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1 0000

000000 (EDS) 0000000000 OODOOOOODODOODOODDODO
gbotdotootdotbotootuoouootootoouoooooouoouooa

OEDS O involutive DO DO DOOO0OOOODODONODO eikonal equation 00O 0O O
involutive 0 000000000 ODOOO integrability OO OO OOOOOOO
gdoooodouooooooouooboobouoouoooouoouooooa
gdooooouoouoouoouoouooa

00O000O00DO EDSO0ODOOODOOODOOODOOODOOODOO
OO0O0OOOnnotation0 000000000 BCG3OOOMO

R. Bryant, S. S. Chern, R. B. Gardner, H. Goldschmidt, and P. Griffiths, Exterior
differential systems, Springer-Verlarg, New York (1986).



Symbol

0000000 (linear diff. operator)

ooty
Pu= Z OQW

la|<d

0 00 principal symbol op(§) DO 000000000000
op(€) = Y Cal® =D Colf---&n, where

|a|=d |a|=d
u=(u):R*" =R’ C*map
Co =(C2,) :R* = R", linear map(r x s matrix)
£ =G’ + -+ 4 Euda™ € T'R”
a=(ag,...,ap), 0<a;<d

1=1,...,n, a=1,...,8, A=1,... 1.



0000000 d00 PDE(D)ODOOOO
FMa'u,p®) =0, |a|<d, A=1,...,r (r PDE’)

OF* :
Z B & r X § matrix
|a|=d @

is the symbol matrix. Characteristic variety = is

2 = {¢lkero(€) # {0}}.
Charac variety O O T:R"™ O homogeneous polynomials O zero D OO OO O

(O) vector bundle version: M 00O bundle £, £’ 00 O OLDO O morphism
o JYE) - FO0000P=00j4:1(E) = JYE) S FOO00DDODO
SUT*M)®E — JYE) S E' 00000 op(€) € Hom(E, E') O symbol 00O
OO0DO(R"OO trivial bunndle E=R" xR*, E' =R"x R*0O00000)0



2 00000oooDooooo(@ooon)

M: m OO0 C* -manifold or open set in R™.

00 1 (0000000 Exterior Differential System) O O
An ideal in Q*(M)0O which is closed under d,0 =EDS) , denoted byO 7.

00 2 (000 0Pfaff System) 00
An EDS generated by 1-forms.

Notaion : Z = {6',..., 0" aix = {0',...,0°,d0", ... dO°}ag.

00 3 (00000 Integral Element) k-dim integral element is
k-dim subspace £ C T, M s.t. Z vanishes on F.

00 4 (00000, Integral Manifold) Integral manifold of Z 0O O
NO submanifold of M s.t. Z vanishes on V.
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(2) 0000000000000 O0O00O0ODOOO0OO0O (DoOoOO)0OOO
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OoO0oDoOoooOoEDSODOOO

00 5 (00000 (Linear Pfaff System)) Z = {0"}qe OO0 00O

{0, ', 7 a=1,...;8,i=1,...,n,t=1,...,t 0 MOOOO
Q=w'A--Aw"# 00000 integral manifold 000000000000
00000000000 =Ax 00000000000000

di* = A%m° AW’ + Ecgjw’ Aw?, (¢f; +c§;=0) mod {0}

obooooooozobooooooLpsoogonog

00 : [I=span{f',...,0°}, J=span{f', ... 0% w' . .. "},
T*M =span{f',... 0° W', ... 0" ' .. 7'}

(1) PDEOODOODODOOOOOLPSOODOOCODOOOO

(2) EDSOO0O0O0O00DODOO (prolongation) 0 LPSO OO O



(3)000000000000000 A.=(4%) 0000000 AD tableau(O
00000)000000 sxnOOO0O0O000Hem((J/I)**)000000

(4) 000 ADDDODOO B=span{B"}O0nxs00000000000000
D000000000000000000000000000



3 PDEOOOOOEDSOOODOOOONO)

nUO00 sOUO000000O0000000O0000000

F’\(xi,z“,%):O, A=1,...,r (1)

000000000 (2, 2%p%) € JYR®,R®) 0000
M : FA2' 2% p8) =0, A=1,...,7 (2)

000 (2)00J'R*,R) 000000 MOOOO 0000000000
JYR",R) 000000 MOOOOOOOOOOOO (EDS)Z = {6} OO
0000000000000000000

6% = dz" — plda’,
df® = —dp¢ A da'.
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PDE(1)0 (00O0DO)0O0OEDSZ = {40 n0000000000000
ooo

dzy A Ndxz, #0

00000000000000000000000 (¢,...,20)0000000
006 =dz*(z) —ptda' =000000 pi(z) 0 24, 000000
MOO0O0O0LPSOO00000O0O0O0OO0OOOOO

I={6*=6%,}, J= {Ha,wi = dxéw}, ™M = {Oa,wi,dp‘;}.

