BR

1.1
1.2

2.1
2.2
2.3
24
2.5
2.6
2.7
2.8
2.9

3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8

4.1

5.1
5.2
5.3

MERIZ DWW T

TRERFERAGEHEITFEE M S

B DEAREER

BEDIIEE . . . o
WIBIE .
EREEN . .
i, K% .
BEEBINEE Homa (M, N) . . .o o
TUVNMEM QAN . . .
BOTUYNAE e
WRIBIMBEE 72 VURE (1)« . o o
B

‘ix5ELY

BIFGEEF . . . .
TR . . .
AIRFTR . .
BHUINEE, ASHINEE . . .
M L
WEERIREL 72 VMR (2) . . o o
FTUVAMEDREE ..

e
MR E DBETR . . o o

MR & HME

B
BORAIEE . .
S 71

28
28
33
36
40
41
44
46
52

54
54



RN 65
BEEL 65
TBEDBE . . . o 65
BROILKDER . . . . 66
721 = ¥ 68
JIOVKER 69



1 =
1.1 HE

(1.1.1). ZoXFEFRER Y —REEEZRANS, BEOMBIZOVWTHI o TBVWTHRLVWI L2 FDHdD
THd, EEANRERIZBRINRSELS XS URD, B, B, BKREionT, H2REFXELLILDHB AN
ZRELTVS,

(1.1.2). MBRCBWTIE, FENEE, B, B, &%, &%, 7 YO, Rtk EoMand 25, ZOXET
B R HEEEICHEE L@t E L, 34b5, ERZOD O EEELZHWTITo 2D, BRI RER
2325 ETHEBEZHAT 2 X5 Lk, ZOHER, #lHTIhsofRicmMhs5812d, 41 XA =2
PHEWCLL, HDEDRVRDHLEEAROVD S LRWD, —EEARNRMREFAZAD, 2R 2L
BRBTLWIVGEL S ENRAETHL RS,

COXETCHEEE R LUHAE T 2HHO DL, 7V VVEOEICH 5, 7>V VTR INEO
HERICBWTIIMD CEHETH 208, ZHUCEOL 2 WHEZAAT 21213, H&EEEHWTERT % /703 EH
THb, —H, TYVINEDA XA =Y 0L BRNLRETENTEZ2HEDND 50, ZHUIXENLRFT
b, #%, & e Vo Moil& e ORGP, ERINCOWTOWEZH S IER 570, 3, ZOFEHHIRE
Mz e oz onToE &R, MfEREF2 OB R ZH &R e EHR S DICR S, LiehioT,
OB AR HEMEZ 8 L CERINCHBE L RBIRVWe, ZO XS RIHHPER R D L THETE
TR LTT Y YIMEICOVWTOEKRNRFENTERLS B> TLEY, EFEMIZTIHNED & v 5 RGHR
WKRERODBETHE, Threitlys0Rn—2DHNTH 5,

35— ODHEE, TEMHEIZELFPHNA L HERRWI L TH 2, 2y BH 2 V=3Bt
DHERICBWTIFHICAEMNTH S L, 2O LI BREHHEAEE, 2ok Eny —RERLICET 2 #EALHER
ZEELTOLBIERAIRTH D2, 2oV oFHRICELA poEATEB 3 RELRZI L EbNS,

1.2 3FE

(1.2.1). COXERKZBEL, FHCKD DR WIRD, BReld (AR IR 5700 BAER, D% D FEIZOWT
DHENTEAFIET 2RERT DO LT 5, RARHEZRE, MICOWTOHENMNITIE 1 TEL, IEICDOWT
DHAITIE 0 TRY, FLROERAI, 1 21 XETbDe T2, 5B X >V BHEHNTHL L &
[ XY 2FTh2rE f>Y EHELZLDDH S,

2 NNEOERER
2.1 REomms

(2.1.1) ER. AR T 5, & A (left A-module) 2iF, 7—~LPE (M, +) &, AAF—fFL I
NBHEE A X M — M; (a,r) = ax D TRERZT DD,

(1) ace A, z,y € MITHLU a(z +y) = ax + ay.



(2) a,be A,z € MITHL (a+b)x = ax + bz.
(3) a,be A, x € M XL (ab)z = a(bx).
(4) x € M XL 1z = 2.

WEEEEZEBLUTHIC M 2/ ANEFE S5, Rewd, ARICRAD 7 —fEear oS5 28T
BAMBLTERTE 2, AVHRROLEIXEIC AMBEL WS,

(2.1.2) 3. A, BB 35, M (A, B) WE ((A, B)-bimodule) 2\ LiZ (A, B) MEE L 3K
VTBI,

(1) M 3F AhEEro4 Bkt
(2) a€ A,be B, x € MITHL, (azx)b = a(xd).

(2.1.3). BHB A OB ©%D f: A BLRABERMYESHS L% ac A be BIZMLTab= f(a)b,
ba = bf(a) L EDIUS, BT AMBEL A A MBEOREN A S, ZHICED, B3 (A, A) WHEEL A%
€5,

(2.1.4). BT, BICHi D 3370 b 213, A DIEMTHL & A MIBEL 132 A MIBERRT b DL T 5, A DAz
LEAMBXZDOEEHE AN AREZDT, 2N EXFIT 2 0BT, T2, FHICRHICH S 20 R
b A-Mod T/ A MBtOEEET.

(2.1.5) fl. AZBREe T2 & —ODIL0LEIDLLRIZES {0}, EE0+0=0, AFT7—f5%, ac A
WXL a0 =0 TEHRTDL, {0} AMBETH 2, THEBMBEL LR, #E, FMNEAX {0} TR0
WAL S 2 2 eHZWV, BIEHEH FTRTIR A EEROTHEDEHATDH 503, Xid S HWTE 2D T,
EHLALNEEFHOEHESTETWIEER T 2 2213k nWES 5,

(2.1.6) Bl. (1) ADMEKDKHE, A MBRIANRZ PAVZERICMR S0, Ledio T A FEOBERIERZ b
ZEEOBERD—RIL & At 5,

(2) IRTO7 —~VEHIBRIC Z IBf e AE 5,

(3) A BEZE (H2WVEH) AMBEOREZ RO,

(4) K" #8 K £ n XKt 7 MLVERME T 5, M,(K) % K OItE KT LT % n KEHTTHIO 2D
LRBMETHLE KL, EIIRT ML AR UIGEIRE M, (K) i, {TRX7 b s LK
BEd, 5 M, (K) gt

(5) Ik K OITE BT 3% m x n FHDORK M,, ,(K) & (M, (K), M, (K)) SHnEk,

(2.1.7) EF&. AMEEM, NITHLU, e LCOMERB f - M — N 3207 —fE%2RkoL %, D% D

(1) m,y € MITHL, f(z+y) = f(z) + f(y),
(2) a€ A,z € MITXL, f(azx) = af(x)

BT 2%, f2 A LOZEFEE (homomorphism), 20 LI A #EFE (A-homomorphism) ¥ W5,
F7z, Bz A B4t (morphism) & W5, A MBEOUERA f NEBEGFTHZ L &1, ¥EHR 1D A
MEOUERMTH 2, ZDL E fid A LORE (isomorphism) %W LI A RE (A-isomorphism) & FHE
N2, HAMBFEOLESFERICERT 5, A ETERZTWVS Z EHHHSHRIGE I HICHERR L [F L 2 0
S52ebdHb, M»o M BENOHEREIIBBEME (endomorphism) ¥\ 5, B THIUIAR



F& (automorphism) &5,

(2.1.8) EF%. AMBEM OINERLE LCOWMAHEN DB ADAS 7OV THLETWS 2 E NIZ M D
ABBOMEE WV LIE M Oy AMBEL N5, BABEZE ANMBr A2 & 20 AHSNEE AD
EATT7ILE VS, FfRICH ABIMEEELTTIVE NS, KA TT7APDEA T 7LV THS S D%
ATFT7IEVS, ADAHROGEZINSOBREF T L ARE 20T, BIZAT 7 (ideal) LIRS,

(2.1.9). ZOXETEERCOVWTIIZHEDFELLEE LRV, ETRA F7VDERELENTD, ROED
TRERA T7ARWMAA T 7R EOWEICH 2REENTVS Z e ZHHRICL TV S,

(2.1.10) E®R. COXETE, HO®EFRM A - Br52oNict % B% A FLOER (ring over 4) WL
3 AR (Aring) ¥ W5, ¥ ARAMHRRE T2 %, B BT ANMFOMEL RS, HIC

a€ A x,y€ BIIML, (ax)y = z(ay) = a(xy)

MHILT 5 D% AR (A-algebra) ¥ A EOBFTIVEE S, (2.1.11) THARSZ X512, 5P LIEVE
KT ARBMEZERTLI2dDd, AR 322 WBICARBE LCoWERZE25 L3, R
HEF% A — BT, 200 BOHD, 3%2bb {z € B|VYyeB, zy=yz} TEEND2bDEE5X5ZL L
FUTH%, FriZ B b AHIROGE, REFT A - BB B %2 ARBEARES, B,C % A{ﬁﬁ}i
T22E Bho CADARBOERE Y X, BERE f: B - C THo>Tho AMEEr L TOHERRT
HrbD, 0%,

1) z,y € BITXHL, f(z+y) = f(x)+ f(y).
2) z,y € BITHL, f(zy) = f(2)f(y).

3) a€ A, x € BIZHL, flaz) = af().

) f(1) =

TH2HbDEES, R [ HEELS [ 2 ARBORE LS,

(
(
(
(4
(2.1.11) Hid. HINC X o Tid, AR A LOZITERL VLI A R E, LOERID VRO & 570k

HEiMi-TbDERTIHEDDE, D2FD ANMBRTH-T, »OEEE Rx R — R; (x,y) — zy
EFRIN, ZORED AN, DFEDRPBBIALTE2HDETRNT ARBETERZ 2 B3H %,

(1) z,y,2 € RIZTXL, (v +y)z =22 + yz.
(2) z,y,z € RITAL, z(y + 2z) = zy + x2.
(3) a€ A, z,y € RITHL, (ax)y = z(ay) = a(zy).

7ot 213 =BT OV TOREHEIZ IRV, ZARA T, MEEIHEAEN (0D (vy)z =
z(yz)) TH 2R HHEEN A REUR L L IER,

(2.1.12) &% (REMEF). A 28R, M 2/ AME, N 22070 AMBEL T2 %, 2,y € MITHL
r~ysSr—yeNLETIE, ~ XEMERRTH 2, ZORMBEEFBTEH>-FEESE M/N &L, 208
& reMERETLTS M/N ORI ¢ + N = {z+y|ye N} Ths, M/NiEM »oHExns
HEICK > T AMBEOME LD, FEE, fHOLDICr+ N2 [z EFELE 2 -2’ €N, y—y e N T
P (z+y)— @ +yY)=@@—-2)+y—y)e NTHY, £/lcac ATNL ar—ar’ =a(z—2') €N



TH2Ze»b [z]+ [y =[x +y], a[z] :i=[az] LED B &, THFRRITOED 712 X 53 well-defined T
H3ZeHEHBICHEIO NS, T 5 ERMAELTEAERLE, M OHBEIZOWTORBROMEEDLHE R %,
M/N %ZD X512 AL A% L7=d D% EMEE (quotient module) 720 LIZRIRMEF MR, ZDr
X oMo M/N; @0 [1] 2055803 AMERETH S, HE5 L, M/N O A MBEOHEE o 55 A Y
FANCE 2 XOWCERLTVWIEBE X5, 20 ¢ ARBERBD 2 VIMEENBERB Y W5,

(2.1.13) &% (FRE). AZAMHUR, [ CAZATT7 A T2 %, BB LT A/ ICHEICHEMESE 2
[a][b] == [ab] TEFET S Z L&D A/TIFAHBROMEE D, ZhEBIRE (residue ring) ¥\ 5, ¥
12 AJI DETH 255 EBIRE (residue field) 2\WVWH, ZDr EHARRER o : A — A/T FIROUEFRTY
T, ZHUCKD AJT % ARKE aE D,

(2.1.14) Bl. ICAZREATT7VETE L & 5 AMEE M 2L

T
IM:{Zaimi‘reN, a; €1, xiEM}

i=1

& M DS AMBRCE 5, LEd>T M/IM % 2FMBENERS NS, A SAHRETHIUL, M/IM
AT BfICkR S, EBE ae A,z e MTHL (a+1)(z+IM)=ar+IM L EDDE,a—d €1,
x—2' €eIM Dt ZFar—dx =(a—d)r+d(x—2') e IM TH2Z o RAH T —EDOHEHED well-defined
WKEE S,

22 EHEl
(2.2.1). BEROMRBEFICBNTE, Frc—lEmE R T 2558120
R & D & BRRED K Y

THDEVITE¥EDDH %, MEOBGGICBWTIE, BNEE, RFTE, 7> YV, IR, WikiR, B, Bz
YO TL 25, Zh o DM OBGRE R TW LRI, 2hoDOXRAE S TR Ehdhrwns 2
L&Dy, ThoReDX57% HEE) 2RO RUNCK 2, LD IEMICERTHAT 2 MEEME) 12X 2
RN DEZEICR 5 TL %, FHTT ¥ Y AVERHIRDB D 2 iz WiElta LTiT5 2 g, Pl e vk
WIRITD %,

(2.2.2). 354 LEKINCHIIL X5, BIRIE A MBE M OF5 A DIEE N 12T 2 FIINRE M/N 1%, M 12
v~y —ye N 723RAMBEGEEAN: L =ORABOESC A MBEOREE ANED DL LTHRER
%5, LoL, — ez EMT 2 LTIk

(1) ¢ : M — M/N ¥\ 525 ERZDIFTE,
(2) v —y €N <= o(x) = p(y).

CVWOIHENEDERTHS, ZLTZOWEDS j: N - M 288F{%r LT
(a) poj=0.

(b) v: M — P22 ANMBEDHT, poj=07R2dDIIHL, f: M/N P Ttp=[fopRbdbDH—
BHNCAFET 2,



PN S REAHOTT B T LA h B, HIE (a) ZHBH, F72 (D) DX ¢ BEESNEL X, M/N O
3 p(x) bEFEFBZDT, f % f(px) =¢(z) TEDD L, p(z) =p(y) Kbz —ye N &b (x) =9y 72
25 f X well-defined THYH, v WD AMEFTTHZ 00 fDZITHIIehbh b, p BEFTHS
Zehs fO—EEDERS, 20 (a), (b) L WO HEN M M/N L BRERNES o : M — M/N 3%
B TH 2, 2 LT, MMBHCRD 24 e, 2o R KEE LA T > 2 Wit 2L
HBEZW, (a), (b) @ &5 RHEIFIEN & FHIN, BINEHZZ OHEEC L > TREN oS, (2D TR
oz 2WH ZeDEKE, ROER L BEANIEEICEELSHAT 2, ) BT ¥ Y LVEPED 255G
Wi, b LEEEZ ORI, BEmERIIARLCEMETH2 DI VDB DIRZ-oTLE D, 207D, 25
L7z THRE) ICHEH 3 2 AR BEACBOWTEARIRE D E X %, IO EIRASET 2B,
AR BUC M/N &S IIBETIER <, M/N R AMBEY 0 M — M/N £\ 5RO (M/N, @) &
R2RENHZ I ZHFEELTEL,

(2.2.3) (AI#XIX). Lo XS5 it OfRzZ R 25123, HREHZMILTERZ S LHBELPT W
ERZWV, BIZIZRD X5 BHXEEZEZ 2D TH 2,

My Lo L—% 4N
] la w\‘ /u
N1 T) N2 M

DL AMEEr 2ok 2McBWT, fIZIXEDOHKICBWTiE po f =goq, HFORAICE
Wk p=pop KL T 245, T OMRIFTRTHZ2 205, DEDFEERT 2 2 & THEOHH
TERLE, ZNODRIARNT—HITAEARCHRITIETH S 2 0WHI DI TH %, LTHELEMEICOW
TOHEMES, XD &SRR 2H#Hi < 2 & THRMICHEENTE %,

0 P
ﬁ}AHlf
N -1 M % M/N

DED Yo j=0TH2LEp=FfopRd [fHP—RBIHEET S, tWWH I Z IOHRMMIEZI SN S,

23 BERCEM

(2.3.1). EHENMFEOEBMSLEMIMKINCERINZHENZ VD, I I TRBHA THREER# o EHEE L
Th b, EEOWBIE, FEEATSH % (2.3.9) Z R THRLL,

(2.3.2) EF& (). (My)rer Z ANMBEOIHEE T2, DL & (My) DEFR (product) L IINEE [T, . M
FRROBNDRNIGE, LELEEIRLU T, My, [, My, [TM) 2E2EL) BIU, A A XT3



RO py : [[ My — My OF ([T My, py) 1T, ROUEZFODODZI L TH %,

EEDO AMBEN &N e AT 2 AR g\ - N — My OBITHL, A R
[N —=T[M\xT fopy=q\, 2FDROKXDAHUCIZ 5 S DB —EHNTIFET %,

(2.3.2.1) My +—2 N

PX N >‘31f

[T M

ZDBED py ZARBHLCIEENGE Y IENh S, EAREOERI, M x NS LxMxNRY
rHEL,

(2.3.3). TXNTD My 23D 2 AMEEM THEHED (My)rer DEMEE MY tEL, BicA={1,...,n}
DEEE M" £ HEL,

(2.3.4). KICEMEERT 5. EMOBERIIRFOHEETEIIHIT BT 55, 2 2 THERDIEW
D B MR (2.3.19) I3 TH S T L bB, EECIKICERT 5 (SHE) BRI L THIN 5 b OO H 54
AN EETH 3.,

(2.3.5) &K (HAM). (M\)rer 2 AMBEOWEE T2, ZDLE (M) DEM (direct sum %\ LI sum)
CAIINEE Dycp My (ERDHE L AR, BEBLECRWERR @, My, @, M), BELEL) BIU, &
A€ NITHT ZHEFBIDME iy : My — @ My Ol (P M., iy) T, ROMEZFHFODDDOI L TH 5,

EED AMBEN &N e Acht52 AMERB j, : My - N OEICHNL, A B[R
f:@My— NTfoiy=jr 2FDROKADAHUCTIL 2D OB —ENIFIET 5,

(2.3.5.1) My — BN
“\A a3
D M,
CDGED i WESEHKCEBFERB L ENS, BRECEMIMOEN S LOMeN YLD
=<,

(2.3.6). (2.3.9) TRT LI, FOEKRTO A MMBHEOERBSLENIFICHEIET 5, ZOIEHAT, 2Hs D
B SMBI N2 DIHT 25, ZORNCERD S CNLHIROEKRT—EIICIRE 2 Z L 2RE D,

(2.3.7) Wil ERE—EMCREZFEABZROCT—EN, 2%, 3L ([[Mr,py), (M, q)) DIHICERD
RN R TR, FABM®R f: M — [[My THo TEED AT LT gy = pro f %2 DDH—EIINIC
T %,

ZDXI, HZ [[ My PABERWT—ENTH 22T THL, A EFTBENCIRE 3 & 21, i
D7-OBVERTRREZRVWT—EN WS 22T 5, ZHERNZHETIERVOTER,

(FEFR). EEtEr o AR f: M — [[, M\ TROXRXD LOEDTHAHRICIES K578 DBFET 5,
KT, (M, qy) dRECEEEZFOZ oKl AWBZA 22T, AB®AER g - [[, M\ - M TTF®

L zhugARE ([ Ma, (pa)r) REL B RS THEH, DS TETEMICREOT, COLETRIO LS REAKLLEE
H%eF5LTT 5,



DRI B LD R D DVFEET b, BIZ, go f B idy DRXZAHIZT 20T, FAHO—EWE» S
go f =idy THRIFIUIR SR,

FRRDELHT fog EFEFEBRLRDT, gl f OWERTHD, LEDoT f R ARMTHD Zenbh
%o O

(2.3.8) dndll. EFIIHOVEKRTRMEZERWT—EN, 2%D, B L (P My, i), (M, jy) BHICEF DL E
MWaRiZ T2, AR f P My — M THoT jy=foiy 23 bDP—EMNTFEET %,

(REFR). EROLEDOWNGETH 5, D% D EMDYE OREA DS DA & 253502 51U, EM D% E DAL
KON,

(2.3.9) M. TED A MO L, ZOEMPEMMBTEET %,

(FEFH). (EFH) (M) 2 ANBEORRE § 5, [[ M)\ ZHEWNZERE L, K7 T O 7 — {5k o
THIRRAD G2 ERT D LHLPIT AMBEICR S, £/22D My ~NOHE py 1F A ERAICRSE, 20
L E(My,py) PEBEZHALTIEETRT N2 AMBEL, EANEHL ¢ N > My BHo7t T3,
F:N=JIMy2 gy =prof Zii3R5, f(z) = (gr(x))x TRIFIUIIZ BRND, I Z 5 EDIUIMED
WZgy=prof THb, Lo TEHEMEMT-ZN5B,

(EEAD) FRRIC A MEEDTE (My)x 1R

P ={@ne HMA | RO A ZHROC oy = 0]

AEA
CEDDBE, ZHI [ My DED AMBETH %, in: My > P M\ %z My % \NHods THIZ0TH 2
TETHEREE T2, COLE (M, i) 5 2HEMMEEEREETC L RS RE 0, N & A ML L
%)\b:jﬂlbj,\tM)\—)Nﬁi\ZéOfltTZ) (za)r €E P My ZHL, f((za)r) =D xy EFTHUX, ) € M) 1T
PLT () = flia(@) BEIIT 5o W22 ORBMIT 2 E5% [ 13 L0 b OIS OT, a0 LM
I Y ARY R O

(2.3.10). A5 bH 3 & 512, ERIZEBOEHMEROT, BRISHLTS py: @M, — My B3 H
R DEE D, ZNDBRRPELR W UISEENSE LR, £, AREOCEOSE X A e LTEXE
HMeEMZALbOTH %,

(2.3.11) Bl. ZD 2 ODEZ x Z DHBEW LOFEREZRZ BB SR L TA X S,

72 7x7 27 () —2> go(2)

x};f/ \If/



EORDS, f(z) = (q1(2), g2(7)) LR BHIC—EIMITIRE S Z L bh 5, BRIOEHEDRTAS,

776727 z 1 — (2,0) 0,y) =~y
kfv / k fl fl A
N Ji(x) J2(y)

EoR»S f13 f(2,y) = f(2,0) + f(0,y) = j1(z) + jo(y) LI BHC—EHNHE 2,

(2.3.12). AMEM o nlOEMEZ @ | M, "M BV LiEF M" WSS TRT, HERIIEMDOIS
LRUEED, BREOBEDOBEZMEEL LTI, 2% ) BENFEPLUEEGRL SAUIERE & BRI
DT, MEIREE W,

(2.3.13) EFE. M % AMEE, (un)r & M OILOBEE T2, LUF Y ayuy 3ARED N € A ZFR\Tay =0
ThHsr L% ay) € AlZOWTOD a)uy DfMERT LT 5,

(1) M OAEE DT Y ayuy DIVICET 2L ZF, (uy)r & M OEMFR (system of generator) 15,

(2) Yaruy =0 ZRBEED ANITHL ay =0TH 2L E, (uy)) (& 1RIMIL (linearly independent) T
HBHLWVI,

(3) M DAEEDILH Y aruy DIVIC—ERNICE T2 L E, (uy) & M OBHEE (free basis) 72\ LIZE
& (basis) £\ 5,

FEEDPBESIC, (un) B M DERRTHZ 2L, L IMTTHS b, HETHS I L3, 2heh

@A%M;(aﬁ—)ZaAu)\

AEA

RBZERBPEGFTHE I, B THE2Zr, AETHZ 2 L FAfE, FICHETH 2 Z L IZERRID 1
PHNLTH 2 2 L, M HEERFHFOL %, A MBHIEB (free) THZ WS, Lkho>T M 2EHHMH
ANMBECHZZ21E, M 553 AT 2 @, A LABTH2 2 v v,

(2.3.14) flid. M OICOME (uy) B3 LTI O, AN £ p DL & uy #uy, ZH 5, 1 KESTREITHRIES
ARED, TORD, bIbLIRFERMIT, TUCM % 1 MBI EEL T2 vh, [UcCM%ZM
DRELTE] LVoZB0WHEHVWEIEDZ N, ZOFHEHETIHL, I EORBDOERIZ U
M OHEETHIUE Dy A — M; (ay) = Y au B2FEDBFEE L 725, 205 FIIKRTTE %,

(2.3.15) K. AZHR X eBFLEAGL T2 E, X 2BRLIIEHAMBELE, P, Az DL
T5, THE Y eyt (ap € ATHRED 2 2BV Ta, =0) LWSEAMOEEL b HBREDS, 20
Gadre X2l oec@, xAr LA—MTLZILTX 2 M=, Az DEDEELHET, T2
(2.3.14) DEMET X C M E M OHEL 125,

(2.3.16). M % (uy) ZHEr T2HHMHEE T2, M 25 ANEE N ~NO A HEFRE 0 1% uy, DITEH%%
B2 Z e T—ENIRE S, ZHUIM~P, ATH2Zeh LR,

Auy — A —— N

[ sl oy

M5 @, A

10



(2.3.17) E®. Az T2, AMEE M »EREM (finitely generated) 72\ LIZHRE (of finite
type) LIFERMBEOILTERINZ Z, Zhid A OBREOEMN? S OR2FHERE B" A - M OFEL
CiR=

(2.3.18). ZOZ % Z/nZ 1 ¥ IXERAR Z MBECH 5, —F7, Q 1 Z MY LCHRARTIZ RV, FH,
Up, ..., ur € Q ZHRMBOITOME T 2L Z, uy DAROTNRERZ yeZ T2, uy=1,;/y, (v; €7Z)
EDF B, TBE, up,...,uy DLZFEBO—RKEED x/y, (x €Z) tEIZDT, P._,Z = Q; (a;) —
S aiu 1FR U TRFNTIEZR 5720,

(2.3.19) fli/d. M &= AMEE, (N))aea & M OFD AMBEOIEE 5 & &, (Ny) OF (sum) %

TN, = {Zx,\ € M |z) € Ny, HRED A 2T ) = 0}
A

LEET 5. (V) ORHHNBENTHL LR BN, =~ LN, THHIL, 2D TNy OJEd Lay,
(2 € Ny) OIS BEINTET 5 2 L TH B,

(2.3.20) E#K. ARBRTROVAMRE 32, M 2 HRERZEBNEE T2, M IFEREDIT» 5745
BIEZFS, LFOMED X 512, ZOIOEEUIEEOIWD FIck 5k, ZhE M O (rank) 2 W1,
rankg M W LIE rank M 2 EH L, BREKBHMEED Z ¢ 2> BREHBEBMEE (free module of finite
rank) & b,

(2.3.21) fivdll. FERTROVAMEER A EOFRAREBIEE M ZARE DT 5 7% 2 B2 b, 2 DITOfE
BIZHEEDOHD 712 & 55 —EH,

(RERH). EARFNTHEAB DG E L FAkZ DT, HIKT 2, O

(2.3.22) HiE. A SIEAHREOR AT, REOHEASHEEORD HIck > TRES L \W5 - L AT hiE 5,
772U, A DRUADBERRAICID AD 2 B 813 — BN EOE EHTE 2,

(2.3.23) &R (BM). AZR M, (k=1,....n) ZBRED AMBDEL 3%, (M) DR (biproduct)
e, Nt @Mk E pr: @Mk — My BEDK iy : My, — @Mk (k=1,...,n) D (@Mk,pk,ik) TRD
el TdbOTH S,

(1) (@ M, i) 1 (M) DI, |

(2) (B My, ix) V& (M) DEFR, M, pﬁi @ M,

(3) k=1,...,n T L, pp oix =idpy,.

