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1. A -algebras

1.1 Based loop space (see MSS:book,p9~)
X : a topological space
Y = QX : the space of based loops in X
xo € X : a base point
An element of Y isamap x:[0,1] — X
where 2(0) = x(1) = x( (Figure 1 (a)).

X (00) 0

x t= 0 1/4 1/2 1
t=0 =1 2 : Ks
t= 0 12 3/17 1
o (o0
(a) (b)
Figure 1:

We have a product as a group-like space

My :Y XY —Y .



It is given by connecting two loops as

My (x,z")(t)
Ms(z, 2" (t)

x(2t), 0<t<1/2
P2t —1/2), 1/2<t<1.

My is not associative but clearly there exists a
homotopy described by an interval K3 (Figure 1 (b))

Mg:KgXYXYXY—>Y.
When we represent the product by a trivalent planar

tree, the relation above is characterized pictorially as
in Figure 2(a).
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Figure 2:

Next, when considering possible operations of
(Y)** — Y constructed from M, we have five tree
graphs Figure 2(b).
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Each edge corresponds to K3 and K4 bounded by these
edges is a pentagon. The corresponding homotopy

My : Ky x (Y)* =Y

is then defined. Repeating this procedure produces
higher homotopies

M, :K,x(Y)" —Y.

K,, n > 2 is a polytope of dimension (n — 2),
where K5 is a point.

Generally, if a topological space Y can be equipped
with the structures {M,,, K, },>2 as above,

(Y, {M,,, K, }n>2) is called an A..,-space
(J. Stasheff'63).

To capture the structure of the A,,—space,

the terminology of tree graphs is convinient.



1.2 Tree graphs and A..-operad

Planar tree graphs are obtained by grafting planar
corollas.

A [-corolla ¢; is a planar tree graph with one vertex
and [-leaves all attached directly to the root.

1 2 l

5l3:\/

The composite 0 ®; 9; is given by grafting the root of
0; to the i-th leaf of dj, reading from left to right

where j =1+l —1landn=k+1—1.
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Let Ao (n), n > 1 be a graded vector space spanned by
planar rooted trees of n leaves with identity e € A, (1).

For a planar rooted tree T' € A (n), its grading is
introduced by

T =int(T)+(2—n),

where int(T') is the number of the internal edges in T.

A tree T € A(n), n > 2, with int(T) = 0 is the
corolla ¢,,.

Any tree T with int(T') = 1 is obtained by the grafting
of two corollas.

Grafting of any two trees is defined in a similar way.

Any tree T" with v(T) > 2 can be obtained recursively
by grafting a corolla to a tree T’ with int(1T") =
int(T) — 1.
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One can define a differential d of degree one, which
acts on each corolla as

k
d (8,) = > PDEX )

k1>2, k+l=n+1i=1

and extends to one on A, = @,>1Ax(n) by the
following rule:

AT &; T") =d(T)e; T' + (—)TIT o, d(T") .

If we introduce the contraction of internal edges, that
is, indicate by 77 — T that T is obtained from 7"
by contracting an internal edge, the differential is
equivalently given by

with an appropriate sign =+.

Thus, A, forms a dg operad, called the A..-operad.



11

e Back to the associahedra ...
{K, }n>2 forms a topological operad.
Each K,, is associated with a planar tree n-corolla 9,,.

Associated to the grafting of corollas, one can consider
the following inclusion map

Kk: O; Kl — Kk+l—1 .

By construction, for { K, },>2 we have

k
0K, = Z Zi K 0; K;

k+l=n-+11=1
k,0>2

for the codimension one boundary of K,,.

Namely, the differential on the operad is given by the
boundary operator of the associahedra.

Thus, the cellular chain space {C.(K,,)}n>2 forms an
A o-operad.

One can see that the grading of a tree T' € A, (n),
int(T) + 2 —n, is equal to minus the dimension of the
corresponding boundary piece of K,,.
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e An algebra A over A, is given by a map
¢ Aoso(k) — Hom(A®* A), k>1,

for a complex (A, m1), compatible with respect to the
compositions and the differentials.

Here, the composition in &, Hom(A®*, A) is given
in a similar way to that in A,
and a differential on @5 Hom(A®*, A) is given by

k
d(g) = mig — (=11 go (1% @my @ 1207)
1=1
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Denote ¢(6,,) =: m,,, and the compatibility

turns out to be

mim, + Z mn(1®i—1 My 1®n—i)
i=1
k

= ) ) Em(¥ T @m ©19)

k+l=n+1 j3=1
k>2,0>2

This is the defining equation for
an A.o-algebra (A, {my,}n>1).

Thus, an algebra over A, is an A..-algebra.
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Compactification of moduli spaces of
disks with punctures on the boundary

It is known that K, is obtained as the real
compactification of the configuration space of (n — 2)
distinct points in an interval.

It is equivalent to a real compactification M, of the
moduli space M,, 11 of a disk with (n + 1) points on
the boundary (Figure 3 (a)).

The compactification is further described in terms of
the planar tree operads (Figure 3 (b)).

Y

- -

o0 ©.¢)

(a) (b)

Figure 3:
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M, 11 is described as the configuration space of (n +
1)-punctures on S ~ R U {co} divided by

;, \ ar+b a b
:U(:E)_cm—l—d’ reR, (c d)ESL(2,]R).

This degree of freedom can be killed by fixing three
points on the boundary. Usually we set the three points
at 0, 1 and oo.

We take the point oo as the ‘root edge’.

(This distinction between the root and the leaves are
absorbed by imposing “cyclicity” as seen later. )

Then, the interval is identified with the arc between 0
and 1 as in Figure 3 (a). Thus, we obtain:

./\/ln_|_1={(t2,"' ,tn_l)|O<t2<t3<"°<tn_1<1} .
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Compactification

o Moy1 ={pt} — Mo ~K,,

o Mz~ {ta |0<ty <1} — Mz ~Ksy,
o Myi1 ={(ta,t3) | 0 < ta < t3 < 1}.

