : A — B and (wy)g,
then A (4 ) I and B x g, I' are canonically isomorphic by

a 0(a) and )\3'—>w9)\g.



Main theorem

Z-stability of crossed product

The following is the main theorem.

Theorem (Y. Sato and M)

Let A be a stably finite C*-algebra with finite nuclear dimension
and with finitely many extremal tracial states. Let I' be an
elementary amenable group.

Let (a,u) : ' ~ A be a strongly outer cocycle action.

Then (o, u) is cocycle conjugate to (a ®@id,u® 1) : T " A® Z.
In particular, the twisted crossed product A X ) I is Z-stable.

y

In order to prove this, it suffices to construct a unital embedding of
Z into the fixed point algebra (A% N A")~.
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Main theorem

Strong outerness

Let T'(A) denote the set of tracial states and let 7, be the GNS
representation by 7 € T'(A).

Definition

a € Aut(A) is said to be not weakly inner if the extension & on
7-(A)" is not inner for any 7 € T(A)%, that is, there does not
exist a unitary U € m.(A)” such that @ = AdU.

A cocycle action (o, u) : I' ~ A is said to be strongly outer if o is
not weakly inner for every g € "\ {1}.

If T(A) = {7}, then

(a,u) : T '~ Ais strongly outer <= (a,u): ' ~ 7 (A)" is outer.



Main theorem

Elementary amenable groups

Definition

The class of elementary amenable groups is defined as the smallest
family of groups containing all finite groups and all abelian groups,
and closed under the processes of taking subgroups, quotients,
group extensions and increasing unions.

For instance, all solvable groups are elementary amenable.
There exist amenable groups which are not elementary (R. I.
Grigorchuk).



Weak Rohlin property (1/2)

Proposition

Let A be a nuclear stably finite C*-algebra with finitely many
extremal tracial states and let I' be elementary.

Then any strongly outer cocycle action (a,u) : I' ~ A has the
weak Rohlin property, i.e. for any F' € I" and € > 0, there exist an
(F,e)-invariant K € I' and a sequence (e,,)y, of positive
contractions in A such that

len,a] =0, aglen)an(en) =0, 7(en) = \K|_1

asn — oo forallae A, g,h € K with g # h and 7 € T(A).




Weak Rohlin property (2/2)

We sketch the proof in the case A has a unique trace 7.

We regard A as a subalgebra of M = 7.(A)"”, which is the AFD
[l;-factor. The cocycle action (o, u) extends to (a,u) : I' ~ M,
and (@, u) on M is outer because («,u) is strongly outer.

Hence 3K & I' and a sequence of projections (py,), in M such that

llpn, 22 =0 Yz e M, |1-=)" a(pa)|| — 0.

geK 9

By using Haagerup's theorem and Kishimoto's technique, we can
find a sequence (ey,),, of positive contractions in A such that

len,a] =0, aglen)an(en) =0, |[en —pnl2 = 0.

forall a € A and g, h € K with g # h.
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Property (SI)

A bounded sequence (x,,), in A is said to be central
if [xn,a] — 0 as n — oo for all a € A.

Proposition

Let A be a stably finite C*-algebra with finite nuclear dimension.
Then A has the property (Sl), i.e. for any central sequences (zy,)n,
and (yn)n in A satisfying 0 < x,,y, < 1,

lim max 7(x,) =0 and inf liminf min 7(y;") >0,
n—00 7€T(A) meN n—oo 7T (A)

there exists a central sequence (sy), in A such that

lim ||s)sp — ]| =0 and  lim |lynsn, — sp| = 0.
— 00 n—oQ
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Proof of the main theorem

It suffices to find a unital homomorphism from the prime dimension
drop algebra I(k, k+1) into (AN A")*. I(k,k=+1) is known to be
the universal C*-algebra generated by ¢y, co, . .., ¢k, s satisfying

* 2
C1 2 O, CiCj == (51']'61,

c1s =35, & +cheat-+ciop+ss=1.

Since A is Z-stable (W. Winter), we can embed these generators
into A*° N A’. An “averaging argument” using the weak Rohlin
property enables us to replace ¢; with ¢; € (A~ N A’)*. Thanks to
the property (SI) (and also the weak Rohlin property again), we
can replace s with § € (A* N A")“.

It follows that there exists a unital homomorphism from I(k, k+1),
and hence from Z, into (4> N A")“.
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Cocycle conjugacy
Classification up to cocycle conjugacy

Known results

e Z ~ UHF (A. Kishimoto)

72 ~ UHF (H. Nakamura, T. Katsura and M)
Z ~ Z (Y. Sato)

Z* ~ Z (Y. Sato and M)

ZN ~ UHF4, (M)

Work in progress (Y. Sato and M)

I' ~"UHF and T' ~ Z,
where I' = (a,b | bab™! = a™1) 2 Z x Z,
called the Klein bottle group.
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