(4) k#1758, proix = 0.

BREIIHS2IC—EIICEE 2 FEDEBVWERWT—ERNTDH 5, BERESCEMNOFEIEICBT 288> 60

1% & 5 ICHREOBOWT D A NEEOERE ([ Me,pr) & ER (@ My, i) & A MBEY LTI, 5%
WD & F BIEHEN G D My, — [[ My EHEETH %,

J ok

My <= 1T M
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DL EPM & [[ My ZR—THUL pp o iy = idpy, 706, ERIHEICHFEET 3. 72, 2O 25
Yigopr,=idTHBIdbbhr%

(2.3.24) #ijd. E@mIZMEZALLLTEL, ~HOBEICBOVTH, Hl213 0 NRBEFLET 275 (2.3.23)
CRABRICLTZOEOERZ ERTE S, FICHOES Hom(X,Y) 87 —~ABOMEZ RS, o & HKH
DEEHZ 7T E Vo R HIUT, EEORBRITENRT Y, ipopp =id R 2B BEHRZF>, 20X
5 IR MR FEOBIIRTINTEE & XN 5, W — R OBICBE VT 0 MR ERPEFET 245, ThEHWT
FOHES Hom(X,Y) IWINEQHAEZER T2 dTES, 2O, MHEOEO—LTHZ 77—~
B OB NTAENT 5,

2.4 %, =%
(2.4.1) &5 (%, &4%). M, N %= AMEE, f: M — N & AMERE Y 32,

(1) f O (kernel) Z Ker f ={z € M | f(z) =0} £ tl&F% i: Ker f — M Ol (Ker f,i) L ED 5,
Ker f 1& M DFEf7> AMEEFTH %,

(2) f 0% (image) ZIm f = f(M)={y e N |z st. y= f(z)} LED S, Im f & N O A I
THb,

(3) f D&#& (cokernel) ZMEE Cok f = N/Im f ¥ HRZ 24 p: N — Cok f Off (Cok f,p) ¥ &
LR

EAEH OB RGO ERIN, TALSIEEER N TRO & 5 1M 2 2 e 5 TE 3,
(2.4.2) Wl AMBEOH f: M — NISHL, f O (Ker f, i) RO BB E 7,

(1) foi=0.
Q) VAMBE LY A¥HAM g: L - M T fog=0R2bDICHNL, h:L—sKerf Tg=iohk3bD

D—RANHFETS %,

%72, f ODRK% (Cok £, p) ERDFwME %725,

(1) po f=0.
2) EEDO AMBEL Y A¥FR g: N 5 LTgof=0722dDIXML,h:Cokf—+LTg=hop¥k

5D —BINFET %,
L
///i:;;%m

M—>N*>Cokf

BC, MR RE SIS OMENEROL O L LT, MOBEKTHEE BT &K (cf. (23.7) IKEXT 3
ZEeMTED,

(FEH). R0, OB TR R RN T —BTH 2 = L 1E, ERCENOSE L ACRE 2, LTERL
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TR RIEDIHEDP IS EBIEZ 723 L 2RE D,

F3 (Kerf,i) IC2WTo g: L - MM fog=0%kTLE Vo e LIIXL, g(z) € Kerf &b
gx)=i(y) 2B yeKer f BD—EINIEE S, ZOLE h(z) =y LEDIUX, h: L — Ker f 1& A #EFT
T, D g=ioh ERDZIEDPHEIPDONDE, HIZg=i0hBRDE2RMIFZIDEIRIDLI2RVIEBHHLR,

I (Cok f,p) IGDWTo g: N = LS gof =0 %ikded 3, p dRSBOT, Vo € Cok f 1okt
L,p(z) =x78% 2 € NDPREETZD, 2O Z h(z) =g(z) LEDD L, h: Cok f — LiF well-defined
THd, EBE, p(z) =p(2) o plz—2)=0&D flw)=2—2"%dweMMPFETIH, TOLZ
gz—2)=goflw)=0&D g(z) =g(2) &%, HTg=hop b hiFIDLIXRBDOLPKENILD
HH & 23 O

(2.4.3). AMBOHERE f: M — NITXL, f O%%E (Ker f,ker f), &8%% (Cok f,cok f) e ELZ
Hb, ZOFEEMES L, cokf: N - N/Imf TH2»5, Im f = Ker(cok f) TH %, fDEZImf &
Im f — N 2208580M~EZELES %5, Ui (Ker(cok f), ker(cok f)) e EFEL LD TE S,

FOBOEROIEE L LT, f DRIK (coimage) % (Cok(ker f), cok(ker f)) TEKT %, ker f :
Ker f — M 72D T, FEEi2iZ Cok(ker f) = M/Ker f T3, Z#%k Coimf e HEL Z2IZT 3, 5L,
Coim f 6 Im f NODHARBREBPHFET %, ZOLIWERT L&, HRAEHIIRD X 512 Coim f &
Im | HSFAICH B £\ S EHE b AT B,

(2.4.4) EH (MERRLEM). f: M — N %2 ANBO¥ERRY 32 %,

Coim f = M/Ker f ~Im f.
(GEMH). 2 € M #RFILr 55 M/Ker f 0% [z] tEFEL 2 &, f: M/Ker f — Im f % f([2]) = f(x) &
EDBY, x—ye€Kerf b flo) = f(y) BRDT f & well-defined. f([z] —[y]) = f([r—y]) =0 %5
fla—y)=0Xbz—yeKerf ROTHHFTHD %, EFD) OEHFZH 6 FE, O

(2.4.5) . f: M — N Z AMBEOHERBL T2, ZOZ, d LEHNERE g: M — L ¥ HHHERR
h:L—->NTf=hogZ?dbDMPFELETIUL, L ~Coimf. LiRo>TL~ImfTbH23,

M1 N

N
L

(FERA). h DHG2R DT, Ker f ~ Kerg TH 2, T2, g BEFTHS Z 25, LI Cok(ker f) x[AH,
2% D Coim f &R, REOFRIIHERTLEHD S, O

25 ZE@EENEF Homa(M, N)

(2.5.1) &3 M, N 2K AMEEL L, M 25 N ~AND A #FAB LK% Homa(M,N) £ &L, f,g €
Hom (M, N) 1CH U, f+g % (f +9)(@) = f(2) + g(x) L&D 5 & Homa(M, N) 1&7 — L BEOE &+
D, THZERBMEFL LS, £/ M OHC AERBORKIE Enda(M) ¥ EFL, M, N 25 A INEEDY;
ABFERIC Homa (M, N) ZERT 25 FREHIET 2551, 4K Homie-a (M, N), Homyight-a (M, N) ©
X CEEFANCKAN TR EED, ZOXETERTHMTZ 20T, ALELE2MHS ), ADAHEROEEE,
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a€ A, feHomy(M,N)ZHL af & (af)(z) =a(f(x)) EEDB L, be AL
af(bx) = abf(x) = baf(x) = b(af)(x)
LRBZIehHaf bE AEERTH S, Z4HUTED Homa (M, N) & A IBFOREEZ D,

(2.5.2) Bl. BlZIZ LT M = A THBEE, f € Homa(A,N) 1& 1 OFF 25 % T iug, S5
fla) = af(1) K & D —EHNCHAIRE B, LIdi>T,

Homy (A, N) ~ N; f+— f(1)

725 FRIMBE ORI BIRTH 5, KT A DAHERIL S, A A ORI G,

26 TUVIEM@a N

(2.6.1). 7YY NABIFIEFIHERNLZEETH D, TRV IRT I e TENR, HRAZHEED @ LR <
k2 X5k d, FLERBUMEEL H 2 BHRMTNREE LR L, HIghICb MO TEERSDTDH %,
—HT, TYIYNMECEFEREFOAD VS, T, 7 ¥ Y NVEZERREM L 2R D | ZOWRH» 51k
FEPA A=V LR W IZHBEIICED, iz, TUVNEOHEDL D ZEETEE X 51CR 372D
&, MO, Bl ZXERSPER, &, K%, SRR, IEMER, fEERNEEZ C e OBIRZ B LRIz o 7%
WA, ZAUSIE 2 S OBER ORI & 2 BRSO, £2 V0BRGP BEIICR D, Zh
FCOMRNZERE L BHOREPIRD bNE, ZORMOEEITOHNLENZECTLE S &, HFEH#R
PELBEES5TH5,

LHL, HIZZ o WoktHkic—HEBATLES &, B LR SRNLRHERSTED Lok, /2%
T Ko TEARMRERDATREICR 270, FRH A X—ITEZ X512k ->TK 5,

(2.6.2). M %45 ANBE N %% ANBE L %7 —~ABEE T 50 M x N #vd LAOEE ) : Mx N — L
» A FH (A-balanced) &%, ROHLT 5 Z &,

(1) z,2’ e M, y € NITHL ¥z +a',y) = (x,y) + (2, y).
(2) ve M, y,y € NIZHL Y(z,y +y) = d(z,y) + ¢(2,9).
(B)a€ A,z e M,ye NIZHL ¢(za,y) = Y(x,ay).

HIZ, ADAHIRT L b ANBEOHA, (3) DRHLDICKRD (3) 2Hi/l-T L & v %2 AVETH B v,
(3YacA zeM,ye NIZRHL ¢(xa,y) = ¥(z,ay) = ap(z,y).

(2.6.3) EBL. M %24 AMBE, N 2L AMBEL T2 %, 7—UEEM @4 N & AVHESR o: M x N —
M ®4 N ODHTROWEZ2FD b DRI Z R E—EICELET %,

EEO7—_ABEL & AEER Y M x N — LU, MBEOMERT f: M @4 N — L T
fop=19 s (DEDROKXDAHICIZ ) DB —EHNIFET %,

(2.6.3.1) MxN YL
“"l =Y
M®q N

14



FHT A DPAHIROGEIR, M @4 N 1TId A NMBHEOREDRAD, o 3 AVEIFICR S, ZOHER, FED A
INEE LWL o 25 AVGRIBZ S fld AMIETH 5. i (M @4 N, @) %, EED A VEIEER 120 L
AREEG f BA—BINCRE S 2 WO TR 2 2225 TE %,

(FEFH). —EMEE, HEED» S ERMREOHBELFRRIC L TOURT I ENTE S, L > THREEZREIE LV,
M x N Z3JKe 52 HAH Z M (2.3.15) 2 F = @, emxn L(r,y) €55, BT, M x N C F &%
T, D XacA x, 2’ eM,yy €e NIIT3

(z+a',y) = (z,y) — (@,y)
(x,y + y/) - (!E,y) - (ac,y')
(xa, y) - (J;,ay)

DEDTLITRTCTEREND F O ZMiEx R 32, ZLTM®Aa N =F/RYEDD, (v,y) €
MXNCFEZREITLETZ2 MRAN OFZ 2y TRITEEZ, o MXN > MRaN % p(z,y) =zQy &
ED B, THEINLITHUTHE (2.6.3.1) BRALT 3 2 LA D SN B, B, EHRDS (2 +2))Qy =
TRyY+27 Ry, 2@ @W+Y)=ry+rRy,aQy =xQay TH5DT ¢ & AVFHER, i
p:MxN— L% AV#EGHRe T2 E, g: F — LRZERBT g(z,y) = ¥(z,y) 82 DDOHB—EINLE
FEFBH (cf. (2.3.16)), 2O EF ROEBICIZ g KX > TIRTOREZINZDT,gld M®a N=F/R%
BHT 3 (cf. (2.2.2)),

MxN\ /gﬁL

\\MXNZ(%V

¥ ~L f
M®a N

L7zh3o T, p=fopd f DIFENE RS, DI f(ry) =¢(z,y) THZ, 2D fiZypiaxfl—
BWNTH2, BB, v =fop TH5DIX f(zy) = flelz,y) =Yz, y) TRITINUIRLRVD, 2Qy
(xeM,ye N)IZ Mes N DERITTRDT, ZDITEHT fHRES, LILET (M ®4 N, p) B3REEREE
Zlifz3 2 LR E NIz,

AZAIRE T2 &, M @4 N I AMBEOHENAD ZEZRE D, ZDHE M 2K ANEEL b AR
B2, ac AL F — F;(2,y) — (az,y) %2FHEP R%EZ RICET 3T bhr s, (HH AMEE»S
D A MERBUIFRDITEILTIRE S (2.3.16) 22 ICHE. ) o TM@UN - MAN; zQy—ax®y
BHETE, LI oTalzy) =ar @y b ADIERAPEHbALEES, T5L,a, b€ A, z,2' € M,
Y, ¥ ENZHLa((z+a2)@y)=(az+ar)@y=ar@y+ar’ @y, a(z@ (y+y)) =ax @ (y+y) =
ax @y +ar®y, ablr®y) =abry) =abz®y = ablzRy), lzRy) =zxy £H, ZOFE
FIZOWT M @a NZ AN az®@y) =az@y =z®@ay &Y o1& A WERE. (M @4 N,p) H
BUEWATIEERT LZ AMEEL - M x N — L% ANBRESHE T2, Lo FRkIC
J M®aN—-LTflaey) =9,y %2 ABNBEER f —EBRNICEELZe28bhr b, Ot X
fla(z®y)) = flax @ y) = Y(az,y) = ap(z,y) = af(x @y) & D fiF A MEEDUEFRTS B> & Frimw ik % i 72
TIEehbbh b, O

(2.6.4) E#K. FLOTEHTEESE M @A N & ¢ DfflZ, M, ND A LOFT > ILE& (tensor product) &
PER, F7z, FTHlBRZEIIC (2,y) EM XN D M@, N NOB%E @y 2 EL,
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(2.6.5). LOMED»S M ®4 N DIEEDTTIE

1 QY1+ -+ Tn QYn
CWIOHRMOBICKRINE Z e hbh b, 12721, TORRE—ENTIERV,
(2.6.6). M X N 26 M ®s NNOH»AFEHTHZZ 6, RHEPLL TV S,

(1) z,a’ e M,y e NIZHL (z+2")Qyu=2y+2 ®y,
2)zeM,yy eNZHLzoW+y)=20y+z7Y,
B)acA rzeM,ye NITWL za®y =z Q ay.

(2.6.7). EFL O, BEFR AMBEL L AYRE f: M @4 N - LEEDZZ L, 2@y DFEOTLOIT
ERHOr X

flz+a")oy) = flroy) + f@'®y),
f@ey+y))=flzey) + fley),
flza®y) = f(r @ ay)

YOWISBGEAHI T A XS ICED S L LA L TH B, 22T, LELIZ f MON - L% f(z®y) BRD
KSR BEIITEDS, RELVWIEWART B LAB 5, (2.6.8) BEU (2.6.9) B,

(2.6.8) EF. M, PG AMBE, N, QAN S22 f: M —>P,g: N—Q&\w> ARREIC
XL,
Mx N 19, PxQ

| |

M®a N f®g>P®AQ

W&o TT7 —_ABEDHERM fRg: MOAN — PRAQMEF S, 2% D, fRg& (fRg)(zy) = f(z)®g(y)
&5 &5 RUERBITH 5,

(2.6.9). ADPAHEOLE, ARARE M s N > NoAaM%E 2rQy—yQr ERB3XICEDZ I LD
TE2, ZOEMHII2 DA TIITCICH D EEFEERICKR DT, ABEH{RTH S, KoTAMBELLT
Mg N~N®sgM.

(2.6.10). M, N DEKRIZEZ 6NTHETH, M @4 N PERICEALRKEELZ LTV AT L b oR
WZEedbBW, LirL, AWK M, N 2RZ FLVERBOEESR, & —#I2 M 2w UIE N 23EE A T
HAEEILITICBRN 2 X5 1l TH 3,

(2.6.11) tdl. A 2B, M %45 (resp. &) AN 32 %

M@y A~M (resp. A®a M ~ M).

(FEFH). M 235 A MMEOHBEDART ¢: M x A — M; (z,a) — za ETHUX, (M, ) BT ¥V LVEDYE
BEEMEZT I EEAREE V. oW AFETHEZ X TSHErDONDG, T2 M x Ao AMEEL
AND AFEEBR Y M x A — LI, ¥(x,a) =Y(xa,1) XD, f: M — L% f(z) =z, 1) TEDHN

Z, fop=1 2D, ¥ (2,1) OBREEZIE, fop=1 %22 fRIRLARVI L bhE, oT M
Yo MxA— M (263.1) OWEE#LTOT, Mos A~ ATH5, O
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(2.6.12) @, EMY 7> VAR, 2FD, M; (i € I) 24 ANBEOK, N; (j € J) 27k A MBEOE
R
(ED Mi) ®a (@ N]) ~ P MiesN)
iel jeJ (i,J)eIxJ
(RERA). ¥EMZMHS L RO XS CAATE 3, £F, XKORXEEZ 25 2 THUD S /EEAD A HERFE f
DIEZE B,
D, M4 N;) L (B, 0) 2a (B, N))

[

MZ‘@NJ‘

if:, ®i M; % @j Nj — @(z,])(M1 ®NJ) x (xi,yj) — (IL’Z ®y])(1,]) TED? t, ZHux A qu%ti@f,

(@i Mi) ®4 (@j Nj) o @, (M4 Ny)

[

@D, M; x B; N;
W& D, EA»SEAND AR g BEE S, (2.3.7) LFRRICER fog, go f WEHEEZRIZRZZLDE
A % O THIIEFEL, O
(2.6.11) BXT (2.6.12) L DRDZ L Ab» 3,

(2.6.13) . K %K V, W 2GHERX K X7 MAVEBE L, vy,...,0m & V OEE, wy,...,w, & W Ok
ErTud, Vork WE{v,ew; |1<i<m, 1<j<n} 2EEKL T2 MVEMTHZ, EoT

dimg Vg W =dimg V x dimg W.
Bl zix, R? ®g R3 ~ RS,

(2.6.14) Bl. K 21k, V, W % K ~Z WA, £V 5V, g: W = W 28Z0E 55, 758
BEDPS fQg: Vg W - Vg W EWIBBEEPEE %0 v1,...,00, Wi,-. Wy BEZNETNV
EWoREEETZ 2, v,Qw; (=1,...,n,j=1,....m) BV QW OERETHY, f(uv) = > av;,
glw) = Y bjw; £3BE f@glop@w) =32, awbjv; @ wj. PIZIF dimV = dimW =275 f,g D

N N - 4= _ (@11 ai2 _ b1 b2
(’01,1}2) B&LU (wl,wg) IZOWTORBTHIE A = <a21 ag )’ B = boy bgg) E3bk %, f@g D

(v1 @ w1, V1 ® Wwa, V2 @ Wi, Vs ® we) KT ZREUTHNIRD & 57 4 KIEFITHNE 725,
anB a2B
a1 B apB)’

(2.6.15) Bil. M ~P"ATHIUEX, M4 N ~P"N.

(2.6.16) (FRBIEKR). v: A — B ZBROMERAIL T2, £ AMBEMICHL, (2.1.3) DX, B% (A A)
WIEEE AL, 0*M = B4 M 255, "M 3 B DK ANEEL LTOME»SE B NEEL A%E 5,
Zhz M O BNOREBILKE WS,
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(2.6.17) iR, 7z, ANEHOH M - NITHL ¢*(f) =id®f : Ba M - B N 235k, " 13
T AMBEDE R &/ B IEEDEANDEFZED %,

A-Mod —2"s B-Mod
M+— B M
HAMBEIZOWTHERRICREIER M @4 BICX2BEFRERTE S, H A MBI OWT S FERRIREEL
K M®,BIREETE 3,

(2.6.18) #ll. A, B #BL L %45 ANIEE M % (A, B) IBE, N %/ BBEL 5, cOL X,
(LeaM)®@pN~L®s(MepN).

(GEFH). 2 e N ZEET 2 X LXxM - Loy (M®p N); (z,y) » 2 (y® 2) 1& A WREZDT,
LRIAaMXN - LRs(MRpN);(z,y,2) » 2R (yR2z) EOIHNTES, 2O BURHETHEZ LD
fHICHE» D LNZDT, (LoAM)@p N - LRs (MR N);(2Ry)@2— 120 (y®2) EWIHPTE
%, WO HEL[FARRICERTE S, TNOHPHEWVICHERTH 2 Z LIZHATD 3, O

(2.6.19). Lo@mE»S, Lea M @ N W5 FEZHZ L THRAOBIILR N XD 5, KB, AN
AHRERDIBE, r D ANBED T > Y NAFEE M1 @4 QA M, ¥ @ : My x - x M, = My Q4 @4 M,
25 OMT, EED [ZH AKE) 72 AMBEANDOH @ : My x - x M, = N 2% ¢ Z—RINHEHT 2 X5
REBEEREODDE LTERTDIILBTE, TP LD LS WCEHIZT Y Y AEEIR > TWo 723 D L [
W25 Z bRt b, AEHIEEDL WA, HICHAITE 27255,

(2.6.20) K. AR0HUR BRI ARE, M, N 2 Al#Er 322, M®4 B, N®4 B% Bl#EL Ak

Td, ZOLE
(M®@AN)®sB~(M®aB)®pg (N ®y B).

