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Motivation: To construct an explicit example
of A_.-structures associated to geometry

(Fukaya category of Lagrangian submanifolds)
(resolving the transversality problem)

Another motivation:  Homological mirror
symmetry (Kontsevich'94) of tori
(mention at the end of this talk).

Plan of talk:

o Def. of A-algebras, A..-categories, etc.

o A Fukaya category Fuk(R?) on R? and the
deRham model Cpr(R)

e Main theorem on the homotopy equivalence
between Fuk(R?) and Cpr(R)

e |dea of the proof.



Def. [ A..-algebra (Stasheff’63)]
(V,m :={my,}n>1) is an A-algebra &

V = ®,ezV" : Z-graded vector space,

m = {m, : V¥ = V},>1 : a collection of

degree (2 — n) multilinear maps s.t.

k—1
0= S St m(one s

k+l=n+1 3=0
ml(vj+17"' 7Uj-|-l)7vj-|-l-|-17'” 7””) 9
for n = 1,2...., where v; € VIul 4 =

l,...,n, and |my| = (2 —n) implies

|mn(vla "'7Un>| — (2 o n) + |vl| T+t |Un|



The A_.-relations forn =1,2,3:
formy=d, mo=-, x,y,2z€V:

i) d*=0,

i)  d(x-y)=d(z) -y+ (—1)|m|37 -d(y) ,
wi) (z-y)-z—x-(y-2)=dms)(z,y,z2).
i) < (V,d) forms a complex.
i1) < Leibniz rule of d w.r.t. to product -.
i11) - is associative up to homotopy.

In particular, if ms3 = 0, the product - is
strictly associative. An A..-algebra (V,m)
with ms = my = -+ = 0 iIs called a
differential graded (DG) algebra.



Def. [A..-morphism]

Given two A..-algebras (V. m) and (V',m’),

an A..-morphism §: (V,m) — (V' ,m') is a

collection of degree (1 — k) multilinear maps
fo={fr: VO 5 V'}i>1 st

Yoo Emi(fr,® - ® fr) (v, v)

i>1 ky+-+kn=n

= Y (1% @m@1%9) (v, ..., v)
i+1+j=k
1+l+73=n

form=1,2,....

Note: the above relation for n = 1 implies

f1:V — V'’ forms a chain map

fi:(V,m) = (Vi m').



Def. An A.-morphism | : (V,m) —
(V',m') is called an A..-quasi-isomorphism
iff f1: (V,mq1) — (V',m}) induces an isom.

on the cohomologies of the two complexes.

Rem. For a given A..-quasi-isomorphism f :
(V,m) — (V'.,m'), there always exists an

inverse A..-quasi-isomorphism
ffro(Vim') — (V,m).

Thus, A.,-quasi-isomorphisms define
(homotopy) equivalence between  A.-

algebras.



We need a categorical version of these

terminologies.

Def. [A..-category (Fukaya'93)]
An A -category C &

Ob(C) = {a,b,---} : a set of objects

Vap := Home(a,b) : Z-graded vector space
for Ya,b € Ob(C)

a collection of multilinear maps
m = {my : Vi a,®- ‘OVananys — Valan+1}n21

degree (2 — n) defining an A..-structure.

In particular, C with mg = mg4 = --- =0 1Is

called a DG-category.



Def. Given two A..-categories C and C’,
f:=A{f, f1, f2,...} :C = C"isan A..-functor
=

f:0b(C) — Ob(C") a map of objects;

a collection of multilinear maps

fr :Home(a1,a2) ® -+ - ® Home(ak, agy1)

— Home/(f(a1), flak+1)), k=1,2,..

degree (1—Fk) satisfying the defining equation

of an A..-morphism.

We call | homotopy equivalence iff f :
Ob(C) — Ob(C") is bijection and f;

Home(a, b) — Home(f(a), f(b)) induces an
isom. on the cohomologies forYa,b € Ob(C).



Fukaya category and its deRham model
Fukaya category Fuk(R?, §y) for R?

Let Fuk(R*,§n) be an A_-category

satisfying the following two conditions:

For a fixed integer N > 2, let {fi,..., fn} be

a collection of functions on R s.t.

df a
La:yzéztax—l—sa, tu, 8. € R

is a line in R? with coordinates (z,y) (a =
1..N).

Denote by §y = {f1,.-.,fn} = {1,.... N}
such a collection satisfying:

o 1, # 1 forVa,b e §y.

e Not more than three lines intersect at the

same point in R?.



