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Aim
e introduce modifications of 2-dimensional
foliations on 4-manifolds
e cohomological obstruction to turbulizations
e how to geometrically realize?
e geometric tautness of resultant foliations

Key Behind
e 3D (Geodisic) Anosov flow
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Turbulization : a dynamical interpretation

Cohomology Equations for 3_, x 52
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Geometric Realizations of Exotic Solutions
Other Modifications
Sullivan’s Criterion on Tautness

Tautness of Modified Foliations

notations: (everything is oriented and smooth)
F, G, ... . 2-dim foliation (mostly on M%)

L :

a cpt leaf or an embedded surface in M

TF, vF . tangent, normal bundle to F

2. -

closed oriented surface of genus g

e(-) : the euler class



30. Introduction

0-1. Turbulization in Codimension 1 (review)
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done in a tub. nbd
of the closed transversal

0-2. Turbulization in Higher Codimension

a formulation:
turbulization := a modification of a foiation F
in a tub. nbd of a closed transversal LMT F
s.t. L m| Fnew
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0-3. Impossibility of Turbulization

e codimension > 2, rarely 4 closed transversal

e foliated }° -bundle = Not Turbulizable (g 7 1)

L1, Lo : neaby fibres MT F
ie., ..., vL;=7F|g : triviall

S x(Xg) = (e(wF), [La]) = (e(wF V), [Lo])
= (e(vF"NY), [L1]) = (—e(wF), [L1]) = —x(Xy)

0-4. When can we turbulize?

For L2y, M F2 on M*, (g>2),

Answer: Turbulization is possible
&

[L]? | x(Z)(=2—29)
=

Turbulization is geometrically realizable

Method: 1st < : by h-principle
2nd < : 3 (geodesic) Anosov flow,
the principal aim of the talk
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1. Turbulization
— a geometric construction —

1.1 Reduction to ¥, x 52

e the problem reduces from L M| F to
- bdl-fol F;, on >, X S?2 modified into F
- sections Ly MM Fp, = Lo MM F & L_m| F
where
[L+] = (1,0) € Ho(S, x 8%, 2) = 2@ Z,
[L+]? = +2b = +[L]?

L?U "Dl“BwJ(f. wor L with Sule cle = LL1*

Al jH\U

j—.-Ja-—

I M P8R By,
150. % LE U

L =)

ﬁﬁmﬁﬁ—‘

"‘\‘)"\’1 = o e T T 12 JENL
1’

VAU

O M — L+ @m;mﬁgf il ion
_/,V// Locus
Ll
¢t cm,mea &Tw s

wrty L -BIF 2 L+ EFF

——

( “[orBULI ‘noN {% !' FoliATION F on S=bi], W&J




1-2. Maximal Case : A Well-Know Foliation

The case : [L]?2 = +x(L) = £(2 — 29)
ie., vL=TL

0T =m(L) — IsomTH = PSL(2; R)
C PSL(2;C) acting on CP1

If you start from bdl-fol., a bit difficult to imag-
ine how to modify it ... waite unitl next section

Mugimal_Case ( 2b=2-29) s

P 1 G (Tg)—p PSL(2R) = Toom™ ™ £p PSL(24 ) g
senle, Wfac'f C;Uec'&u

T Ty ) BLBRY) A S=RP'= Ju ™ € D= H*
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oz saclion !

Folisded <P d|

Ly BT FH
L— FdH

D\ = L'f‘
#— =3  Foliatied D= bl o/ TF-
> ) Tate fhe Duible /
dety  Ta(Ly) o PSLER) S PSLOC) y €P*
cv:')/?/:. ‘%\L* |
L") Ly ) o |
L- {
RP'= O™ =
24

/

e [L]? = odd = take a doube cover

e the Julia (limit) set = fin. covering of the

unstable foliation of the geodesic A

nosov flow

=
/v(a?q‘mf gl (ConTued) .
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§2. Turbulization
— a dynamical interpretation —