(FERR). (1) 2~ M ®4 (B®p (N ®4 B)) 2 M @4 N ®4 B. O

27 BOFVYVILE

(2.7.1) . AZAHEE B, C % ARK(21.10) 2328, B, ClZ AMBELARTZENTES, 20
CEAMBLLTOTY YA BR4 CIZIE, (@) @) =bb @ e B ID XS BEOHEL—E
FINCIFEL, ZRICED BACIE ARKE %3, ot 2R -72BoaC % B, C O ARKE LTOTF
DYLNEE WS, B, C AR THIZE, B C AR TH 5,
(2.7.2). LOEZRDIKIT,

ip:B—-B®,4C;b—b®1

ic:C—>BR,C, c—1®c

VS HAR A RBOEEBRINEE 5, BRWLIE C IR THIUE, chdbickd, Bea Cld B RE
WL CRE 3,

(2.7.3). BOT ¥ Y NVEDOHIEEZ 20, ZHABRICOVWTORLESEZEALTEL, ¢: A — B ZA[IRD
BEAY T2, 2O & ARKROZHEN f=f(X)=a+ a1 X+ -+ a, X" € A[X] L, ZDERE%E ¢
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THETZLT, (0f)(X) = p(ao) + p(a))X + -+ + pla,) X" € BIX] 1% B FHOSERIEONS, &
NE QICED [ OBEIELR, Z ORI SAICHPMERODT, HEFRE

AlX] = B[X]; feof
PEOND, BEPECRVEZZRELELE of Z f eEL DD 5, FARICEBOBDPHAZHBETD
AlXy,...,X,] = B[X1,..., X,
WERIN5,

(2.7.4) @M. A RAHIR AX] % X 2 RETE T2 SERE, B 2uis ARKE T3, SHUZA - B
7% % TTHRBIOWERAIR 52 5 = & L% ((2.1.10) BH), Z0r &, X0 B LTORMDSS 3,

B®a A[X] ~ B[X]
7L, EETHEO T v VR (§2.7) L AR LTV,

(FEFR). A[X] & AMBEE LTIZ @2, AX" LABITH B, 72721, AX™ 13 X" 2REL T 2081 0HH
AMBEEERT, (26.12) XD Boa A[X] ~ Boa @, AX" ~ @, BX" ~ BIX] &6, AMEEL L
TRAMTH2 e hbhrd, I TEIOBMIERID O Y @ f) =0 ff thdX5kbDHE
B, ZHUFAEATE (bf)(V 1) = bb ffITHET %0 72720, f @ B[X]| B 2BbFECHLETRL TV,
MADEOMEEZ D & 5 REPSHE DT, MBHEOI L Ab2 s, FIZ, ZOREIZHSH,IC BB
LTOEBITHH 205, BREOFEAE (2.1.10) TH 3 Z L 23bn 5, O

(2.7.5) %. A — B ZABEOEREY §2 L, ROFAMLH %,
B®a AlX1,...,X,] ~ B[X1,...,X,).
(REFA). (2.7.4) & DIRHARNICRE 5, O
(2.7.6) k. AZWHIRE T2, ROAMHDH %,
AlXy, o X @4 AYY, . Yo 2 A[X . X, Vi, Y

(FEMH). (2.7.5) T, B 3 ZHARDBZEEZE Z I KW, O

2.8 ERFEMECT>VILE (1)

(2.8.1) Wi, A, BRIRE T2, ¥/, M &2/ AMEE, L % (B,A) Wit 32, Lo M IZERKKE B
INEEDOMEE & £,

(FERA). X, be B, 2@z € LOM IZWNL b(z2Q@x) =bz@x £ 52522 T BOIEANEED, £ B IHD
B Z R0, O

(2.8.2). A, B %8, L% (B,A) WL T3, (2.8.1) &b, /£ AMBEM L, F(IM)=Los M b5
v, F(M) &/ BB, £72 f: M — M % ANMBOHE T2, F(f) =idof : Loa M — Lo M
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& B IMBEOG, LiedioT, 72 AMBEOE A-Mod 257 B INEEDE B-Mod NOBF F 25E % %,

A-Mod —£ B-Mod
Me— s Los M

ZOBE, F(f) DEFZARCO» BT, B LTHFEF 2 F(M) =L M 2 EDB3RELWVS L b
2V, o, COBFE L@ — DEICKRLTHIdH 2, ZOBFIE, (2.6.16) DFREIEKO— ke
bHAHIRED,

(2.8.3) Wi, L% (B, A) Wk, N %/ BEEr 32 ¥ %, Homp(L, N) ZHAKKE A MBEOREEE -,

(FERA). a € A, f: L — NIZXL, (af)(z) = f(za) €522 TADIERAZED S, $§5L,a,a € A
U ((ad)f)(2) = f(zad') = d' f(za) = a(d' f(2)) &2 22 OMEIPTE ANMBRCKR 2, O

(2.8.4). A, B%B, L% (B, A) WIBEL 35 ¥ %, (2.8.1) &0, % BIEEN 125 LC G(N) = Homp(L, N)
e ANBECT B, E725 B NTBEOS g : N — N 128 L, Glg) : Homp (L, N) — Homp (L, N'); h s goh
FAMBOREREITH 2, £, h € Homp(L, N) XL (ah) — (2 = g((ah)(2))) 725, g((ah)(2)) =
g(h(za)) = (a(go h))(z). L7edioT, /& B MEOEDR S/ A MEEOEADOET G BEE %,

B-Mod —% 5 A-Mod

N —— Hompg(L, N)
ZoHESd, BF G % G(N)=Homp(L,N) L EDSE-27DT 5, %7, Homp(L,—) & KL %,

(2.8.5) M (CEFMBEL 7> Y M), 53 EoEY T2, ZOLE FAG, $hbb F X G ok
PERET, G1E F OHREET,
A-Mod 4>F B-Mod
M— L®a M

Homp(L,N) «— N
BRINCIE M 2K AMEE, N 2/ Bl 32 &, ROBEFNRIMBEORZEL S %,
Homp(L ®4 M,N) = Hom(M,Homp(L,N)).

(FERR). HDTT ¢ : LRa M — N 5N $2, 2O Ere MITNL ¢, : L - N 255 {4%%
YELITML ,(y) =ply®@x) ERDEIIERTIL, p BB TDHZZ 25 @, (by) = p(by @ ) =
bo(y ® x) DT, g : L - N W& B#tllo T7 @aa(y) = oy ® az) = o(ya @ z) = ¢o(ya) = (ap.)(y) &
DY:M—Homp(L,N); x+— @, 3 ARETDH 2, Ko TROEBRDVIEF S, ZOFRIZHAS 2T Z I
DHE[F R,

Homp(L ®4 M,N) —— Hom(M,Homp(L, N))

pr———— i (P y = oy @)

Wz, HADTE Ytz o, BDEZONTE o B ABRETHE D5 0u(y) = pu(ya) HDT,
LxM— N;(y,z) = 0. (y) BEIBBI AFHETHY, LEDPoTp: LOaM - N; yQz— o, (y) 25
HEFBIZFE T 5, B Homp(L,N) % NIZX->T Bt ART L= ¢, & B#ELD»S be BIH
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Loby@z)=bp(y®z) &Y ¢ i Z BHETH D200 ADTTEZED S, LTIdioT

Homp(L ®4 M,N) +—— Hom,(M,Hompg(L, N))
PyRT i pa(y) «—— ¥z (Pa 1y = a(y))

MPEFE S, TNHERAWVICHERZDT, AMTH2 Zehbdrd, O

(2.8.6) flijd. (3.3.7) TRIT LI, ZOMAAELS F(M) = L®s M 3465%E2BF, G(N) = Homa(L,N)
WBEEEZEFTHZ b b,

(2.8.7) R. AP B LOROLE DFEH \: B - ARZERENEZ SN2 21X, ROMBEO RIS
Hb,

Homp(M, N) ~ Homa (M, Homg(A4, N)).
(FERH). EFBE, b € B, a € AWXXL, ba := ANb)a EED BT, AIZLE B IO ELRFO, £,
a,a’ € A, b€ BIZxL blaa’) = A(b)aa’ = (A\(b)a)a’ = (b.a)a’ £DH Al (B, A) Mt ARES, L=AD
BERZEZNE, AQAa M~ M ROT, FH LD FRZES, BB, ZOHEAQAM =~ M IZBWTEHAD
& B IMBEORGEIEAD M % N Z@E L THRICE BB AMEr —83 5 2 2 ITEE, O

(2.8.8) F. (2.8.7) BWTHIZ BOAMHIRT A2 BRI, 2D N : B> ADBEP ADHFDLITAS (Z
UL 0,6 € B, a,a’ € AWTHLT (ba)(ba') = bV (aad’) TH 2B Z k [EfH) &30UE, Wik B MEOHEL
Fib, AANE BIEE L LTORBE o TW 3,

(2.8.9) . (2.85) T B A LOBT L = B 0H& %% A ULKOBEFN A MBEDRMEDH 3 ,
Homp(B ®4 M, N) ~ Homyu (M, N).
FHZ A DSAHRERT B 2% A T HAUL, Miid A itofaz s, AR At LToRR 2,

(2.8.10). FORBIZRD &5 R TE S, ¢ A — B 2EOERM YL T2 L, (2.6.16) kb7 A MEE M
ZH L, 0" M = B M 2SS ¥ 2T o* : AMod — A-Mod D % 2, —75, N %k BB §2 &
X o N%@%BLTN % ANBEL AR LESDLERT S, THL B g N - N 13 A ERAT
LB 55, o, 1& B-Mod %5 A-Mod ~NOMF%ED 3, (2.8.9) & DHELMHS &

Homp(¢*M, N) ~ Hom (M, ¢p.N)

EWI 5. TN 7 . REKT 20 TDE 0" 13 o, OLBIHTF, ¢, 13 " OHBEMEIF.

A-Mod 7 B-Mod
M—2S0"M =B M
o N=N— N
(2.8.11) 5Pl (HEFMEEY 7> Y AL (2)). A-Mod, B-Mod % 2z ts A NIEEOME, 45 B it v
5, EMBEO L & LR, L5 (A, B) B L %, MF F : AMod — B-Mod % F(M) = M @4 L, BIF
G : B-Mod — A-Mod % G(N) = Homp(L,N) L &5 ¥, F4G.

F

A-Mod —>G B-Mod

M+— L®sa M
Homp(L,N) +—— N
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BARHNCIE M 26 ANEE, N 24 BIREL 3% & &, ROBFH LY (FZBINEOFRE) 235 2,
Homy (M ®4 L, N) — Hom (M, Hom (L, N)).
(FERH). FEEAIX (2.8.5) & [Flbk. O

(2.8.12) k. FLOEHED) S, (2.8.7) % (2.8.8) #%, & BMEE M, N IZWHLTHHILT 2 ehbhrd, T4
Db AW B LOR, D%D A: B ARDERUPGEZOENTVWELTLL, L=ADHELEZASILT
ROMEEDFF SN,

Hompg(M, N) ~ Hom (M, Hompg(A4, N)).

B, BOAHRERTA: B - AP ADHFDICAS %6, M B froMEzEHi5, AR B it LTo
FRITH 5,

(2.8.13) %. F7, (2.8.9) LA, M 2345 ANEE, N 2345 B EET, B2 A EOBTH 3581013 KH

| AYAC RIS
Homp(M ®4 B, N) ~ Hom (M, N).

ZHBY (28.10) LIAMERRATEETH 2, 72 OBES, A STHRET B » A RKTHIUE, T
AMBEORE 2 HS | FANE A MRy LC R,

29 Bt
(2.9.1). BAHLOMERIZIERMIR DB A BTEET 203, H D720 & 2 CIRAMME OB RET 2.,

(2.9.2). R, XFED 52 H50EL OFEBICHIRL TEZ WS 2 TH D, AR T
PN R DERZ Rz & 21203, MZ D RFETH 2 0003500 D2 wrd Lgng, BIEERO
GEEEZD EHBELR TV, HlZE Clx] &5 ZHAIRIC 2 OHITEMA T, Clo,1/z] LWV ERZE-
R, O FEMOERBEIMEL LS, D%, Clz] OTEBME AL X, ZOMKE C 24T
EFRTEZDIINL, Clz,1/z] DI, flZE 1/zldx =0 TRERSI KRV, HIZIz— 1 OWILEMRT
Clz,1/z,1/(x = 1) LI BZEZ L, HiZx =1 LW HZRS 28R 2, 2FOHTEMR 2 2 L,
ERBERIRT 2205 28Tk, 2O Z2EATRAMLOER» SR TV ZIZT 5,

(2.9.3). AZA#BRE 32 & HOHRE S C ADEMBARS (multiplicative set) TH 2 L 13, XD 2 5
i3 Th 5,

(1) 1€,
(2) z,ye Sy e S.

FPARE S DILH AT 2 XS RERZERL X 5,

(2.9.4). EHFE A x SITRD &S RFEREFREZ A3,

(a,8) ~ (d',s') & Jt € S s.t. t(s'a—sa') =0.
CAHUIFERBER TS 5, EEE, KHFFEIEZ, 1(sa — sa) = 0 K DKL, FRRBEE, (a,8) ~ (d,8) &
b, t(s'a—sa’) =0 &b t(sa — s'a) = 07RDT, (d,s) ~ (a,5) THD I b, BRI, (a,8) ~
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(') ~ (a",s") DL E, t(s'a — sa) = (s"d — s'a") = 0 2% 1,8 € S BHEHET B DT, ts'a = tsd,
t's"a =t's'a” kb, (ts'a)s"t = (tsa) " =ts(t's"a') = ts(t's’a”) 126, t's' (s"a — sa”) = 0. o,
(a s) ~ (a",s"). 2B, b LFAMEMBRDOERT t(s'a—sa’) 725 t € S PIFEET 5 &V % %ﬁksa—sa

BEFMIZTLES &, BT LHBHERBRELRZILRZVWE ZkEE'o ET, Ax S ZZORERRTH - 5%
Ax S/ ~% STTAvEL, &7 (a,s) TRESI N 2 8% g ZWllda/s £FHEL LT 5, pﬂk/ﬁ(@i
SIHMEBEED 5,

a a as'+ds aa  ad

S S

!/ !

ss' ss'

FEIIET 288, 25 DOHBEIINRFILORD 12 & 53 well-defined T, AU K » T S~LA Aa[H#ER D
MEEZ RO e PR TE S, ZOREBROBEMNITIE 1/1 728, 2hz 1 e EL, MRICET0/1 2 0 E
o Flp: A= S TA% pa) =a/l ITX-oTEDZ &, ZHUIHERTNCH 5,

SS

(2.9.5) &% (TBOIRIHE). (S~1A,0) % AD S IC X BBAHEL V5. S—1A £\ 5 A E LY
S52bBV, FRCONETIE 0 A— SIARRTHLE TS L WS EVA BT 5,

(2.9.6). LOERIIMBNIERH, e BEEZHWTIRALRBZ 5,

(2.9.7) @, AD SIZX2 R (ST1A, @) BROEEHEE T, F, RAMLE 2 0FEEIC X DiEn
B CRBEZROT—ERICIRE 5,

(1) FEED s € SITHL, o(s) 1 S~1A ORI,
(2) ¥ : A — BEZAHBOERMTIEED s € S ITHL o(s) DTSR X5 %8bDL T2 L, R
p:STTA— BTy =popih?dbDB—EBIHFET S,

A"y B

o

S—1A
(GIERH). —EIHEICDWTIE, EREPEM & FRRIORE 2, (S71A, p) PEBEEZRHZTILE2RT, se ST
52,1s—s1=0&D5/1-1/s=5/s=1TH2h5 p(s) =s/1 18T, £/ : A— B (2) DRED
M2 TERRZ S () = pla/1) = p((s/1)(a/s)) = d(s)ula/s) D pla/s) = ()" p(a) TR
RS0, B p 2 ZORTERL LS, ZOLE pid well defined TH %, EE a/s =d' /s’ DL &,
HBteSHTHELTs'a—sa’) =0. T2L (t)(¥(s)¥(a) —p(s)p(a')) = 07273, (t), ¥(s), ¥(s') 1&
HILROT, Thz ¢(t)z/1(s)z/)(s') TH > TBIETIUE ¢(s) " 1(a) = (s )" (d) &5, p DHERTLT,
Ml 2 8 IZAL RO T, (2) BMILT 5, O

(2.9.8). ﬂﬁ*o@fc 05 R2EE{011C04+0=0,0-0=0THMrELEHELIRLER (zero ring)
EWVS, ZOHE, 0 PEICONVWTORMIT 1 ThH 5, #IZ 1 =0R2BEIFRIW2, A AR 32
L&, acA 75)3.? (zero divisor) TH2 X 0£Abe ATab=0R22dbDPFHET S L, AR A
PERBTIERZL, 2O 0 UNOFERTERZZVWEE DD a#0,0A£085ab#A0THDL %, A-EE
(integral domain 72\ LIZHIZ domain) W5,

(2.9.9). p: A= STTARKTLHHF LIRS0, FIZIESH02EDIE, STTAFERICK S,

(2.9.10) fll. A ZEIR S=A-{0} T2, ZOLE, STTARMKICKRZ, ZhE A DOEE (quotient
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field 72\ Ui field of fractions) £\ 95, EEE, FOFEELD a/s=0(=0/1) 1 al = 0s LF{EZRDT,
a/s#0%5a#0. XoTaeSKDT, (a/s)(s/a) =125 0 THRWILIFTRTAHTH S ZEDF R 5,
BIZiE, Z Dk Q TH % L, ZIHAR C[X]| OrIFHEEEA C(X) TH %,

(2.9.11). ARFHIREY T2 %, ZDOA T 7V P HBREATTI (prime ideal) 21X, P #ATHD, 2D
agPHPDObEgPHREabgdP THBZIY, BATTNEAT7ADOMFICBOTEBIHILT 2L S X
%, 2, ADA T 7 m PBRAT T I (maximal ideal) 21X, A LD A F7 L OHFTEHERBKRIZOW
THARTHZHDEE5. AR A DA T 7V TN LRHKILT 5,

(1) I BEA T TN < A/T D,
(2) I KA T7V < A/ DK,

CDZEDPHMRATTNVEHEA T TN THD I bbb,

(2.9.12). AR A DFEA 77 V2% Spec A Lt EZ, A DART bF L (spectrum) W5, T I TR
ERIFIBRTL 0D, FEBIIX, TS Zariski (i HH & FHEN S iAHZ AR THRAHZER & 2725, B2, H2HA
BHECRRMEHOMEZNG L DET 7 74 Y AX — A MR, ARG TIX, A % SpecA ED
BIBER & A% 3 2 & TRINBREBRIATREICR 5, ZO R, A DREEAIKRZFREE 32 Z2HAROHEIC
WRA T 7NVOESHIBLTEZZ LHRLEATH 2 Zedvbh b, UFTHHAT 20, FATLLixc
5 LM BB W TRARNCE X 2 Z 2B L T\,

(2.9.13). ARWHIR, PERAT TN TELE, S=A\PIHHAELEETHZ, ZOHED ST1A% Ap
rFEEX, P IXBI 2B (local ring) ¥ MR, B, —RICHAKA 7745 1 D Lo kgWAl iR % RBFFER
(local ring) £\ 5, LD Ap i3 PAp ZME—DMKA T 7L T 2RAIRTDH 5,

(2.9.14) Hl. A=Clz] 2 EREFEBOZHNIR, P % (x) BEFBATTNET S, ZOHED Ap X
Clz]z) ={h/g € C(z) | g,h € C[z], = 1 g},

SF DN 2 THREWVEEBER OB TBTH S, & f € Clalw & 2 =0 AT+ NS HHHES
CHIRT 2 L, 20 LOBBE AT D, EBE, f = h/g LEINBZEE, Chb gla) =0 53 L5 TN
TORa ZBRWE22 U 358, fI3U LOBBEARES, L7zDoT, Ap Xz =0 DIEHETERX
NEHEROETRE VS DI TH 5.,

(2.9.15) #il. p 22K T2 &, Z D (p) TORRIE,
Zp)=1{b/a€Qla,beZ, pfa},
D DR p TEI D YN WEBBEERDZTIRTH 5,

(2.9.16) . (2.9.14) »Bb2 3 & 312, EMANIE C[X] ORIFES S C C[X] KX 3RpHL L, 2
FESKMLT f=0,R2ENEROVIHBIEA L TERINIBEHMEEZ L2 L 2ERT 52D T, XFiHl
DM OERBERILLTWS ZLick 2, (2.9.12) THLBHLZ X512, ~ROAMHEE A IconTh 2
DFEATTNEREABRLTTEZMMHZEM Spec A #EZX 28, A2 ZOZEMO LOBMBOLRTRERS Z
EWTEZ, 2D, ZOE5R—REBRL ARERVWIIRERTH-Td, HAMHEMO EOBEEIR
AREL, T, BATTNVP CATORIRAp ZEXICP RZHDOEFETERINIEBOL TR
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At 2, BRORBEEMFIEZ O & 5 2B E SR ICER XN TV 328, Z OB HEB R INE O B
WEBWTHHEHETHLDT, ZITHMAL TH L, HIRIF (2.9.18) % (3.7.14) D (iv) DS, (3.7.20) DFE
HiereZoZ L,

(2.9.17). ARAMHIRY T3, fe AL, S={f"|n=0,1,2,...} ={1,f, f%,...} GHEHALETH 3,
ZOBE, STIAE AL/ f] R AlF], BEVIE Ap R L EL,

(2.9.18) #l. A =Clz] &L, f1,....fr € A T3, ZTNHLDILTERINZAT TN A, OFD
(fiooo s fr) = ATHDR fi,..., [ BERSZRELRV, EE KELDS arfi + - +arfr =175
a; € Cla] PEAET 225, L f1,..., fr Pz =a ZHEBRCEETUL, £8d v =a THERXRBZITITRDT,
1=02BoTHET 2, 2O, All/f1],..., A[l/f,] DERBEFTNCTEDEZ L, CEES ZeHT
XBZLRBEW®T S, kB, (29.16) THRREZAF—L0BA»LR2 L, ZOBE (fi.....fr) = AKkd%
X AL/ f1], .. AL fr] OEFRED A DEBRBOWE IR > TWD I ZEKT %,

(2.9.19). iz AN M ORIFHLIZOWTHAT 5, MO MHE I, JBFTHNC R 2 & AR 258520,
Z LU TRBENAEMEOFICEERTORNZEE2RDZ 2 Thr2dbDb 20, DF 0, RREGES
KIRETEZMENZ N VWS 28 THZ, ZOFRIINMBOHGRMCBVWTIERICRNITD 2, ZOmEHE
ATERETRTVWI S,

(2.9.20). A =A[#3R, S C A ZMEHALE, M 2 AMEr 5%, M xS
(2.9.20.1) (m,s) ~(m',s") & 3t € S s.t. t(s'm—sm’) =0.

Tﬁ@%%%thWxS%:@ﬁ@%%f%otﬁé%S”W[thm¢)®ﬁ@ﬁ%?§thLdmﬁ
BYr®E, STIM I

m m' s'm 4+ sm/ am am
7—’_7/:: —_, ==
s s 55

ss ss
WEDMERD S —fERERT 2. INLOHAEIREITOMD HIZXHF—HHTREDL Z 03D b,
BIZFEICDOWTid a/s =d'/s', m/t =m/ [t 726, u,v € S Tu(s'a—sa’) =0, v(t'm —tm') =072
SDHBIFIET 205, 2D ZF wu(s't'am — sta’'m’) = us’avt'm — usa’vtm’ = usa’vt'm — usa’vt'm = 0 X
D am/st=am' /st BEZX B, ZOEBEIWDWT, STIM XS IAMBECTH 2 Z e pHErPDLND, FTz,
0: M — STIM % o(m) =m/1 LEDDZ L, 013 AMBOWERETH 3,

(2.9.21) &K MBEDRRIFAL). (S~M,9) % M O SI2X2RAHbE WS, BOLA LA, S~1M %/t
LAY, @ M — S™'M ZRFAMLE AT D § %,

(2.9.22). IMEORFLDd, EEE2HWZERMBTE 2, EXMLDOHTTEN 20D 24, Bl ZIFRD AR
DAL T %o

(2.9.23) &, M © S X 2RAML (S7IM, ¢) 1%, XOEBEEFD, T2, 2OHBMHIC X DROEKT
AR Z R NT— RIS E 2,

(1) S™'M 1% A EEORERIRIE L7 S A Mt ORE R -,
(2)Yp:M—-N%M>»5STTAMBEN O AR T2, STLAMBEOMEREG: S—'M — N T
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=00 23 bDHP—EMNHEET %,

M-Y5 N
o] ;
S™IM
(GEFH). —BHICOVWTE I E T RBICHEHTE 2, S™IM PP EOEKEERET I E2E S, %
3, ANEE M 25, JTTD A ORISR Lz STLA IMBEOMEEZ RO Z 1%, TED s € ST LT s 5
B us: M — M;m — sm BPEHEFTHE L AETHZ I LICHEET S, EE 2O X u, OWER
b AMBEOHRFRRTH D Z LR, ey = fisftsy THEIEREDS STIA DIEAP—ENICRE S, S™IM
DHFEEFE N : STIM — STIM;m/t — m/st B ps DWEMRITIRZ DT, ps \ERHHT (1) BEZX 5. ¥z,
N STTANMBEC Y : M — N 25 AMBEOMERTIY T2 & RIS =00 ¢ D S™LA MR 0 BIFAE
L7ce$2k,0(m/s)=(1/5)0(m/1) = (1/s)(m) THRIFIDUIVIT RV, HICZD XS CEHRT L 01X
STAMERAIT o = o o DT B0 k5T (2) BRLT B0 O
(2.9.24) FH. A ZA[#IR, S ZHEPAKE, M = At 55k,
STIM~SA®s M

(FEFH). SE2B%, L@, 7o Y AE S 1A@a M OFEEEFRILTH %, O

(2.9.25). A %2n[#ug S 2L L T2, AMBEOH f: M - N 52 ohit & M, N 0Rft%
(STIM, ), (STIN,y) ¥ T3, (S7IM, ) DFEMLED S

M—L N

o v

S—1M - STIN

EAHUCT R f STIM — STIN —EBMIEET 2, ZOZ e L ROBENELN S,

(A-mod) — (S~ A-mod)
M—S'M
CHNERFMLICE 2BFL VWD Z2ICT %, EBIQEK, ZUET ¥ VILEEIC X 2 REGEKDOBEF (2.6.16) OFF
BGE, DFD M S~ 'A®A M B3HF L ARE S,

(2.9.26) midl. A ZWHUR S 2SS, M 2 ANMEET S OO R2EHNTIEAT 2 DL T2, 2O &
S—IM ~ M.

(REFH). (M, ida) WERAS 02 (2.9.23) D@ % 7z 3 O
(2.9.27) F. A ZAHIER, S RHEMES, M 2 ANBEL 52, ST'A®l S™'M ~ S™IM.

(FIEFH). (2.9.26) T M %5 S~1M 0¥ %2 Z, (2.9.24) XD EZ 5. O
(2.9.28) K. A ®0[#R, S RHEHES, M, N % AMBEL 322, STIM@s N =S M ®g1,4 S7IN.

