Some Quintic and Sextic Cyclic Inequalities
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Abstract. We prove some families of quintic and sextic cyclic inequalities. Each of them
belongs to an edge component of a positive semidefinite cone.

Section 1. Introduction.

Let s > 0 be a real number and let
g { b, ’ fisa cychc homogeneous polynomial of deg f = d, }
= a, b, c) )

) =0, and f(a,a,a) =0
P .= {fef}fg|fa,b,c)20f0ralla20,bZO,cZO.}.
H? is a R-vector space and P9 is a closed convex cone in H?. In the cases d < 4, these are
studies in [3]. In this article we study the cases d = 5 and 6.
It is easy to see that dimg H> = 5 and dimg H® = 8. But it is proved that dimg P35 = 4
and dimg P¢ = 7 in [3]. We denote

Za” =a” + 0" + ", Zamb" =amb" + 0" 4+ cMa”,
Z a'bme™ = alb™ e 4 blema™ + cla™b™.
The following two theorems ware announced in [3], but full proof ware not given.
Theorem 1.1. The following F' s,..., Fy s are linearly independent elements in ng.
Fi 4(a,b,c) := 3s* Za5 — (45° = 1) Za4b + (s® — 45°) Z ab*
— (8% —45° + 35 — 453 + 1) Za?’bc,

F5 s(a,b,c) == 22&417— 332@362 +S3Zab4 —(s* - 35—1—2)Za3bc,
F5 s(a,b,c) Za4b 3522a2b3+2s32ab4 s —3s% + I)Za%c,
Fy s(a,b,c) == Za?’bc Za2b2
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Theorem 1.2. The following G s,. .., G7 s are linearly independent elements in PS.

Gy = s Zaﬁ —(2s° 1) Za4b2 + (s® — 25?) Za2b4

—3(s% — 25% + s* — 257 + 1)a?b*c?,
Gas =2 Z a®b — 3s Z a*b? + s* Z a®b* — 3(s — 1)%(s + 2)ab*c?,
Gs = 25" Z ab® + Z atb? — 352 Z a®b* — 3(s — 1)%(2s + 1)a®b*c?,

)

Gas = Z a*t? + §* Z a’b* — 2s Z a®b® — 3(s — 1)%a*b*c?,
Gs,s 1= Z a*be — Z av?e,
Ge,s 1= Z a*be — Z a2b3c,

Gr,s = Z a*be — 3a?b>c2.

In [3], proofs of F1 s > 0, F5 ¢ > 0 and G2s > 0 are omitted. Other part is already
proved. We shall prove these in Section 2.

We should explain why Theorem 1.1 and 1.2 are important. Consider cyclic homoge-
neous inequalities of three variables of degree d. These are simple, but interesting objects
to study. There were not so many studies till the 21st century. Cirtoaje studied in the case
d =4 in [7], [8], [9] and [10]. The case d = 3 was treated in [1], [2] and [3]. The cases
d =5 and 6 were partly treated in [3], [6], [11] and [12]. PSD cones in the classical sense are
studied in many articles relating to Hilbert’s 17th problem. For example, [4], [5], [13] and
[14]. A notion of PSD cones are generalized in [3]. P is one of PSD cones and especially
treated as local cones. Please read [3] to understand why P? is important. Theorem 1.1 and
1.2 do not determine P5 and P, but determine the edge discriminants of degree 5 and 6.

Section 2. Main Theorems.

Let
Sn = q" + b + cn’ Sm,n = gMmpn 4 pm e 4 Cman’ U = abe.

Theorem 2.1. Let
Fg’s(a, b, C) = 25471 =+ 8351’4 — 385372 — (83 — 35+ 2>USQ
Then, F5 s(a,b,c) > 0 holds for a > 0, b > 0, ¢ > 0 and s > 0. Moreover, F; 4(0,s,1) =0,
F54(1,1,1) =0, and F5 4(0,0,1) = 0.
Proof. F» 4(1,1,1) =0 and F5 4(0,0,1) = 0 are trivial. F54(0,s,1) = 0 can be checked
using Mathematica. Let
pi= 54,1 —USQ, q = 5372_U52, ri= 51’4_USQ,
f(S) = 83F273(a, b, C, 1/8) = 2835471 + S174 — 3825’372 — (1 — 382 + QSS)USQ
= 2ps® — 3qs® + 1.



