
����
,���
��	
����

���������������

March 10, 2006

��
�� !"#$

,%&'()*+,-./01,2/34560789:;<=>
?@8A#B78

.2C9:;<$D#C%&'()*C:;EF>GC�HIE�
�B7J

,
�HI��KLMNON=P#QR#2C:;<3ST@8UV3WR.
/8

.%&'(XYZ[C�� !"C\]$, M. Kontsevich
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��������,�����������(DGLA) L�������������
� �

(Schlessinger-Shasheff [20]¡¢�£�¤¥¦§¤̈).
L©����ª«�¬®, d : L → L©��d2 = 0¡̄�, L°��©±²³́µ

◦ : L ⊗ L → L©¶²¡·�. p ∈ L
���

d����

(d + p)2 = 0, ⇒ D(p) +
1

2
[p, p] = 0, d(p) := dp + pd. (1)

¡̧� �.³◦°¹º»,��¼�½¾¿¡ÀÁ��(pre-Lie)
µ́©¶²Â,³◦�Ã

·�ÄÅÆ
[ , ]
���³©ÇÈ̄, (L, D, [ , ])
�

DGLA©É̄, (1)
�¢�DGLA�

��Ê�·Ë¬ÌÍÎÏÐÑMaurer-Cartan equationÒ¡ÓÔ �.
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��
1.1 p
�

d¡����©¶²�������, p�DGLA����deg(p) = 1
�

��.
²��

,
��

d����, DGLA���Ê�·Ë¬ÌÍÎÏÐ��®(versal deforma-

tion¡ÓÔ �) MC(L)¡̄�ÇÈ� 	.
DGLA
�
̄�ÇÈ� �����Å�,����Å��º�À�¡̄�L���

�®���Ã�∼©Ç�,������Å�MC(L)��©±².���, MC(L)��
�Ã�

∼
����®�

well-defined
���.

M(L) := MC(L)/ ∼ .

Ñ��
d�Ò������Ê�®���M(L)¡̄�ÇÈ� �.��, M(L)

�
DGLA

L���������Ñ������������(L∞

��
)[16]Ò���¾¼.���

��
,��������DGLA�������������� �.

1.1�� !"(A, m)#$%(Gerstenhaber [5, 6])

A©k(= C)&�ª«�¬®¡·�. Hom(A) = Homk(A), Homk(A) := {C : A⊗k →

A, multi-linear}¡̄�, C ∈ Homk(A), C ′ ∈ Homk′(A)
�
̄�³

C◦C ′ ∈ Homk+k′−1(A)

©
C ◦ C ′(a1, · · · , ak+k−1′)

=
k∑

r=0

(−1)r(k′−1)C(a1, · · · , ar, C
′(ar+1, · · · , ar+k′), ar+k′+1, · · · , ak+k′−1)

�ÇÈ·�
.
� �'¹º»���°,¢�ÄÅÆ

[C, C ′] = C ◦ C ′ − (−1)(k−1)(k′−1)C ′ ◦ C
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������³©ÇÈ·�.��ÄÅÆ�����������	
Gerstenhaber

bracket�¡ÓÔ �. [5, 6]

� ©���,���(A, m)°¹º»���¡¼����

[m, m] = 0

¡���.²��,Ñ[ , ]�������ÒD = [m, ] : Homk(A) → Homk+1(A)
���

:

D2 = 0¡¾�.
���

,
¹º»¾³

m����

D(C) +
1

2
[C, C] = 0

©�	·m + C, C ∈ Hom2(A)
������� �.²��, DGLA (Hom(A), D, [ , ])

���Ê�·Ë¬ÌÍÎÏÐ������� �.
����

, Homk(A)�DGLA¡̄�����k − 1
¾���Homk(A) = Homk−1

k (A)

¡���̄��¿.Ñ²��, deg(m) = 1.Ò
��

1.2�&���©, Hom(A)©� ¾!�������"̄�¥#�¡$%¾&'
»¾()°¥#� �.��,*+��,-���É�*+.�/0��"̄	Â°��
1Æ2

[2, 3]
Ñ�3¡̄�[18]Ò¡¾�.