(FEBH). (2.9.27) &0 ST IM @4 N ~ S~ 'M ®g-14 S"'A®4 N ~ S~IM ®g-14 SIN. O
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(2.9.29). PR ADFEAT TN TRLE S=A-Plk3 ADRALE Ap L ELDE 72, THIC
B S™IM b Mp b RiLT 2, FEIC, fe AL AZS={f"|n=0,1,2,...} TRALLLE%
A[L/f], Af e FBLDIZBV, ZOBED STIM % M[1/f], My e &L,

(2.9.30) Wikl A ZTHI, fi,.... frc AT 2, (fi....f,) = ARS, ATED my,...,m, € NIZHL
(fi", .. fr) = A

(gﬁﬁﬂ) (fl,...,fr) = AR5 Z;Zlaifi = 172% a; z’):ﬁ{{ﬁ“%jﬁ’ O EMLEED m Q:jﬁb,
(5 af)™ = 1 TH B, m &SI kE AL, ANEREHLTTE 2 &HICBWTAR b
DD EDWTD f; DIEEH my ERAB e, b = 1B b € ABTET B, XoT,
(fm, .. o) = A 0

(2.9.31) M. A ZFHIE, i fo € A% (froeos o) = ABRBTOME T 50 ji : M — M, %
Jile) =x/1 2 BRLH T2, 2O E AMBEMITHNL, p: M — [[ My, ; x— (ji(x)); FHEH,

(GEMH). 2 € M & p(x) =022 T2, FED ML fMe =072 m; PFEET S, ZOLZ
(2.9.30) EARED S Y aif" =175 a; € ABFET b0 LoTao = af")r =3 ai(f"z) =0 &
hx=0. O

(2.9.32) filifd. (2.9.18) DX S RAFTET 245, ZOMBIIRFANC 0 THIUE, 2IKTH 0 THSLW0D
ZrEEHRLTWS, /2, ZZTEIFHIR LBV, LOWEIRED T TEDFHEL K ROFEIKILT %,

po
(2.9.32.1) M 5 T, My, 3 1Ly My,

ﬁéﬁ%%iéo f:f:b, Gij - Mfi — Mfifjv g7/ij . ij — Mfifj %E?)&Kﬁ%ﬂ: LT @0 i ‘Pl((xz’)i) =
gij(xi) 7&5%#, ©®1 7‘8 (pl((l'j)j) = ggj(xj) E%%ﬁt?‘%o 1’57'JX’_0ir =2 ’C%ﬂ&i, g1 = ide1’ goo2 = idez’
gi2 : ]\4]01 4>Mf1f2’ g21 2Mf2 — Mf1f2 Tbb, Yo, P1 FZEhENn
M —%—s My, x My, ——3 M;
Y1
T/ (91($)792($))/—> (21, 912(21), g21(22), 22)

(1, 22) ——— (21, 921(2), g12(21), T2)

X Mf1f2 X Mf2f1 X Mfz

1

BAEMTHD, TDLERDWILT b,

(1) @ ITHGE,
(2) » DBE {(2:) € [T My, | e1((24)) = pa((2:))}-

SED, o BEH L VST THL ZOBECRMMNI 2 Z L TE 2, BIAE r = 27545, (11,12) €
My, x Mg, 53 M 225 DBITEEND DIF gr12(z1) = go1(z2) DEE, DFD 21 & x93 D My, 5, ~O BRI
BT DL EL D, M LD (1), (2) BRIT 3 L E, (2.9.32.1) BERTHS LS, OHEEER
BORMIANIE M 525 A DARY b T L Spec A OB TE 2 Z 2 IZHIGLTW5,

(2.9.33) F. (2.9.31) DIRED FTHED i 1Ht L My, = 0 THiug, M = 0.

(GEPH). (2.9.31) & DBS i, 0
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(2.9.34) %R. AZAHRE T2, fe AWK, g5 : My — Ny %, RFHLT o : M — N 2 %8I N 51
FRY T 20 fi,o.0 fr €AZ(f1,. ., fr) = ARBITOM, ¢, ¢ : M — N % ANMBO®ERMY 32 ¢ &,
ERED i 1L ¢f, =y, THIUZX, p =1. DF D, RIZHEFTDH 3,

Hom (M, N) — [ [Hom., (My,,Ny,).

GEWD). o — v 2EZIUL, (EED i ISHL ¢y, =0 THIUL o =0 LB B2 FRE IV,

M 25 N

Lol

Mfi % Nfi

BB AEEZIUL, v e M T2 %, o(x) D My, ZBI2HKIF of,(x/1) =T 25DTOTH %,
£oT(2931) &D p(z) =0 &%25H0156 ¢ =0. O

(2.9.35) fndl. A 2R M % ANMBEL 3%, ADFEATT7VDEE%R Spec A, KA T 7 VDOHEE
SpmA £ EHL, £/, P e SpecA TR, jp ZHARBRH M — Mp &5 2%, DL ZRDOFHIHES,

o:M— H My = (Jm(2))
meSpm A
Spm A C Spec ABDT, LD E M = [[pegpeca Mp DHEHTH %,
GEH). 2 € MISHL o) =0 255, [={ac A|ar =0} 2B, [RHALHIA FTATHE, b
LI#ARS (Zom OFBEICED) I CmBEIMRATTINADD 2, jm(r) =0&D HSs€ A—m T
st =0R2bDPEFEETED, ZHE I CmIZFE, o TI=ATh2,1r5, z=1-2=0. O

(2.9.36) Rk. AZWHIR, M % AN 322, EEOMKA 77V m L M,, =075 M =0.

(2.9.37) F. A R, M, N % AMBEEL 3% ¥, Homa(M,N) — []
BT,

meESpm A HOHlAm (MWM Nm) [

(FEH). (2.9.34) L RABECE ZAUZ, (2.9.35) KD EZ 3, 0

3 #ERreLy
31 EHRCEHERMEE

(3.1.1). MIERREINE, bb3AKER Y —RHMOBEANENR L LTEETH 2, Lo L, 2ALTTE
754, BATCAHE TR Y BT LMD TEAERTS 5, iU, BEH R4, HRBEH, % AL L 0o
T IIBED B O A R, 52 25| OB N3 & b THMEINCRET 2, [ %58 L Ol
BB YLD, CONETIRARER Y —REICEA D IZ LBV, ISR dH &, HAR R EHE L i
PRI OWE, Bl SHF O, SRR, AR, TR 212 oW CHT 3,

(3.1.2). ARBEr 32, ZZTiE AMBEOEICBITZ7E2HNLEICOVTHIAT S, LrL, ZZTHAL
J2ERDZ E— i T7 =L EFHENAEICBVWTHRIT S Z e 2Hid o THERELTE L,
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(3.1.3) EF%. At

M Loa S

DREETHZI2E, Kerg=Imf THBHZ 2V, £h—kic, AMBEED

RN VU DA VEREANG VU A
MEETH B X, EED niconT

Mt g I gy
BREETHD I EWVI, Kk
0— M L2 M — 0

LW 5ERYNIIFEFTE L2 (short exact sequence) YRR, 2B, MilHEd 013, (2.1.5) THW= X 51CFM
BHERT. 0 LWVILERITDITERVDOTHER.

(3.1.4) Wi, (1) 0> L5 M »5es — f 95
(2) ML N = 0 »5%E — g 25
(3) 0= M LM & M 528 — (M, f) D Kerg, DF D g DRDEEIER 7=,
@) M LML M 0558 <= (M, g) 5 Cok f, DD f ORDEBIEE 75,

GEFR). FERAIE 2 FELL O T, 0

(3.1.5). FLOMEDHEHD S, M — N BHHTHZ L%, 0> M - N LB e THLED, 25TH
BIrEM— N0 &L TERTHEND 5.

(3.1.6) E#K. AMEEDI] (M™,d")nez

n—1 n n+1
oy Mty e A b

H#81E (complex) X IIfEED n € ZizoWT dd" ! =0 %ifi7zz3 28, 2% D Imd" ! C Kerd” TH
BT, FOBIKE M* = (M",dv), YT 5L bEN,

S7 IR [ M* = N* LZHOF f = (f7), fr: MP — N" TEEO n € ZIchtL fridn —
A" fm CHBH O,

n—1 n n+1
coo—y Mty e A b

L L

B N N N N
DY d i3S (differential) & »3RFEAHE (boundary operator) &3N3,
(3.1.7) EFK. AMBEOEIAK M = (M™,d")
dntt

n—1 n
vy Mty gy A g

WXL, H*(M®) = Kerd"/Imd" ! % Z DD n XAFKEOQS —8 (cohomology group) ¥ M3,
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(3.1.8). A, A MBEOEIK M = (M, d") 5522 THS 2L L& n 1T 2 3RER D —BEDIZ
%, 0%) HYM®*) =0 ThsZLiZAMETH 5,

(3.1.9). IREOT—IZOVNTH 3P LFHLLRTALS, AMBEOT M* = M' £ M L M7 28k, o
D Imp CKeryp) THB L35, PROaFERY —% HM®) = Keryp/Imp EEL &RXD K S 72 AH
TE %,

M M

T

Imy — Keryp — H(M®) — 0
ZL T, H(M*®) & Cok(Im p — Kertp) L RI—HTE 3, (2.4.3) &b, Imp = Ker(cokp) Zozdr b, sk
ERY-RBRERBEACTHBRTE 2 Z e 0vbh %,

(3.1.10). A DR

i—2 ) i—1 R ) i+l
(3.1.10.1) S vy T L i I

BB, N=Im f BLZETO— N — M — N 0 2 WS BRI TE, KA AU %,

0 0 0 0
- Ni—1 - > Nt -
(3.1.10.2) eI i IS g g DY
> ) A ~ ‘ P
N172 N
0 /’ \ 0 0 P \ 0

W2, (3.1.10.2) 7 B THEKIRT, 0 — NP — M — N+ 5 0 SR IE5ERFITH 2 & 5% b OnHiu,
ROMED & HROIERINEZRIITH 5, 5 LTREELTIOME L EEL 0 MEIRETE 5,

(3.1.11) Hfil. A %R ¥ 5,

(1) AMEEDS M’ L M S M7 p35E2THIUL, 0> Im f — M — Im g — 0 1Z52851,
(2) KOAHERRIZBNT, RDDFIHFTRTREIITH % LT 5.

0 0
~ A
N/
A
ML m L
o
N
~
0 0

corE M L L M gsEem,

(FEFH). (1) Img — M" ZHH DT, Kerg = Ker(M — Img) TH D, $72 M' — Im f B2 LD T,
Imf=Im(Imf— M) THd, ZOZr»bHHK,

(2) (245) &D, 2O EN ~Imf, N~Img TH 5, LEah>T, Imf =Im(N' = M), Kerg =
Ker(M - N) TH5%, £oT0—>N - M —> N - 025%2%5 Im f =Kerg ROT, M - M — M”
b TR, O
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(3.1.12) #i. A mEfoREsEes
(3.1.12.1) 0— M 5 MM —o0

WXL, KIXFME,
A
(1) poj=idyr %% j: M" - M DH#HET %2, 00— M — M 5 M" — 0
q
—~
(2) goi=idy BB q: M — M' B#ET 2. 0> M — M 5 M" — 0

ZOEE, (3.1.12.1) 3P (split) $220H, ZOLE M~ M dM' TH3, HIZ, qgi =idpy 725 q,
pj =idpye 725§D ELEXRE idy =ig+ jp L TE B,

(FEEA). (1) @ § DIFET D LT3, 2O Eye ML ply—jgply) =0 &b i(x) =y —jply) £k 3
¢ BEET Bo | BEED S 2 13—HEM, 22T q: M — M % qly) =2 £ 5 X 508D 5 v, i
y=1i(z) DL EZ, o' =qly) =qi(z) %2 2/ BERID i(2) = i(zx) — jpi(z) =i(x) (. pi =0) Zhi/zd
¥ RDT, 2’ =2 XoTqi(z)=x 05 qi=idBDT, (2) DPEZX 5. BREERLD y=jpy+iqy 2D
T,id = iqg+ jp TH % Z L ITIER,

W (2) BRALT 5L T2, FED ze M3 2z=ply) 233, ZOEj : M - M% jz) =
y—iqly) 2 XIITED D, ZHUTy DB ISRV, EE 2z =p/) D& y—y % y TEZHH
ZATEZNX, 2=0,2FD ply) =00 X y—igy) =0 ZREBIEIVD, 2O X y=i(z) L} 52D
T,y =i(z) = iqi(z) = iq(y) KHER%. T5& pj(z) = ply —iq(y)) = p(y) — pigly) = p(y) = z & D
pj=id bbLhr2DT, (1) HERD, ZOLETDBERIDHEHICId=i¢+jp THZILHNFER 5,

BRI (1) BWVWL (2) BRI TZ e EE pj = id, ¢i = id, id = iq+ jp BAFH OB R OH» % DT,
M>~MoM'TH3Zrdbbhrbd, BREOEFRIIZOZLHALY, (M - M oMy — (¢(y),p(y)),
M & M" — M;(z,2) = i(z) + j(z) BEVOHBEZRIZIR>TWNWD, ) O

uuu

(3.1.13) . AZBr T2, AMBECOVTRLRILT b,

Wp: M- M'"IZHLTj: M- MTpj=idyr £R2dD3HIE, M = Kerp £ LT
M~M oM. ‘
A
M —» M" — 0
2)i M - MIZHLTj : M - M Tqg =idy 2h2d08HNE M’ = Coki & LT

M~M oM.
q

k—
0—>M'7>M

(GERH). (1) EED z € MWL, p(j(2)) =2 &b pldeH, XoTO0—> M — M — M" — 0135725
Finb, (3.1.12) © (1) D&AERSH 5,

(2) i(z) =i(a") b x = qi(z) = qi(z)) =2/ 72D 5, i ZHS, XoTO0—>M - M —> M’ — 013752
B30 8, (3.1.12) O (2) DALEHE X 5, O

(3.1.14) #ii. AMBEM', M, M" BXUCi:- M — M,p: M - M", j: M" - M,q: M — M T
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pj=id, qi =id, ig+ jp=id B2 D DN EZ b1 T 5,
q J
L Lk
M — M —> M
DY ERIZERYIT, 20 j, g & W DHERIN 1B,

3.1.14.1 0 M s M2 M 0

GERH). (3.1.13) L[AKE, pj = id, qi = id & D ¢ |ZHHT p &2, iq+ jp = id DEIC p, HIT i ZERT 3
&, piqi+pipi =pi XD pi+pi=pi ZHh O pi=0. Flz,ye MWL ply) =075 iq(y) +jiply) =y
D y=ig(y) € Imi 7225, (3.1.14.1) 3%E2%, £-T (3.1.12) XD ERHMNEZ %, O

(3.1.15) 5&#. A, B %, F: A-Mod — B-Mod #BF £ 52, F &M (additive) TH 3 ¥ 1%, 15
D AMEEM, MR L,

Homy (M, M") — Hompg(F(M),F(M")); f+ F(f)
W7 —NAVHOERBTHEZ L E2E D,

(3.1.16) #i. —fic, HOES Homy (X,Y) 7 — L EOMEEHD, HOERIMETH 2 & 5 7%
2 BINER & R (2.3.24), €, 2 ZHiNEEL 32 %, BF F: € — 2 2IER (additive) TH 3
2%, fEED XY € Ob% IR L, Homy (X,Y) — Homg(F(X),F(Y)); f— F(f) 37 —~_ABEDOUER]
MThHHI%F 5,

(3.1.17) Wi, A, B%B¥r L, F% A-Mod 5 B-Mod ~NOIIEMEF L T35, 20 &, ANBEOHHE
RFIN0— M 5 ML M" — 012, 0— F(M') -5 F(M) 2 F(M") — 0 1% B B0 Y #H7Z2%R
HNTH %,

(REBR). j : M" — m, ¢ : M — M' % (3.1.12) O&ME2#E T L5535, 2D, poj = id,
qoi=1id,ig+jp=1id HILLTWVWB LT3, T3, F OMEE»S F(p)o F(j) =id, F(q)o F(i) = id,
F(i)F(q) + F(j)F(p) =id DML T %, £oT (3.1.13) XD FRHEZX %, O
(3.1.18) . A MFFOEKIZONWT,

0 M Lm S M pses
<= VL,0— Homa(L,M") — Homa (L, M) — Homa (L, M") »5E2R
GERH). 0 — M' L M & M" 33522 TH2 22, (M, f) B Kerg TH 5 2 & LAl - OWEE, &
WROHIPEED LIZOWTRETH 3 2 L L EHE,

L

0— M L5 v 25 m7

0 — Homy (L, M) — Homy (L, M) — Homy4 (L, M")

w w w
dp——— fop=qg——goq=0
1B, (<) R L=ADBEEEZTODbI S, O

32



(3.1.19) md. A MIEFOEEKIZONWT,

ML M S M 0 s
< VN, 0— Homa(M" ,N) — Homa (M, N) — Homu(M', N) H5%4

GERE). 5288, M’ L M % M" — 0 93522 TH % 2 i3 M" % Cok f OB RS2 L L AETH 2
75, ZAULE X1 FOFIBEED N eoWTHETHS 2 L LAETH 3,

0 N
/V'—) s
M L — 0
0 — Hom4(M",N) — Homy (M, N) — Hom4(M’, N)

W W W
dip———pog=gq——qo f=0

3.2 KB

(3.2.1). AMHARFICBWTIE, ® 280 OFBHE, 251, RV UIZFRMTH 3 2 h 6, hofhsr D5 A H]
G, 24t RO LERMTH 2 2 3bhr 258608552, 2OL51C, MXE2FZ 5 Z & THE, 2k DMt
BEHNE 2 ZEANEH (diagram chase) 2\ 5, Z ZTIEMREBHNLHIZ WL O2FHA L, FHCEREZH
BxRd,

(3.2.2). PIZEXROAMANAEEZ L5, ZOKKAT, 3 2D EOEDH 251%, TNTELETHILT
3, ZOBETEZIE, THE M, — My & My — No HFTH 2 Z e 2BKT 2, TORED FTI,
M, —» N, bHHETHELEFR %, MTREIDZ L ZrMOREMAIINDBTERETHZ LWV T TRIHLT
W3, EBE M, — My — Ny SEFOBRED» OB TH S, Lo TalfaEnrs M — Ny — Ny E WS &
B b BB 720 5, My — Ny DSBS TRITIUIFIET .

0 0

-

O*}Ml—)MQ

U

N14>N2

ﬁﬁb:ﬁ(@fﬁbi, M1 — N1 EJ:U N1 — N2 Z)S\é_}%{f?;% Mg — NQ i)’é?%ﬂ‘VCZ’DZD Z t%%fﬁbfh\éo %

M2 — N2 ﬁféﬁﬁfﬁﬁﬂbi%}ﬁ‘ﬂ'éo
Ml — M2

Lo

Nl‘)NQHO

L.

0 0
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IV ULEMERGIZR T LS5, TORRIZ, FHROHLANDH TR IFINTNTTELE S SMROFZMZTD
ZIOTHBZL, DOFDEOMDHPEG THZ L 2RELTW3,

o

= 0

=

=
«—

Zii%o

I M —
\Lh/,
- N7

<

EN

o=

CHERD L5 ICTEHTE B, FF g XSHEDHERD MY O g(e) L B 5. 1 (g(x) = 0 ¥ L
k9, TReAHEMEDLS qh(z) = 0. XoT, p(y) = h(z) B3y € N BFEET 2D, W BefHizo
Ty = W) BT B, TBLAMELS W(f() = hix) BH, h BEHROT, ¢ = f('). T3L,
g(x) =g(f(@) =0 iRoTRH PEFTH 2 Z25bh 5,

FERRIC R DRI RO F Z PR N DB TRTH 2 L DIRED NT M — N 02 THB %
KRILTWB,

0
1
M — M — M"
I ! l
0— N — N — N"
' \L
0 0

LOFEAZSE I, B TIDI e R L TAZ & L\,

(3.2.3). T 420K OVWTHAHEETTEZLTAL I,

0 0 0 M —- M — M —0
1 V I 1 } 1
M — M — M" N — N — N”
l } I ! U l
00— N — N — N”" 0 0 0
0 0 0 0
1 U 1 1

MlHM2%M3%M4*>M5

T

Ny — Ny — N3 — Ny — Nj

M1—>M2—>M34>M4*>M5

T

N1*>N2*>N3*>N4*>N5

1 1 v 1

0 0 0 0
(3.2.4) i@ (five lemma). FORKZBWT, KFAHRDIITFRTHZ T2, ZOLE, bL fi H%
5, fo, f1 DSAEL fs BESCHIUL, f3 BAETH B, ZOMEIFLIELIE 5 IBHRE (five lemma) &I

héo
M1*>M2*>M3‘>M4*>M5

lf 1 lf 2 lf 3 lf 4 lf 5

N14>N24>N34>N4*>N5
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(FEFA). (3.2.3) D FRD 2 DD SHHH S B O

(3.2.5) filfill (MEDO#WE (snake lemma)). RORAT, EHDO DD KERIINTEETHIIX, 0 :
Ker f"" — Cok f DFEL T, AMDF b 588, FIZ i BEE 2 S Ker f/ — Ker f D HEIT, £7- ¢ B EG7R
5 Cok f — Cok f" & 25t

Ker f/ AN Ker f - Ker f"

[ |
M — M —2 s M 0
7l 7| 7
0 N/ - N - N// )
| | |
Cok f' — Cok f — Cok f"
C )
F72, TOMBIIBEFHNTH B, DFD,
M 0

- N\H ]%\H £
\L \ <

QII

D &5 AN HIUL, KIFAHRTH %,

Ker f/ — Ker f — Ker f” LN Cok f’ — Cok f — Cok f"

Ll l l l l

Kerg' — Kerg — Kerg” % Cokg' — Cokg — Cokg”

(GEFR). Bk Rm%o T EED? &, KRB TH 2 L 544 ¢ : Kerf/ — Ker f, p' : Ker f — Ker f”,
j' 1 Cok f' — Cok f, ¢’ : Cok f — Cok f" DWEF S ZLITHEET . 0 IIFRDISWCEDD, = € Ker f 1T
MU, pBERZDTp(z) =ax%% 26 M DPFET S, 2D X qf(2) = f"p(z) =0 &b f(2) € Kerq 72
Mo, ye M Tj(w)=f(2) %% wDFET 2, wdD Cok f Df%E y LT, dx)=y EDS, 2 DH
DAL ZE N /(M) DITEDOZEDENIZDT, § 1F well-defined. KIZFEEMEZRLTWI 5,

(Kerd =Imp'). 2 =p'(2) (z€Ker f) £F 245, f(z)=0&D 6(z) =02 25, Imp’ C Kerd.
W2 o(z) =075, FORBICBWT ff(v) =wkdve M BPFEET S, 2O X filv) =jf'(v) = f(2)
XD f(z—i(w) =026 z—i(v) e Ker f TH 2, p'(z—i(v)) = p(z) —pi(v) = p(z) =z E»b,
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r€Imp. XoTKeréd CImp 35X 5%,

Ker f' AN Ker f N Ker f” z—i() —
L ! I
M’ i M p M v Z— T

7l 1] % | l l
N' —— N —— N” w f(z) 0
! !

Cok f/ d(x)=0

(Imé =Kerj'). y=9d(x) 32L&, p(z)=2xkb2zeMt jlw)=f(z2) b we N HPFLELT, yl&
wDBTHZ, 2O E ' (y) i f(2) D Cok f NDEZH5 0. X-oTImd C Kerj’. #iZ ' (y)=0%5y
WCH2we N IZHL, j(w) e Im f 255 j(w) = f(2) %% z€ M BDH %, qj(w) =0 &D p(z) € Ker f”
Ehox=p() XML, dz)=y. &oTKerj’ CIméd b5 R 5,

(Imi' =Kerp/). pi=0 &b pi’ =075 Imi’ C Kerp'. #iCz e Kerp %5 plx)=0 &b i(y) ==
BBy e M PEETB. COLE jf(y) = fily) = flz) = 072 j BHEHZDT y € Ker f/ 7256
z€Imi. XoTKerp CImi 35X %,

(Imj" =Kerq'). N' — Cok f' &R T qj =0TH2Z 5 ¢j =0BFZX5DTImj C Kerq'. #
DHEEBBRERZ S, UK, 7: N = Cok f, #’ : N' — Cok f' # HALE2HHERAIY T 3,

M —t s M —P s A vV w

7l 7] Iz |

N’ N N ur— 2= f(v), 2+ ¢

A0 L] ] |
Yy

Cok f/ —» Cok f —> Cok f” % z 0
j q

—
N

)

¢ (x)=0%b7(2z)=27%% ze€ NITHL, q(z) D Cok f" NDBIZ 0 DT, f"(w) =q(2) 7% w HIFLE
T3, plIERHBRDTpv) =wRhdveMBHb, q(z) =qf(v) &Y z— f(v) = j(u) 725 u € N' BF(E
T2, y=7'(u) &35, 7f(v) =0&D j'(y) =mj(u) =n(z — f(v)) =n(z) =z ZrbzrecImj. Lo
TKer¢ CImj 5 X%, UL oIS DZEENDNE X %, @ KRS i/ BHG, ¢ BWEHES ¢ B
EHETH 2 Z L BHL D, BREOEFHICOWTOERIE, FRO 258D 2 & 2 AN, P RO EE
P2 5HH 5 D2
Ker f” % Cok f’
1 1

Kerg” -2 Cokg'
AR TH 5 Z i3, 6 DEFRICE o TEZUITDYR %, O

3.3 BForLeM

(3.3.1) k. A, B #BL F: A-Mod — B-Mod 2 ML EMT L 55, M — M — M" 25527k 5
F(M') - F(M) — F(M") %20t & F 1352 (BF) THHEVS, 0 M — M — M (resp.
M = M — M = 0)B5%20r %, 0 5 F(M) — F(M) — F(M") (resp. F(M') — F(M) —
F(M") = 0) 58274 5, F IZEFEE (left exact) (resp. HFEL (right exact)) TH2 L\,
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(3.3.2) E#. A, B 2B, G : A-Mod — B-Mod ZMIENKZBEF L T2, M — M — M" DR
5GM') - GM) - GM') »REDL E GIIRE (BF) Thre v, M - M - M' -0
(resp. 0 > M’ - M — M") pBLEDL % 0 — GM") - G(M) - G(M') (resp. G(M") — G(M) —
G(M') — 0) D52k 5, G 3ETE (left exact) (resp. BAFEL (right exact)) TH 2 L\,

(3.3.3) al. IMEMFEZRETE F : A-Mod — B-Mod 23522 TH % Z L IHMERED A MEOETELY|
0— M —M-—-M'"—0

WAL,
0—=FM)—FM)—FM")—0

MREBTH D Z L LfE, KREBFITOWTY I, HER 2RI CE 37672 FTH 5,

(FERH). RZBIFOHBEIIH DM Z 2 W T 27210480 T, HEZBEFITOWTDOART, F BERLS F 3N
SERT R ERATICE T 0T, WA RE V. A MBE0ELRH M L M 5 M7 2L, ROTRRR %
E%,

0 0 0
0 A A
Im f Cok g
A N A
ML m
A ~ P
Ker f Img
A A
0 0 > 0
DL E ROOINITRTREETHZ, Ko TRENS, Ih%E F TELENRICBLWTHRIDDINITA
TRETHD, 5L, 3.1.11) kb F(M') - F(M) - F(M") 35BL2TH3Z bbb %, O

(3.3.4) R HREDPOKERELRETH 5,
(FEHH). (3.3.3) & D&%, O

(83.3.5). ZZTWREMmICBY2MEOMESEHHEICHALTBL, €,2 B35, € & 9 OlOH
# (adjunction) LIEZHZMEFF : € - 2, G: 2 - € BLUL C° x D 25 Set ~NDOMHF D HRF
n : Homg(F(—),—) — Homg(—,G(—)) O (F,G,n) D2 TH 3, BRI n 3EED € OMR X
¥ 2 ONMRY s 5 2 HUg

nx,y

Homg(F(X),Y) — Hom¢(X,G(Y))
DFETHo T, HEEDEC DH f: X' - X NP 2 Ditg: Y - Y I L, R[22 X 572b D,

Homg (F(X),Y) — 5~ Home (X, G(Y)) oY

| | | !

