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Abstract. We prove some families of quintic and sextic cyclic inequalities. Each of them
belongs to an edge component of a positive semidefinite cone.

Section 1. Introduction.

Let s > 0 be a real number and let

Hd
s :=

{
f(a, b, c)

∣∣∣∣
f is a cyclic homogeneous polynomial of deg f = d,
f(0, s, 1) = 0, and f(a, a, a) = 0

}
,

Pd
s :=

{
f ∈ Hd

s

∣∣ f(a, b, c) ≥ 0 for all a ≥ 0, b ≥ 0, c ≥ 0.
}
.

Hd
s is a R-vector space and Pd

s is a closed convex cone in Hd
s . In the cases d ≤ 4, these are

studies in [3]. In this article we study the cases d = 5 and 6.
It is easy to see that dimRH5

s = 5 and dimRH6
s = 8. But it is proved that dimRP5

s = 4
and dimRP6

s = 7 in [3]. We denote∑
an := an + bn + cn,

∑
ambn := ambn + bmcn + cman,

∑
albmcn := albmcn + blcman + clambn.

The following two theorems ware announced in [3], but full proof ware not given.

Theorem 1.1. The following F1,s,. . ., F4,s are linearly independent elements in P5
s.

F1,s(a, b, c) := 3s4
∑

a5 − (4s5 − 1)
∑

a4b + (s8 − 4s3)
∑

ab4

− (s8 − 4s5 + 3s4 − 4s3 + 1)
∑

a3bc,

F2,s(a, b, c) := 2
∑

a4b− 3s
∑

a3b2 + s3
∑

ab4 − (s3 − 3s + 2)
∑

a3bc,

F3,s(a, b, c) :=
∑

a4b− 3s2
∑

a2b3 + 2s3
∑

ab4 − (2s3 − 3s2 + 1)
∑

a3bc,

F4,s(a, b, c) :=
∑

a3bc−
∑

a2b2c.
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Theorem 1.2. The following G1,s,. . ., G7,s are linearly independent elements in P6
s.

G1,s := s4
∑

a6 − (2s6 − 1)
∑

a4b2 + (s8 − 2s2)
∑

a2b4

− 3(s8 − 2s6 + s4 − 2s2 + 1)a2b2c2,

G2,s := 2
∑

a5b− 3s
∑

a4b2 + s3
∑

a2b4 − 3(s− 1)2(s + 2)a2b2c2,

G3,s := 2s3
∑

ab5 +
∑

a4b2 − 3s2
∑

a2b4 − 3(s− 1)2(2s + 1)a2b2c2,

G4,s :=
∑

a4b2 + s2
∑

a2b4 − 2s
∑

a3b3 − 3(s− 1)2a2b2c2,

G5,s :=
∑

a4bc−
∑

a3b2c,

G6,s :=
∑

a4bc−
∑

a2b3c,

G7,s :=
∑

a4bc− 3a2b2c2.

In [3], proofs of F1,s ≥ 0, F2,s ≥ 0 and G2,s ≥ 0 are omitted. Other part is already
proved. We shall prove these in Section 2.

We should explain why Theorem 1.1 and 1.2 are important. Consider cyclic homoge-
neous inequalities of three variables of degree d. These are simple, but interesting objects
to study. There were not so many studies till the 21st century. Ĉırtoaje studied in the case
d = 4 in [7], [8], [9] and [10]. The case d = 3 was treated in [1], [2] and [3]. The cases
d = 5 and 6 were partly treated in [3], [6], [11] and [12]. PSD cones in the classical sense are
studied in many articles relating to Hilbert’s 17th problem. For example, [4], [5], [13] and
[14]. A notion of PSD cones are generalized in [3]. Pd

s is one of PSD cones and especially
treated as local cones. Please read [3] to understand why Pd

s is important. Theorem 1.1 and
1.2 do not determine P5

s and P6
s, but determine the edge discriminants of degree 5 and 6.

Section 2. Main Theorems.

Let
Sn := an + bn + cn, Sm,n := ambn + bmcn + cman, U := abc.

Theorem 2.1. Let

F2,s(a, b, c) = 2S4,1 + s3S1,4 − 3sS3,2 − (s3 − 3s + 2)US2.