In turbulization we must have a turbulance

Interprete the previous construction
e as a singular limit of an isotopy "Anosov flow’
e starting from a bundle foliation 73, on ¥, x 52

2.1. Regard the product bundle 3, x S over ¥,
as CPl-pbundle associated with
r=m1(2,) — PSL(2;R) C PSL(2;C)

2.2. Decompose CPl-bdl into H-, RPl- & IL-bdl
according to CPl = LURPIUH

2.3. RPl-bundle carries the geodesic Anosov flow

2.4. Hlresp. LL]-bundle D cross sectons L

H-bundle =73, D> L4 = 0-section
= Up<, S1-bdl of radius r

¢(t) : the geodesic flow on T3,
the Anosov flow ¢(t) = ¢(t)|,=1, &(t) = p(rt)

2.5. Take a flow @(t) =¢(f(r~1-¢t)) on Ty,
st. f(ry=r (<3, f@r)>0(r<2)
f(r)=1(2<r)

The same construction on L-bdl



Proposition 2.6. On T3, = H -bundle

lim ®()«Fp = F
t— 00

(F : the suspension of 71(X,) — PSL(2;C) )

Proof On H-bundle \L_
0

TM = <a_> @ T[S (r)bundle] = (Y, S, U)
T
o o 5,
TF,=(—,—), —=U=S&.
b =5 06" 0

By the geodesic flow ¢(t),
o)y =€'U, ¢(t)xS=¢e""'S
so that we have
_ 0,
Jm ¢(t)*<%> = (U).
Also from lim,_,1_g f'(r) = 400 we see

g i (27 @) = )

In total,

im _ lim &7 (£)«TF, = (Y,U) = TF"

r—1—0t—o0



§3. Cohomolgy Equations on Y, x 52
Come back to the original motivation for us.

3.1 Basic question on the existence of a foliation:

For given L C M*%
47 a foliation F on M
s.t.L is a compact leaf [resp. L M F ]

Combined with cohomological data e, e € H2(M;7Z)
for e(vF) and e(vF)
+ homological data of [L] € H>(M; Z)

T hurston’s h-principle,
Mather-Thurston’s theory on Brly,
Dold-Whitney, Pontrjagin,
Milnor’s inequality, and 4+«

enables us to reduce the problem to

solving a system of (co-)homology equations for
e1 and eo.
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Theorem(M.-Vogt) (a ver. for cpt leaf)
dJFonM s.t. LeF,e1=e(tF), & e> =e(vF)

=

(0) Milnor's ineq. |[L]?] <g—1

(1) ef +e5 = p1 (M) € H*(M;Z),

(2) (e1 Uep, [M]) = x(M),

(3) e1 + e =wo(M) € H2(M;Z/2),

(4) {e1, [L]) = x(L),

(5) (e2, [L]) = [L]*.

Theorem(M.-Vogt) (a version for transversal)
dJFonM s.t. LM F,e1 =e(tF), & ex = e(VvF)
&
(1) - (5) with e; and e> exchanged,
(forget (0):Milnor’s Ineq.)

3.2 Coh-Eq. for ¥, x S§2 D section L
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L & Tgxs' =l | h fo F oL
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3.3 Anormalous Solutions and Geometric Interpretation

Standard Solution for L cpt leaf
< foliated S2-product

Standard Solution for L closed transversal
< bundle foliation Fy

Question: How about other anormalous solutions?

Geomclisx Chavadprisalion Ww} A Anownaloes Sel's. 377
STondeid _AT_ AlSt LS~

G & TR R (F 7
Studmd ! L3t : owld Leaves ¢ F.
AL : Lt, —L- €K
NS+ L+eF , L-FtH
 NS- LieF , L-F4 F
TORBULIZATION (é.f.“;miir;gg L+3PF, L -%?%

/0

Our Motivation: Realize these solutions
by geometric and visible constructions,
without relying on h-principle!
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34. Geometric Realizations
of Exotic Solutions

WHY 7 : 3 Exotic Solutions < [L]? | x(3,)

StdL]: foliated S2-bdl
[StdT]: bdl fol. F
[ASL] = Anti-Standard Sol for cpt leaf

[AST] = Anti-Standard Sol for closed m'l
: realized by CPl-model

[NS+] Non-Standard
[INS-] Non-Standard_ : INS+] 4+ [ASL]
or [NS4] 4+ [AST]
Method: Construct (P)SL(2;R)-actions on S?