Homg (F(X'),Y") ﬁ Homeg (X', G(Y")) gopoF(f) —— G(g)otpof

ZDr &, F% GOEERF (left adjoint), G % F OEREFEF (right adjoint) ¥ S\,

FAG
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YR LD, H3WVE, IRoHT

RELFHEWRLZDT S,

(3.3.6) M. A, B %8, F: A-Mod — B-Mod, G : B-Mod — A-Mod % 2N ZHILEBFC, (F,G,n) %
BifE, 2ED FAG 5%, ZOLE, HL G (resp. F) BHENRS F (resp. G) dIMENT, BIZH A M
B M, BHIEE N 1S3 LT g 2055 £ 3 288y y : Homa(F(M), N) — Homp (M, G(N)) 1&7 —~LEE
DUEFR,

GEWA). 7 G BIENE S F S IENT nyy 27 —~ABORMTH S 2 L 2RE 5, g: F(M) = N
72 25NN U, EARBOWE b & KO THRER 21 5.

TIM, F (M)

Homp(F(M), F(M)) —— Hom(M,GF(M)) idpy — e
l l | l
Homp(F(M),N) —~_5 Hom4 (M, G(N)) gr—— G(g)oem

idpry € Homp(F(M), F(M)) ® Homa(M,GF(M)) 2B 51%% ey : M — GF(M) £ FhiZ,
Homu(M,G(N)) A% 2 @Y EET 28T, nunlg) = Glg)oey THZIEDbhb, koT
G HBIER, DFD g Gg) HHERE & nayn DIBEOMEREL, ) f: M — M % A NEOHERE »
THLE,

Homp (F(M), F(M)) 222 Hom 4 (M, GF(M)) idp(ay — em
! | ! 1]
Homp (F(M"), F(M)) ™% Hom 4(M', GF(M)) F(f) —> emo f

7;5ﬁ%%25 Z, WM’,F(M)(F(JC)) — €M Of VG%% Z Ziﬁbipéo J:OT nM/,F(M) O)iﬁg{%% HM/,F(M)
&35, f,f M — MIZXL

F(f+ 1) =0m ranlerro (f+ f) = 0mr rany(ens o f) + 0nr rany (ens o f1) = F(f) + F(f)

&b F HIER,
kS, FAIIERE T2, f: M — G(N) R 35K L

NG(N),N

HOHlB(FG(N),N) — HOIHA(G(N),G(N)) oy — idg(N)
l l l I
Hompg(F(M),N) —2" Hom (M, G(N)) dnoF(f) —— f

725 AN E 2 5 t\:, 5N : FG(N) - N% 17(;(]\]%]\[(5]\]) = idG(N) RAHETHLE ﬂMyN(dNOF(f)) =
[THBEZeDBOIB, KoTOyun % nuny ODHEEHRLT 2L Oy n(g) =y o F(f) 2DT, F 2INEM 7
5 HM,N Ci@ﬁﬁyfc, LoT MmN %@lﬁl?&o ifi, g: N — N’ {,‘) anﬁ@@@ﬂt?% & 37

Homp(FG(N), N) ““% Hom A (G(N), G(N)) Sn — idg ()
l , l I )
Homp(FG(N), N') "S“2X Hom 4 (G(N), G(N')) godn — G(g)

38



RBEMREEZ B L, Glg) = e (900n) THB I LHbBE, koTgg N N IHL
Glg+9") =naw)~n((g+9") odn) =ney,n (g00N8) +naw) .~ (g 0dn) = G(g) + Gg)
X b GihnER, O

(3.3.7) . A, B %%, F: AMod — B-Mod, G : B-Mod — A-Mod % 2 W ZNIZEMTF, (F,G,n) %&b
th, DD FAG 3%, HIZ FR0WLIE GAIMENR S, Fdf5%e, GRERETH S, DF D, IMEN
BTG F 2R QAT e, EMEETF 2R TCTAETLTH %,

GEW). G HERETH 2 L BRTI0UE (3.1.18) & DL AMEE L & B IBEO52510 — M — M —

MR L
0 — Homy (L, G(M')) — Homu (L, G(M)) — Homu (L, G(M"))

MREETH 2 Z e ZRBR L0, REL (3.3.6) &b ZDFIiX
0 — Homp(F(L), M') — Homp(F (L), M) — Homp(F (L), M")

YA TEZOT, (3.1.18) X h5e, FizowTd (3.1.19) £ b BB N ¥ A MBEORSH M —
M — M"—=0ITHL

0 — Homp(F(M"),N) — Homp(F(M), N) — Homp(F(M'), N)
MEETH DIt ws, 2k

0 — Homu(M”, G(N)) — Hom (M, G(N)) — Hom (M, G(N))
LH—HTE2DT (3.1.19) X h7ER, O
(3.3.8) ®HL A, B 2B, M L M S M — 0%k AMBEO5ELRA, L % (B, A) MEEL TS, Kid5E
251,

LoaM 225 1o, M2 1o, M7 — 0.

DED, L®s— R5EFIIETR, FHICANTHREETA=BOBEL2EA L, EED AN LITHL,
L®s— BERRETHZIDDNS,

(FEBH). F : (A-mod) — (B-mod) Z F(M)=L®4 M, G : (B-mod) — (A-mod) % G(N) = Homp(L, N)
TERT DL, F, GIEHLITINER, $72(285) &h FAG. LMo TFRBARERTHIIeroE
ROBEZ 5, O

(3.3.9) filid. B42AIC, Homp(L, —) OEFEEMEIIGRHEEFESLETLETH S Z & DFEATH > TW5 DT,
FOFEEEDH > THEHE T2 D0y,

(3.3.10). L®y — F3EREELIEReBWV, BIZIEA=B=2 L=Z/nZ322% 07257
Z/nZ — 0 \F5ERINTH B0, L/nZ 2TV INT B L,

707 2 T/n7 — T/nZ @z Z/nZ — 0

WCBWT, £D n EEMRIE 0 B0 T, BETIERW,
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(3.3.11) . A, B Zn[#iYy L, F : A-Mod — B-Mod % INEMHEBEF L 5, f: M — N % ANkt
DE LT B, f OB%E (Ker f,i), &K% (Cok f,p) LT 2L &

(1) F #E5ETHIUL, F(f) OB (Ker F(f), 5) = (F(Ker f), F(i)).

(2) F HERETHIUL, F(f) DFMIE (Cok F(f), q) = (F(Cok f), F(p)).
GEB). (1) Ker f 5 M p#CH 22 21&, 0 — Ker f -5 M L N 935285 CH 2 2 v L AETH 2, F 5
feseit e 0 — F(Ker )" P " WR(N) 852851 255, BENSZ 5,

(2) B, N B Cok f BEMTHZ 2 L1d M L N 2 Cok f — 0 #5225 TH 2 2 & L AHETH 3,

Fastiseans FOM) VRN "D R(Cok f) — 0 8 220ITH2h 0, BENSZ 5, AWHEHH23 &
312, THBIREBICIIERS (H58) TH5 2 & LRSI > TV 3, 0

(3.3.12) %. TEIX (3.3.11) LAL T 5. fOE%E i:Inf - N 5L % ((24.3) B), L F 2%
2THIL, F(f) o (Im F(f),§) = (F(Im f), F(3)).

GERH). (2.4.3) &b, BIEE ST E D Im f = Ker(cok f) £ B 20T, (3.3.11) X HHAS A O

(3.3.13) 5E8 (ARERT—L52RMT). A, B #THE, F: AMod — B-Mod ##ZMFr 5, F 4
ST HIUL, A MBEOBIE M = (M™,d")

n—1 n n+1
ooy M1 e & perrdT

L, F(H™(M?®)) = H"(F(M?*)).
(FEFH). (3.1.9) &, HM(M*) EXD & 512 Imd"~! — Kerd" O&M%Y LTHRE 2,

M1 dr! M d” Mt
r] Tl

Imd"~! — Kerd” — H*(M®) — 0

T3¥ (3.3.11), (3.3.12) &b Im F(d" ') — Ker F(d") — F(H"(M*)) — 0 % 3525 %5 %, ZHhiZ
F(H"(M*)) ~ H*(F(M?*)) #BK¥ %, [

3.4 ARKRT

(3.4.1) . AL T 5, ANEE M »BRKRR (of finite presentation) ¥ 1%, XD & 5 RIED7ELF|
DFIET BT L,

éAeéBAeM—m.

D% D HRAENREBHNEED & ORHT, ZOMPBEARERTH2bD0H5 Z Lk,

(3.4.2) filid. ADFx—X—BRTHNI, AREK ANMHEA—X—TH %, D% D ITXTOEIIMEHIFR
ERTHZ, $28 M E2GRERANMBFEL T2 2P A M L2200 N bERERTH 2005,
AIRAER A MBHIARERTHH 5,
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(3.4.3) filid. ¢: A — BRAU[IROERR Y L, Zhickh B%Z ARBEe AT, ARED B otoil
Yty Yn T, A[Xq, .., X = B X; =y 8% A LOZTHXED L 0P EHTH 2 X5 R DMBFET
3%, Bl AREYE LTHRER (finitely generated) 72\ LIZBPRE (of finite type) W5, o B3
HRECHELES L bB D, 7, ZO 5 RRHERNT Ker(A[X,, ..., X,] = B) 4 F 7% LT
BRERTH2HDOPENI E, OFD

BZA[Xl,,Xn]/(flaafm)

7% ARBORAYH 5 %, Bid AL L THRRT (of finite presentation) TH2 W5, o B
ARFRTHLLEEI L dD D, £/ A LOTHEE B AN LTHRMTH 2 = Bld A AR
(finite) &5,

A LOWRERIZ AMBEE AT 2 v TE 5700, ARAEN, AR 2ERFRZEDSFERME S B
AMBFEL LTROD, ARKE LTROPEFERLRITIUIR SR, 207D, A LOR#ERED A e LT
BIRMTH % Z &% module-finite L W5 Z ¥ b H %,

3.5 SYsCINEE, ASTNNEE
(3.5.1) EF (GHEMEE). A 2R T35, AMNEE P PHENC XMEED AMBEOES p: M - M BXU,
Hqg:P—->M' WL, f:P—>MTpf=qR2bDPFHETEIL,

P

f‘/\q

M — M" — 0.
ZHUE, M — M" = 035247 6 Homa (P, M) — Homu (P, M") — 0 524, D% D Homa(P, —) D458
LTHZILEERT S, b b Homa(P,—) 1% (3.1.18) X D EFRR7E 270D,
P DI < Hom (P, —) 252 M T,
(3.5.2) #li. A %R, (P\) 2/ AMBEOEE$ 5, Ot X,
P P\ N < EED ML Py, DG,

(RERH). RORIA & EH,
P)\ — @,\PA

!

¥R
M — N —0

O

(3.5.3) W, PgHeITH2L 3%, ZOE M - M — M' — 0 0%2FTHIUL, EEO P - M
TP oMM B0TH2bDIZHL, P — M TRORRDTRTH 2 b OBEET 5.

P

M — M — M" — 0.
(REFH). Hom 4 (P, M') — Homa (P, M) — Hom (P, M") — 0 ’5E2TH % Z & 2 HHH 5 O
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(3.5.4) #iiE. Bt A A (2.3.13) IZHHEHTDH 5,

(FERA). L EHH AME, p: M — N 2 2R ¢: L - N %A 32, LOEKu, (A€ A) Z[E
ELTHE . pHRHTHS L HD plen) = q(un) THB L% 2 PIHET Do COVE, f:L - M%E
f(U)\) =1y ERBEITEDIUT I, O

(3.5.5) 5EHL. ANEE P ASHIINTH 2 2 13, P 3% 3 HHENEBOBEMET & 43 2 & R,

(FERH). P 23T H2 855, BHMEE L 26 P NORHIFET 5, ZOLE, FENTHZ b

P .

L—P—0
WAHFIZ 55 P — LBFEST 2D T, Pl3 L OEMRETFIZR S, #IiC P 2BHME L OEMRFTHH
X, BFHERR p L - P Y HERHERM s : P - L Tpos=id RAMEPFEET 2D T, (TEOLHHERR
q: M — N ¥R f: P — NIZHL

S
k—~

L —» P

gi L ‘éslf

M—p» N-—0
L2PBEBETLEN > THENTIDHE22205 fo=qg#bg: L - MDPFEETZ, O Zgs: P M
¥ qgs = fps = f Bz DT, PPFHENTHEZenbd b, O

(3.5.6). B AT, IRXRTOAT7ADHE O2Fh 1 DOTTHERINS DO EHIEALTT7ILEE
(principal ideal domain) ¥\ 5, ZHud, LIXUIFEEXF 2 - T PID & MiEh 3, Z Kk 2R
5 1 ZHBZERR K[ X] 3K PID ol th 3, 72EHRD HKD PID TH 5,

(3.5.7) AL A% PID THiUL, Hi A NBEOHSMBHXEHTS 5.

(REFH). Zorn OMiEZES, FZHME ANEE, U CF 2Z0REKRET%, LEdoTY oy Au~>P v A
Thb, M CFZETANMFETZ2LE MPEHTHZ2I%2RT, P2, UDETEAEV CU T
MNY oy Av EHHANMBTHZ E58bDL, ZOBFED MNY, o Av DIEE S O (V, S) BiED 7
THREL T 5,

P={(V.9)|VCU MNY o, AviZEH, SEMNY o Av DR }

PtV BXU S 0w &BGRTIERFEZ Ahs L, PIIRHINIEFESTH 2, EE, L C P 2REFHIRE
32, W=Uyser Ve T=Uwsyer S €528, MNY o Aw =3, cp At TH 2 Z L HHIC
rDdonZDT, (W, T)I1& L O LERICRZ, 5T, Zorn OffiE X D, P iEtATT (Vo, So) B2, 2D
LEVy=UZRZE D RCVoAU RS, ueclU — Vo BFET 2, Vi =V U{u} £B<L,

0—— >

vev, AU ——— >0y, Av P Au 0

1 1 T

00— MnNY oy, Av — MNY Av — p(M N Av) — 0

veVy veV
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REMREEZ D, EOMIZRRINIT, 72, p(M NPy, A) 13 Au 2 21 O HHIMBEO D A Ik
THZD0, ADATT7LVLFA—HTES, AZPID TH325 p(MNP,A) X (0 %3BEHEDT)
EHMEET, Lo TRORERINETRL, MNY o Av S HHMBIE 25, ZORKE S, L BT,
(V1,81) € P 2 h o, BAMICTH, £oTVo=U%»5, MNY,, A=MT, Lizhi>oT M ORI
PFET %, O

(3.5.8) %. AN PID ko, A NBEDSHENTHS 2 L3, Bl AMBETHS 2 & & AL,

GEW). (3.5.4) & EHMEHESHEN, SCHERTHE (3.5.5) &0 HEMNEOEMETROT, (3.5.7)
LD E A B, O

(3.5.9) filid. RAMPID, A= R[Xy,...,X,] THII, (EEOHRERIFNEN A MBIEHTDH S, 20X
Serre O L MXN 72D DT, Quillen-Suslin 12 & - TAFHX N7z, [Kun85, Chap.4, Th.3.15]

(3.5.10) filifd. A DSRFTERT HAUE, FEOHEH A MBHIAETH % [Mat86, 1,§2,Theorem 2.5].

(3.5.11) & (AGHMEE). AMMEE Q BAFWE IIEROHES i : M - M BXU j: M — QITHL,
g:M—=QTj=giR2bDNFETDIL,

. Q
2
OHM’?M.

ZAE 0 - M — M »5E2% 5 Homa (M, Q) — Homa(M',Q) — 0 d5E4, DF Y Homa(—, Q) HH5E
STHEH L EERT 5, (3.1.19) XD Homa(—, Q) 1db & b L EELRDT,

Q BAHH <= Homa(—, Q) 72T,

(3.5.12) Wi, Q VAFMTHZL T2, ZOLE 0> M — M — M' PEE2IITHNR, EED
M—-SQTM M- QHA0THEbDIIHL, M = Q TROKKXHNIRTH 2 b DIBELET S,

Q
T

0— M — M — M"
(REHH). Hom 4 (M",Q) — Hom 4 (M, Q) — Homa(M',Q) — 0 B5ERTH 2 Z ¥ 5 5% O
(3.5.13) filil. A%ZIR, (Q\) 2K ANBFOBTE T2, ZOL X,
[1Q\ DAHH & FEED N ITH L Q) HSASH,

(GEW). KORXH & EH,
H)\Q/\HQ)\
P

0—s M ——> N -

(3.5.14) M. ANEEQ BAHMTH S Z vid, FEDAF 711 C Ait LT Hom(A, Q) — Hom(I, Q)
DRETHB L LR, OFD (3.5.11) IKBVWTE, M =1, N = A DB&E0AEE U,
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(FFEA). N C M ® ¥ %, Hom(M, Q) — Hom(N, Q) BPEHTH2 22 F 2 5. f: N = Q R35c
MU, NCLyNCMBBHHTAMBELLNE fr:Lyx—> QT filn=fR2DODHELAEKS E2EZ2L, S
FHARIEFICOWTIRWNRIERFRES 28T, L7 > T, Zorn DE XD LR (Lo, fo) PTFET 5, 2D
EELy=MTH3Ir25213X0, IRITLo CM%ES, x€ M\ Ly BWFEET %, I={a€ A|ax € Ly}
PFBY, [CABATT e g: T — Q% gla) = folax) TERDB L, (TEDD g1k g: A — Q WIEETE
5o L1 =Log+AzC ML, Z2Z2Tfi:l1 Q% yeclotacAITHL fily+azx)= foly)+g(a) &
EDBE, y=azr € LyN Az N LT fo(y) = ¥(a) BDT fi 1F well-defined.

19
0— Lo — Ly
ToT/
I — A
T2, (L1, f1) DERLSWTET 222k, ZHE (Lo, fo) P ERTHZ2ZitRT %, LidioT
Lo = M TRIFNIZ 5200, O

(3.5.15) 7% (divisible). A ZA[#RY 32 ¥ =, A hEE Q HEIBR (divisible) L 3EEDIEFERFac A
WAL, a fEFGD Q ORI EED S Z L,

(3.5.16) Bl. MIZ13 A= Z OB, Q% Q/Z, Z[L]/Z (p 3HE) FARMBETH 5, —HUZATHR Z MEE
3Q ¥ Z[L)/Z D (RES G0 7) WHLARTHS, (Q/Z~@,, pyLlL]/2 T, )

(3.5.17) M. A RTHEIE T 5, ASH A MBRITTIR A MBECH 5.

(FEFH). Q AT TH 2 T2, a € ADPFERTFTRVED a ffE5H N\, 1 A - AZEFROT, REH» S
Hom (A4, Q) — Homa(A,Q); f — foA, iZ&H, ZOFE Q ~ Homa(A,Q) I2&D Q D a FEHITHE
T50DT, QIFAIFR A g,

Homy (A, Q) — Homa(A,Q) — 0

T T
a fi

Q——mmQ

(3.5.18) AL A% PID 725, A MBEQ AASITH 5 2 L IR A MBETH 3 2 & LA,

GEFH). (3.5.17) & D AlBR A MBS ASHOITH 2 2 L BRBIEE V. Q HABRNBEL T3, A DIEEOA 77
M (a) EFHIFBZDT, (3.5.14) &b Homa(A4,Q) — Homu((a),Q) BEFHTHZ2Z 2 EZIE T, a=0
REEW, a£0DEEE () CAZafEBRA > ArRA—HTE20T, FoRRED Q 25 Q sies
ThsrZr . 24X Q BAIRMBETH 2 Z 5 HETH 3, O

3.6 FiEM

(3.6.1). AZAMR, M % AMBEL T2, (3.3.8) D ANMBENIC M@ N ZXEX T M4 — 1%
G548, —77 (3.3.10) IH B X, M @4 — 3T LHEFTETIIRY, ZITRDXICERT 5,
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(3.6.2) . AZRVHIR M % AMBEL T2 & MH» A LFIB (lat) TH 2 21, [EED A MEED HGt
N - NIZHUL, M@AN - M, NDBHEETHEZL, THIE M4 — REETHERESTHEILE
BRT 2, bbbt Moy — 3EREEE270DT (3.3.8),

M M = M ®4 — D7EREF

F72, M DBRFIE (faithfully flat) TH2 1%, LOMHEITE2Ir, THDE0— N — N HERLT
HBEDIFZ0 > M4 N - MOy NHPELTHELE, ZOLERB L,

(3.6.3) #lii. AZWHBRE 35, HH A MBI A EF3H,
(RERA). (2.6.12) & b B, O
(3.6.4) . AZWHERY 5, AMEEM PHENLRS, M3 A FFHE,

(FEH). (3.5.5) & D M ZEEEE L OERET. LidsoT, 0= M — L — N — 07 3 54522555
H3, 0— N — NH»WEELS, (3.6.3) X b BHMFIZFERDOT

0 0
1 i)

0 > M@sN — M N
1 1

00— L@sa N — L@y N’

7% 2 A HKKICB VT IDITRERT, $0REERINE — Q4 N Lo THRERRINCE S Zen b
MEDFHI VTN S HG, Lo TEDITH5EE, O

(3.6.5) M. FBALIITEEFTH 2, $4bb S 2R A OMMESL T X, A MEDH
M L ML M e, ST L 51 2 s v,

(FERA). B, y/t € Kerg' 725, ¢'(y/t) = 0 XD ug(y) = gluy) = 0722 v € S BHEET 3, T3,
uy = f(x)72% x € M DFIET 2DT, f'(z/ut) = uy/ut =y/t H»5 y/t € Im f'. O
(3.6.6) F. ST1A X A LI,

(3.6.7) i, ARTHIEL T3, DL E AMBOBA M = M £ M Y M7 129w, KIZFME

1) M' & M % M" 3524,

2) froeeos fr €EAE (fiyeoon fr) = ABBTOME T B L %, RO i 120WT M} = M), 25 My, 5
MY ig5Es,

(3) ERED A DFEAF7 N PIHL Mp = M)y 225 Mp 225 MY 13584,

(4) fEED A DRAA F7 A mISH L M® = M!, 275 M, 2= M 13524,

72U, @i, op, m BRER @ I ED S HARICHE S N HER 2 £ T,

GERH). RFLIZSERBEFETH D, liAkA 77 UEEA F7ARDT (1)=(2) BE O (1)=(3)=(4) 1ZHS 2,
2) BT BT 5, M S MY M b artny —# Kerg/Imp % HM®) £ #<, (3.6.5)
XD RAHLIRELEFTHZOT, (3.3.13) I H(M®);, =H(M})=0. $5¥% (2.9.33) &b, H(M*) =0
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BT, (1) BT 5. FHHIC (4) BT T 5 2 &3, (2.0.36) kD (1) BE R 5. O

(3.6.8) F. A BB AMBOMERE o . M - N BXE fecATHL, S={ff|k=0,12,...}
RABHARSICEZRAMIC Lo T o OABINZHERAE o : My — Np 8 FHL, fi,...,fr€EA%
(fi,.. [r) =ARZTEOMETZLE, FERDO0<i <riTNLU ¢y, : My, — Ny, BEHR0 UEHS R0
LIFRET HAUE, ¢ DRETR0 LIFES 200 LIEFEEL,