Note that p > 0 and r > 0. We shall find the minimum of f(s) in s > 0. Since f/(s) = 6s(ps—
q), if ¢ > 0 then min f = f(q/p) = (p*r — ¢)/p?, and if ¢ < 0 then min f = f(0) = r > 0.
Thus, it is enough to show p?r — ¢ > 0 under the assumption ¢ > 0. Note that

p’r— ¢ = (Sa1 — U52)2(5’174 —US3) — (S3,2 — US,)3
—U(Ss - 51,1>{59,1 ~ Sny+ Ssu+ 2500
—~US7 +2US1 —USy 6 —3US52 —2USa 5 +USy3 —2US3.4
—U?Sy —U?S31 +5U%S1 3 —2U?Ss 5 + 2U3Sl}.

2 3
pr—q
Thus, let g(a,b,¢) i = ——————
9(a, b, c) 0% = 50
0<a<l,0<b<1landc=1.
Case 1: We shall prove that if 1 > a > b > 0 then g > 0.
Let k:= (1 —a)/(1 —b). Note that 0 < k < 1. Using Mathematica, we obtain

. Since g(a, b, ¢) is a cyclic polynomial, we may assume

6

gla, 1= k(1 —a),1) =(1-a)*> ¢i(k)d’,

=0
here,
wo(k) == (1 —k)*(3 — 4k + 8k* — 9k> + 5k* — kD),
©1(k) := 6 — 24k + 44k% — 31> — 42k* + 142K° — 173k° + 111K7 — 37k® + 5K°,
©o(k) := 7 — 13k + 2k% + 37k — 57k* — 3k5 + 104k5 — 1227 + 58k% — 10k°,
@3(k) := 6 — 5k — 3k* + 17k> — 3k* — 21k° — 3k5 + 50k" — 42K% + 10%°,
@a(k) =3 + 3k — 6k + 3k + 18k* — 17k° — 2k5 — 3K7 4 13k% — 5K°,
(k)

we(k) := k(1 — k> + k3 + 2K°).
It is elementary excise to check p;(k) > 0 for 0 < Vk <1 (i =0, 1,..., 6). Thus we have
g(a,b,1) > 0if a <b.
Case 2: We shall prove that if 0 < a < b <1 then g > 0.
Let k:=(1—10)/(1 —a). Note that 0 < k¥ < 1. Using Mathematica, we obtain

g(1 — k(1 =0),b,1) = (1 —b)* § Vi (k)b
1=0
here,
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We can check that if 0 < k <1 then ¢;(k) >0 (i =0, 1,..., 6). Thus we have g(a,b,1) >0
if a >b. 0

Theorem 2.2. Let
Fi s(a,b,c) = 35" S5 — (4s® — 1)Sy1 + (s° — 45%)S1 4 — (s — 4s® + 3s* — 45® + 1)U S,.
Then, Fy s(a,b,c) > 0 holds for a > 0, b > 0, ¢ > 0 and s > 0. Moreover, F; 4(0,s,1) =0
and Fy 5(1,1,1) = 0.
Proof. Let
Gsla,b,c) := (8% —48%)(S41 — USa) + (1 — 45°)(S1,4 — USs) + 35 (S5 — USy).
Since s*F 1/5(a, b, ¢) = Gs(a, b, ¢), it is enough to show G, > 0. Since s*Gy/,(b, a,

¢) = G4(a, b, ¢), we may assume 0 < s < 1. since Gy is cyclic, we may assume 0 < a < 1,
0<b<l1l,and c=1.

Case 1. We shall show that if 1 > a > b > 0 then Gs(a,b,1) > 0.
Let k:=(1—a)/(1 —b). Then 0 < k < 1.
3
Gal(a,b,1) = Go(a,1 — k(1 —a),1) = (1 —a)* ) _ Ci(k, s)d’,
i=0
here,
Col(k,s) := (1 —s+ks)?(1 — k + 2s — 4ks + 2k*s + 35% — 9ks>
+ 9k?s% — 3k3s% + 35 + 25° — 2ks® + 50 — 2ks0 + k2s0),
Ci(k,s) :=1—k+3k* — 3k3 + k* — 45> + 12253 — 20k3s> + 8k 3
+ 65" — 3ks" — 9k?s* + 33ks* — 30k"s" + 9ks?
— 45 + dks® — 12k%s° + 12355 — 4k*s°
+ 5% — 3k2s® + k358 — 2k 8,
Colk,s) :=1—k+3k% — 2k* — 453 + 4k3s> — 4k*s3
+ 65" — 3ks" — 3k®s* + 15k*s* — 9k°s*
—45% + 4ks® — 1235 4+ 8k*s5 + §8 — k38 + k55,
Cs(k,s) := (k — 5)%(k* + 2ks + 35 + 3k>s* + 2k*s° + ks®).
It is enough to show C;(k, s) > 0 for 0 < k <1 and 0 < s < 1. Clearly, C5(k, s) > 0. Since
Co(1 —k,s) = (1 — ks)*(k + 2k%s + 3k3s? + 3s* + 2ks® + k25%) > 0,
we have Cy(k, s) > 0. Let

Ai(k,s) =Y Cy(k,s).
5=0
Since C3(k, s) > 0, we have Ay (k, s) < As(k, s). Since
3 2
ZC’i(k’, s)a’ = ZAi(k, s)a'(1 —a) + Az(k, s)a®,
i=0 i=0

if we prove Aj(k, s) > 0 and As(k,s) > 0for 0 < k < 1and 0 < s < 1, then we have
Gs(a,b,1)>0for1 >a>b>0.