Condition 1 Va # b € 3§,
o) Vaob =R [Uab]a Valb = O, (ta < tb)a
o Vi =0, Vi =R-[va], (ta>t).

Here, [v4p] is the base of V,; labeled by the

intersection point v,;(= vpq) of L, and L.

deg([vap]) =0 deg([vap]) =1
Condition 2 (Transversal A_.-products)

For a fixed n > 2 and aq,...,a,41 € §n s.t.
a; #apfor g #k=1,...,n+1,

mn([Ua1a2], e [vanan—l—l]) — Cal---an_|_1[va1an_|_1]



where, if ¥ 1= (Vajags s Vanan 1 Vansiar)

forms a clockwise convex (n + 1)-gon,
—Area(v
Cay---a), = L€ (v)

for Area(v) the area of the (n + 1)-gon

and cq,...q, ., = 0 otherwise.

n+1

m1 : Vap — Ve 18 set to be mq = 0 Va # D.




For transversal A..-products, the A.-relation
follows from a polygon which has one

nonconvex vertex.

There exist two ways to divide such a polygon

Into two convex polygons.

In this figure, the ways of dividing the area
X +Y + Z into two are

() X+ (Y +2) or (il)(X+Y)+Z.



Corresponding to (i) and (ii) one has

() © + ms5(Vap, Ma(Vbe, Veds Vdes Vef)s Vigs Vghs Vhi)

_ o~ X—(Y+2)

Vai

(22) © — Me(Vab, Vbes Ved, Vdes M3(Vef, Vg, Ugh), Vhi)

= —e~(XFY)=Zy,

Thus, we obtain
0= +m5<vaba m4(vbca VUedy Udes Uef)a Ufgs Ugh, Uhi)
— m6(vabachaUcdavdeamB(vefavfgavgh)avhi) )

which is just one of the A..-relations.



On the other hand, we define a DG-category
CDR(]R, SN) as follows:

Def. [Chr(R,Fn) ]
o Ob(Cpr(R,TN)) =8N ;

o ‘v’a,b e SN, HOIH(&,[)) = @r:O,lﬂgb(R>r
QY = S(R), Q! := S(R) - dz,
where, S(R) is the Schwartz space,

and dx is the base of one-form on R ;
o a differential dy : ng — chlb by
dap = d — df s,
where fop := fo — [fb;

o a product Q% ® Qe — QuatT by the

usual wedge product A.



Thm. 3 an A -category Fuk(R?,Fx) s.t.
@) Ob(FUk(RQ,SN)) = SN,'

o Homp, (g2 5,)(a, b) satisfies the condition
I1Va#0be§nN,;

o the Ao.-structure {my}r>1 of Fuk(R? §n)

satisfies the condition 2;

o Fuk(R?,Fn) is homotopic to Cpr(R, Fn)

as A..-categories.

We can prove this by constructing such
an A..-category Fuk(R?,3Zn) =: C(Fnv)
explicitly based on Kontsevich-Soibelman’'00’s
proposal combining homological perturbation
theory (HPT) and Harvey-Lawson'0Ol's

argument on Morse theory.



Idea of the proof

The construction of the A_.-category C(Fn)

Is divided into 2 steps.

.App|y HPT to CDR(RggN) — CDR(SN)

and construct a one parameter family

of A..-categories C~€(SN) which are

homotopic to Cpr(Fn)-

Consider the limit C(Fn) := limc_ 0 Cc(FN)
and find the minimum subcategory
C(En) C (?(SN) with the same objects § .



I. HPT and the A_.-category CNG(SN)

A version of homological perturbation theory
(developed by Gugenheim, Lambe, Stasheff,
Huebschmann, Kadeishvili, ... ) we shall

employ is as follows.

Thm. Given an A,.-algebra (V,m), suppose
we have linear maps h : V" — V"= and

P : V" — V" satisfying
dh 4+ hd =Idy — P, P?>=P, (d:=m).

Then, 94 a canonical way to construct an
Aoo-structure m’ on P(V) s.t. (P(V),m')

is homotopy equivalent to (V, m).

Note that h gives a Hodge decomposition of
(V.d) if dP =0, where P(V)= H(V).




x Apply this HPT to Cpr(Tn).
Construct hgp on Home oz 0y (a,0) = Qgp.
o Forany a € §n, we set h,q = 0.

o Fora# b€ Fn, fix e € (0,1] and define
dl o, — Q1 by

€;ab

T _
de;ab o EdT o Lgrad(fab)°

Can show that H. := dad..,, + d. ,das has

€;ab

only non-negative real eigenvalues.
In particular,

| for e = 1], Hy is the Hamiltonian

of a harmonic oscillator,
[ for e = “0° ], Hy = Gfab[,grad(fab)e_fab.