(FERH). 0 — Kerp — M — N — Cok ¢ — 0 72252 2RIZ2E 20U, (3.6.7) XK DS, O

(3.6.9) EF. AxW[HIR, M % AL 3%, v € M »RLENTT (torsion element) ¥ 13H 3 IEHER T
a€EATar=0R2bDBDHDLEEEI, T M MB7—~\NVEDL &, e M PRtk Z
HLLTALNWLTHE I, DEDDIBRBn I L ne =07252 8, AMEEM OTTRITXTRALR
JTLTH 5 & Zix M 3R CNMEE (torsion module) ¥\ 5, W2, ALHITH 0 LR WEEZRUADE
L) (torsion free) £\ 5, M DR UHITEKIIE T ANMETH 2, ZhzRRChEBs (torsion part) &
Wi,

(3.6.10) M. A ZA[HEE M % AMBEY 35, M TR SRATADRN,

(FERH). 0 #£ 2 € M %22 FEHZRCIITLE Do/ T2, H2IFERT a € ATar =072 D DHFE
T2, 2O ZaffBH N, : A— AFEPEDL, ZHUIMZ7 0 LA Qid: AQa M — A®a M
X, BRRFAAICED AQu M % M 2R—H3T22 M D afEBHBTH2, ZExA07DPar=07Tdh
52 HEHTIERVOT, M X FEHTIE R WY, O

(3.6.11) #Wi. A PID ® 2 & AMEE M PFHTH 2 Z i, RUhDBRWI & & FfHE,

(FEFR). %£3° M DERAER A MEEOSEIE, PID _EOGRAERMEBIOFEEHE S A MERIE BN A
FRAERAQ CAUMBEDOEANCE Y 2, &> TRUAHRD DT IUX E B INEE 2 o TR,

RIEM Z— R CIDRN ANMBEE T2, M ZERERILDT A MBEDIKE (My)rear DA IAINEMR
ligMA LLTREIND, My C M &bH My, bR VWDT, ETRLEEDIZ, f: N — N 2HE Y
T2LE, fidy, : N ®@a My — N @4 My 138, 32 CEMRE 7> Y o r s X O [ IE
RO MDr 5 lim(f @idar,) : N'®@a M = N @ M SHHITHD ZDHFZ 5, O

3.7 ZERBMBIETVVILEE (2)

(3.7.1) Wi, A, B 28, M %4 AMBE, L% (B, A) WNBEL % &, Homa (M, L) \EER%AE B MEED
sz,

GEFH). be B, f: M — LICH L, (bf)(2) = bf(z) £ 552 T BOfFRZEDNETIV, T3 b0 € B
ZHL (00 F)(2) = b(b f(2)) = bt F)(2) = (bW f)(2) £ 753 = L h oM B BN 5. O

(3.7.2). A, B%E, L% (B,A) WUt 35&, (3.7.1) Kb AMEE M icxtL, H(M) = Homa (M, L)
WA B Ikt 7246 AMNMBEEOH g: M — M XL, H(g) : Homu(M', L) — Homu(M,L);h + hog
/5 B MBEOMERBITH 5, £, h € Homa(L, N) 13 L bh = (2 = b(h(g(2)))) 7255, ZAUH & ic
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b(hog) THB, koT, HdA ANMBOES S/ B MBEOEAD (KZ) BT,

Mod-A —2 4 B-Mod
M ——— Homp(M, L)

(3.7.3). A, BZ¥, L% (B,A)UNBtL$ %, 5 ANEEM, /2 BIEEN 2L, (3.7.1) &b Homy (M, L)
3% BMBETH 555, Homp(Homu (M, L), N) ERS NS, %7, (2.8.3) &Y Homp(L,N) iZ%E AM
HTH200, M ®sHomp(L, N) D"EFEEINh 5, 2T,
M ®4 Homp(L, N) — Homp(Hom4 (M, L), N)
w w
T @ th > (p = P(p(2)))

227 —ROVBEORDPFET 50 EEE, 0 — (@) &z, v KOWTHINENTH D, 72 ¥(p(ra)) =
P(p(x)a) = (a)(p(z)) L7225 Zeh b, AFHTHHLDT, ILIZIDX I RV ERS NS,

(3.7.4) R M 75 ANIBEY UCHBERSTZNL &, (3.7.3) OSERAL

(FEFH). FEBE M = Ao, Wt b Homp(L,N) £ 22D TRETH S, Lizh->T, M BEREKH
HMEETH 2 HAECHFAR, ~BCIERERLEBHMEEF 2002H F - M - 00% M 35k,
0> M - F = M= 030HELRINE,E,

0 — M'®4 Homp(L,N) —— F®4 Homp(L,N) —— M ®4 Hompg(L,N) —— 0

¢ ¢ ¢

0 — Hompg(Homy(M’, L), N) — Homp(Homy4(F, L), N) — Hompg(Homa(M,L),N) — 0

BBERDTE, L FOMFENHRELRINTH B, Lichio TEAOHOHDIRITH 2 2 & SEOHD
HAFATH 2 2 L hibr b, KEHHOTIEHBELRINGOT, HOMEEWIC LERLRIINEET 3
Z LR, ) O

(3.7.5). (3.7.3) OENE—HNTEFABTIZA V. BIZITRD & 5 %BI5D 2.,

(3.7.6) Bl. A=K 2k 3%, K EOXRZ FVZER VIR L, ZDOR0ZEH Homg (V, K) %2 VY &L,
D E, FENLRHIEE R oV - VVWir s (g f = f(2) BEICHHETDH S, EBE 2 #£07%5, 0 %
BUREZID, f:V > K% f(z) =1, ZhLBOREER 0 ICETHIEEHRE T3 L 0. (f) = f(z) =1
THDHh5, p, #0. L L—RICEFHTIER V. X DR RDPBALT 5,

0: V= VYW HARHS <— dimgV < oo

K, V ORIKZ (ex)rer £T2E, Pucp K=V &0 VY =Homg (P K, K) ~ [[Homg (K, K) ~[[ K
THB, UL, irc K o @, K REAREEEEE LT FISHL (foir(1)y = (flex))s EHIES 3
g, L7AoT VYWY ~ Hom([[ K, K) TH D, ORBETRE ¢ : [[K — K HL, ¢(f) = v((flex)r)
B3¢ VY -5 KPMIET 52, F1ig, pr : [[K - KZXBRONOHELTEL, ¢ =p\, DL E2WX
OF) = F(ex) THBDE, V > VVWVox o (f o f(a)) 1

V — Hom([] K, K)
S 2
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72 B BEINIET B0 LD o THIIEED 0:V — VY ~ Hom([] K, K) i&

V —— Homg (] K, K)
W W
Do axex ——> > axpa

REBBRTHEZ bbb, #A =00 25 INDPEFTERNILEFSIREIV, TXRTOERATH 1 TH
27 P K ICEEFNRVOT, DK C[[KTHd, W=Cok(@, K - [[\K) £T2LE W rd
K~AO2Y q: W — K BFEET 2, (BlZIE0#veW ZEHHIGERY, K - W;1— v R2HEHFDPTE 2
2, K 13S0 K RO T, i : K - W I XBEMEFZ»S ¢: W - K Tqoi=id R2HVH 3, ) 2D
qeJIK -WODEREpTRLE, pld 0 DBICEENRVIEERZ D, FEEDL p=> ap) &)
T B, pBREBDT, ay #0785 N\BEET 205, AABERE . DK - [[K »oiFEsh 3

Hom(][K,K) — Hom( K, K)
d_axpx —— Y ax(prot)
BB 0TIV, =7, QK - [[K - WH0ERTHLZhb,
Hom(W, K) — Hom([[ K, K) — Hom( K, K)
g D 0
%5 A0 BIRE» 5T H, Lo Tpld V oRiFE Ehin,

(3.7.7). (3.73) T, B2 A LOBT, L =B Th2BE%EZL2, ZOBE, Homp(B, N) &k AN
BEOME R 57, ZHUE Homp(B,N) ~ N Z2REICKD, N2 A— BEELTE AMBEL AT L
WY T 20T, ROFPIESN 3,

M ®4 N — Homp(Homy (M, B), N)

TRy — (p = yp(z))
(3.7.4) &b, M PHEBAERSE A MRS, ZoFhIET,
(3.7.8). A, B%¥R, M %/ Bk, N % (B, A) Wk, P2 /£ AMBEL 5% &, Homa (M, N) i34 A
FEEN®@APIXEBMEETHY, RO XS RBRRE»D 3,
HOHlB(M, N) XA P — HOmB(M,N®A P)
pRr —— (Y= p(y) ® x)

(3.7.9) W8, M DERERK (resp. BIRE/R)B INEE, P A3F3H A NfER 5 (3.7.8) OFNIHE (resp. FIE),
GIEWT). M AERRAERE B IBER 5 W 5 5T 2, B, Fy SEHBMBEE 42 &5 5485 F —
Fy— M —0%2W%, M PERERRS Fy 2EEERIC, M BPERFRE S Fy, Fy ZEBERICENS,
DX EPHFEHETHZ IO ROABEAUITBNWTKERINIE D S H5%EET, ELRIIOFEID M
DERERL SEFOMDHFNETH 2 Z e 5EDOMDFNIHEFNC 2, 72 M BPERFTRLZ S, BEF
Y EROREDHDFEIITH 2 DT, 5 EHE L Y ED5  [FH,

0 - Homp(M,N)®4 P — Homp(Fy, N) ®4 P — Homp(F;,N)®4 P

l L L

0 - Homp(M,N ®4 P) — Hompg(Fy, N ®4 P) - Hompg(F;, N ®4 P).
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(3.7.10) %. A ZTHE M, N % AMBEL T3, M PERER, N A EHATHIUL, KA,
HOInA(]\/[7 A) Qa4 N ~ HOInA(M, N)
(GEWA). (3.7.9) T, N 73 A, P4 N OB&EE2 UL X0, 0

(3.7.11) MM, A RTHEL M, N % AMBEL T2, B% A LOBY T3, FOLFAHOLED T, XD
FRNH 25,
Homa(M,N)®4 B ~Homp(M ®4 B,N ®4 B).
(1) M 3ERFR AMEET, BIEFH A it
(2) M 3B RARSEH A ikt

GET). (1) (2.8.9) BEE (3.7.9) kDo BB (3.7.9) DI L FRICIEAT 5 2 £ b T 5,

(2) (2.89) BXU (3.7.8) &b Homu(M,N) @4 B — Hom(M ®4 B,N ®4 B) 7% % BRZH 2D
20 M IZOWTORE»SEREREHMNEE F 2602H F - M 23525, ZHUEIFHT 3 0DT,
0= L—F—M-—0R30H5E2FIMPTE, FIC L DAERAERSEN, 2O EROAMERNEE X 5,

0 — Homy(M,N)®4 B ——— Homus(F,N) ®4 B ——— Homa(L,N)®4 B — 0

l L l

0~ HOHIB(M®A B, N ®4 B) - HOl’IlB(F®A B,N ®4 B) - HOII’IB(L a4 B,N ®x B) >0

FRRDIEDFHIIA S DI FAEL DT, ZEDHEDFNZHEH TH D, LG DMDFIIEHTH 5, BIDIID TR
TRINTHZZEDOEDHMDHDEHTH 2 D22 DT, ROFRMBFELN S, O

(3.7.12) H. A ZWHE, M, N % ANEE, S C A ZHHALEL T35, M PERFTRREZS,
S~ Hom (M, N) ~ Homg-1,4(S™'M,S™IN).

(GEWH). (2.9.27) &0 S™IM ~ S 1A, M THD, 7 (3.6.6) kb S~1AI1Z A FFHAEDT, (3.7.11) (1)
XDEx5, O

(3.7.13). RICHRERGHZ B ORMAFITOWTOERMEZANT 5, AR EIIME TN L D
DHTHERI IRATH D, £7, BRABRBEFECOVTHETWS, flZIX7 >V VESHERENEE (3.7.20),
FHTRON, A4 (5.4.22), F72, R PVERBOIEDZ O HBHRRAERSHEZRIIEICOWTHRIIT %, T
UE, ROEHED (iv) DML & FRAERSZH C FRPFANCEAERAREEMETH 2 X5 RMEFTH 2 2
bl R

(3.7.14) EBL. A EE M IOV TRIZFIE,

(i) M IFHERAERSR,
(i) M FARFRFHE,
(iii) XD BERRFNEFE: Homa (M, A) 4 M ~ Homa(M, M); p @z — (y — zp(y)).
(V) (JuA€A) = ATHBBESR ADTEOM fr € A (A € A) TF My, = Ay, ©4 M AHERARE
Ap, MEETH2 L5 DOHFET %,
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135, (iv) O A £ LTIEERE S ORI 5.,

GEBA). 3, (1), (i), (il) PEVFEETH 2 2 L 2R LR, (iv) BIh S L FAETH S Z L 2RT. KB
(iv) DEHBDOEKRICOVWTIX (2.9.18) 2B Z &,

(i)=(ii). M 2N (3.5.5) & D M IFVH, £ M IFERAERROT, BRAEREBIEE A" 226
DEHFDBDH BN, ZOKE K 2358, fHEE»S0 - K — A" — M — 0 EZ5HT %, i A" 6 K
NOREDDH B DT K bHRERTE2 S, M 3ERFER,

(ii)=(iii). L1 = Lo = M - 0% M OBREXRL T3, ZOL EROUHMKITE 35, HD 2 DDfft
DHFNEZEH 6 BB DT, EOH b FENCK 5,

0— HOHIA(M,A) Ra M — HOIHA(L(),A) Ra M — HOInA(Ll,A) ®a M

| | |

0 —— Homu (M, M) ——— Homy (Lo, M) ——— Homa (L, M)
(iii)=(i). EH» S, p; € Homa (M, A), z; € M (i=1,...,n) T Y i xip; =id 722 DHIFET 5,

Hom (M, A) ®4 M —— Hom (M, M)
Yo i@ —— id
ZOYE ui M — A" N A" — M RBMERE u(z) = (pi(2), Mai) = Y0 az; TERT L,
Aop(z)=> xipi(z) =2 £V Aop=id.

M —" g A M
r—— (pi(v))i —— D wipi()

L7hoT MIiZ A" OEMEFTH 20 0800, 72 N 32 TH 0o E6RER, A" S M — 0.

(iv)=(@i). (A eAN) =AFYafa=1%23%k5Ra, € ADPFETAHILLAETHZD
T, A BERES L LTHDRV, XoT fi,..., [, DBECEREE V. TV L My, »ER
ERies M BERERTHZ L ERT, & My, @ Ay MBEE LTOAERITT, zi;/1 (J = 1,...,n4),
Ti; EMBBEIBHDHHNE, ZDLEVe e MITHL, z/1 =3 bjxi/1 (b€ A) LEIFZZehH
f;“f(a;—z;.‘;l bijxij) =072 m; DHFET %o (2.9.30) XD (f™,..., [y =ATH22056,1=3 a;f™
ba, c ADGFET S, T5L

xr = (Z azflml):p = Zaz(flmfx) = Zai (f;ni Zb”l'”)
4 J
ID, 2 lda; O—KHEETE TSP d, LoTMIFARER. T2,
00— L — A" — M — 0
LS ERFINIET B BIAD {f7 |n=0,1,2,...} 12 & 2 RAHL I, (3.6.5) & D
0— Ly — A}, — My, — 0

IR, My, WAERAERBEHETH 5 2 ehoRICHENT, Ledo TIDOREBRININRT 2D TH Ly, 1&
ARAER, Lo TheRRIC L ARAER, UErS M BARFRTH 2 Zedbhrd, RRICHEEZR
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Fo —fRIC A MBEOKR N* = N’ — N — N” 23 L, 2ohhoakeEny —#E HN®) L HL Z2ic
T5, N* PReTHBrTHLE N @ M:

(3.7.14.1) N @AM — N4 M — N' @4 M

DIEETHLILEFAXE V. TNUTE (3.6.7) KD (N* @4 M)y, = N} @4, My, BEETHZI L%
SRRV, ZHUE My, PEHEMBETDH 2 2B S0, RBREDFTIX (2.9.28) 2],

(i)=(iv). A DEEDOEAF7IL P IHL P TORFHLE Ap £ T 5, (3.7.17) &Y Mp ~ Ap @4 M
WBHRAEKBH Ap N, o T, H2HEMRAERBEE AMEE LWL, ¢ : Lp ~ Mp 22 FAREHD
FET 2, TOMERE ) T 5, L, M IZRE» SHREBRT, Ap 13 A L FHZOT, (3.7.11) &b
Homy (L, M) ® 4 Ap ~ Homy, (Lp, Mp), Homys(M,L) @4 Ap ~ Homa, (Mp,Lp) BEZX 5. T5&,
— Iz A NEE N 1T L, Np ~ lig Ny THHIEDD, 5 f € AToeRYd ¢ Ly - My
Vi Mp— Ly HBRZEIBRBDVBFEET %, BHIZ f 2D IUR, ¢ o) R o DEFFIRTH S
ELTEWV, TOXI7% fITHL Ly~ My 725, % PIZOWT f ZEXNRESRMAZHT fL OFEBEN
%o O

(3.7.15) EBL (hloHiE). A Zr[#ER, M 2 GRERAMEE, I C AZATT7VEed %, M =IM TdH
W, DDac ATaM =022a—-1€lB2BDMBFET %, FHT T Crad(A) ==, wyg 570 M TH
u, M =0.

(FIERH). FEERIZENE T %, Bl 21 [Mat86, 1,§2,Theorem 2.2] i, L

(83.7.16) &k. AZFHIE M %2 AMBE, I CA%ZAT7ATI Crad(A) 23 d0r 52, 2O x A
OB N € M T M/N DERERT, 22 M =N+ IM %% OBFETIUE, M = N.

(GERR). FPLO#EE M/N (AT S, O
(3.7.17) . A ZRFEL T 5L & GRAERSTN A B M IZERAEREH A DB,

(FEFH). A OME—DIMAKA F7 L% m e L, k= A/m ZFIREKL T2, M@ak~ M/mM OIEED M D
BbbEF %R x,...,0, 255X, ¢e,...,e, 2HELIT2HHAMBEEZLE L, L - M%e;—x; 725 %5
WED S, ROPILDHHEDERDTR (3.7.16) 225 21, ... ,2, 3 M OEFITTH 2, FEBE, N =5, Ax; C M,
I =mOBECREHEHATAEEV, XoTL - M E24, T2OBE o: K > L2322 E () B
M@sk DEETHZZe25 K CmL. —hH M 3 ENZDOT, %8250 —- K - L —- M — 0%
HU, LKoMek?, v:L—KEHELTIE, v 32 ZROT K IFERER. $2ye Kokt
Lp(y) € mL &V o(y) = Y aie;, a; € m EEIT DT, y = vop(y) = ¥(F aie;) = 3 ai(y(e;)) € mN.
FoTK=mK. $22TLOMELY K=0TH25»5 L=MT, LidhoTMIIHEREREH AN
i S O
(3.7.18) . FEFTXK, ARMEDOIRED R &b, EEORAIR A LOSEMERIEHMECH 2 Z e HE
Z %, flZ1¥ [Mat86, 1,§2,Theorem 2.5].

(3.7.19) B, HIRARE HIIEEE & SH07: 7, BIRAERSTNTH - T HAE L RS 2w, file LT
BADES RBDONDB S, A=1LV—5 tF2LE, = (21+/=5) FHETERV, (3.7.14) @ (iv) ®
D (fi,... ) ELT, (2,3) M3, (2,3)=1ThHs, A[1/2]Tld1e I[1/2] &b I[1/2] = A[1/2] T
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B, T A[1/3] T

2:1_;/j5(1+\/f5) (1+V=5)A[1/3]

£ I[1/3] = (1+=5)A[1/3] ~ A[1/3]. ko> TRFMIEFEE 1 OEEMEETS 255 (iv) OFMAZT
TOT, I 3EREREFM A ML, Lol AMBEE LTEREBATER VL, b 54 L1, Dedekind Bz
B HHIETROA 774, RPN 1 o E BB O CHRERSHEZNEETH 55, HEMEETIEX
A3

(3.7.20) &. A W, M, N ZHRAERMEN AL T 5, ZOLE,

(1) Homu (M, N) 36 R4S,
(2) M ®4 N IZHERAERSZ,

(FEFA). (1) (3.7.14) @ (iv) D&M S ARAERBHMBIOELEICREST 2 2L TRt 5, 2% D, LoSMADr
5, M T LH2HBRMED fr,....fr T (fr,..., fr) = A2, Fi WL My, 2WHREBRAH Ay, T
HBEIRDBODFEET 5. N ML THRB. £/, f, g L Apy & Ay ¥ A, OB RAMLIC2 2
DS, fi,.. fr B M, NS U THBEICHS Z A TE S, T52, (3.7.14) O (ii) OFKMEH»S M, N
WHRFREDS (3.7.12) XD

Hom (M, N)y ~ Homs(M,N) ®a Ay ~ Homa, (M ®a Ay, N @4 Af) ~ Homu, (My, Ny)

BOT,i=1,...,r L Homa(M,N)ys, FAREMRBH Ay, MEF. o T (3.7.14) &b Homy(M,N)
V3 IRAE B R
(2) fe AlTHL, (2.6.20) &b

(M®aN)f=M@AN®Rs Ay~ (Mg Ap) @4, (N®a Ap) ~ My @4, Ny.
ZHh 5, (1) L FRCHBRAEREHMBEOSEICRETE, TOHEE (2.6.12) X hbh s, O

(3.7.21) K. AP ROABBROLEEEZ S, M 2HBRERSE AN T2, ADEEATT
NP KL, Ap BRFBTH 225, Mp ZHEMEETH S (cf. (3.5.10)). & T, rank Mp 2HE 3,
ZDEE, PITHL rank Mp ZX5 S H 2 B 2 BEB (rank function) ¥ W5, ZH3JEATEEEE
BThHrZehbhd, COXETE, BEEBPERTH 2 %, M IZEHMEH (constant rank) Z#f
DLWV ZEIZT b, EEOARAREHMEHIEBREE 2o, 72, A OBHIL Area (A & MFRE
nil(A) ={a € A|3In €N, a" = 0} THlo LFRER) BT HIUL, EEOERAEMI T A MBI ELEE
Brerio,

3.8 TUVILEBDFTER
(3.8.1) A, ©: A BRAMEHOWERE [C ARATF7ALL T2, ZOL X,
A/I®, B~ B/IB.

77U, IBW o(I) THEREND BOA F7LEET,
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(FEFH). A D522 0 -1 A — A/ -0 B%27>YL$5k, (3.38) kb
I®sB—A®4B— A/I®s B —0

35E8, TZT,IQaBDA®sB~B DRI IBTHZDT, A/I®s B~ B/IB.

(3.8.2) i, AR [, JCARATT7LETBE,
A/T®4A)J = A/(T+J).

GEW). (3.8.1) X b & (A)J)/I(A)]) L RABER, JA/) = (J+1)/T XD BORBEED S

(A/D)/I(A)T) =~ (A D/ (T+J)/J)~A/(I+J)2DT, BEOAZG 3,
(8.83) . m,neZ,dkmtnOERRABETE, ZOL %
Z/mZ @z Z/nZ ~ 7L]dZ.
K m, n PEWZHETHIUR, Z/mZ Q@7 Z/n7 =0 TH b, iU,
Z/mZ @y L/nZ ~ (Z/nZ)/m(Z/nZ) ~ (Z/nZ)/d(Z/nZ) ~ Z]dZ.

DESLEERSDN,
(8.8.4) Bl. feZlX] 2BBRBZHEAE T2, p B L, F, =2/pZ 20 p DARKLE T2 L,

ZIX1/(f) @z Fp = ZIX]/(f,p) = Fp[X]/(f)-
TRU, fOF,X]CBIBBHFL f WIS TRLTWS,
(8.8.5) Bil. (2.9.27) DFAILBZE L LT, RORMDH %,

QezQ~Q.

(3.8.6) fl. n ZHAB LT B L %,
Q®z Z/nZ ~ 0.

O

EEO0-Z B Z - Z/Z —-02Q%EFTUIALTHEIETQ L Q= QRzZ/MZ — 022525 %155

A, QIE n fBEFETERT2DT, ZORKIE 0T, L >T QR Z/Z =0 D300 %,
D —RICEIXDE R %,
(3.8.7) Wi, (1) AZTHE M % AMBE B2 AR, ICB%2 BOAF7ALT 5 Y,
(B/I)@a M ~(B@as M)/I(B®a M).
(2) AZIR, SCAZMMER, ICAZATTIAE TS, BLSNIAT RS
ST A®a (A/T) ~0.
(FEBH). (1) I = B = B/I — 012 @4 M UL, ROFNDFEEMED & DD 5,
I®sM—B®sM— (B/I)@4 M — 0.