1.24
56

ª«�¬®
A©����ª«�¬®V := ⊕r∈ZV r

�78·�
.
��Â,*+.�

/0¡̄�,

Hom(V ) = ⊕k,rHomr
k(V ), Homr

k(V ) := {C : V ⊗k → V, multi-linear | deg(C) = r},
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²����
r ∈ Z¡k ∈ Z≥0°��¾À�·��©¥#�.&�¹º»���, A = V −1,

r = k − 1��º�
�·�.
�

,&��¬��Í�����	�
�¾78¡̄����	

[ , ] : Homr
k(V ) ⊗ Homr′

k′(V ) → Homr+r′

k+k′−1(V )

°ÇÈ���.
Ñ
o1, ..., ok+k′−1 ∈ V¡̄�[m, m′] ∈ Homr+r′

k+k′−1�ÇÈ�

[m, m′] = m ◦ m′ − (−1)r·r′m′ ◦ m ,

m ◦ m′(o1, · · ·, ok+k′−1) =
k−1∑

i=0

(−1)r′(o1+···+oi)m(o1, · · ·, oi, m
′(oi+1, ··, oi+k′), oi+k′+1, · · ·, ok+k′−1) .

��#� �
.Ò
��Â,��(Hom(V ), [ , ])
��������©É·. [5, 6, 23]

��
,
¹º���Â¡�$,����m ∈ ⊕kHom1

k(V )
¾���

[m, m] = 0

©�	·À�©¥#��.���Â, (A, m)
�

,
À¡À¡����¬��®�Ç�

�́µ¡̄���� 	�����¹º��(A∞

��
) [21, 22]©É·[23].
Ñ��

:

m ∈ ⊕kHom1
k(V )
�

, mk ∈ Hom1
k(V )¡̄�m = ⊕k≥0mk¡���.��m0 = 0�

(V, m)°À¡À¡[21, 22]
�ÇÈ� 	

A∞

�����, m0 6= 0�Â(V, m)©�A∞

�
�¡Ó����·��¡À��.Ò
¢̄�

,
��A∞

µ́
m���m+C, C ∈ ⊕kHom1

k(V )
���

DGLA (Hom(V ), D =

[m, ], [ , ])���Ê�·Ë¬ÌÍÎÏÐ������� �.ÑHomr
k(V )�DGLA��

��
r
����ÇÈ� �.Ò
���

,�����¾��»¾()°¥#� �.
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��
1.1
����¾�����·�́µ������������ �������?
Ñ��1Æ2��º�,¹º»���������Í́µ¡‘1 : 1’

���	.Ò
��

,
����¾������Ê�®�������������,À̄����L∞

��
L
��

DGLA (Hom(V ), D, [ , ])	�������/0ÑL∞

/0�
,
���
��

���©��·�À�Ò°�· Ô,¢���()�L∞

��
L
�²¼��()��

����
.
�����,À̄��L∞

��
L
��

DGLA (Hom(V ), D, [ , ])	�L∞

/0

°�· Ô, D = [m, ]������L∞

��
L���Ê�Ë¬ÌÍÎÏÐ����́

É���
.
²��

,�¿�¾�����ÇÈ� �DGLAL∞

���®�À̄L∞

/

0°�· Ô,¢�L∞

/0�¢ ��DGLAL∞

���®��¿��Ã�©�#
��¡¡¾�.
������L∞

/0��©�·��'����¾()���. �̄̄, L∞

/0�
�°�����±��� !"#$%&DGLA'L∞(

)*+,-#
../0 12

"!345#
.
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6789:;<=>?@

ABCDE
, L∞F
G*HI,�J��� !"#

DGLA'L∞(
)*+KLMN&O

PQO'&#RST*,-#UVWX*�YZ�WX[\$%.
R]̂_̀*abB-#,

,
0*cd]efghV1$i!jC� #.RST1k"

!lmnop&q]rstuB-#
.
rstu]

,
efghVA*v*ST',0 1w

xEyz{efghV*|}~�P��*�h����K�\#�'1$��X ,0*

�h����� E|}~�P��A*-#��'x!��X #.lm��*yz{

efghV],�),��S1
K�)��

,
efghV*����0*��S1
A1yK�
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,
��

,��A*y]0 � �R,�R*��*��1��5#.� X

*rstuWXY	#(
)
�]

,
yz{efghV*|}~�P��*�h����*

stratification
1z�xE�&��

,��1��p�����*
�1��� !"#.