However, by SL(2,R) transformation (cyclicity !)

1t

/
w(x)_l—.fv’

transforming (00, 0,2, t3,1) — (0,2'(0), 2'(t2), 1, 00),

again {(2/(0),2'(t2)) |0 < 2'(0) < 2'(t2) < 1},

but, the dimension one boundary (t3,t3) = (t2,1)
is transformed to a point (2'(0), 2'(t2)) = (0,0).

Similarly, for (t2,t3) = (1 — €,1 — ae) with a fixed
e << 1, 0<a<1,the imageis

(2(0),2'(t1)) = (ae,a) .

Thus, Mjs should be compactified as a pentagon
instead of a triangle.
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In such a way, we obtain
the associahedra with the cyclicity as M, ;.
(Tree open) string theory should be

an algebra A over the operad {M,,;1},>2,
where the operad map ¢ : M,, ;1 — Hom(A®" A) is

given by the string amplitudes (correlation functions):

/ Q:A%CTD

Mn—l—l

for an appropiate differential form € on M, 1,

with an appropriate non-degenerate inner product:

n:AA—C.

A succesful construction of M,, is given by string field
theory (Witten, Zwiebach, etc...).
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1.4. A -algebras, A .-categories

Def. A weak A..-algebra (V,m) consists of a 7. (or
Zo-)graded vector space V = BLVF (or = Ve @
Vodd) with a collection of multilinear maps m := {m,, :
VO™ — V1,0 of degree (2 — n) satisfying

0= > S‘ “my(vr, v (4, V)

k+l=n—+1 7=0

yUjtl41, " 5 Un) s
wheree = (7 +1)({+ 1) + (o1 + -+ - + |vj]).
In particular, if mg: C — V? is absent,
(V,m) is called a (strict) A.-algebra (J.Stasheff'63).
For mi1 = d, mo = -, the first three relations :
i) d*=0,

it)  dz-y)=d=) y+ -z dy) ,
i) (rv-y)-z—x-(y-2z)=d(ms)(zr,y,=2)

forx,y,ze V.
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i) : d is nilpotent and (H,d) defines a complex.

it) : d satisfies Leibniz rule for the product -.

i11) : the product - is associative up to homotopy.

Rem 1 An A_.-algebra (V,m) with vanishing higher
products ms = my = --- = 0 is called a differential
graded algebra (DGA).

Def. We call an A..-algebra (V,m) a cyclic A..-
algebra if a cyclic structure is given by a nondegenerate
symmetric bilinear map n: V ® V. — C of fixed degree
in| € Z satisfying

U(mn(’Ul: T 7Un)7 Un+1)

_ (_1)n+(|vzl+...+|’0n+1|)|Ul|n(mn(7}2’ e Una1), V1)

for each n > 1. Here degree |n| indicates that n(v,v")
is nonzero only if |v| + [v'| + |n| = 0.
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A different definition in the degree

Def. [A-algebra (H,m := {my}r>1) <]

H = ®,czH" : Z-graded vector space

{my : (H)®% — H}x>1, multi-linear, degree 1, s.t.

k1
Yo (=nylettloiln (o, 0,

k+l=n+1 3=0

ml<0j+17 T 70j+l)70j+l+17 T 70n> =0 (n > 1)

Def 1 We call (H, m) above a cyclic A..-algebra if it

has a nondegenerate skew-symmetric inner product
w:H®H—C,
of fixed degree |w| € Z satisfying the cyclicity :

w(mn(eh Ty Gn), en—}—l)

— (—1)(|€2|+"-+|€”+1|>|€1|w(mn(62, e ent1),€1) .

The sign can also be written as (—1)(|€2|+“‘+|6n+1|>|€1| =
(_1)(—|w|—1—|€1|)|€1| — (_1)|w||€1|.
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Lem 1 For a graded vector space V = @, V* with k
the grading, let

s:VFE - VE] = HL

be a degree shifting operator called suspension.
Then two definitions of cyclic A..-algebras are
compatible with each other through the suspension

S.

proof. Let us distinguish the A..-structures in two

notations by m’* and mY. A relation between the

multilinear maps is given by
myt = (=D e (571"
or more explicitly (Getzler-Jones'90)

mzl_((elv e 7677,)

— (_1)2?:_11(n—z)|€z| va(s_l(el)a T 78_1<6n>)

n

A relation between the two cyclic structures is also
given by w =n(s™t ,s71), or

wle ') = (=1)n(s~(e), s~ () -
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Def. A weak A.,-category C consists of a set of
objects Ob(C) = {a,b,---}, Z-graded vector space
Vap := Hom(a, b) for each pair of objects a,b € Ob(C),
and a collection of multilinear maps

m:i= {mn : Va1a2 X ® Vanan_H - Valan+1}n20

of degree (2 — n) satisfying

k—1
0= S: S:i Mk (V12 *** , Vj(j+1)s

k+l=n-+1 53=0

MIVG+1)(j+2)> > VG+D) (++1))
S VGH41)(GH42)s """ > Un(nt1)) »
where £ = (j +1)(1 + 1) + I(Jviz| + - + v+ 1))

In particular, if mg =0, it is called an A..-category.

(Fukaya'93)
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Def 2 We call a weak A..-category (V,m) a cyclic
weak A_.-category if a cyclic structure is given by
a nondegenerate symmetric bilinear map 7 : Vg, ®

Vba — C of fixed degree |n| € Z satisfying

n(mn(vl% U 7Un(n+1))7 U(n+1)1)
_ (_1)n—|—(|v23|—|—...—|—|’U(n—|—1)1|)|U12|n(mn(/023’ . ,’U(n+1)1),’012) 7

for each n > 0.