Case 1-1. We shall show that if k+s <1, k>0 and 0 > s < 1, then A;(k, s) > 0.

4



Let x :=k/(1 —s), then 0 <z < 1.

4
1 1 i
WA:L([C,S) = WA:[((]_ — 8).’1}',5) = Zal(s)(l — CU)$ + CL5(S)ZU5,
i=0
here,
ao(s) := 2 + 4s + 65 + 65 + 45° + 255,
a1(s) := 2s(1 4 25 + 7s% + &% + 4s* + 35° + 25°),
az(s) = 3 + 25 + 4s% + 253 + 2351 — 455 4 65° + 457 + 355,
az(s) = s(5 + 4s — 25> + 30s® + 5s* — 65° + 4s° + 457 — %),
as(s) := 14 3s + 5s% + 25> + 7s* + 355" — 1355 + 35% 4 57 — 50,
as(s) ;== 14 3s + 55 + 25> + 135 + 175° + 55° — 657 + 35 + 57 — s'°.

In general, a polynomial h(s Za s" satisfies By > 0,..., 8, > 0 here 3; := Zaz, then
=0
h(s) > 0 for all 0 < s < 1. Thus we have a;(s) >0for0<s<1(i=0,...,5). Therefore if
k+s <1, then A;(k, s) > 0.
Case 1-2. We shall show that if k+s > 1, k <1 and s <1, then A;(k, s) >0
Let x := (1 —s)/k. Then0<x <1. Let m:=1—k.

9

12 Ai(k,s) = %Al(l —m,l —x+mz)= bi(2)(1 — m)m® + byo(z)m!°,

k (1 —-m) pa
here,

bo(z) := 3 — 122 4 3022 — 4823 4 59z* — 5225 4 2825 — 827 + 28,
bi(z) := 6 + 4z — 442 4 10423 — 1522 4 1642° — 1122° 4 4027 — 625,
bo(x) 1= 9+ 202 — 442” + 932* — 1722° + 1682° — 8027 + 1525,
by(x) := 3 + 402 + 2627 — 18423 + 2272* — 1122° — 282° + 5627 — 1725,
ba(z) := 3 + 162 + 6022 + 322° — 302x* + 4042° — 2522° + 6427 — 25,
bs(x) := 3 + 162 4 2422 + 242> + 692* — 2922° + 33625 — 16827 + 2928,
be(x) := 3 + 162 4 2422 + 62" + 6025 — 1682° + 14427 — 3925,
br(x) := 3 + 162 + 242 + 282° — 5627 + 252,
bs(z) := 3 + 162 + 2427 + 827 — 82,
bg(x) =3+ 16z + 242" +

0

We can check that b;(z) > 0for 0 <z <1 (i =0,..., 10). Thus we have A;(k, s) > 0 for all
0<k<land0<s<1.

Case 1-3. We shall show that if k +s <1, k>0 and s > 0, then Ay(k, s) > 0.
Let x :=k/(1 —s). Then 0 <z < 1.

4
1 1 .
7(1_5)2/12(/4:,5) A(l—sxSZE ci(8)(1 — z)z* + c5(s)x’,

here,



co(s) := 3(1 4 2s + 352 + 3s* 4+ 25° + %),

c1(s) := s(3 4 65 + 1357 + s> + 10s* + 7s° + 4s%),

c2(8) == 3+ 35 + 652 + 5% + 225* — 25° + 750 + 457 + 35°,
c3(s) = ca(s),

ca(8) =2+ 55+ 55% + 53 4+ 225% 4+ 25° — 50 + 857 + 35,
c5(s) := 2+ 55+ 5s? + 5% + 19s* + 115° — 10s° + 1157 + 358

Similarly as Case 1-1, we have ¢;(s) > 0for 0 < s <1 (i =0,...,5). Thus As(k, s) > 0 if
k+s<1.

Case 1-4. We shall show that if k +s> 1, k <1 and s < 1, then Ay(k, s) > 0.

