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X = the Contor set & {0 1 }[N

i.e.  compact . metrizoble

fotally disconnected | perTect

% 7% — Homeo(X) oction

def:
Tree & Yne Z%\{o} , YxeX

@ (x) * x

o def.
minima| & Vxex

l@ea | neZ* | is dense

.
xe€ X

nezd

Rte = { (. @'60) € XxX

equivalence relotion induced by



Erob\em
P -

X
Tree  minimal

y o 7% ™ X
Orbit eguiv. é:EJ—Ff} Th:X =Y homeo
s.t. h x L\(Eq:): I?'q.

When ore they orbir equiv. 7

Mq» = { ® - Wvariont Prob. meusures}

Con)ec.mre,

T.FAE.
(1) @ is  Orbit equiv. to Y%

(2) I X =5 Y homeo.
st he(Me) = My




GPS °65 d=d'=]

GMPS 206 N Y

Exoample ©
X — {0 1 }[N

@ := odditien by (1,0.0,0,)

with COrYY - OVer

(XL e)  Contor minimol Z—sysrem
(0dding machine )

o= (100,10, )
§
LP(-)(O) = (D.0.0.0,m)

- unique Y- inv.  prob. messure M
Sk

/U\({clopen Subse‘rs}) = [0,1] n Z['il']



O := Morse substitution
ie. Blo)= o1 . BL1)= 10

~~» Y c {[),]]]Z

Y = shify
(Y. %)  minimal subshily

- WNQUe Y - inv.  prob. Mmeoasure L

D({c\open subsets }) = [0.1] n z[_?l:]

o o X IS orbit equiv. o %

Example @

T 1= o PQY\YOSE T\\m%
O = hul of T
ie  closure of {T + P \ pe R’ }



() : compact |, melrizable

R
¢ [R /N_Q Tmhsloirion ) ﬂfee , Minimal

prototiles = o\ AN A A

. | L¥ .
and their 5 - rotations

Pick up two prototiles t | t,

Xz
L = s A t, =
-}CI.

Chpose POINTS X , % intheir Interior

N Tiefla} . pep® |
qunc : [TGQ t+pPeT  X+P=o

J

E‘(’ - {(T &) \ T.(‘PP(T)GQPunc} : @3uiv, relotion
: R

on QP(me

= ur\i?rue inV&H&h‘t MeasSure /,\ oh Ql’“"“

/“({ C\opeh subsets }) [ ] (Z*‘Z%S—?—)



0 := Fibonaeei substitution
ie. Blo) =101 . Bl)=o

rmenrs YC{O,]XZ

°©L 5 ooshyty
(Y., %) minimal subshift

=~ .
unique  %- inv. prob. measure on Y

}/‘({ C[Dpen subsets }) = Jo,1] n (z N Z_Ijz_\f_)

PL[D s orbit equiv. Yo R'q_

l !

Penvose Fibonacei



Qbservation
. N
P . uo\dm% muchlne on X = {0 : 1}

Xe_-f[% 1,= %z

@ Zz o X aclion

R == equiv. velation induced by this action

® X= (Xh)l'tl ' \a: (3"):[ EX
x.¥)eR & INeN st Xn=dn Yn=N
« R C ch

o Y = (l.l.l,l,“--) EX
it X & Relol |, then Rebxl=Rx]

Relx] = Rlx] v Rlex)

e ke =R v {(L,Q(x.))}



n.:_, \‘7 .3 ,

R = eguv. relalion  induced by
the oction of %?‘Zz

Ay RICR‘:.CR3C“‘» R'—"-URh
Ra ¢ " Tinite”  velotion
~2 R

is Approximately Finite relation

Thm (GPS 335) ' ClOLYY'\¥‘\CqTion ot AE relotions !

Xi = Contor sers

R = minimal AF relations on X;  1=1.2
M; = {Ri-— invariant  prob. mewswes}
TEAE.

M B s Orbﬁ' eguiv, To Rz
@ Ih:X — Xz homeo.
st. h* (MI) = M'Z.



Eroblem
.78 X Tree. minimal

_?—> Ke s orbit Q%Uivaleh‘\‘

to on AF relation 7

Thm (GMPS76)  Yes for d=2 !