The suspended version of a cyclic weak A..-category
can also be defined, where the degree of the multilinear
map m,, is one for all n > 0.
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1.5 Examples of A_.-algebras
e DGA
o DGA (2(X),d, AN) of differential forms Q(X)
on a manifold X. This is a commutative DGA.
o DGA (V := End(F) ® Q(X),d, N)

for a vector bundle £ — X with a connection

V:I'(M)® QX)) - T(M)® QF(X) .

The differential d : V¥ — V**+1is given by

dv)=V-v—(=1)f-V, veVF.=I'(M)® Q"X).

The product A: V®V — V is given locally
by the matrix multiplication of End(F)

combined with the wedge product in (X).
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e DG category

For a fixed manifold X, consider a category C such
that

Ob(C) is a set {a,b,---}, where a is a vector bundle
E, — X with a connection V,

and for each pair (a,b), Mor(a,b) =: Vo, = QpezVE,
VE = Hom(E,, Ey) ® QF(X) .

Then C forms a DG category, where the differential d
is given by

d(vap) = Vi Vab — (—1)"0ap - Vo Vab € Vab -
The composition is defined in a natural way.

Rem. o One can replace vector bundles on a manifold
with (projective) modules over a (NC) algebra A in
this set-up.

o Instead of the DeRham complexes of differential
form, one can consider a Dolbault complex. Then, we
can consider a DG category on a complex manifold.
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e A geometric example

Consider a collection {L,, Ly, - -}, where L, is a line
in R? defined by

La:y:taw—i_uaa taauaERv (xay>€R2v

and we regard a = b iff (t,, uq) = (tp, up).
For each pair (a,b), V,p, := VY @ V% is given by :
o if ty < ty, VO =C vap, Vi =0,

a

oif t, > t, Vaob =0, Vi—=C. Vab,

o if t, =tp, Uy F# Up, Vaob — Valb =0,

oifa=", Vo, =C-1,, V), =C-1,,
Here, v,, 1,, 1, are the bases of the vector spaces.
Vqp IS identified with the intersection point of (L, Ly).

The z-coordinate of v, is denoted by x(vgp).

An A, structure m,, of degree (2 — n) is defined by
m1 = 0 and, for n > 2,

mn(vamw T 7Uanan+1) = Cay-anq1 " VYaranqq o

Caj-anq = (V) -exp (—A(v)) .
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Here A(v) is the area of the polygon surrounded by

U= (vawzv " s Vapagn s Uan+1a1> y

and ¢(v) = £1 or 0 : if v forms a clockwise convex
polygon, ¢(v) = 1 for even n and

'CU(UCMGQ) o x(van—i—lal)

c(v) = for odd n,

|x(’0a1a2) - x(van+1a1 ‘

where we count 1, as a convex vertex and 1, as a
non-convex vertex vq,q,,; With a; = a;11 = a.

In the case v does not form a clockwise convex polygon,
clv)=1ifn=2and 3 7¢s.t. a; =a;r1, and
c(v) = 0 otherwise.

A degree minus one nondegenerate symmetric inner
product 1 : Vi, ® Vi, — C is given by

77(1@7 ia) =1 ia: ]-a) — 4, a="b.

Then (V,n, m) forms a cyclic A.-category.
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The fact that the structure constant is non-zero only
when the corresponding polygon is a convex (n + 1)-
gon is equivalent to the fact that ¢,,...q,,, Is nonzero

only when 37" deg(vaya,.,) = —2+ (n+ 1).

Namely, if we go around a convex (n + 1)-gon in the
clockwise direction and assign the degree k (zero or
one) such that dim(Va’zaiH) # 0 to each vertex vg;q,, ;.
we always have two degree zero vertices and (n+1) —2
degree one vertices as in the above Figure. Thus, we

have
n—+1

Z deg(vaiai—i—l) =(n+1)—2
1=1

for any convex (n + 1)-gon.
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The A,.-relation follows from a polygon which has one
nonconvex vertex.

There exist two ways to divide the polygon into two
convex polygons. The corresponding terms then appear
with opposite sign and cancel with each other in the
A -relation.

For example, in this figure, we have the following
vertices with their degree assigned:

Uab Ube UVed Ude Vef Ufg Ugh Uhig
1 0 1 1 0 1 0 1
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According to the way of dividing the area X +Y + Z
into (i) X+ (Y +2) or (ii) (X +Y)+ Z, we have the
following composition of multilinear maps:

(1) £ Vab(VbcVedVdeVe )V gUgh Ui
Y

(i1) £ VapUbeVedVde (Ve fUF4VUgR ) Vni

where (UpcVUcqVdever) indicates my(Vbe, Ved, Vde, Ve f)
and so on. Then one obtains:

m4(vb07 VUed, Ude, Uef) — —€X?be )

M5 (Vab, Vb fy Vg, Vghs Vi) = —e T4
Mg (Vef, Vg, Ugh) = —€”Ven |

1M6(Vabs Vbe, Veds Vde, Veh, Vhi) = —e T g,

Combining the first two equations leads to

+ M5 (Vap, Ma(Vbes Ved, Vdes Vef ), Ufg, Ugh, Uhi)
 X4(Y+Z
= € ( )vai )

and combining the last two gives

— mG(UCLbj Ubcy Uedy Udes m3(v€f7 Vfg, vgh)a Uhi)

= —XFY)HZy
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Thus, we obtain

0 = 4+ms5(Vab, Ma(Vbe, Veds Vde, Vet )s Vfgs Vghs Vhi)

— mG(UCLba Ubesy Uedy Ude m3(U€f7 Ufg, Ugh)v Uhi) )

which is just one of the A, -relations.