Then, F2,s(a, b, c) ≥ 0 holds for a ≥ 0, b ≥ 0, c ≥ 0 and s ≥ 0. Moreover, F2,s(0, s, 1) = 0,
F2,s(1, 1, 1) = 0, and F2,s(0, 0, 1) = 0.

Proof. F2,s(1, 1, 1) = 0 and F2,s(0, 0, 1) = 0 are trivial. F2,s(0, s, 1) = 0 can be checked
using Mathematica. Let

p := S4,1 − US2, q := S3,2 − US2, r := S1,4 − US2,

f(s) := s3F2,s(a, b, c, 1/s) = 2s3S4,1 + S1,4 − 3s2S3,2 − (1− 3s2 + 2s3)US2

= 2ps3 − 3qs2 + r.
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Note that p ≥ 0 and r ≥ 0. We shall find the minimum of f(s) in s ≥ 0. Since f ′(s) = 6s(ps−
q), if q ≥ 0 then min f = f(q/p) = (p2r − q3)/p2, and if q < 0 then min f = f(0) = r ≥ 0.
Thus, it is enough to show p2r − q3 ≥ 0 under the assumption q ≥ 0. Note that

p2r − q3 = (S4,1 − US2)2(S1,4 − US2)− (S3,2 − US2)3

= U(S2 − S1,1)
{

S9,1 − S7,3 + S6,4 + 2S4,6

− US7 + 2US6,1 − US1,6 − 3US5,2 − 2US2,5 + US4,3 − 2US3,4

− U2S4 − U2S3,1 + 5U2S1,3 − 2U2S2,2 + 2U3S1

}
.

Thus, let g(a, b, c) :=
p2r − q3

U(S2 − S1,1)
. Since g(a, b, c) is a cyclic polynomial, we may assume

0 ≤ a ≤ 1, 0 ≤ b ≤ 1 and c = 1.

Case 1: We shall prove that if 1 ≥ a ≥ b ≥ 0 then g ≥ 0.
Let k := (1− a)/(1− b). Note that 0 ≤ k ≤ 1. Using Mathematica, we obtain

g(a, 1− k(1− a), 1) = (1− a)4
6∑

i=0

ϕi(k)ai,

here,
ϕ0(k) := (1− k)4(3− 4k + 8k2 − 9k3 + 5k4 − k5),
ϕ1(k) := 6− 24k + 44k2 − 31k3 − 42k4 + 142k5 − 173k6 + 111k7 − 37k8 + 5k9,

ϕ2(k) := 7− 13k + 2k2 + 37k3 − 57k4 − 3k5 + 104k6 − 122k7 + 58k8 − 10k9,

ϕ3(k) := 6− 5k − 3k2 + 17k3 − 3k4 − 21k5 − 3k6 + 50k7 − 42k8 + 10k9,

ϕ4(k) := 3 + 3k − 6k2 + 3k3 + 18k4 − 17k5 − 2k6 − 3k7 + 13k8 − 5k9,

ϕ5(k) := 1 + 2k − k2 + k4 + 10k5 − 6k6 − k7 − k8 + k9,

ϕ6(k) := k(1− k2 + k3 + 2k5).

It is elementary excise to check ϕi(k) ≥ 0 for 0 ≤ ∀k ≤ 1 (i = 0, 1,. . ., 6). Thus we have
g(a, b, 1) ≥ 0 if a ≤ b.

Case 2: We shall prove that if 0 ≤ a < b ≤ 1 then g ≥ 0.
Let k := (1− b)/(1− a). Note that 0 ≤ k ≤ 1. Using Mathematica, we obtain

g(1− k(1− b), b, 1) = (1− b)4
6∑

i=0

ψi(k)bi,

here,
ψ0(k) := (1− k)(3− 11k + 22k2 − 21k3 + 10k4 − 2k5),
ψ1(k) := 6− 12k + 2k2 + 23k3 − 18k4 − 23k5 + 43k6 − 27k7 + 8k8 − k9,