2) BT = A A/l 0DELFITHZ 2L &, RITHLARRETH S 2 LD BROERIINE SN2 =

WCHERT %,
ST — STPA = STt A®A (A/T) =0

REXD STHIE STIA DHBNITTE BLOT, TRPELN S,
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4 fHE

4.1 1R D8R

(4.1.1). JER, HRICOWVWTE, ZZTEHAL RV, FNZEL S ERIZOWTOXEELZSH,
(4.1.2) . AZIR, (M)ier, (pa)acr) ZH AMBEOIER, N 275 ANEL 325, ZOL X,

(i

(GERH). W, O
(4.1.3) P, A ZFHE L 33, [EEO A NBRIERET A MBEOH IR,
(GEH). &0, O

(4.1.4) BB A RTBIY 35, AMEE M HHEREZTRTH 3 2 2%, Homa (M, —) 2VE FIERER © fT#c
H3Zr kEHE,

(REHH). A&, O

5 X#nE & NE
51 M=

(5.1.1). ZOHITE, KK DAL WVIRD ARBFHIREZR T DL T2, I TR, MHFOEIIBIT ST b
JVZERE D B 22N 3 72 2 BT & 2 MO M2 € FE L C, FHTHBRA RS IO YO 22O W, 20
MHZFLIRS, Z0%, MIMEL ARz ER L, 2OoMEE R 2, R, SERE01751X
WOWTOMEEMRIL, — L L72dDeART I TE, HARICHREDZ, ZOXETHRDET./
N AR EERT ZBE o TVWd,

5.2 e

(5.2.1) 2. #c N = A 054, Homa(M, A) % M OB T2, ZiudLIZLIE M* F724% MY
BREDESTEIND, TOXETIE, M* tEL, FIZ A=K »PMERDGEEZ, K X7 FVZER VgL
VY =Homg(V,K) 2 V OMMEME V5,

(5.2.2) Ml M BHVERHENS S M* 25 TH 5.,
(GERH). (3.7.20) & D&%, O
(5.2.3) K. M, N % ANEEL§ 2, M AHBERT, N* %5

M* @4 N* ~ (M®A N)*
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GEFH). (3.7.10) BL T (2.8.11) £ D
M* @4 N* ~ HomA(M,N*) ~ HomA(M,HomA(N,A)) ~ HomA(M XA N,A) = (M XA N)*
O

(524) A %Ej@{%, Ml, Mg, Nl, N2 % Abuﬁit\j—%o (f,g) S HOI’IlA(M17N1) X HOI’IlA(M27N2) 0:;@
L, f &®g: M ®4 My — N1 ®4 No VD NNV R e AN A LI Ai%%%ﬁ%tﬁ@f,

HOH’IA(Ml,Nl) X HOD’IA(MQ,NQ) e HOI’HA(Ml X a MQ,Nl X a NQ)
o

Hom 4 (M7, N1) ® 4 Hom 4 (M3, No)
2 & b BRZST Homy (M, Ni) ® 4 Hom 4 (My, No) — Hom s (My @4 Mo, Ny @ 4 No) DFEET %,
(5.2.5) fili. A ZAMER My, My, N1, No &2 ANIEEE § 2, My, My DYAERAERSFHIT Ny, Ny 23
755, (5.2.4) O EA BRI,
Hom 4 (M7, N1) ® 4 Hom 4 (M, No) ~ Hom (M @ 4 Mo, Ny @4 Na).
72 N1, Ny bHEBERSENLZ S, 20 A NEEAE b GRAERIEN.

(FERA). (3.7.10) & b M MHRFRT, N 2 F#7% 5 Homa(M,N) ~ M* ®4 N. %7, (3.7.20) &b
My @4 My dEREBSFEM LT, (3.7.14) XD My @4 Mo FHERFRT, 7 (5.2.1) & H M FFHT
HBho, (5.2.5) &b

Hom (M, N1) @ 4 Homa(Mz, No) =~ My @4 N1 @4 M3 ®a No

~ M @4 M; @4 N1 &4 No~ (M; @4 Ma)" @4 (N1 ®4 Na)

~ Homy (M ® 4 M2, Ny ®4 Na).

(Z DB (5.2.4) DB Y —HF 5 2 L ZHFMAFE, S b 5, ) MEDOERE (3.7.20) X DHLA, O

(5.2.6) @R A ZAMHREL, M;, N; (i = 1,...,n) ZHRERSENZ AMEEE 32, ROBRZFAM
H%

éHomA(Mi,Ni) ~ Hom 4 (é M;, ®N1>
i=1 i=1

i=1

(GEW). (5.2.5) %M 2 BN RE B, O

5.3 Y&

(5.3.1) E#K. M, N% AMBEr 32, f: [[M > N%MoOrHOEl»S N ~OEHLT 5,
()i €[ M T, i BAD 2, THZIEIBR]]"M OeeRT, 75 A LBEHRE (multilinear) &1, &%
BT OWTHEIETHZ 2, 2FEh 0<i < r XL

f($1,...,1’i,1,a$i+byi7$i+17...,1’r)

= af(mlw"7xi717‘ri7‘ri+17~--7l‘7’) +bf($17~-~>$i7173/i733i+17~-~7$r) (aab € A)

DALY % T &,
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(5.3.2) . M, N % ANt 32, LEGEREH [ [[" M — N »H#HE (symmetric) 1%, TE
Dxi,..., 0, EMBEFO<Li#£7<riaxfL,

f(...,zi,...,xj,...):f(...,zj,...,xi,...)

L2352k, k7, [ HRAM (alternating) & 1I, zq,...,2, € M ITHL, b Lz, =a; 2Di#jK5
i,j OB HIUE, f(z1,...,2,) =023 L,

(5.3.3) E&. Mz At 3%, M DA LD r HAORIFFR (symmetric product) &1, X722 2 EiR
WEBROHFRTHBNRDDTH 2, 2% D, AMNEE Sym’y M & MR ZEREESR ¢ : [[M" — Sym’y, M
D (Symy M, ) TH o T, [EEONMNRZEREER [ [[M™ > NIZHL, f=gop &5 X514
gP—RBINIFEST 2HDDI L,

MM —L—nN

=

90\4 2 dag

Sym’y M
A LONMRETH 2 2 e AL 2ZRIE, LIZLIESym™ M D X512 A 28T %, EFHFH»S Sym' M = M
Thb, $EEMNS, Sym° M =A L ED S, BHIZ, r<0DFZSym" M =0 &5 3,
(5.3.4) Wi, M © A Lo r [HAONFEIZFROCEERTRBEDBE N ZRNT—ENEET %,

GEB). —BEHEES 22O T, HEETRT. M O r 07 Y YNV Q M =M @4 --- @4 M IZBWT,

(5.3.4_1) (...@%@...@é@...)_(...®;®...®i®...)

5B ETERINBES AMBE REL, Sym" M = @ M/R ¥ 53, %7, HABE 0o : [[| M —
R MYrp :Q M— Sym" M DEREMRE ¢ £ T 5, ¢: [[T M — Sym” M ZBH & 2 W FRIZ B R
W5, %72, f: ] M — N PWHNZEREGHETHIUL, 72 Y LEOEEED?S f1d Q" M %ZiEH
L, RORRDLE xRS 5 h B —EINEET %,

M —L-nN
RPN

@ol th Jig

& M — Sym" M

B 5, (5.3.4.1) DIEDITED hIT X 2RI TXTOTH 205 h(R) =0THZDT, hidSym" M %
FHL, LORKOAETOEDTZAHICT 2 g 5 —BIICHFET 2, ¢ = @1 0p KERTIUZ, (Sym" M, ¢)
HNFEDERIE 2723 2 L3 bd %, O

(5.3.5). FLOFFHOMERT, 11 @ @2, € @ M D Sym" M B 24% z10-- -0z, LEHFELZLICT
B0 S Zr ZNMEEET 2L, O 0 €S, KHLTayq)e-- 0254 =x10---01, THD, X7,
rEMIZHL, ze---0xcSym" M % z*" £EL,

(5.3.6). M ZHRAERBHE AN T2, M O n DL %, Sym” M I3REEL
(n—i—r—l) (n+r-1)!

n onl(r—1)!

D B HNEE
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(FEFR). e1,...,e, ZEEE T2, HHLDIZ {e]" 0 0™ | ny+ - +n, =n, n; >0} 53 Sym” M D5
ETH 2, HELZITOMBEn HD D% r MO AN BEEMABDETH 2200, (") M, O

(5.3.7). M = AMBtr 33,

Sym” M x Sym®* M ——  Sym"t* M
w w
(x10...0z y10... 0y ) T10... 00, 0y 0. . 0y

WEoTHEEERT DD TE S, ZHUIHL 2T AR,
(5.3.8) 5. B R, R= @, R, 22 WHNEE R, ~OEMDEERS, RyRy C Ryy BT
%, R #RBFE (graded ring) ¥\ 5,
(5.3.9) E#. M % AMBtr 32,
Sym M = é Sym” M

r=0

WEDEXSICHEEERLIZDDIZ A LOXRBNETH 5, Zhi WA (symmetric algebra) £\ 5,

(5.3.10) Bil. M PR n < co DHEH A MBETHIUZ, Sym M 1Z n ZROZLIERIER A[X,,..., X, ] LFA,

54 4\f&

(5.4.1) E#. Mz AMFEL T2, M DA LD r fADONE (exterior product) &3, A2 Z HHIE
FROPCEEN R DD TH B, DF D, AMEEAM ¥ ZRORZSERVER o : [, M — N, M Ol
(AWM, ) TH> T, [FRORRMBZEEES f: [[M" > NITHL, f=gop 725 X524t g »i—
BERIFET 250D L,

1" M LjN

A _."’.vﬂlg
NaM

ZOHE, p(x1,. . x) B A Ar, 2B A FOWNETH B Z L2 REHE, LELIEA'M ©
E5C AREWT 2, ERPON'M=MTHs, $EEINC, \OM = A LED 2, HiZ, r <0 O
BAM=0r3%,

(5.4.2) . M © A Lo r [AOAEIZ—EINCHRE 2RI DBENZRWT—EINICEET %,
(FERH). —EMEEHS 2RO T, #EE2 TR T. M O r o7V Y IUVEQ M =M @4 - @4 M ITBWT,
(5.4.2.1) @R, (r; €M, H3i#jITHL z; =x;)

RABILTHERINDIEH T AMBEEX REUL ANM=Q M/Re52%, ¥/, AHRRH po: [T M - R M
o1 : Q" M- N'MOEKEBRE ¢ T2, o:[[ M = N"M IZHL»RKRNZEREESR F/z,
1" M — N »RRNZEEEG TOHR, 7Y Y AEOEEED?S fI1Z QM ZREHL, XROKAD
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LIS 2 h B—BRNCHFET %,

B S, (5.4.2.1) DIEDTTD h i X 2BIETRTOTH255 h(R)=0TH2DT, hiF\N'M*%
BHL, LFORROA ROESEAHUCT 3 g B—EMICTFEET 2. © = @10 9o IKHEETIUL, (N"M,p)
NEOE BT 2T elbh b, O
(5.4.3). LOMED» ST D 2 X512, A\"M Ot

1N\ ATy
DEDITLD—RIEETRIT N TE S, TEED?S, B YO E ZDEDOITLICOWTED % Z & T
STV TEIHENZLVDT, IR TIEFIH D 2 2D LS KRBt %2 5 %,

(5.4.4). f: M — N% AMBOERL T2 [['M = AN'N; (z;) = f(x) A A fz,) 13ARZ
EETU TG DT, WD S AT f: NM — NN 725 BEATFES NG, LihoT A 1% A NEEOHE
A-Mod 2> A-Mod NDBEFZED TV 5,

(5.4.5) . N\"M i2BWT

e

(1) (.../\w/\.../\x/\...>:
(2) (.../\mi/\.../\mj/\...):7(.../\%./\.../\%./\...).
GERH). (1) E#A 5 EH, (2) 1, fIRE M A M ICBWTiE

O=(x+yA(lz+y)=csAz+zAyt+tyAct+yAy=cAy+yAz

PO xAy=-—yAzDBbhd, —ROGFED i FHL j BFHOMTIZTOWTHUBEZITRIE LV, O

(5.4.6) &. r ZWFEES, DIL o € S, DRFE% sgn(o) LEHFELZLIKF2E, A"M ITBWT

Toy N ATy = sgn(o)oy A= Ay
(FFHA). (5.4.5) @ (2) X HBHS B O
(5.4.7). NEEHVWE Z TR EZERTZ S, K 2K, V2 K L2RTORZ FLVZERE L, e, e
ZZOHEE TS, f € Endg(V) 2V OELEIL L, (e1,e2) IZOWTORBTHIZ A = (a;;), 2FD
fle1) = ar1e1 + ag1es, f(ea) = arner +agses, £T2, VXV VAV, (z,y) = f(z)A f(y) ZBHS I

ZEMETHOORRNTH 200 VAV 5 VAV z Ay f(z)A fly) RE2HFFEEENZ, VAV IE1
KL K X7 MVZERT, HEE LTe Aeg BEIN S, ZDL X

f(e1) A fle2) =(ar1e1 + azie2) A (aize1 + azes)
=ajiaiz2e1 N\ e1 + ajrazeer A eg + asiaizes A ey + aziagzzes A e

:(a11a22 — a12a21)61 A es = det A(el AN 62)

Ths, Zhe—fRILLTREHF,
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(5.4.8) M. A B[R, M 28 n OHH AMEE, e1,...,en, T M OREEL L, AWEER f M - M
D (e1,...,6,) KOWTORIUTHNE X = (2;5) £ T2, BRTRT L1 (5.4.20), N"M E et A---Nep, &
HEEL T2 1 0BH ANMBETDHZ, O f o8I n25 N"M — \"M 1% det X 5545,

(FEFH). (5.4.5) @ (1) BT (5.4.6) &b
f(el VACERIVAN en) = (Z 1‘1‘1161'1) VACERIVAN (Z xillein) = Z Tig1 TipnCiy N Ne;,

= Z To(1)1 " To(n)n€o(1) JARERRA €o(n) = Z Sgn(a)xa(l)l *To(n)n€l A Nep
o€Sn o€ESy
=(det X)ey A--- Aey
ERBIENHLFERNEZ S, O
(5.4.9) M. A ZWHER M % ANEE, B EAL ARB LT3 L &,
(NaM) ®4 B ~ N(M ®4 B).

GEW). D70 r = 2 DBICHIAT 5725, r B —ROBEBFAMICTE S, f: MxMxB — \L(M®4B)
% [((z,y,0) = (@ 1) A (y @ b) TEHET 2. M x M x BEED BAOHAT BMBELaxTE, f13 A
LEEHEHO BEKT, (v,2,1) DIFERIZ0TH 2, o THME 7> Y AHEDOEELED, S, RONRE
AHICT 2 f: (ANAM) @4 B = N5(M ®@4 B) H—EBRIEET 5.

M><M><B4>/\BM®AB)

J/Tf

M@aM®sB — ( /\A )®a B

WIZG: (M ®aB)x (M®aB) = (NJM)x B % §((z@b), (y®c) = (x Ay) @b TED S &, {TE5ED
T, Y OWT AMIETH2 Z b5 gid well-defined T, £7BHHIC BIIRETH D, BiZ (2 Qb,2®D)
DITEHR 2 AR D0 THEZLhLRRINTDH 20T, RORRETHUCT 2 g H—TEINIFET %,

(M@AB M@AB M)@AB

J/Tg

(M ©®a B)®p (M ®4B) — N5(M @4 B)

ZZT, MR@sM®sB~(M®®sB)p (M®aB) KERETIUE, ZEED»S fogRgo fIFEEERT
HEHDT, BENEZ %, O

(5.4.10) Wi@. M, N % Afn#tr 55k,

NMaN) = @ ((NM)@a(A'N))

s+t=r
GEFH). 5 r = 2 OBEICHIT 2,

(MeN)g(MaN)~(MeM)e(MeN)e(NeM)a(NoN)
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THEHN, ZOLELAD (z,y) @ (2,9) 3HLTE 2,20y, y@x,y Qy) KHIET 2 Z 205, 5501
BWT, (z,y) @ (z,y) RBTBOITLTERENZET A MNE R, H4TIE

Rop=(z®@z;ze M)C Mo M
Rii=(z®@yyoz);zeM, ye N)C (M®N)® (N M)
Roo=(y®y; ye NCN®N

K BES A MBEOERICHIELTWS, M ® M/Ryy ~ AN°M, (M ®N)& (N ® M))/Ri1 ~M®N,
N®N/Rys~\’N THBZ b

N(M @ N) = (A°M) & (Mo N)e (\'N)

o b, A r =3 DHE
3
QM @ N) (®M) (M@M@N)@(M@N@M)@(N@M@M))

EB((M®N®N)@(N®M®N)@(N®N®M))@(éN)

DEIWHRLIAE, (z,9) @ (z,y) @ (z,w), (z,y) @ (2,w) ® (z,y), (z,w) @ (z,y) @ (z,y) XIET 244
DILEER, ZD XS BT TEREINS A TH 2L T

AN(MeN)=(N'M)e(N’°MeN)e (Mo AN (A°N)

%A SENE, —D r OBED, Q@ (MaN) % Mt N oaitr MoF > Y AROERI SR L
F%, M, N 27 Y YA LEROZAZADEHPEL VSO THEL, r HOHD 2 >0fEIcEH LTE
Y AREOEERR(TS 2 L THEORIE SN, O

(5.4.11) R. My,..., My % AMEEL T3 L,

k k
A (@ M;) = +e@ _T(<1§_§1></\“Mi>)

(REPH). (5.4.10) Z#& DR L 212 X, .

(5.4.12) 5EHK. M % AMBEL ¥ 5L &,

:@/\TM

LEDDZE, ThUF

N'M x N M AN M
w w
(LA ATyt A AY) = 2 A A Ay A+ Ay;
POEFELEOBEAZRS, KBNERE ARE 5, 2tk M ONBRRE (exterior algebra) & .5, iz
12 N'M DT 21 A A DHDTED—IIEETET DT, Lo bHOSME S 2 L ICHERE, ac N'MIc
L, dega =1 2FEL,
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(5.4.13). AFEIRBOSHEEMES ¥, (5.4.10), (5.4.11) 1%, KD X 5 RIEABEOREICEETE 2,

AM & N) ~ (AM) ® (AN),
k

/\(é Mi) ~ Q)(AM;).

=1
(5.4.14) @, a e A'M, e NM ML aAf = (-1)93Aa.
GER). a R Bz A Az R 1 A ANy; DITEDHEITRETE 2, ZOHEIEIAS O
(5.4.15). (5.2.1) D XSz, AMEE M icxfL, M* = Homa (M, A) 2 &L, DUF,
e A\"M* = Hom 4 (AN™ M, \™ " M)

BEHEERL TV, FBROERIZ (5.4.17) 23, 3 r=10HE»LEZ XS, ¢ € M*ITHL,
XTI M = NTIM % N(1, . w) = S (CD) T (@) A AT A Ay EED D, TR L
TIN AN Az Fx; DIEHEZRDBROW b DEERKT 2, ZAUIALPICZERET, £/2i # 515
Lai=ax; %6 (1) ATy A - Axj A 2 (1) oAy A AT A DHTBIHLE S DTXR
RTL D205, r > 01K L

i
)\;:/\TM—>/\T_1M; 331/\---/\3,}HZ(—l)iilgp(xi)xl/\-~-/\fi/\---/\xr
i=1

RS N AL DWFEEING, FHlZIR
)\i(ml Axg) = p(x1)xe — @(22)21
)\f’a(xl ANz Axzsg) = @(x1)T2 A3 — @(T2)T1 A T3 + p(T3)T1 A T2

BRELR D, B, LIELEr ZEBLT A, EL, TOLE, ROWMILT 2 Z eoffificiErdonsd,

(1) z € M 725 A,(x) = o(z).
(2) ae N'M, Be NNM 725 A(a A B) = Ap(@) A B+ (=1)%8a AN, (5).

B2, A 132 DI X o THET 5 3,
(5.4.16) M. o, v € M* 3L

(1) Ap oAy, =0.
(2) >‘1/1 o /\90 = —)\¢ o )‘7/"
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(FERA). 21 A+ Az WXL

Ap 0 Ap(Ty A ANap) = Ay (Z(—l)i_lnp(xi)~--/\@ /\)

_Z (Z 1)j_1(p(xj)(p(xi).../\@/\.../\@/\...

Jj=1

+ Z (_1)]'—2,(/}(37],)@(%).../\@/\.../\@/\...)

j=i+1
r i—1
:ZZ(—l)”ka(Ij)w(zi) CNEGA AT A
i=1 j=1
+Z Z 1)i+i- lwxj) (zi) - ATyiA- - ANTjA--

1=1 j=1+1
ZZTC,1HFEHD 2EMNZ i & j e AR TR T UL

j—1

ZZ H‘J 2 ) () ATy A NTGA
j=11:i=1

T
_Z Z =20 () p(ay) - ABy A ATy A -
i=1 j=i+1

%2 LIHET 2L, Lo
o DT el () = dxie(a)) - AT A AT A

1<i<j<r

Y—HF B, OIS (1), (2) ZHS D, O

(5.4.17). BABO < r < mBXT AMBEE M icxtL, o : [["M* — Homa(AN"M,\N"""M) %
Bp1, . r) =Ap, 0 -0 X (1 A - ATy) EEDD E, THUIALRICZEMETH D, $72 (5.4.16) &
Di#jIMNLT ¢ =¢; THULi(p1,...,0,) =0 THZZEHORNRMTH D2, FoTuhb

i N"M* — Homa (A" M, \"""M)
75 puhEAEEEINS,

(5.4.18). LOEH p ZBERNICENTAL S, $THBEZHET 2, X ={a1,....,an} Z a1 <--- < a,
DESKEFRMFI N n HOTLOEEGET 2, 2O E X DRSS Y = {a;,...,a;,} (772U

a, <---<a) NL, 2oMEEE {a;,,...,q;, ,} (XK La, <---<a;, ) T2LE Y Ok
WA D EBMORNEZ ¢(X,Y) £ HEL, Thbb
. a/l PR PR PR ... an
€(X,Y) =sgn (an g, aj, e a’jnk>

CEDD, T, £F a;, REBY i) — 1 ERHL TECETFE, RIT a;, ZFEFRIC io — 2 [[EARED L
Ta;, DEEDICHFE, LWISBERFT TONE, B¥% (i — 1) +... (i — k) [ DR T Z & T LoE#ED
EZHTER 200, FEERDFETKDOLNE Z b2 5,

6(X7 Y) _ (_1)(i1—1)+...(ik—k).
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&A1 €(X, X) = €(X,2) = 1 TH 3, LT, X & LTHRED 5% 2 E5IERDIEFE 5272 b D55
Z%. B2 e({2,3},{3}) = sgn(§ g) = 1, ¢({1,2,5},{2,5}) = sgn@ 2 i’) —1nYehs, Tse,
S, % r JTOMEREEY LT, p DSRD X 5 REETH 5 2 L HIRIIKICHED D SN 5,

plor A ANpp) (T Ao ATy

= Z (_1)(7;1_1)+"‘+(i7‘—7') Z Sgn(U)ng(j)(‘%’ij)"'/\w/z‘\l /\.../\fi\j /\.../\@/\...
j=1

1<iy < <ip<m €S,

= 3> et mb i i) det((n (g ))g) AT A AT A AT A
1<iy <---<ip<m

i, m] ={1,....m} U, I = {i1,...,0,} C[m] (i1 < -+ <ip) AL, 27 =25y A+ ANy,
o1 =i A A BEEC LT BY, T={1,....m}, J={1,....r} LT
pleN @)= > eI,K)det((pr(x;))jesnex)r-K
KC[m], #K=r
LGB, L, (on () 1 K = {kryees b} (kL < - < k) EFBEE (5,1) O on () THS
T RT, Bl r=2 K =1{2,3} 55, XD X5 RITHTH 5,

(2l

(5.4.19). FriTm =r 25, p BROEBRITK 5,
/\’r‘]\4->.< 12 (/\TM)*

C1LA AN —> (3:1 Ao Ny Hdet(goj(xi)))

(5.4.20) . M % A LREE 0 OBBRAERBEBEME L 322, \"M 3R (7)) oBBRAREH A INE,
(FEFH). e1,...,ep Z M OEEL T2 & {e;, Ao Ne, |1 < iy < <ip <n} BXAN'MOEEL R
BZeERED, TNHLDOILBEBTTHE ZLIEHLD 1 XMV THEZ L 2RT, €f,...,el € M*
% €l,...,€En DIFEEEE T2, [ = {il,...,ir} C {1,,n} (21 < < ’LT) R L er =¢€;, N---Ne;,
ej=ef N---Nef ¥ELE, (5419) XD, [, JC{l,....n} THI=#J =r7225dDITHL

N SN )
eyler) = 0 (I+J)

Thd, TH20=are; e N'M 2 F 22 & WIS e BEASRIUE0=a, TH2Z Lhb 1 K0T
WEZ D, O

(5.4.21) flid. 2B, LomElX (5.4.11) ZHWTHIFATE %,
(5.4.22) . M HPERAERGHEHN A MRS, N'M 82 5TH 5,

(FEH). 2, AT ANRERICOD %, T72bDH (3.7.14) XD, 2 fLeE ANEA) TM® Ap, ¥
BRAREHMEET, 2D (fA; NEAN) = ATHEEI5RDDMEET 5, LhsI—RIC fe ATHL
(5.4.9) XD (AN"M)®a Af ~ N"Mp TH Y, (5.4.20) & b HRERE HMBEOSMEIZHRAE R E BHNEETD
205, % (N'M)®a Ap, \FERAERBH A, M. XoT (3.7.14) X b, N"M ZHERESSFH, O
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(5.4.23) . M PERAEREBMEE, n 220835, p: A"M* — Homa(A"M,\N"""M) % L
DEM{rTH L X,

0<r<m<nib, pldHg,
(2) m=r FiiEn=mR5, ulXFAE,

GEBA). (1) e1,....en & M ORJE, ef,... ¢} € M* 2 ZDWHEE, ThbbB ei(ej) =6 RDbDLT
%, (5.4.20) DFEHHEFEIRE, I C {1,...,n} TEROBM AL H s THZHDITH L, £DHEZRZ/NZWIHIZIEA
bDEG < <ig (i €l) ELT,ep=e; A Neg,ef=ef A Nej, EEDD, [n]={1,...,n}
r#EL X, (5.4.20) &b

(1) N"'M* R LT el | I C[n], #I =1},
(2) N"M OEJEE LT {es | I C [n], #I =m},
B) N "MoHEEL LT {es | IC[n), #I =m —r}

PG, [,JCn|,#l=m,#J=m—r <L, frs: N"M - N\N"""M %

e = {7 G2

CED D &, frr & HOHIA(/\mj\f7 /\m_TM) DRIEL 25, #73‘, I = {il,...,im} - [n] O EE T CI
WU, (54.17) kD #T =m, #J =r %3 I,J C [n] lhL

pe)en =Y el K)det((¢;(er)kex, jes)er-x-.
KCI, #K=r

J # K 725 det(ef(ex)) =0, J = K 5 det(e](ex)) = L BDT, p(ey)(er) = e(l,J)er—; T, LIzh>T

(5.4.23.1) pes) = > e, ) fri-s
IDJ, #I=m
£oT
0= M(Z aJefz) =Y > e, Dasfris= Y, > e, I-K)ar-kfrx
J #J=r IDJ, #£I=m #K=m—r IDK, #I=m

THIUE, FED #J =r k2 JCnjicxfla;y=a;_xk =0TH225 Keru =0T, LEdoTpuld
Hit,

2) m =1 THIUL, (5423.1) CBNT, [ D J LRZDE [ =J OMICHD, COLE fip=e; TH2
2o uley) =€), J)ey=e;. XoTpldAB, £m=nDr Zd, #I =n &7R25DF [ = [n] D
BIRB DT, pley) = e([n], J) fingnj—- I T finl s &, B LD AMEEN"M OFEKer A Ney,
% tep_y CETEEEOT, JHHL L&, 261 Homa(A"M, A" M) QIEZ D6, 1 3@, O

(5.4.24) 8. A ZFHIR, M % AMBEL T2, M PERERFENLRS N'M* ~ (A\"M)".