Rem. [If we consider lines in a T? instead of
R?, one obtains a Fukaya's A..-category on a

(non)commutative two-torus
(see Polishchuk’'00, H.K'04).

Rem. Lines are in general replaced by Lagrangian
submanifolds in a symplectic manifold.
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1.6 The coalgebra description

Def 3 (Coalgebra, coassociativity) Let C' be a
(generally infinite dimensional) graded vector space.
(C,A) is called a coalgebra, if the coproduct

A : C — C ® C is coassociative, 1.e.

(A1)A=(1A0)A .

The coassociativity is expressed as

A
C C®C

lA lA@l
1A
CxC — (xCxC.

Def 4 (Coderivation) A linear operator m: C' — C
is called a coderivation when it satisfies

Am=m®1+1mA
Here, for x,y € C, the sign is defined as

(1em)(zey) = (-1)""@em(y) .
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The condition of a coderivation can be written as

m

C C

e | &
I1®m+m®1
ClC — CC

Def 5 (Coalgebra homomorphism) Given two coalgebras
C and C’, a coalgebra homomorphism F : C — C’

is a map of degree zero which satisfies the condition

AF = (FRF)A .

The condition of a cohomomorphism is summarized as
the following commutative diagram:

f
C C’

| o o
FQF
CC — (O'xC
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For a Z-graded vector space A, consider
T¢A := ®p>0(A)®% (the bar construction) .

o Coproduct A : T°A — T°A® T A is given by

n

A(01®:+-®0p) = Y (018" +-©0,)D(0p11®- - ®0y) .
p=0

o Hom(7T“A, A) ~ Coder(T°A) holds :
for h € Hom(A®*, A), h € Coder(T°A) is given by

n—k
h(o1 @+ ®0,) = Y (—1)erktFloDibl
7=0
01 X - '®Oj®h<0j—}—17"' 70j+k>®0j—|—k—}—1®"®0n

for £ < n and zero otherwise.

(Coder(T¢A), |, ]) forms a Graded Lie Algebra,
where [ , | is the commutator in Coder(T€A).

Then Hom(7T“A, A) ~ Coder(T°A)

as Graded Lie algebras.
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For a weak A-algebra (A,{my}r>0), |mi| =1,
each m;, € Hom(A®*, A) is lift to m;, € Coder(T¢A).
o (A,m) is a weak A,.-algebra <—

m:= ka is a codifferential : (m)? =0 .
k

e For two weak A..-algebras (A, m) and (A", m’),
o {fr: (A)®* — A’}r>0 : multi-linear, degree 0.

o {fr} is in one-to-one correspondence with

a coalgebra homomorphism §: T4 — T°¢A’:
flor®--@on) =3 )
121 1<k1<ko---<k;=n
fk1(017 e 70k1) X fk‘g—k‘1<0kl—|—17 o 7016‘2) U

SRR0SY fn—k‘i_l(ok‘i_l—I—l) e 7077,) .

Def. f:(A,m)— (A", m') is a weak A..-morphism
— mf=fm.

In particular, for two A..-algebras (A,m) and (A’,m’),
a weak As.-morphism §f = {fo, f1, -} with fo =0 s
called an A,.-morphism.
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1.7 On some homotopy algebraic
properties

Def. An A..-morphism F : (A,m) — (A, m') is

o A-isom. <— f1: A — A isisom.

o A -quasi-isom. <= f;:(A,my) — (A, m))

induces isom. on their cohomologies.
Def. An A..-algebra (A,m) is
e minimal < my1 =20,

e linear contractible <« mo =mg=--- =0,

cohomology of (A, my) is trivial.

Thm. [Minimal model theorem (Kadeishvili 82 )]
(A,m) : given —
3Aoo-quasi-isom. F H(A,m)mm — (A,m) .

Thm. [Decomposition theorem (cf. H.K’03)]

Ao —is0m

V(Aa m) = (Aa m)min D (Aa m)cont .
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2. L.-algebra
2.1. L.-algebras

Def. [weak L.-algebra (L, {l;}r>1) <]
L : Z-graded vector space

{lp : (L)®% — L};>0 : multi-linear, degree 1,

k

graded symmetric on (L)®", s.t.

2. 2 l!(:z,(i)l)!

k+l=n+1oce6,

U(li(Co1)s 1 Co@1))s Co(i+1)s " s Co(n)) =0 (n>1),

where ¢(o) is the sign associated to the permutation

(Cla T 7Cn) — (Ca(l)a n 7CO'(TL)) .

In particular, if [j =0, it is called an L.,-algebra.

(Lada-Stasheff'92)
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After the desuspension s~ : L* — (L[—1])k+,

and for [y = d, I = | , ], the first three relations :

i) d*=0,
i) dz,y] = [d(@),y] + (=) [z, d(y)]
wit) - z,yl 2] £ [y, 2] 2] £ [z, 2], y] = d(ls) (2, y, 2)
for x,y,z € L|—1].
i) : d is nilpotent and (L, d) defines a complex.

i1) : d satisfies Leibniz rule for the bracket |, |.

i11) : the bracket [ , | satisfies the Jacobi identity up
to homotopy.

Rem 2 An L..-algebra (L,[) with vanishing higher
products I3 = 4, = --- = 0 is called a differential
graded Lie algebra (DGLA).
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2.2 Tree graph description

The tree operad description of L.-algebras uses non-
planar rooted trees, which can be expressed as a planar
rooted tree but with arbitrary ordered labels for the
leaves. In particular, corollas obtained by permuting
the labels are identified (Figure 4).

1 2 3 k o(l)o(2)o(3) o(k)

Figure 4:

Let Loo(n), n > 1 be a graded vector space generated
by those non-planar rooted trees of n leaves.