ψ2(k) := 7− 13k + 32k2 − 68k3 + 78k4 − 6k5 − 79k6 + 79k7 − 32k8 + 5k9,

ψ3(k) := 6− 9k + 9k2 + 27k3 − 83k4 + 81k5 + 11k6 − 74k7 + 48k8 − 10k9,

ψ4(k) := 3− 3k + 3k2 + 3k3 + 18k4 − 47k5 + 34k6 + 18k7 − 32k8 + 10k9,

ψ5(k) := 1− k − k2 + 6k3 − 2k4 + 7k5 − 12k6 + 5k7 + 8k8 − 5k9,

ψ6(k) := k4(2 + k2 − k3 + k5).
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We can check that if 0 ≤ k ≤ 1 then ψi(k) ≥ 0 (i = 0, 1,. . ., 6). Thus we have g(a, b, 1) ≥ 0
if a > b.

Theorem 2.2. Let

F1,s(a, b, c) = 3s4S5 − (4s5 − 1)S4,1 + (s8 − 4s3)S1,4 − (s8 − 4s5 + 3s4 − 4s3 + 1)US2.

Then, F1,s(a, b, c) ≥ 0 holds for a ≥ 0, b ≥ 0, c ≥ 0 and s ≥ 0. Moreover, F1,s(0, s, 1) = 0
and F1,s(1, 1, 1) = 0.

Proof. Let

Gs(a, b, c) := (s8 − 4s3)(S4,1 − US2) + (1− 4s5)(S1,4 − US2) + 3s4(S5 − US2).

Since s8F1,1/s(a, b, c) = Gs(a, b, c), it is enough to show Gs ≥ 0. Since s8G1/s(b, a,
c) = Gs(a, b, c), we may assume 0 ≤ s ≤ 1. since Gs is cyclic, we may assume 0 ≤ a ≤ 1,
0 ≤ b ≤ 1, and c = 1.

Case 1. We shall show that if 1 ≥ a ≥ b ≥ 0 then Gs(a, b, 1) ≥ 0.
Let k := (1− a)/(1− b). Then 0 ≤ k ≤ 1.

Gs(a, b, 1) = Gs(a, 1− k(1− a), 1) = (1− a)2
3∑

i=0

Ci(k, s)ai,

here,
C0(k, s) := (1− s + ks)2(1− k + 2s− 4ks + 2k2s + 3s2 − 9ks2

+ 9k2s2 − 3k3s2 + 3s4 + 2s5 − 2ks5 + s6 − 2ks6 + k2s6),
C1(k, s) := 1− k + 3k2 − 3k3 + k4 − 4s3 + 12k2s3 − 20k3s3 + 8k4s3

+ 6s4 − 3ks4 − 9k2s4 + 33k3s4 − 30k4s4 + 9k5s4

− 4s5 + 4ks5 − 12k2s5 + 12k3s5 − 4k4s5

+ s8 − 3k2s8 + 5k3s8 − 2k4s8,

C2(k, s) := 1− k + 3k3 − 2k4 − 4s3 + 4k3s3 − 4k4s3

+ 6s4 − 3ks4 − 3k3s4 + 15k4s4 − 9k5s4

− 4s5 + 4ks5 − 12k3s5 + 8k4s5 + s8 − k3s8 + k4s8,

C3(k, s) := (k − s)2(k2 + 2ks + 3s2 + 3k3s4 + 2k2s5 + ks6).

It is enough to show Ci(k, s) ≥ 0 for 0 ≤ k ≤ 1 and 0 ≤ s ≤ 1. Clearly, C3(k, s) ≥ 0. Since

C0(1− k, s) = (1− ks)2(k + 2k2s + 3k3s2 + 3s4 + 2ks5 + k2s6) ≥ 0,

we have C0(k, s) ≥ 0. Let

Ai(k, s) :=
i∑

j=0

Cj(k, s).

Since C3(k, s) ≥ 0, we have A2(k, s) ≤ A3(k, s). Since
3∑

i=0

Ci(k, s)ai =
2∑

i=0

Ai(k, s)ai(1− a) + A3(k, s)a3,

if we prove A1(k, s) ≥ 0 and A2(k, s) ≥ 0 for 0 ≤ k ≤ 1 and 0 ≤ s ≤ 1, then we have
Gs(a, b, 1) ≥ 0 for 1 ≥ a ≥ b ≥ 0.