(GEFH). (5.4.9) T, R BH S ={f"|n=0,1,2,...} (f € A) AT 2R/t Ay DBFEEEZ D &,
(NaM)p =~ Ny, My TH2H5, (3.7.14) BLT (3.6.8) iIc &k b, HRAEKAHMBEOL & ICRETE 223,
ZDr EF (54.23) XD FZ B, O
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6 B /ILL
6.1 =

(6.1.1). ZOHITD, FHCHI D DR WIRD AR ERT DL T 5,

(6.1.2). AERXITR Y FVERBOFIEERIIN LEF (L —R) RITHROBERNER I N0, 20 s O
AR A EOERAERSEMEED A EREIIH L TH BRICHRI NS, £z, KOBRXT v 7K
DB 20/ v L ORER S AR DIEKR T, B L THRAERSHERNTH 2 b DIiiREn b, &
T, To— bR 2 L L DREZICOWTHIHT 3,

6.2 NNEFDER

(6.2.1). A ZB, M ZHBRAERMEH AL T2, 2ot %, (3.7.14) X h BARRS Homy (M, A) ®4
M — Enda (M) Z3FAANZ72 2 DT, FHBEER (evaluation map) ev: Homa (M, A) @4 M — A;o @ x —
p(z) EOBERT Enda(M) - A DERZ N5,

(6.2.2) K. LDOFEBHREnda(M) - A% Trpya, Trg %0 LIE Tr & EHZ, BB (trace map) &\ 9,
%72 f € Enda(M) L Tr f % f OB (trace) &5,

(6.2.3) Bl. M BHBAEREH ANHETH2 LT 5, M OEJE (¢;) IZOWTD f € Enda (M) ORBATS
% F = (ai) £ 3%, M* =Homa(M,A)ITBIT 3 (e;) DIIEEIER (ef) LT DL E flej) =Y, aije; &
D, Endg(M) ~M*®4 M T fl& Z” a;je; ®e; B30T, Tr f = Z” aije;(ei) = Z” a;idij =y, Qi
ZHUTEE O e —BT 5,

(6.2.4) filifE. (1) f,g € Enda(M) ML, Tr(fog) =Tr(go f).
(2) A/ % AJ:@E‘H?‘J%Z“?‘é t %, TI'M/A@idA/ = TI'M®AA//A/.

(REF). (1) Enda(M) ~ M ®@ Homa(M,A) iIC&>T f DY@ 9 &, g B 35y @y LA
ENBLCE PIRE go fIF Y, jvi(w)y; @ @ LR—HEN D, LED>oTZOHEZFHRT 2L
i Vi(@i)pi(y;) £7%2%0 fog DHFBFALKICFTRTE 20T, W& T 5.
(2) EROEBII NS EEHUCOWTAIATH 2 2 bbb d, RO, M =Mes A tEFEL
= ROAHHRANE SN, (3.7.11) REHOFHIFAR, ZDZ Lh S D,

Enda(M) @4 A" —— Homu (M, A) @4 M @4 A <24 Ag, A
d [ ]
Enda/(M') —=—— Homa/ (M, A'Y @4 M' ———— A’

O

(6.2.5). AZEHL L, z0®KkE K £ 35, M »EREBMENDOE E M@A K Z K X2 MVZERTH
5, 2O E dimg(M®@aK) % M OB (rank) &MU, rank g M 720 Uik rank M 2 #H <, M P HERAE
ECEHBMBETH U, 24U (2.3.20) DEKRTOREBE —F %, f € Enda(M) X f®id € Endg (M ®4 K)
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RFEETEH, LOMBELD Tr f = Tr f@id ROT, FHC f = id OB A EE 24U Tr(id) 13 rank(M) © K
BT /B T3, FHICHRRH Z - ADPHEHDOEEL Z 2o AT

Tr(id) = rank(M).
(6.2.6) @8, M, N ZHBERSTHEN AMBEL 35, f € Enda(M), g € Enda(N) XL,
Tr(f ® g) = Tr(f) Tr(g)-
(RERH). (5.2.6) & D XOMAD AT D, TDZ b LD,

ev@ev

EndA(M) ®AEndA(N) —_— (]\4>‘< XA M) XA (N* ®AN) —— A®4 A

L | |

Endg(M ®@a N) ——— (M @A N)* @4 (M@ N) —— A
O
(6.2.7) . M % ERPERD 1 THEEMAERSEMBEL T2 &, FHliE R ev: M* @4 M — A XA,

(FEPA). (3.7.14) &D f1,..., fr € AT My, 2VARAEREH Ay, MEETH 2 DDOHBFEET DT, (2.9.34) &
h HEMBEEOHEICIRETE 20, ZOBEETHS D, O

6.3 IRDILKDIF

(6.3.1) 5. B % (W 3B o) ARKT, At LTHEBRERNENLR DL T2, 2Ot X,
A:B — Enda(B);z— (A\y iy —ay) & Tr: Enda(B) > AL OEHRD ELHE VS, ZOXETIEIN
Ztrp/a: B = ABROVLIFHRIZ tr tHLS 22T %o

(6.3.2) #iid. (1) tr(zy) = tr(yx).
(2) A% A LORE T2 %, trp/a ®idg = trpg A /A

GE). (1) (6.2.4) (1) ¥, 2,y € BIZHL (6.3.1) DFLET Ay = Ao\, THBIEDDEZ 2,
(2) (3.7.11) XD Enda(B) @4 A ~Endy (Bos A') TH2 I LIEET 3 L, (6.2.4) (2) &, XORAD
AR S F X B,

B®a A" — Enda(B) @4 A TRQYH— A\ QU
EHdA/(B XA A/) Ay ® )‘y = )‘z®y

O

(6.3.3) fifif¥l. Fric B IR T, A PARTI X —LThH2r T2, ADTHRERERTEZ - A 7K
AZBGUZL, S := Homy(B,A) £ LT, #S =degy(B) =n 2 T&%, S={01,...,0,} €T3, ZOL X

x € BITHL
tr(z) = Z oi(x).

BB, ZONETIFZX-NAHFOERIFNLRVD, APKTHE5E8E B A PBERZAZA—-1THZZ L
&, BA A OFRXITEHERDERMTH 2 Z L LAETH 2 Z e 2R LTHE L,
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(FEFH). B = B4 A T3, (6.32) KDEELM|L T B/ARHNLTIHERTHE+ITHZ, 2O,
Homu (B, A) ~ HomZ(B®AZ,Z) CkoTo;: B2 AT 20,0id: BRA—-AQA%ZBRA— A
LABED, Lo T, B=[[,;A, A= ADHBEBXRETE 2, ZOHEIEFIRD (6.34) 26H5H, O

(6.3.4) filil#. B;, i =1,...,k) Z ANt UCTHBEBMNZNR A LORe U, B=][][B; = By x---X By
EBL, DLt E,
trp/a = ZtrBi/A'

GEW). B=1]B; % AMBEL ART L EMEL bAKRE S, O Es;: B — [[Bi,pi : [[Bi — Bi %, i
5 DEDAARENGE XV i BNDEE L T2, T5L, AMBEMISH L M* = Homa (M, A) b#{ 2 &

[1;, Homa(B;, B;) = Homu(B, B) = End(B)
w w
(d’ij) _ Zi,j S; O ¢ij o p;
[I;;B; ®a Bi ———— B*®a B
W w
Pij @ bij ——— 3 ; %ij 0 pj @ si(bij)
REFAMAD S, LItioT, evi: Bf ®4 B; & B; OFIEHRE LT Y, ov : [[,, Bf ®4 B, » A%BE
ide (Z = ) NRTETY
Bz (pij @ bij)ij 2 >, ev(pij @ bij) = >, @ii(biy) CETDHDLTDHE, pjos; = T
0 (i #J)
FhR

eV(Z Yijop; ® Si(bij)) = Z%J‘pj(si(bij)) = Z ©ii(bii) = Zevi(((Pij ®bij)ij)

.3

BRLEED S, TOMADBIHRTH 2 Z bbb %,

ev;
Hi Bz e Hi,j HomA(Bj,Bi) L> Hi,j B; XA BZZ;> A
B—— s Homu(B,B) — = B*@,B — A
U, EEOXPILT S Z e R EKT 5, O

(6.3.5) Wi, K %kt 52, L7 K HRKIEAKD L %,
L/K D5HHER = Try - L — K 132245

GIH). K # K OR¥EAGE YL LT, S = Hom3®(L,K) LB &, IRE LD S & Homg (L, K) DI
T, 22 Tr(y) = D eg0(y). £2T,a=Te(b) #0%%bec LBFETD, $HL Ve e KITHL
Tr(zb/a) = zaja =2 7% oT, B THZ I hbh 5, O

(6.3.6) Bll. K 21k, L #HRXGEIERE T2, L~ K[X]/(f(X)) & I3, X DLIKBI2B%ak
T3, ¥

f(X)=ao+a X+ + X" € K[X]
FXO)/(X —a)=bo+ b1 X+ +b, 1 X"V € LIX] (by1=1)
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EIBHEE,

(GIERA). 23, a0 ® K OREEAE K BT 2 #£%% ai(=a),...,a, T4, 0<i<n—11ZxfL

- al i
Z X — ay, f’ (o)

MHALT 5 Z IR T %, FB, MoEE n — 1 XKATORED, X =a ZRAT2L012K85DT, %
HRELTH0THD, TRIZZOKXIDEHHATH 2, O

L7izdioTC, e @y trpg(oy) &2 1,a,.. Lo OROFEERIE b;/ f (o) TH B Z b5,

6.4 1751
(6.4.1). M ZHERAEBITHEHN AMEEL T2, BRE L TxL

End (M) — Homy (/\kM, /\kM) ~ Hom (/\kM, A) @ N°M — A
BEHTE S, k=17%0IITH 2,

(&42)(54w);b,Hmm(Athg::AhﬂmmmLA)m%@@yyﬁﬂ@(%/v~A¢wa:Eﬂ@
(y1 A= Ayk) — det((@(yi))i) ZRIGZE2H7E0 5, (6.4.1) O RO
Hom(A\"M, A) @ N*M Hom 4 (A" M, A" M)

W W
(1 A Ap) @ (w1 A v Awg) > (yr A Ayg) = det((0(yi)ig) (@1 A=+ A )

BBHTH B,

(6.4.3). M ZEBFEE r RFFOHRERSHN AMBEL T2 & &, ZAIRFINCIEFER r O BHINEETD
%, DFD, (3.7.14) &Y fi,..., fx € AT My, WHERAERBEH Ay, METDH 2 OBFET 205, O,
My, OBBIETRTr TH 5, T2, (N M)y, =~ N' My, 3B 1 THB05, \'M I3FE 1 OHRAERK
B AMBE. XoT(62.7) Ebev: A"M* @ AN"M — AR ZEHIFAEHRTH 2, UEEREZZTRD
XIIWTERT %,

(6.4.4) EF. M ZERFER r FOBRARGHEN AMBEL 35 (cf. (3.7.21). k=r DL ZD (6.4.1) ®
D Endy (M) — Enda(A"M) — A % detpy/a, detg R0 LI det ¥, dety 1IC& 2 f e Enda(M) D
B det f % f DFTFIR (determinant) ¥\ 5, ZiUud M 2SHHE A MBEOEHEG@EE OFTFIR e FETLICK 2
(cf. (5.4.7)).

(6.4.5) md. M ZEBEER m ZROFRAERSZH A ML 35, f,g € Enda(M) £ 32 %,
det(g o f) = (det g)(det f).

GEH). (5.4.4) X N BEFHTH 205, N"M OZEH#r LT, (N"g) o (AN™f) = A" (go f) TH 3,
—7%, (6.4.2) kY A™f = (det f)id, A"g = (detg)id, A" (go f) = (detgo f)id TH 2 » 5, EiliZ
(det g)(det f)id, F8i& det(go f)id £ =T %, ZHHD Endsa(A"M) = N"M* @ N"M =5 A o
T HAUSHERDE 2 5. O
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(6.4.6) filij. M 2 ERFER m ZHROAMARS R AMEE, A 2 A LOor#IRx 35 L &,
detM/A ®idy = detM®AA’/A’ .

(FEFH). EROWRII NG EEBUCOWTATHZ e bbb, ThbE, M =M, A £EL L
2 NAN"M SEREBINENTDZ Zh o, ROMAIAHUCR 5, £z (5.4.9), (3.7.11) R E D SHEDH
BRETHZ, Ko TTFEPSZ 5,

End (M) @4 A — Enda(NTM) @4 A 5 NTM* @4 N"M @4 AN A, A

l l l: |

End 4 (M’ End 4 M —=— ANTM'* Xar M — s A
A

O

(6.4.7) . M, N ZEBFEBE RO RAERS T A MEE, rank(M) = m, rank(N) =n &35 & X,
f€Enda(M), g € Enda(N) iZHfL,

det(f ® g) = (det f)™(det g)™.

GE). feg = (f®id)o (ildRg) THZDT, (64.5) &b g =id DBEIRHIZ T TH S, (3.7.14)
ED s1,...,5, € AT N, "ERERAH A, METH2 L OBEET %, det(f @id)id ¥ (det f)™id
% Enda (A" (M ©4 N)) oﬁuzmﬁza ey N, ET—HTHE, (2934) D M LT —%
T2, Ko T NPEREKAHE A NMFEOHECRETZZ2DT, N = A" t LTHbDbRWV, ZOHA,
M@aN=2@"MBEDT,s;, >mBE6N'M=0rk%%ZFEETZ, (5.4.11) &b

A"(M @4 N) = A™ (@ M) D (® /\‘”‘M) ~ ® A" M

S1+-+sp=mn =1

ThHd, HDCBIF B A™(f @id) 72 5ZHIE, det(f @ id) fEBHETH 225, HLCBVTE (A" f) @ ®
(A F) 72 BEHUCHIET B0 A f 1E det f FEBEETH 55 5, (det f)" fBEETH S Z L hbh b, koT
det(f ® id) = (det f)» TH 5., O

6.5 JILLE®

(6.5.1) %E#. A Lo (AL 3RS LW) B’ B 2 A MEf e UTHRAERNEN O EMEBERO L &,
A: B — Enda(B);z— (\s iy zy) & det : Enda(B) — A £ DER%E /JIWLEE (norm map) £ W\,
NrB/A:B—>A Z%<o

(6.5.2) flif. R B BAHERT, A PERIX—LTH2 LT3, ADTHRERERTZ— 1w 7K
AZHAUZL, S := Homy (B, A) ¥ LT, #S =degy,(B)=n £ TE3, S={o1,...,0,} £ T3, ZOL ¥

x € BIZHL
x) = Hai(x)

(GEHH). BhOBE (6.3.3) & IFKE 0
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(6.5.3) filill. A Z0[#8R, B, % AL L CHRERFEN P OEHEREROL S A LOR
B=B; x---xB, 3%, 2Dt X,

NI'B/A = HNrBi/A'

(GEHA). ranka By = 7, r = Yr; =ranka B ¥ 53, AMBEL LT, B~ @Y By THH, Y5 =1 o

NB~ P ®/\B~®/\B

s1+-+sp=r i=1
THDZehbh b, (ARERFHEAME M 1oV TH, rank M =n O % FEMLL THHMEDOS
KIREEEZZ T, r>n b N'M =0ThH3 bbbz, ) (5.4.22) &b —ic AMEE M H5H% a@
2o N'M SHEHTHY, (NM)* ~ N M* 723 BRBZREDH 5 DT

(@ A B)) & (@l N B) ————— Homa (@), N5, @, N B)

! !

(N"B*)®a (N'B) Hom4(A\"B, \"B)

®; (@1 A Apjr) @ Q;bis A+ Abir,) = (@ (bix A+ Abir,)) (®; (051 A+ Agiry)

l [

N (@it Ao Npgr,) @ Ni(bin A s Abi ) = (Ay(bin A Abir,)) (Aj (i1 Ao A gyry))
2B o AMBEOFHRRIZENT, FHITNTHEE, F7z, (5.4.19) & D RIFATHL,
Hichi

(@, N"B}) @ (QF, N By) ' A
! . |
(AN"B*) ®4 (\"B) E A

®; (01 A A i) @ Q,(bin A+ Abir,) — 11y det((pia(bir))st)

!

/\j (pjr A-ee A ‘/’jw) ® Ni(bin A Abip,) — Hf:1 det((ﬁaw(bit))st)

ZD2DOMb5

@ B; — Enda(® B;) — Enda(N" @ Bi)) — (Q_, A\"B}) @ (Q_, N"Bi) — A

| | | L H

B — Enda(B) — Enda(A'B) — > N'B*@ AN'B —— A
AT, L7ehio T Nrgya =[], Nrg, /a. O
(6.5.4) . LUF, BUSAIHCH 2 LT3, A% —X—BL B% A LOB, C% B LoBYy L, Bl ANl

B UCTHRAERST N2 O B 25, C & BB L THRAERSEH 2 OEBFERE RS 5 5,

lDr
TrB/AOTrC/B:TrC/Av NI'B/AONI‘C/B:Nrc/A.
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(REFA). M 2 AMBEE T 2L, M = [, pax Mp DPEFHTH2 28, 3L (6.24) X DIEED p € Spec A
WL, Ay ETEDFEMMAMILYT 2 2 2B AT 0RDT, AZBRARE LTHEDRV, 5 —X—0fK
D A D5 Ad A BVHT, 2OERAR AMBEM L M @i A~ M ei3Z2re AR5
L LTERATE Y, ZOHE B~ By X+ x B, £33, 72720 B; \35%H%R A LORET, AN
MY LTHHRL D THS, ZOLEXC,=Cop B, tBFEC~Cy x---xC,, THY, (6.34) REDDS
z=(21,...,2n) € CITNULTE Tre/p(2) = (Tre, B, (21),-- -, Tre, /B, (2n)) THZ I DI D, UL
D, B3 A LHMH,Cd B AR LTHbLAEV. ZOBEIZRELR-> TF 2 UIERIZHEMARITH 05
HICRAETE %, O

BE Xk

[Ka76] JMH#EFE, mE0 Y —RE L 11, AiGHE iRy, SikEE, 1976.
[Kun85] E. Kunz, Introduction to Commutative Algebra and Algebraic Geometry, Birkhduser, 1985.
[Mat86] H. Matsumura, Commutative ring theory, Cambridge studies in advanced mathematics, vol. 8,

Cambridge University press, 1986.
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s

=111}

-, 38
AL, 25
Ay, 25
A[L/f], 25

D My, 8

Coim f, 13
Cok f, 13
cok f, 13

deg a, 60
det(f), 68

ev, 65
f®g, 16

H(M?*), 30
H"(M*), 29
Hom(X,Y), 14

IB, 52
Im f, 13

Ker f, 13
ker f, 13

M*, 29
A-Mod, 4
M*, 54

Nr, 69

M®N,8
TRy, 15
M ®4 N, 15

1My, 8
rad(A), 51

Set, 38
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S—1A4, 25
Spec A, 24
Spm A, 28
>Ny, 11
Sym’y M, 56

Tr, 65
tr, 66

VY, 48

N M, 57
AAM, 60

z*", 56

zi e ey, 56



5|

A-ring, 5
5 JEME, 34

additive, 32
adjunction, 37
algebraalgebra

A-algebra, 5
alternating, 56
automorphism, 5
AR5

balanced, 14
basis, 10
bimodule, 4
biproduct, 11

boundary operator, 29

cohomology group, 29
coimage, 13
cokernel, 12
complex, 29

constant rank, 52

determinant, 68
diagram chase, 33
differential, 29
direct sum, 8
divisible, 44

domain, 23

endomorphism, 4
evaluation map, 65
exterior algebra, 60

exterior product, 57

faithfully flat, 45
field of fractions, 24
finite, 41

finitely generated, 11

73

as a ring, 41
five lemma, 34
flat, 45
free, 10
free basis, 10

free module of finite rank, 11
graded ring, 57
homomorphism, 4

ideal, 5
image, 12
integral domain, 23

isomorphism, 4
kernel, 12

left A-module, 3

left adjoint, 37

left exact, 36, 37
linearly independent, 10
local ring, 24

maximal ideal, 24
module-finite, 41
morphism, 4
multilinear, 55

multiplicative set, 22
norm map, 69

of finite presentation, 40
as a ring, 41

of finite type, 11
as an A-algebra, 41

PID, 42
prime ideal, 24
principal ideal domain, 42

product, 7



quotient field, 24

quotient module, 6

rank, 11, 65
rank function, 52
residue field, 6
residue ring, 6

right adjoint, 37

right exact, 36, 37

ringring

— over A, 5

short exact sequence, 29

snake lemma, 35
spectrum, 24
split, 31

sum, 8, 11

symmetric, 56

symmetric algebra, 57
symmetric product, 56

system of generator, 10

tensor product, 15

torsion element, 46

torsion free, 46

torsion module, 46

torsion part, 46
trace, 65

trace map, 65

zero divisor, 23

zero ring, 23

1 K7, 10
A 77N, 5

RERL, 11, 65
FERUBERY, 52
SV, 57
MR, 60
Al 7

#%, 12

74

I, 4

AR, 44
Pk, 32
BFAY, 32
B
AL 5

524 (BIF), 36, 37

R, 10

FRERR, 29

151X, 68

R, 23

JRIFTER, 24
PiZBIF5—, 24

KA T 7L, 24

RBAER, 17

ZAHY, 56
akERY—HE, 29

HCHERAY, 4

HORA, 5

THBUSER, 57

HAR2 5%, 8

HAR MR 6

9, 4

S, 41

HH, 10

X 2EIEYy T2 HM ANt
X 2HEX T3, 10

HEHEE, 10

A HERIR 4

HEEAY 4

HER B ANEE, 13

FANNEE, 6

R, 23

FIRINEE, 6

IR, 6

FIRIK, 6

B, 37



A
XGEH, 33
AR N7 L 24

B, 23
A%, 10
¥, 65, 66
PEAR, 65
FHPAE S, 22
EHF, 23
HIERE, 32

FEAFTN, 24
%, 12

BNEE, 4
ROGHHNEE, 54
RO 22, 54

XFRAE, 56
ML, 57
SRR, 56
(¥4
AREL, 5
ZILE, 5
ZEMIY, 55
rEsERH, 29
HIEA 77 VR, 42

BT, 45
EfE, 7
A, 8

RVERCTHEAEZFRWT—ER, 8

ERPEEL, 52
5V VM, 15, 18

AR, 4
%, 4
AfRBD 5

PIERIEAT, 11

(0]

AGTHY, 43

T AINEE, 46
PLCNDRW, 46
AL, 46
AL nHRIr, 46

J VLB, 69

AT TN, 5

Je A NEE, 3
Fe5e4, 36, 37
FEREFERE T, 37
a7, 29

A EAR, 65
FEHER SR, 8
FEHER 7 HE R, 6

i, 1
ik, 29
Bk 5, 29
o InEE, 5
7%, 31

A, 14
IH 45
DR, 35

UEER, 8
TEHERAY, 8

HATT7N, 5
A TNEE, 4
fi5e4, 36, 37
GbEREREF, 37

AR, 41
ARRFERCE HANEE, 11
AIRA 11

AR LT 41
BRRAERL, 11, 41
AIRER, 40

ARBE LT 41



%, 12
R, 13

w4 77, 5

FhNEE, 4
T, 23

f, 11

76