For a tree T' € L.(n), a permutation ¢ € G,, of the
labels for leaves generates a different tree in general,
but sometimes the same one because of the symmetry
of the corollas above.

The grafting, o;, to the i-th leaf is defined as in the
planar case.

Any non-planar rooted tree is obtained by grafting
corollas {lx}r>2 recursively, as in the planar case,
together with the permutations of the labels for the
leaves.
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A degree one differential
d: Ls(n) — Loo(n)

is given in a similar way; for 77 — T indicating that T
is obtained from 7" by the contraction of an internal
edge,

In particular, for each corolla one gets

1 9 3 n o1) o olk) o o(n)
d \/ = Y ,
ces
k+l=n
and
AT o; T") = d(T) o; T' + (=) 71T o, d(T")
again holds,

where |T'| :=int(T) + (3 — 2k) for T' € Lo (k).

Thus, Lo = ®p>1Loo(n) forms a dg operad, called
the L,.-operad.
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An algebra L over L, obtained by a map
¢ : Loo(k) — Hom(L®¥, L)

then forms an L..-algebra (L, ).

In the double desuspended notation L|—2], the degree
of a multi-linear map [j turns into 1—-2(k—1) = 3—2k.

Thus, the grading of a tree T' € L. (n),
int(T)+1 +(3—2n),

is equal to minus the dimension of the corresponding
boundary piece of the compactified moduli space of a
sphere with k£ marked points.



42

2.3 Compactification of moduli spaces of
spheres with punctures

The compactification corresponding to an Leo-
structure is the real compactification My, of the
moduli spaces My ,, of spheres with n punctures

(Kimura-Stasheff-Voronov'93, see also Zwiebach'92).
Mo, is the configuration space of n points on

a sphere ~ CU {o0} modulo SL(2,C) action

a b

_owtb w € CU {oo} (c d)ESL(Q,C).

cw—+d’

w'(w)

This SL(2,C) action can be killed by fixing

three points; usually 0,1 and oo.

¢ Moo = {pt} = Moot = =], ]

Corresponding to the relation 8/\;10,2“ = 0, we have

d(ls) =0, the Leibniz rule .
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e Mps ~(CUo0)—{0,1,00} (< I3),

which is the configuration space of four points
0, 1, w, oo with the subtraction of the ‘diagonal’.

the real compactification of Mg 4 is ...

/\;10,4 has codimgr = 1 boundaries By, Bi, Bs.

If we associate points 0,1, w to z,y, z € L|—1] and
oo to the root edge, we get the correspondence:

By < £z, z],y]
Bl A :I:[y,z],x]
By <« Hlz,y], 2] .
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Namely, a grafting of closed string edges

produces moduli S*:

.Y
m

Thus, MO,n Is not contractible.

Corresponding to the relation

8(/\;10,4) — By + B + B, we obtain :

Cl(lg)(l‘,y, Z) — vay]vz] + Hyv Z]?'x] + [[Z,I],y] :

e In general, My, is a manifold with corners of real
dimension 2n — 6.
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2.4 The coalgebra description

Consider the graded symmetric coalgebra C(L) on a
graded vector space L .

One can define a coproduct A : C(L) — C(L)®C(L).

Then, for a weak L.-algebra (L, (), {l;}x>0 provides
a coderivation differential [ : C(L) — C(L), [I,[] = 0.

Also, a collection of degree preserving graded
symmetric multilinear maps

{fk . L®k — Ll}kZO

IS again in one-to-one correspondence with a coalgebra
homomorphism

P:C(L) — O(L) .

Then, a weak L,.-morphism § : (L,[) — (L',l') is
defined by

fol=1"0of.
In particular, for (L, ) and (L, ") are two L..-algebras,
a weak L.,-morphism f: (L,[) — (L',I') with fo, =0
is called an L,.,-morphism.
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3. Open-closed homotopy algebra
3.1 The definition  (H.K-Stasheff'04)

Def. [Open-closed homotopy algebra (OCHA)]
oH="H,® H. : aZ-graded vector space

o degree one multi-linear maps

{lk . (Hc)@)k — Hc}kZO ’
{np.q: (Hc)®p ® (Ho)®q — Holp,q>0

which are graded symmetric on (H.)®?.
o T'(H) : the bar construction of H = H. & H.,,

whose elements are expressed as
(Cl®"'®cm)®(01®"‘®0n) .

o One can define a coproduct on it.

ol and n, , are extended to coderivations on T ('H),

which we denote by [}, and n,, ,.
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o Let us define the total coderivation by

[+n=) i+ Y 1.

k>0 p>0,9>0

e (H,I,n) is a weak open-closed homotopy algebra

<= the total coderivation is a codifferential;

(I+ n)2 =0. ()

In particular if lo = ny o =0, we call (H,[,n)

an open-closed homotopy algebra (OCHA).

Rem. [(H,[,n) includes L., & A.]
e Restrict (the image of) eq.(xx) to T(H.) C T(H)

= one gets =10 ie. (He!) isan Lo.-algebra.

e Evaluate eq.(xx) on T(H,) C T(H)

= one gets (m)? = 0 withm := )" _ng4

ie. (Ho,m) is an Ax.-algebra.
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The defining equation is written down explicitly as the
L -condition for (H.,[) and

0=>) (- Y

cec’ p+r=mn

N1+, m(l (Ca(l)7 T Ca(p)) Co(p+1) " 1Co(n)y 01, " 70m)

D YD DR e T

0EG p+r=n i+s+j=m
np,i—l—l-l—j(ca(l)a "y Co(p)y O15 5 Oi,y

n?“,s(ca(p—l—l)7 "y Co(n)y Oi+1y " 0i-|-8)7 Oj+s+15 " Om) )

where ¢; € ‘H.,0; € 'H,, and

ppi(o) = €(o) + (Ca(l) T Ca(p)) + (01 + -+ - + 0;)
+ (01 + -+ 05)(Copt1) T F Co(n))

corresponding to the signs effected by the interchanges.
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3.2 The tree description of an OCHA

For a tree operad description of an OCHA (H, [,n), we
introduce mixed corolla n ;

1 - Kk 1 - l
Y

nk,l —>

which is partially symmetric (non-planar), that is,
only symmetric with respect to the £ leaves.