Case 1-1. We shall show that if k + s ≤ 1, k ≥ 0 and 0 ≥ s < 1, then A1(k, s) ≥ 0.
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Let x := k/(1− s), then 0 ≤ x ≤ 1.

1
(1− s)2

A1(k, s) =
1

(1− s)2
A1((1− s)x, s) =

4∑

i=0

ai(s)(1− x)xi + a5(s)x5,

here,
a0(s) := 2 + 4s + 6s2 + 6s4 + 4s5 + 2s6,

a1(s) := 2s(1 + 2s + 7s2 + s3 + 4s4 + 3s5 + 2s6),
a2(s) := 3 + 2s + 4s2 + 2s3 + 23s4 − 4s5 + 6s6 + 4s7 + 3s8,

a3(s) := s(5 + 4s− 2s2 + 30s3 + 5s4 − 6s5 + 4s6 + 4s7 − s8),
a4(s) := 1 + 3s + 5s2 + 2s3 + 7s4 + 35s5 − 13s6 + 3s8 + s9 − s10,

a5(s) := 1 + 3s + 5s2 + 2s3 + 13s4 + 17s5 + 5s6 − 6s7 + 3s8 + s9 − s10.

In general, a polynomial h(s) =
n∑

i=0

αis
i satisfies β0 ≥ 0,. . ., βn ≥ 0 here βi :=

i∑

j=0

αi, then

h(s) ≥ 0 for all 0 ≤ s ≤ 1. Thus we have ai(s) ≥ 0 for 0 ≤ s ≤ 1 (i = 0,. . ., 5). Therefore, if
k + s ≤ 1, then A1(k, s) ≥ 0.

Case 1-2. We shall show that if k + s > 1, k ≤ 1 and s ≤ 1, then A1(k, s) ≥ 0.
Let x := (1− s)/k. Then 0 ≤ x ≤ 1. Let m := 1− k.

1
k2 A1(k, s) =

1
(1−m)2

A1(1−m, 1− x + mx) =
9∑

i=0

bi(x)(1−m)mi + b10(x)m10,

here,
b0(x) := 3− 12x + 30x2 − 48x3 + 59x4 − 52x5 + 28x6 − 8x7 + x8,

b1(x) := 6 + 4x− 44x2 + 104x3 − 152x4 + 164x5 − 112x6 + 40x7 − 6x8,

b2(x) := 9 + 20x− 44x2 + 93x4 − 172x5 + 168x6 − 80x7 + 15x8,

b3(x) := 3 + 40x + 26x2 − 184x3 + 227x4 − 112x5 − 28x6 + 56x7 − 17x8,

b4(x) := 3 + 16x + 60x2 + 32x3 − 302x4 + 404x5 − 252x6 + 64x7 − x8,

b5(x) := 3 + 16x + 24x2 + 24x3 + 69x4 − 292x5 + 336x6 − 168x7 + 29x8,

b6(x) := 3 + 16x + 24x2 + 6x4 + 60x5 − 168x6 + 144x7 − 39x8,

b7(x) := 3 + 16x + 24x2 + 28x6 − 56x7 + 25x8,

b8(x) := 3 + 16x + 24x2 + 8x7 − 8x8,

b9(x) := 3 + 16x + 24x2 + x8,

b10(x) := 3 + 16x + 24x2.

We can check that bi(x) ≥ 0 for 0 ≤ x ≤ 1 (i = 0,. . ., 10). Thus we have A1(k, s) ≥ 0 for all
0 ≤ k ≤ 1 and 0 ≤ s ≤ 1.

Case 1-3. We shall show that if k + s ≤ 1, k ≥ 0 and s ≥ 0, then A2(k, s) ≥ 0.
Let x := k/(1− s). Then 0 ≤ x ≤ 1.