0000 dpy 00000 dF*=0000 0000000000
(T*M/J O well defined. )

0= dF* =F)da' + Fludz" + Fudp}
=(F} + Fapi)dz' + Fdpf + FL.0° (3)
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ggboodgd
MOOLPSZO nO00DDOOO0ODO £ED0p;0 0000000

I Y B
X]:ax]_‘_p]aza_l_pz]apg? j_]'?"'vn

Oodo0oooooooobooobooooboooono o rFOOO0OO0OO
0“:dz“—p§‘dxj:(), dp?—p?jdxj:OD (t=1,....,n, a=1,...,8) (4)

00000000D000000000000000000000
0=do" = —pj,de/ Ade! D0D0D0D00 pf=p%, 0000
D0O0@B3)0D00000 dpf =pide 00000 Op, 0000000

(FX + Fupt + F)

z p‘]?

pi;)da’ + Fub* =0

gogoooo
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MOOOdA000000 FA+FApl+ Fhpl=000000000000
J
D0000000000000
P =05 00 Fu+ Fapf + Foupf; =0, (5)

,j=1,...,n,a=1,...,s.

oobdpy0boobooonn

e (5)000DDODDODDODODOOOOONOOOOOOODODODODOOOOO
ggbbbuoooobbbouooobbbooodgbboboo
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Integrability(CO OO0 OODO)

OO0 6000000 Z0OUOODOOOOODODODOOODOOOOO (integrability
condition) 0 0000000

000 LPSOD0O0ODO nODODOODOO 0000
d@“EA?iWE/\wZ—I—ECiij/\wJ, (ciy + ¢ =0)

gbogboobobooboobobbob = 0 7T5+q§ijDDDDDDD
ViAW ODOD0O0D00O0D000000 ¢ 0000000000000

AL — AL+, =000000000000000000ODOOOOOOO0O

Wg:Agi(WE—quj)DDDDDDDDDDDDDDDDDD

0* =0, di"=7"Aw" mod {6°}, BNr*=0 mod {6},
WA AW £ 0.
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ooooooooooooD =0 =00000

PDEOOOOOOOOR =dp¢ — plda! 0000
d9* = — (7 + pida’) Aw' = =7 AW’
0000000000000000d#*=—7Aw'0000
0°=0, n{=00 F*=0 000 Fpai=0 mod {6} (6)

gogoobooooogod
0000 d*0 2000000 (7 — dpf)w' =00 00 Cartan lemma 0 00O
70— dpt = bewd (b =) 00000 (4) 0000

00 0 sxnO0OOOO0O0O0O0OO0000(0O0O0¢tableau) A 000OO
(B¥)=(FA)0000000000000O0O0O0O000000000000

p;
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00O0LPSOD0000#¢0 J/I@*0000000000000/{6%w, 7%}
0 MOOOOODOOOr =A% 000007000000 {A%,ec=1,...,t}

000 M(s,n) 0000000 (7%(J4)00000LPS O tableauD 0000
0000000000000 (MO00000
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4 Characteristic Variety [ Integrability [ [

0000000000 DO000ODOO00o0ooDOoONDOODDOO ZN 0O 720
characteristic variety 0 0 O [

00 1 (O.Gabber) If 7 is involutive near N, and both Z and N are real analytic,
then ZN is a coisotropic submanifold of 7*N and fiber bundle over N.

N: integral manifold, ZN is the inverse image of ZN C PT*N.

0000000 GQS(1970)0SKK(1973)0 Gabber(1981), Malgrange(197702000)
O0b00O0b00O BCGOOhooobooooooooooobooooobooo
ooooo

0 0 0O O coisotropy O integrability 00O OOOO0O0O0O0OOO0OOOOOO
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Coisotropy U Integrability

M(= PT*N) O contact manifoldd 60 contact formd D = ker 6.
d0:TM —-T*M 0O D—-Im(D)0O0O0O. T'M =Im(D)® ().

m:T*M — TMO kerm = (0), Timmp) = (dQ)I_ni(D) 0000 (2-vector field).

frgeC>(M)DDOOOO {f,g}:=n(df,df) O Lagrange bracket 0 0 0000

00 7 3: submanifold in M O coisotropic < fx =0,9xs =000 f,g € C®(M)
0000 {f,g}ls=00000

(0000000000000 00WLe ={X € D|d)(WND, X) = 0}0

18



YCPT*NODO EDS I={0s}se O0ODO0ODOOOOOOOOODO

002 (1)SF =0,...,Fr=0,(r<n) 0000000 PT*NOOOOOOOO
00 (F) 0000 »00000000
X000 Z=4{0,d0},, 000000000 < X0 coisotropic.
(2) 7(dF*) 00 Z 0O Cauchy characteristic 0 00000
(3) ditribution C C TN 00000 Yo € PT*NODOOO
COO000000 < ¥ O coisotropic.