Let us consider such corollas for 2k+[+1 > 3 together
with non-planar corollas {lx }r>2.

Since we have two kinds of edges,
we have two kinds of grafting;
grafting o, for H. (closed string edges),

and grafting e; for H, (open string edges).
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We have three types of the composite;

in addition to [11% 0; [; in L,

a composite ng , 0; l, described by

1 - k1 - m 1 2 3 p [
W OiN/:

where in the right hand side the labels are given

1](17"' 7Tn)'

and the composite n, , ®; 1, s

W . W _

with labels [1,--- ,p](1,---,i — )jp + 1,---,p +
r](i, i+ s—1)(i+s,,q+s—1).
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Let us consider tree graphs obtained by repeating these
grafting,

together with the action of permutations of the labels
for closed string leaves.

Each of them has a closed string root edge or an open
string root edge.

As explained previously, the tree graphs with closed
string root edge, generate L.

On the other hand, the tree graphs with open string
root edge are new; the graded vector space generated
by them with &k closed string leaves and [ open string
leaves we denote by N (k;1).

In particular, we formally add the identity e, generating
Noo(0;1), and N (1;0) is generated by a corolla n .

For N := @1 N (k; 1), the tree operad relevant here
IS

OCoo = Lo DN .
We introduce the grading of T' € N ; by

T| = int(T) + (2 — 2k — 1) .
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For trees in OC, let T/ — T indicate that T is
obtained from T” by contracting a closed or an open
internal edge. A degree one differential d : OC,, —
OC is given by

so that the following compatibility holds:

AT o; T") = d(T) o; T' + (=TT o, d(T") ,
AT &; T") = d(T) &; T" + (—1)T\T e, d(T") .

Thus, OC, forms a dg operad. In particular, d(l) is
that given previously, and d(n,, ) is:

ceS
pt+r=n
1+s+)1=m

where the labels for the first and the second terms
are [0(1)7 T 7U(p)][0(p + 1)7 T 7U(n)](17 T 7m)
and [0-(1)7 Co 70-(p)](17 T 77’)[0-(19—'_ 1)7 T ,O'(?’L)](’L—l—
L,---,i4+s)(i+s+1,---,m), respectively.
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An algebra 'H := H. ® H, over OC, is obtained by a
representation

¢: Loo(k) — Hom(H;@k,Hc) :
¢ : Noo(k; 1) — Hom((Ho)®* @ (H,)®!, H,)

which is compatible with respect to the grafting o;, e;
and the differential d.

Here, regarding elements in both Hom(H®* H.)
and Hom((H.)®* @ (H,)®,H,) as those in
Coder(C(H.)®T (H,)), the differential in the algebra
side is given by

d = [ll —I—n(),l, ] .

Then, the comptibility of ¢ with the differentials turns
to the condition of an OCHA.
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In the notation H.[—2] and H,|[—1],
the degree of [ is (3 — 2k) as stated previously,

and the degree of ny ; turns to be
1+(1-1)—2k=2—-(2k+1) .

The grading of T' € N (k;1), int(T) + (2 — 2k — 1),
is equal to minus the dimension of the corresponding
boundary piece of the compactified moduli space of a
disk with k points interior and [ points on the boundary.
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3.3 Examples of the moduli spaces

The moduli spaces associated to an OCHA are
generated by grafting

o {m,, =ngn,}: Associahedra {K,},>2 is generated
by grafting planar trivalent trees ms.
e Lo {l,}: by non-planar trivalent trees [, = [, ]
o d(l3) =0

o d(l3)(x,y,2) = [[z,y], 2] £ [ly, 2], 2] £ [|2, 7], ]
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° {nl,q} : generated by 11,0, M2 = Ng 2.

The resulting moduli space is known as the Cyclohedra

{W,+1}, which is obtained by the moduli space of

configuration space of points on S' modulo rotation
(Bott - Taubes'94, see MSS:book,p241)).

o d(nip) =0 — Wy = {pt},
o d(n1.1)(c;0) = ma(np.1(c),0) £ ma(o,np 1(c))
— Ws = an interval,
o d(n1.2)(c;0,0") = ma(ni 1(c;0),0)
+ma(0,n1,1(c;0")) £ n1.1(c;m2(0,07))
> i1 £ (mg i m1 0)(c;0,0)

«— W3 = a hexagon,

In general {W,,} are contractible polytopes respecting
that [y is not used and closed string edges are not
grafted.
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® Ny, : disk with two closed strings
: generated by ma, nq o, l2
o d(n2,0)(c, ;) = niola(c, )
+n1 1(c;n1 0(c")) +n1.1(c’5m1,0(c))

The Eye in Kontsevich'97

O

////////

\\\
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o d(ng,1)" =" (the eye X K3) (x2) + W3 x Wy (x4)
+ rectangle Wy x Ws (x2) + cylinder St x W

. topologically a solid torus
‘ (picture made by
‘ ' S.Devadoss)

The moduli space associated with n, , is not simply
connected for p > 2 because of the inclusion of [5.
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3.4 Some homotopy algebraic structures
Def. An OCHA (H,[Ln) is

e minimal << [, =0o0nH.andng1 =0 onH,

e linear contractible < [ =I[3=---=0,

ny.q = 0 except for (p,q) = (0,1), and

cohomologies of (H.,l1) and (H,,no 1) are trivial.

e An OCHA morphism is constructed by

degree zero multi-linear maps
fk . (Hc)@)k — Hc ) fk,l . (Hc)®k®(Ho)®l — Ho .