1
(1− s)2

A2(k, s) =
1

(1− s)2
A2((1− s)x, s) =

4∑

i=0

ci(s)(1− x)xi + c5(s)xi,

here,
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c0(s) := 3(1 + 2s + 3s2 + 3s4 + 2s5 + s6),
c1(s) := s(3 + 6s + 13s2 + s3 + 10s4 + 7s5 + 4s6),
c2(s) := 3 + 3s + 6s2 + s3 + 22s4 − 2s5 + 7s6 + 4s7 + 3s8,

c3(s) := c2(s),
c4(s) := 2 + 5s + 5s2 + s3 + 22s4 + 2s5 − s6 + 8s7 + 3s8,

c5(s) := 2 + 5s + 5s2 + s3 + 19s4 + 11s5 − 10s6 + 11s7 + 3s8.

Similarly as Case 1-1, we have ci(s) ≥ 0 for 0 ≤ s ≤ 1 (i = 0,. . ., 5). Thus A2(k, s) ≥ 0 if
k + s ≤ 1.

Case 1-4. We shall show that if k + s > 1, k ≤ 1 and s ≤ 1, then A2(k, s) ≥ 0.
Let x = (1− s)/k and m = 1− k. Then

1
(1−m)2

A2(k, s) =
1

(1−m)2
A2(1−m, 1− x + mx) =

7∑

i=0

di(x)(1−m)mi + d8(x)m8,

here,
d0(x) := 3− 12x + 42x2 − 84x3 + 115x4 − 104x5 + 56x6 − 16x7 + 2x8,

d1(x) := 6 + 12x− 66x2 + 168x3 − 281x4 + 324x5 − 224x6 + 80x7 − 12x8,

d2(x) := 24x + 48x2 − 240x3 + 427x4 − 516x5 + 420x6 − 184x7 + 33x8,

d3(x) := 3− 4x + 68x2 + 40x3 − 311x4 + 492x5 − 476x6 + 256x7 − 55x8,

d4(x) := 3 + 8x + 18x2 + 20x3 + 55x4 − 216x5 + 308x6 − 224x7 + 60x8,

d5(x) := 3 + 8x + 36x2 − 12x3 − 2x4 + 24x5 − 84x6 + 112x7 − 42x8,

d6(x) := 3 + 8x + 36x2 − 3x4 − 4x5 − 24x7 + 17x8,

d7(x) := 3 + 8x + 36x2 − 3x8,

d8(x) := 3 + 8x + 36x2.

We can check that di(x) ≥ 0 for 0 ≤ x ≤ 1 (i = 0,. . ., 8). Thus we have A2(k, s) ≥ 0, and
we have proved Gs(a, b, 1) ≥ 0 if a ≥ b.

Case 2. We shall show that if 0 ≤ a < b ≤ 1 then Gs(a, b, 1) ≥ 0.
Let k := (1− b)/(1− a). Note that 0 ≤ k < 1 and 0 ≤ s ≤ 1.

Gs(a, b, 1) = Gs(1− k(1− b), b, 1) = (1− b)2
(

2∑

i=0

Bi(k, s)bi(1− b) + B3(k, s)b3

)
,

here,
B0(1− k, s) = (k − s)2(k2 + 2ks + 3s2 + 3k3s4 + 2k2s5 + ks6) ≥ 0,

B1(k, s) = 2− 4k + 3k2 + k3 − k4 − 8s3 + 8ks3 − 12k2s3 + 12k3s3 − 4k4s3

+ 12s4 − 18ks4 + 21k2s4 + 3k3s4 − 15k4s4

+ 6k5s4 − 8s5 + 16ks5 − 12k2s5 − 4k3s5 + 4k4s5

+ 2s8 − 2ks8 + 3k2s8 − 3k3s8 + k4s8,

B2(k, s) = 3− 4k + 3k2 − 12s3 + 12ks3 − 12k2s3 + 4k4s3

+ 18s4 − 21ks4 + 21k2s4 − 3k5s4 − 12s5 + 16ks5 − 12k2s5

+ 3s8 − 3ks8 + 3k2s8 − k4s8,

B3(k, s)−B2(k, s) = (1− ks)2(k + 2k2s + 3k3s2 + 3s4 + 2ks5 + k2s6) ≥ 0.
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Thus it is enough to show that B1(k, s) ≥ 0 and B2(k, s) ≥ 0 for all 0 ≤ k < 1 and
0 ≤ s ≤ 1.