(Cf. Aop := d — df p\ = efab . . e~ fab, )



Let ¢y : QF, — Q7 t € [0,00), be a linear
map satisfying 19 = Id and

d_%: —Her.

dt

Then, we obtain
dabhe;ab + he;abdab — Idﬂab — Pe;a67

he‘ab = / dt d1°ab¢t7 Pe;ab = lim '(pt.
’ 0 ’ t— o0



Here P..,; defines a projection;

P.ap, = Ker(dgp : Q0, — QL),
P.. aanb = Ker(dT

e;ab *

Qb — QY.
Choose bases e..q, of P82, 7 = 0,1, by
€c.qp = CONSt - efab, ta < Tp
(Gaussian normalize so that ec.q;(24p) = 1)

_ —L(fap)
€c.qb = const - e eVabldx,  t, > 1.

(Gaussian normalize so that [~__ecq. = 1)

In the limit ¢ — 0, the degree one base
€c.ab (ta > tp) becomes the delta function

localized at the point .4 (= 2(vap)).



In the limit € — 0, hgep = lim._,0 he,qp and

Pup = lim¢_,0 Pe.qp turn out to be

Pab :/0 dtefabg’:(@_fab ’/grad(fab))’

where ¢; : R — R is the flow defined by

d
% = grad(fap), wo = Id.

Let us consider the following case:

hap(0(x — p)dx)

o0 - df ;
— dt fab A% fab5 — @
/O € Y€ (CE p) dﬂj (.fU)

— efab(gpre_fab) |<Pt(a:):p(37)'



hap(0(x — p)dx) for t, < tp and x4 < p

Flow of grad(f.s)

b TMP)
]

L ab p X

(step function twisted by e’ab)

*x Now, let us derive the A_.-products {m/ }
of C(Fn) with the identifications

lim Pe.qpQap =: Homé(gN)(a, b) ~ Vb,

e—0

lim ec.qp = €up <— |[Vat]
e—0

for a # D.



e Example for mg(eab, Che; ecd)

Zvab 'CUbC '/'Eda' '/JECd

HPT implies m5(€qs, €he, €cd) =

Cab Cbe €cd €ab Cbe €cd
m
mo + 2
hac mo m2 _hbd
Pad Pad
— e (XHY+Z) o



e An example of non-transversal product:

/
mg(ea67 €be, €cd, eda)

— o~ (X+Y+Z) | (Vo — Dda).

By observations as above, we will define
Ve = Home () (a,a) C Homé(gN)(a, a)

by introducing 9., = 9, , (step function),

Vab

etc., as Its generators.



Il. Subcategory of CN(SN) = lim._,q CNG(SN)

Consider the minimum subcategory C(§n) C
C(Fn) with the same set of objects §n and

Home gy (a,b) = Homg 5y (a,b) = Vap

for a # b.

Then, for any a € §n, Vaa (with comm.
DGA structure) is defined purely algebraically

by the following idea.




For any v € §n — {a},

o introduce degree zero generator v, and
degree one generator 0, which are supposed

to be

5fvab — ll_rf(l)(ee;ab A ee;ba)7
ﬁfvab(x) :/ dx/évab(x/>’

o appropriate relations

Wy - Dy = Vo for z(v) < z(v'), etc.,

o VY and V1 are the degree zero and one
vector space of elements generated by v,, 0,

s.t. they are zero at x = +oc.

o differential d : V2 — V! by extending
d(v,) = 6, by the Leibniz rule.

Note. (9,)% # 9, etc.,



e More examples of non-transversal A.-
products of C(Fn)

For t, < t,
()" o)) = (o). (92,,)") = o fous]
i ([osa)s ()" [at]) = =90, (1= (92,)"),

forn > 1,



k elements at vy,




* The precise proof of the main theorem is

given by defining C, (G ) and Cpr(Fn) s.t.

Cor(TN)

L L

HPT / \
C(Zw) Cor(8N) Cor(SN)

Applying HPT for C (S ) gives C(Fn).



Future directions

e Generalization to higher dimensional case

(though not so straightforward)

e The R?” case can be applied to the T2

Case.

(Note. In this case, each object has identity

morphism. )

= o application to homological mirror

symmetry for tori;

= o can produce geometric examples of

finite dim. A_.-algebra

o (Noncommutative, etc.,) deformation of

these A..-categories 77

o building block to more general mfds 7