OCHA-isom. and OCHA quasi-isom. are defined

in a similar way.

Thm. The decomposition theorem holds for OCHAEs.

180MmM

(Ha [7 Il) — (Ha [7 n)min % (Ha [7 I1)0077,75 .

Thus, one can say OCHA is a homotopy algebra !!



Def. [Cyclic open-closed homotopy algebra]

o (H,[,m): an open-closed homotopy algebra,

o wWy:H,®H, — C, We : He @ He — C
non-deg. shew sym. inner products of deg = d € Z

o Define two degree (d + 1) multi-linear maps by

Vk:+1 — Wc(lk: X ]-c) . (Hc)@)(k_'_l) — C ’
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Vp.g+1 = Wo(np,qg @ 1,) (Hc)®p X (Ho)®(q+1) — C .

o (H,w=w.Pw,,l,n) isacyclic OCHA.

<= Vp.q+1 IS cyclic symmetric ;

Vp,q—i—l(clv "3 Cpy 01,0 70q+1)

— :lzvpaCH‘l(Cl?”' y Cps 02, " "~ 70q+1701> )

and Vj.1 satisfies the graded symmetry

Vk—l—l(cla T 7ck—|—1) — :l:Vk—Fl(CO'(l): T 7co(k+1)) .
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3.5 Dual supermanifold description

For H. {e.;} : basis < {¢'} : dual coord.
For H, {e,;} : basis < {¢'} : dual coord.

Degree is set to be deg(y)!) = —deg(e.;), etc.
e For the structure constants ;:
lk(ec,ip e 7eC,ik) — ec,ngl...ik )

J

nPﬂ(eC,il’ T Celipy Coygry 7e07jq) — eO,jCz’y--z’p;jl'“jq ’

Define a degree one formal vect. field 0 := 05+ dp,

19
bs =Y LR

——C
' i1
= klOwa "1tk
—

S — li J (7 - - ) (P - - ™)
D — l!@gbjcilmip;jlqu 3
pt+qg=>1
acting on polynomials of 1) and ¢. Then

(I+n)?=0 isequivalentto (§)*=0
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Dual descriptoin of a cyclic OCHA

o For the component description of the symp. str. ;

Wo,ij = Wo(€0,i1€0,5) ; We,ij = Wel€cis€c,5)

define the corresponding Poisson brackets

on the spaces of polynomials of ¢/ and ¢ by

o 0 R
_ 9 i _ 9 i 2
< Y )0 agbiwo 5gb9 ) < ) )C 8¢2wc 8¢J

ij i - - o
(w¥, w¥ : the inverse matrices of w, i, We,ij)

o For the component description of Vi and V, , ;

Vk;<ec,7;1, R ,ec,ik) = Vlllk c C ,

Vp,q(ec,ila o 7ec,ip§ eo,jp T 7eo,jq> = Vil"'ip;jl"'jq c C
consider “action” S(¢,v) = Ss(v) + Sp(¢, 1), where
1 . .
S5 = 3 20t
— 1!

1 | o |
Sp = Zp,—qu'l---z‘p;jl---jq(qﬁ”q ) (M)

p,qg
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e The differential 0 = 05 + 0p is then given by

532( 7‘95)67 5D:( 7SD)O°

e (§)? =0 can also be expressed as

1 1
0= 5(5& Ss)e 0= §(SD, Sp)o+ (SpsSs)e

which are just sub-recursion relations of
Batalin-Vilkovisky master equation
for Zwiebach's QUANTUM open-closed SFT !!

(Zwiebach'97)

(when d = —1 < degree of action S is zero. )
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4. Homotopy algebraic structures
in B-twisted topological Landau-
Ginzburg model

4.1 Weighted homogeneous polynomials
and matrix factorization

Def. For A = Clzy,--- ,x4], f € A is a called a
weighted homogeneous polynomial iff Jrelatively
prime positive integer (weight) (a1,--- ,aq4;h) s.t.

d
0
iTig—f =h-

holds.

For a weighted homogeneous polynomial f € A with
weight (a1, -+ ,aq;h), we define the charge (degree)
for x1, -+, x4 by q; := deg(x;) = 2a;/h.

By definition
0
Ef=2-1, Ei:E C]szza—x

holds. FE is called the Fuler vector field.
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Def 6 For a weighted homogeneous function f € A,
a matrix factorization of f is a pair

(
MY — M!
©

of morphisms between free A-modules s.t.

po=f-1yo, Ypop=Ff- -1y .

Namely, to find

0
Q — QO 9 907¢ E MatTXT(A) 9 S-t- 9
v 0
[ 1a,%2, = (Q)? for each r € N.
We have
0 @) [0 ¢ p Y
(Q)? = — ,
Y 0) \v 0 Y-

0, p- Y (=Y @)= fLrxr.

We regard M := M° @ M*t, M° = M = (A)®", as a
Zo-graded A-free module where M° and M?! are even
and odd, respectively. (brane anti-brane system)
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Ex 1 (Trivial MF) For f € A,
0 1 0 f

f 0 1 0

are trivial MFs. These trivial MFs will be ignored,

or play no role even if included.