Case 2-1. We shall show that if k + s ≤ 1, k ≥ 0 and s ≥ 0, then B1(k, s) ≥ 0.
Let x := k/(1− s). Then 0 ≤ x ≤ 1.

1
(1− s)2

B1(k, s) =
1

(1− s)2
B1((1− s)x, s) =

10∑

i=0

ei(x)si,

here,
e0(x) := 2− 4x + 3x2 + x3 − x4,

e1(x) := 4− 4x− x3 + 2x4,

e2(x) := 6− 4x− x4,

e3(x) := 4x− 12x2 + 12x3 − 4x4,

e4(x) := 6− 14x + 21x2 − 9x3 − 7x4 + 6x5,

e5(x) := 4 + 2x− 12x2 − 7x3 + 30x4 − 18x5,

e6(x) := 2 + 2x + 4x3 − 23x4 + 18x5,

e7(x) := 2x + 4x4 − 6x5,

e8(x) := 3x2 − 3x3 + x4,

e9(x) := 3x3 − 2x4,

e10(x) := x4.

If i 6= 5, ei(x) ≥ 0 for all 0 ≤ x ≤ 1. e5(x) may be negative, but we can prove that
e0(x) + e5(x) ≥ 0 for 0 ≤ x ≤ 1. Thus we have B1(k, s) ≥ 0 if k + s ≤ 1.

Case 2-2. We shall show that if k + s > 1, k ≤ 1 and s ≤ 1, then B1(k, s) ≥ 0.
Let x := (1− s)/k and m = 1− k. Then

1
(1−m)2

B1(k, s) =
1

(1−m)2
B1((1−m), 1− (1−m)x)

=
9∑

i=0

fi(x)(1−m)mi + f10(x)m10,

here,
f0(x) := 3− 12x + 30x2 − 48x3 + 59x4 − 52x5 + 28x6 − 8x7 + x8,

f1(x) := 6− 28x + 68x2 − 80x3 + 28x4 + 44x5 − 56x6 + 24x7 − 4x8,

f2(x) := 9− 44x + 68x2 − 87x4 + 68x5 − 16x7 + 5x8,

f3(x) := 3 + 8x− 86x2 + 184x3 − 133x4 + 8x5 + 28x6 − 8x7 − x8,

f4(x) := 3− 16x + 60x2 − 152x3 + 238x4 − 196x5 + 84x6 − 16x7 + x8,

f5(x) := 3− 16x + 24x2 + 24x3 − 111x4 + 188x5 − 168x6 + 72x7 − 11x8,

f6(x) := 3− 16x + 24x2 + 6x4 − 60x5 + 112x6 − 80x7 + 19x8,

f7(x) := 3− 16x + 24x2 − 28x6 + 40x7 − 15x8,

f8(x) := 3− 16x + 24x2 − 8x7 + 6x8,

f9(x) := 3− 16x + 24x2 − x8,

f10(x) := 3− 16x + 24x2.
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We can check fi(x) ≥ 0 for 0 ≤ x ≤ 1. Thus we have B1(k, s) ≥ 0.
Case 2-3. We shall show that if k + s ≤ 1, k ≥ 0 and s ≥ 0, then B2(k, s) ≥ 0.
Let x := k/(1− s). Then 0 ≤ x ≤ 1.

1
(1− s)2

B2(k, s) =
1

(1− s)2
B2((1− s)x, s) =

10∑

i=0

gi(x)si,

here,
g0(x) := 3− 4x + 3x2 ≥ 0,

g1(x) := 6− 4x ≥ 0,

g2(x) := 9− 4x ≥ 0,

g3(x) := 8x− 12x2 + 4x4 ≥ 0,

g4(x) := 9− 13x + 21x2 − 8x4 − 3x5 ≥ 0,

g5(x) := 6 + 3x− 12x2 + 4x4 + 9x5 ≥ 0,

g6(x) := 3 + 3x− 9x5,

g7(x) := 3x + 3x5 ≥ 0,

g8(x) := 3x2 − x4 ≥ 0,

g9(x) := 2x4 ≥ 0,

g10(x) := −x4.

g6(x) and g10(x) may be negative, but g5(x) + g6(x) ≥ 0 and g9(x) + g10(x) ≥ 0 for all
0 ≤ x ≤ 1. Thus we have B2(k, s) ≥ 0 if k + s ≤ 1.