Absorption lheorem  (GMPS)
Rc X x X 3 mnimal AF relation

Y c X : closed subset
}A(\\’)‘—':o 'Yw V)A }R- . mensure

Ke YxY  epuv. relation on Y

with  several assumptions

— > RvK is orbit equiv. to K

(0



Example N
¢ adding mochine on X={0,1}

Tree minimal 4 - oction
7 Re =R v {(xu.cetm)}
\r = [‘X" , le(x,)} two pts set

K= YxY
by the absorption thm | Rq: NS R

0.e

Strategy Yor Zd actions
¢ 7% X Bree . minimal

Find o \o«r%e” AR subrelation R < qu
st. e =K v " sonething

APP\\/ the absorption thm. o Times

to show K is orbit equiv. o K



. . 2
To Tind o lorge AR subrelorion

R: URh , RlCRaCR':'C """
in Ke . Wwe hove to conslruct

a “large”  finite subrelation R, in R

xe X 0
Relx]l = UR,.[xi] #RD] < 0

I
Zc:l

1.8 Z‘i 1S pmrT\T'\oned \nto
( courtably many ) Tinite subsets

~— T'\\m% ot Rd

We do NOT wont 1o breek
the topslgy of the Contor ser X



xeX , UcX <clopen set 3

P . { ? € Zd \ (-PF(X)GU I . h'l“'lhg Time

3M0,M|7D s.t.

M, - separated,  i.e. pxg <P
=2 d(P‘&) 2 Mo

M - SythTlC 1.8 U B(FMI) - le
rep

For VPEP
TG = {xeR| dop) = P

\oronot  domnin
Tp = {T(r) l peP S

Voronot  tessellotion

~> " Finite  subrelotion ot R‘P



U| ,U'Z.UB-‘“ i

\L clopen sets i X gelting smaller

Yor each xe X

PP B
Sepum‘red ,s:yndeTlc, Subse‘(s GF IRd
getting  Thinner

|

Yor each xeX
j\ . T'z . j_? . =
Vorovoi Tessellotions

each Tile in jk IS 3e‘n‘ih3 lo\rger

|

R\C PzCR'SC“‘

R = U R AF subrelotion of Rep



5
Generically . Yor coch xeX |

We moy expect  (d+1) possibilities
(1) Rte [x] = R[x] 4 Probmb‘\\ity 1

(2) leeX

S.t. Relx] = RIx1 u RDM]

W) I, -, Xy e X

st Relx) = R & Rix]n ~ 1 RDy)

d Times &pPl'\co«T'\ov\ ot the &bSorpTioh thm |

Y Rtf IS orbit SQuiv. To R

But  we hove o problem ...



|6

h
A A
Pz « " EVQ“ lf d(P;,rJ) 2 M ,
® we may heve
o “a shovt edge *

lem YM 2 3 U cX clopen set

St for each xeX

P is M-separated , 2M- syndetic

Let Tp be the Voronoi tessellotion
Let p be Its dual tessellotion

(Deluuh&y TeSSellaTion)
ie.  vertices of p = P

———

PL is an eolge = T(f) angl T(g.)

share an edge

We_ coan muke DP Q] Trianau\k‘rion



T
Lem Y Appp in Op

—_———

o d(f’i.]}) z M

@ radius o‘F its circum's]:here < 2M
1.e. The Trio.hgle Is hot so thin

In Pur’riculqr, rodius of its incircle

is %YQV\TQY‘ Tlflqh CM (c . Unjversal cm:‘t)

Kem  vertex o\t (1) VOYOno'l domain
= cilrcumcentre o‘F q‘[?iqy\gle in DP

J

By woving the vertices of Jp
To ncentres , we get

e
TYlDdi'FiED\ VOYOY\Oi TGSS‘Q“&T'IOVL \jP




Then we have g
Pt € P, Tp) o TP = ¢

= A Te.Tp) = M

Problem in dz3

P <« IR3 M- separated . 2M- syndetic

~~~—y  Tetrahedron
length of och edae =z M

rodius of circumsphere < 2M

EWWF T may be Thin !
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S\ lVveYy