Ex 2 (MF for A,) For f =a2"*! € Clz],

0 xk
Q: , k::l,"‘,n
wn+1—k 0

is MFs for f = a1,

Ex 3 (MF) For f = g14} + g295, one can construct
a MF of the form

(0 0 n 92\
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In fact,

g2 /0

—_~

g1 g2 g

/

g —g1) \g

DN ~

—01 0 f

Ex 4 (MFs for f = 2%y + 3" ! (essentially D,))
Factorize f to f = z - vy?> + y* - y" " '=F.  The
corresponding MF":
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Def 7 (Charge matrix S) Suppose that a matrix
factorization (M, Q) satisfies the following identity

d
9,
SQ-QS+EQ=1-Q, E:=) qu-
i=1 t

for a diagonal 2r x 2r matrix
S = dlag(Si—, 787:'_381 y T 737T>

with entries in Q. We call S a charge matriz of ().

Hereafter we consider only matrix factorizations
equipped with charge matrices.



69

For two matrix factorizations a = (M,,Q,) and
b = (My,Qp), denote by V(a,b) the space of
homomorphism from M, to M.

(open string stretching between D-brane M and M’)
lts elements are described as :

1 2
V(a,b) 2 ¢ = b @
¢° ¢
where ¢* for each i =1,--- ,4 is a rp X 7, matrix with

entries A.

The diagonal part, ¢' and ¢* is regarded as an
even element in V(a,b) in the sense of Zs-grading.
We denote by V%(a,b) the corresponding subspace.
Similarly, the off-diagonal matrices ¢? and ¢ defines
an odd element; the corresponding space is denoted by

V~(a,b).
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One can define the charge for elements in V' (a,b).

Def 8 (Charge for Hom) Given two matrix factorizations
a = (Mcw Qaa Sa)a b = (Mba Qba Sb) of f7 V(CL, b) call

be decomposed into the direct sum
Va,b) = ®y4eqVy(a,b)

such that each element ® € V(a,b) satisfies the
following identity

Sy — BS, + EP = qP .

Here g = deg(®) is called the charge of ®.
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4.2 Charged weak A -algebras, categories

Def. [Charged weak A_.-algebra] Let (V = V'@
Vi m) be a Zy-graded weak A, -algebra. (V,m) is
called charged if V', V! are decomposed into the
direct sum

VJ:@QEQ‘/C]J7 O'Zoorl,

where any element v € V7 has its charge ||v|| = ¢,
and is compatible with the CDG algebra structure:

M (ve, - s o) || = [[mn|| = [loal] 4= 4 |oal]

|myn|| = 2 — n, for homogeneous elements
V1, U €V

(see Takahashi'05, preprint)
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Prop 1 Given a Z-graded weak A..-algebra (V,m),
one obtains a charged weak A..-algebra (V/,m) by

LV — (Vg L VAR (V/)%lH—l'

On the other hand, given a charged weak A, algebra
(V’,m’), let us consider a natural projectionp : V' —

V' given by
V2= (V/>(2)k ; VL= (V/)%lc—l—l 7

and zero otherwise.

Then, (V,m) forms a Z-graded weak A..-algebra,

where m,, = pom/ o (1)®".



We can define

a cyclic charged weak A, -algebra,

a (cyclic) charged weak A..-category
in a similar way,

and similar Proposition holds.

73
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4.3 Category of matrix factorizations

Lem. Llet f € A be a weighted homogeneous
polynomial.  Then, (A, f) forms a charged weak
As algebra with mg = f, m1 = 0, and moy is the
multiplication in A.

Def. [A differential on V(a,b)] For two matrix
factorizations (M, Q4,S.) and (Mpy,Qp, Sp), a
differential D : V°(a,b) — V°T1(a,b) is defined by

gbl ¢2 ¢1 ng gbl —ng
D = - o
o> o ” ¢ o —-¢7 ¢! :
Lem. D?=0.

The corresponding cohomology is denoted by
H?(a,b) = Ker D/ImD, or more precisely,

H(a,b) :=
{® € V(a,b)|D® = 0}/{D®|® € V' (a,b)} .
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Prop. [DG category of matrix factorizations C(M F')]
For a given f € A,

o Ob : the set of all matrix factorizations {a,b,---}

with charge matrices S = diag(s], -+ ,s1;87,  * ,87),

st €2Z/h, s €2Z/h+1.

© V(&a b) — Ma't27“b><2ra(~/4);
omy: =D :Vy — Vi, D(P):=Qp® £ PQ,,
o my : the product of the matrices

forms a charged DG-category.

As we have seen previously, by projecting this charged

DG category onto a Zo-graded vector spaces, we get a
(Z-graded) DG-category Cz(MF).

Def 9 We denote the cohomology of a DG category
C by H(C), which forms a graded category (additive
category).
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Thm 1 For a polynomial f € A =
Clz,y,z] of A-D-E type, H(C(MF)) and
in particular H(Cz(M F')) form triangulated
categories, and the following equivalence of

triangulated categories holds :
H(Cz(MF)) ~ D°(B —mod) ,

where D°(B — mod) is the derived category
of modules over the path algebra of the
corresponding (A-D-F) Dynkin quiver.

(H.K-Saito-Takahashi, in preparation)

Roughly speaking, this means that the objects and
morphisms in H(Cz(MF')) corresponds to the vertices
and the arrows of the coresponding Dynkin quivers.
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4.4 Charged OCHA in LG-model

We can define a charged weak OCHA in a similar way.
Prop. For A=Clxy, -, 24|,
f € A a fixed weighted homogeneous polynomial,

R = A/((‘?—a{l’ e ,g—aii) the Jacobi ring (fix a basis),

let us set V.=1R, V, = A,
noo = [,
nio: Ve — V, the inclusion,

noo : Vo ® V, — V, the (commutative) pointwise
multiplication in 'V,

and n, , = 0 for others
and also l;, =0 fork =0,1,---.

Then, (V .= V.®V,, [,n) forms a charged weak OCHA.

In a similar way, we can define a charged OC homotopy
category of matrix factorizations.
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