Basic Pieces(orbits):
e RP! or s =RP1

e R2(\{0}) = standard rep.
= SL(2;R)/{(o1)} :parabolic orbit

e H=SL(2;R)/SO(2;R) : elliptic orbit
Ex|[StdL]:
m1(3,) — SL(2;R) — SL(3;R) acts on S
= [parabolic orbit] U[RP]U [parabolic orbit]
14
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5.1 Reversing Orientaion of Cpt Leaf

e a general principle
M4 =1[0,1] x V3
(V,G) : a foliation of codimension 1
Assumption : 7¢ = (X,Y), X,Y € X°(V),
[X, Y] € (X)
Conclusion : Z = f(£) &+ g(1)Y, (f,9) # (0,0)
TF = (X, Z) is integrable.

e.g., po(t) : [0,1] — [O, 7],
s.t.p(0) =0, (1) =,
o(t) : flatat¢t=0,1
f(t) =sinp(t), g(t) = cosp(l).

‘7:|{1}><Q — —7:|{0}><g

e an application

(V,G) = (S'TY,, Anosov (un)stable foliation)
or its (double) covering
Y = the geodesic flow generator,
(X) = strong (un)stable direction

16



56 Sullivan’s Criterion on Tautness

e general case

Geometric Tautness & Homological Tautness

Geometrically Taut %}ef 4 Riemannian metric
s.t. every leaf is a minimal submanifold

Homologically Taut g

{foliation cycle} N &{tangential current } = ()

e codimension 1 case

two tautness < Toplogical Tautness

Topologically Taut
%" 4 dead-end component
< any leaf meets a closed transversal
= Thurston’s Inequality (convexity)

T he tubulization destroys the convexity,
while the milder turbulization does not!!
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87 Modifications and Tautness

5.1 Turbulization

(M,F), LC M, LM F
Ft . the turbulization of F along L

T heorem’
(1) foliation cycle of Ft XL
foliation cycle of F supported away from L
(2?) any tangential 3-current of F! descends
to one of F.

(3) F : taut = F!: taut

Remark F! can be taut even if F is not!!

18



5.2 Reversing the Orientation of Cpt Leaf

e Review
V3 = 5Ty, G = Anosov unstable fol.

TV =({Y,S,U), exptY: Anosv flow ¢,
<S> — G55, <U> — guu

Y, U] =-U, [Y,S]=S, [S,U] =Y

7G = (Y, U),

dual 1-forms : Y™, S* U™*:
dY* = U* N S*, dS* = S*ANY™ dU* =Y*ANU*
TG = kerS*

Construct # on W =[0,1] x V from (V,G).

TF=(Z,U), Z=f®)%+g@t)Y,
iy =0 floy>0 9= f(t)
f : flat (of 2nd generation) at 0, 1

One More Construction !

Starting from the stable foliation G ;
TG = (Y, S) = kerU*,
TF=(2,8), Z=f®I+q@)Y,

we obtain a completely different foliation F !!
19



5.3 Tautness of Modified Foliations

Theorem A closed 2-form
Q=5"N(gt)dt — f(X)Y™) = d(—fS*)
defines a foliation cycle (= M 'ly inv. measure)
for F.
Corollary (W, F) is not taut.
Theorem (W, F) admits no foliation cycles and

is taut.

Theorem’ The 2nd modification of a taut foli-
ation (M, F) is again taut.

THANK YOU FOR YOUR ATTENTIONS
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