Case 2-4. We shall show that if k + s > 1, k ≤ 1 and s ≤ 1, then B2(k, s) ≥ 0.
Let x = (1− s)/k and m = 1− k.

1
(1−m)2

B2(k, s) =
1

(1−m)2
B2(1−m, 1− x + mx)

=
9∑

i=0

hi(x)(1−m)mi + h10(x)m10,

here,
h0(x) := 3− 12x + 42x2 − 84x3 + 115x4 − 104x5 + 56x6 − 16x7 + 2x8,

h1(x) := 6− 36x + 102x2 − 108x3 − 11x4 + 144x5 − 140x6 + 56x7 − 9x8,

h2(x) := x(24− 120x + 312x2 − 383x3 + 204x4 − 40x6 + 12x7),
h3(x) := 3− 20x + 124x2 − 328x3 + 589x4 − 648x5 + 392x6 − 112x7 + 9x8,

h4(x) := 3− 8x + 18x2 + 112x3 − 395x4 + 684x5 − 644x6 + 296x7 − 51x8,

h5(x) := 3− 8x + 36x2 − 12x3 + 88x4 − 336x5 + 504x6 − 328x7 + 78x8,

h6(x) := 3− 8x + 36x2 − 3x4 + 56x5 − 196x6 + 200x7 − 66x8,

h7(x) := 3− 8x + 36x2 + 28x6 − 64x7 + 33x8,

h8(x) := 3− 8x + 36x2 + 8x7 − 9x8,

h9(x) := 3− 8x + 36x2 + x8,

h10(x) := 3− 8x + 36x2.

We can check that hi(x) ≥ 0 for 0 ≤ x ≤ 1 (i = 0,. . ., 10). Thus we have B2(k, s) ≥ 0, and
complete the proof.
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Theorem 2.3. Let

G2,s(a, b, c) = 2S5,1 − 3sS4,2 + s3S2,4 − 3(s− 1)2(s + 2)U2.

Then G2,s(a, b, c) ≥ 0 for a ≥ 0, b ≥ 0, c ≥ 0 and s ≥ 0. Moreover, G2,s(0, s, 1) = 0,
G2,s(1, 1, 1) = 0, and G2,s(0, 0, 1) = 0.

Proof. We can check G2,s(0, s, 1) = 0 using Mathematica. Let

p := S5,1 − 3U2, q := S4,2 − 3U2, r := S2,4 − 3U2,

f(s) := s3G2,1/s(a, b, c) = 2s3S5,1 − 3s2S4,2 + S2,4 − 3(1− s)2(1 + 2s)U2

= 2s3p− 3s2q + r.

Note that p ≥ 0, q ≥ 0 and r ≥ 0. Since f ′(s) = 6s(sp − q), we have f(s) ≥ f(q/p) =
(p2r − q3)/p2 if s ≥ 0. Thus, it is enough to show that p2r − q3 ≥ 0. Let

g(a, b, c) := (p2r − q3)/U

= 2S6,9 + US12 − 3US10,2 + 9US8,4 − 6US7,5 − 3US6,6

+ 2U2S6,3 − 6U2S4,5 − 6U2S1,8 − 2U3S6 + 18U3S5,1

− 27U3S4,2 + 27U3S2,4 + 2U4S3 − 6U4S1,2 − 6U5.

Since g is cyclic, we may assume 0 ≤ a ≤ 1, 0 ≤ b ≤ 1 and c = 1.