��
2.1 (���)�),��K�2yz{efgh*|}~�P��*�h����K

�2�\,0*�h����� E|}~�P��*�5�����'0*A*� *+

*�'KRST'!".

#$
2.1
1

,
v*ST'x!efghVWX-#%&bM'*F

GKv'5#m*
()*g+,-K.�#',0 WX�X #�����A*� ]M*/0*12K�

2�''&#.
�!

,33*451.1
167%

.

A∞(
)

(V, m)
]

, A∞

�����
A∞'
!8 #_)z{9������

(DG
��

���
)
*

V
A*� 'x!�X #(cf. [19, 10]).
2	�

, DGLA (Hom(V ), D, [ , ])
1

$i!:;� #(V, m)
*<=]

, A∞

�����
A∞

*
,>YxEVA*� *<=

B-#
.

�?,�*A∞

�����
A∞

]
,
yz{Q@A�(Q@A�*��A*y*�B��-

*|}~�P��*wC&�h����*�2
�B-#.2	�, A∞(
)

(V, m)
]

tree
*�R'x!D � #(cf. [10, 17]).

�X1�?,��1tree*�R*ST'x!,yz{S2*|}~�P��*D�h�

���]
L∞

�����
L∞

*
�K��
,
0*

L∞

*
L
A*� 'x!L∞(
)

L
,

�X #
[7, 13] (cf. [10]).

��B
,
efghVA*v*STK�2>Yx!tree*�R*ST'tree*�R*S

TK.�#
.
5#',��1EF]�R1�x!A∞(

)
(V, m)'0*<=KjC5#
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DGLA (Hom(V ), D, [ , ]),
�R1�x!

L∞(
)

L
,�X #�',��B{#.�X

1
, tree
*�R'�R*�IxE�(��5#efghV]��'��1yK�2Q@A
�(

+
yz{

S2
--K.�#',0 1z�xE, A∞(
)

(V, m)'L∞(
)

L
K

‘��’
$%&

L⊕ V
A*(
)
�,�X #

.
� K

Open-closed�|��f(
)

(OCHA)'
!"

[11, 12].
�X1

,

��
2.1 ([11, 12]) OCHA (L ⊕ V )
,��X #�''L∞F
G

L → (Hom(V ), D =

[m, ], [ , ])
,��X #�']�	B-#.

�*�'WX, tree
*

open-closed
*wC&RSTK.�#�',2	�tree*open-

closed
*efghV*|}~�P��*�h����*�5�����(open-closed

�

����
OC∞ [11]
-A*� K��#�',-#L∞(
)

, DGLA'0*�*
�4&

L∞F
G*HIKJ�5#�',�WiE.

Kontsevich
*<=q��,�*G*�2*�B-�([12]),

�X1
tree
*�R*�5

L∞(
)'x!],��
�*(��-<=1z�5#DGLA [1],

(RST1k"!
B
+

,'!8 #ST(cf. [12])
-

,
�X1

generalized complex structure
*<=1z�5#

DGLA [8]
&�K.�#�',B{,��5#A∞


�*<=*HI,J�� #
.

��f���&�K�%��1k"!], tree
*�R*�5

L∞(
)]�4'&�,2

	�
,
��5#

A∞


�*<=,
��p'&i!"#([12]
K�$-

.
0*$%&��

1k"!]
, A∞(
)*<=]

,��*/0�*<=KjC5#L∞(
)

L
*ST*

,(
)p

,
-#"]�|�}fSTp&jC'�#�',B{#(��8Kontsevich

1$#

�|�}fp��f���[14]
K�$-

.
(<=q��*v�*

∗
�*$%1-

,
�*$

%&
A∞(
)*<=K bp1jC5#�'] I'!m!"#"45*�2'&i!

"#
.
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o�B]<=ST'*��*�yWXOCHA
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. OCHA
*

,
��5#yz

{efghV*|}~�P��*�h����'*�	12"!][10]
B�3
 !"

#
.
0�B]�|��f(
)*�,�B-#

A∞(
)*

,
0 '�	5#A∞

��
, A∞

�����&�K���31[	�, L∞(
)

, OCHA
12"!�&*�3,
 !"#

.
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*

open-closed
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