e PT*N O subbundle ¥ 00O NOOOO fO00O00OO0COO0ODOOODOOOO

(eikonal equation). [df] € B, F* (xi, g—f> =000. D0X00fiber OOODO
:Lal

ofr\> [ofr\* [of\’
P& -¢=000PDEDO (=) - (=) = (=] =0.
é(] 51 62 <8x0) (axl 81'2
o0 0I0UD0 DODDODDUODDOODOO Cauchy characteristics 00 OO
Or(F),A=1,...,r000000000000O000
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5 EDS O Characteristic Variety

(Z = (0*,w',7),Q) O LPS on M with indep, conditiond FOze M 00O
oo
f=¢dii=wi e J/JI~F*0 EO0DDO0 10000000 0000
E'0 000 (polar space) 0 OO

H(E'") = {v € T, Mlp(v,E) =00 pecI™}
HF)DDOOO0O ¢eI™MOI0000000000000000
O AW A AW A AW O dOAw A AW A Awl A Aw”
FFOn—-1000000000000000O0O0O00000O0OO

(I) 0°=0, &mi—&mj=0, a=1,...;s, i,j=1,...,n
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oo rFpOO0OO,0000
(I) 6*=0, #'=0, a=1,...;s,i=1,...,n.

00 800000DO00UDOOD DUDOO FOORODODOODODODOD
00000000000 Er~J/I000000000OCOODOOOO

(I)0O0NO0 0000000000000 BYre=0, (A=1,...,r)001)0
0000 7¢=00000000000000
ODO000 grf—&né=00 BYnf=0000000

B¢ =0

000000000000 00=00000000000xs00 (BYE)
00000000

00000000, BNGO (\e)0OOOOODODODOs000000000000
00000 PYJ/) 000000000
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oo90OOLPSOOOODOODOOOOODODOOOOODODODOOODOO
gogboboboooobboboooobbbuoooobboooon
00000 (characteristic variety) D 00 M 0000000000000 O0O M

ERERE

00000000000000000000
00000 abe,d 00000000000

A:

o o 9
_Q o
o QL 0O

0000000000 (w*,) 00000 (e,q) 00000000000 OOOO
god
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W =w'l, W =wh =w'sG, W =uwth

004000000000000 (w*)0 tabeauDO0O0OOOOOOO

U)l _62 fl

00000 w? | 0000 4x300000000000000 & &
U)3 O 52

0 =&

0
0
—&
§2

00000000000000 o: W —Hom(V,W)/ADDOOOOOOOOO
OboobOobooobooobOcouobUndnUcharacteristic variety O O O

g
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000 Tableau O OO
OO0 PDEODOODO linear Plaff system OO0 O O0OO0OO0OOODOODO
0* =0, 0} =0, (0% = dz" — pida’, 07 = dp} — plda’)
d0* =0 mod {0,607}, dof =7, AW, mod {6,607},
Q=w'A-- AW #0
symbol relation [
(D7 =75 mod {6,607, w'}, (2)B;\ij7rfj =0, mod {6 0% w'}
0000 B =BM OOOOOOOOOOOOOO symbol matrix O
(Ba7&¢;)

ggobboooooboodao
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O 0o0oooogn PDE

F(z,y,2z,p,q,r,s,t) =0000000PDECOOOOOdE =0 mod JO F.dr+
Fyds+ Fdt =0 mod J O symbol relation 0000000 B =F, =F O
0000000000 €¢'00000FE¢ + F 182 + FiE262 O symbol matrix

goon
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6 000 (Involutivity)

EDSO000D00D000DO0ODO0DOO0DOO0OOO0OOooDooDoooooooon
0 00O analytic category 0 0 0 0O Cartan-Kahler 0000 0000000DOO0O
ooooo

00 10 Involutivity
M OO EDS (Z,9) O involutive 00 0 Vx € MO OO 0O O ordinary O integral
element 0000 OOOOOO0O

00 11 ordinary integral element integral element E [0 ordinary integral
element 0000000 E; O Kahler regular 0O 0O OO O integral flag

0000000000 (O0Kahlerregulart0 00000000 G,(Z)000000O
smooth 00 manifold point 0 O O O polar equation O rank O locally constant .)