Case 1: We shall prove that if 1 ≥ a ≥ b ≥ 0 then g(a, b, 1) ≥ 0.
Let k := (1− a)/(1− b). Note that 0 ≤ k ≤ 1.

g(1− k(1− b), b, 1) = (1− b)6
9∑

i=0

ϕi(k)bi,

here,
ϕ0(k) := 2(1− k)9,
ϕ1(k) := (1− k)

(
11− 72k + 222k2 − 430k3 + 639k4 − 810k5 + 879k6 − 762k7

+ 489k8 − 220k9 + 66k10 − 12k11 + k12
)
,

ϕ2(k) := 26− 143k + 368k2 − 542k3 + 426k4 + 187k5 − 1302k6 + 2439k7

− 2826k8 + 2199k9 − 1150k10 + 390k11 − 78k12 + 7k13,

ϕ3(k) := 36− 122k + 152k2 + 80k3 − 631k4 + 1285k5 − 1365k6 + 309k7

+ 1314k8 − 2156k9 + 1707k10 − 777k11 + 195k12 − 21k13,

ϕ4(k) := 32− 50k − 28k2 + 248k3 − 446k4 + 271k5 + 512k6 − 1181k7

+ 774k8 + 394k9 − 1048k10 + 765k11 − 260k12 + 35k13,

ϕ5(k) := 18 + 2k − 48k2 + 96k3 + 32k4 − 402k5 + 623k6 − 167k7

− 466k8 + 432k9 + 112k10 − 360k11 + 195k12 − 35k13.

ϕ6(k) := 6 + 12k − 18k2 + 20k3 + 60k4 − 60k5 − 168k6 + 361k7

− 54k8 − 140k9 + 126k10 + 48k11 − 78k12 + 21k13,

ϕ7(k) := 1 + 5k − 6k3 + 30k4 + 12k5 − 27k6 − 45k7

+ 95k8 − 27k9 − 33k10 + 15k11 + 13k12 − 7k13,

ϕ8(k) := k(1 + 12k4 − 3k6 − 6k7 + 9k8 − 3k10 + k12),
ϕ9(k) := 2k6.
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We can check that if 0 ≤ k ≤ 1 then ϕi(k) ≥ 0 (i = 0, 1,. . ., 9). Thus we have g(a, b, 1) ≥ 0
if a ≥ b.

Case 2: We shall prove that if 0 ≤ a < b ≤ 1 then g ≥ 0.
Let k := (1− b)/(1− a). Then 0 ≤ k ≤ 1.

q(a, 1− k(1− a), 1) = (1− a)6
9∑

i=0

ψi(k)ai,

here,
ψ0(k) := 2(1− k)6,
ψ1(k) := (1− k)

(
11− 42k + 84k2 − 142k3 + 252k4 − 396k5 + 501k6 − 498k7

)
,

+ 369k8 − 190k9 + 63k10 − 12k11 + k12,

ψ2(k) := 26− 107k + 272k2 − 544k3 + 808k4 − 724k5 + 50k6 + 983k7

− 1732k8 + 1677k9 − 1012k10 + 375k11 − 78k12 + 7k13,

ψ3(k) := 36− 128k + 311k2 − 437k3 + 160k4 + 572k5 − 1113k6 + 691k7

+ 593k8 − 1615k9 + 1512k10 − 750k11 + 195k12 − 21k13,

ψ4(k) := 32− 86k + 134k2 + 59k3 − 446k4 + 536k5 + 14k6 − 677k7

+ 542k8 + 373k9 − 988k10 + 750k11 − 260k12 + 35k13,

ψ5(k) := 18− 22k − 30k2 + 206k3 − 227k4 + 11k5 + 183k6 − 25k7

− 270k8 + 186k9 + 217k10 − 375k11 + 195k12 − 35k13,

ψ6(k) := 6 + 6k − 42k2 + 70k3 + 28k4 − 115k5 + 126k6 − 39k7

+ 18k8 − 64k9 + 24k10 + 75k11 − 78k12 + 21k13,

ψ7(k) := 1 + 5k − 9k2 − 9k3 + 45k4 − 25k5 − 21k6 + 69k7

− 36k8 + 6k9 − 6k10 + 13k12 − 7k13,

ψ8(k) := k
(
1− 3k2 + 9k4 − 6k5 − 3k6 + 18k7 − 6k8 + k12

)
,

ψ9(k) := 2k9.

We can check that if 0 ≤ k ≤ 1 then ψi(k) ≥ 0 (i = 0, 1,. . ., 9). Thus we have g(a, b, 1) ≥ 0
if a < b.
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