26



00 3 (Cartan-Kéahler) (Z,Q) O analytic0 EDS O Oinvolutive 0 0 0 O O
000 ze M OO0 (local O O integral manifold D000 00O

ordinary 0 FOODOODOOODOOCartantest 00O00D0O00DOO0O

00 4 (Cartan test) integral element F 0 integral flag 0 O FE; O Kéhler reg-
ular OO0 OO0

O00000000000c¢, =codimH(Ey) (polar spaced TM OO OODOOOO
goo

codim(G,(Z) C G, (TM)) =coy+c1+ -+ ch
goooooooobobod

0. polar space : H(E,) = {v € T, M|p(v, E},) =0, € T++D},

27



O. s, =0¢C — Cx_1,50 = Co,Spn =Cp — Cp_1,¢cp =dimM —n=s 000000

0.000 E C H(Ep) C H(E)) .

28



0000000 (involutivity)

LpSOO0OD00ODO0OO0OOOOODOODODOOO

00 5 (LPS O involutivity) LPS (Z,Q) 0 e M 00000000000
()>00000000000000 (00000000000000
(2)000 4, 0000000

000000000

O00000 AD wvolutivity DOODOOO0OOODOOODOOOOODOOOODOO
PDEOOODOOOOODOODOOCartantest OO OOOOOOOO

| By
.ADDDDDDDDDDByDDDDDDDDmHngizommmmm
. x*
Y= A 000000000
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gogbooo

() VO 000000 0000000 A0DDOODODOOODODOOreduced
character sq,...,s, 000000000000 ACW ®V*=Hom(V,W).

(20000 AO OO (prolongation) AV 00 DODO0O00DOOOODO PDEOO
0000000000 00000O

A0 WeV*=Hom(V,W)0DOOOOODOO00O0D0O00000O000 OO
VO V*OO0OOD 100000000 4 =AnN(WVy) cWe VOO
0000000000000 4 0 ADDOOODOODOOD 00000000
00 V0000000000 opendense 0000000 V5 Cc V0000
ANWe V0000 =5 00000 4 =ANn(WeVy) CcWe VOO
0000000000000 20000000004, 00000 s, +s00
00 4 =ANWeV, cWeV*00000000000000000 VO
lag0 00000000000 V*O0OO000000O0000000000000
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sp =dim Ay —dimA,,; 00000 ADO reduced character D0 OO0 O0OODO
goooooood H(Ek)DDDDD

cp = codimH(Ey) = s+ 81+ -+ + s

oooo00 (s=dimW )0

000 AQ (00)00 O

AD = (A V)N (W e S2(VY))

gbopooodoogb pPDE0 200000000000 000O0OOODOO PDE

zﬁ%i:oDDDDDDDDDDDDDDDDDDDDDDDDDDDD9%:
' , ' '

dy® — pida’ =00 dp} —plda? =00 JY(V,W)0 (00)000 Bypf =000
0000000000000000

(0000 involutivity DO 00000 Cartantest 0000000000 0OO)
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00 12 (tableau O involutivity) 00O O A O involutive O O
dim AY = s; + 259+ - -+ + ns,

ggboobuoooobo
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7 Characteristic Variety I integrability OO 00O 0O O

BCG3[ Bryant, Chern, Gardner, Goldschmidt, Griffiths:
Exterior differential systems,Springer-Verlarg,New York (1986).]
000 (@O0 o00000)000000sketch DO0ODOOOO
gooooog
OLPS {Z,Q} O involutive 000000000 NOOO characteristic manifold
= C PT*N 0O coisotorpic D 0O M OOOOO =0 fiber 0 00 OO0 OO

(1) 20 reduced character D000 sy,...,8, =1 # 00 Sgp1 = -+ =8, =0
O000dm=EZ+1=k000,00000 € =0 dimkerag(a:)zlﬂﬂ
degreeZ= =0 000

(2) 00O OO reduced character 0 s; =s,89=---=s,=00000m 0000
oooo oo (Wf)D (7'['1 0271'1 037T1 Cn’]Tl)DCaD sxsOoOnO

(3) 000 involutive 100000000 [C,,Cy)=00000
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(4) c,0000000000O000C0DOO0O0OOOOO0O00OOOODOODODODOOO

gooooodao..d

(5)ZE00000000000000OD0O0ODO0O00 sx(n—1)0O0OOOO:
0 =w — Nwé = (& —N&)wd (i=2,...,8,a=1,...,5)00000

000 sx(n—1)0 sO
M
s
(m}) =
i
0

=+ + & D
gbooboooobood

oooOo
ANabooo Algl
Al A
: ) (ooooo)
Asmy e Amg
0O --- 0

EN)00D000 @* =wh+ Mw? 4+ -+ A" O s

(6) w*0 Z(N) O sectiond 00O PT*N O sectioni.e. NOO 1-form OO 00O
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(7) DODOOOZ(N)DO isotropy O NOOO@* O Frobenius integrable 0 0 O O
00 (00000000 (3)@

) 000 dI* =7*A@w®* mod I O000do*=0 mod@w*0000(00OCO
00 Z0O Cauchy characteristic 0000000000000 {6, 78} O
T:MO0O0o0oooooboom

OOooOoboOo LpSOO0OO0ODOO0OOOODOODOODO

(0oo)
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