Let x = (1 — s)/k and m =1 — k. Then

1 1
[

7
Ap(L—m,l—z+mz) =) di(x)(1—m)m'+ ds(x)m®,
=0

ds(z) := 3 + 8z + 3627
We can check that d;(z) > 0for 0 <z <1 (i =0,..., 8). Thus we have As(k, s) > 0, and
we have proved G4(a,b,1) > 0if a > b.

Case 2. We shall show that if 0 < a < b <1 then Gg(a,b,1) > 0.
Let k:=(1—-10)/(1 —a). Note that 0 <k <1 and 0 < s <1.

2
Gy(a,b,1) = Go(1 — k(1 —b),b,1) = (1 — b)* (Z Bi(k, s)b'(1 — b) + Bs(k, s)b3) ,
1=0
here,
Bo(1 —k,s) = (k — 8)*(k? + 2ks + 35% + 3k3s* + 2k?s° + ks®) > 0,
By(k,s) =2 — 4k + 3k* + k* — k* — 853 + 8ks® — 12k2s% + 12k3s® — 4k*s3
+ 125% — 18ks* 4 21k2s* 4 3k3s* — 15k%s4
+ 6k5s — 85% + 16ks® — 12k%s° — 4k3s° + 4k*s°
+ 2% — 2ks® + 3k%s% — 3k35% + kS8,
By(k,s) = 3 — 4k + 3k* — 125% + 12ks® — 12k%s3 + 4k’s3
+ 185t — 21ks* + 21k?s* — 3k5s* — 125° + 16ks® — 12k2s°
+ 358 — 3ks® 4+ 3k2s% — k55,
Bs(k,s) — Ba(k,s) = (1 — ks)?(k + 2k*s + 3k3s? + 3s* + 2ks® + k?5%) > 0.

6



Thus it is enough to show that Bi(k, s) > 0 and Ba(k, s) > 0 for all 0 < k < 1 and

0<s<1.

Case 2-1. We shall show that if k +s <1, k>0 and s > 0, then By(k, s) >0
Let x :=k/(1 —s). Then 0 <z < 1.

here,

Ifi #5 ¢e(x) >0forall 0 <z < 1.

o Blh ) = g B 9 = D e

2 — 4z + 322 + 23 4

eo(x) ==

e1(x) := 4 — 4o — 23 + 22%,

ea(z) =6 — 4o — 2*,

es3(x) := 4o — 1222 4 1223 — 4a?,

eq(z) =6 — 14z + 2122 — 923 — 72 + 62°,
es(z) =4+ 2z — 1227 — 72® + 302 — 1827,
e6(x) := 2+ 22 + 42 — 232" + 182°,

er(z) == 22 + 42* — 62°,

es(z) := 32? — 32% + 2%,

eg(z) := 323 — 22*,

eo(x) := 2.

eo(z) +es(x) > 0 for 0 <z < 1. Thus we have By (k, s) > 0if k+ s < 1.

Case 2-2. We shall show that if k+s > 1, k <1 and s < 1, then By(k, s)
Let x := (1 —s)/k and m =1 — k. Then

here,

> 0.

x

A B 8) = s B =), 1= (1= m)

9

= filz)(1 —m)m’ + fio(x)m'?,

=0
fo(z) := 3 — 12z + 302% — 482> + 592* — 522° + 282°% — 827 + 28,
fi(z) := 6 — 28z + 6827 — 80z> + 282 4 442° — 562° 4 2427 — 428,
fa(x) := 9 — 44z + 6822 — 87z + 682° — 1627 + 525,
fa(z) := 3 + 8z — 8622 + 1842> — 1332 + 82° + 2825 — 827 — ¥,
fa(z) := 3 — 162 + 602% — 15223 + 238z* — 1962 + 842° — 1627 + 25,
fs(x) := 3 — 162 + 242% + 242> — 1112% + 1882° — 1682° + 7227 — 11
fo(z) := 3 — 162 + 242 4 62* — 602° + 1122° — 8027 4 1925,
fr(x) := 3 — 16z + 242 — 2825 + 402" — 1525,
fs(z) := 3 — 16z + 242 — 82" + 625,
fo(z) := 3 — 16z + 242 — 28

0

fro(z) := 3 — 162 + 242>

8

es(x) may be negative, but we can prove that

)



We can check f;(z) >0 for 0 < x < 1. Thus we have By (k, s) > 0.

Case 2-3. We shall show that if k +s <1, k>0 and s > 0, then By(k, s) > 0
Let x :=k/(1 —s). Then 0 <z < 1.

here,

Case 2-4. We shall show that if k +s > 1, k <1 and s < 1, then By(k, s) > 0.

1

(1-s)?

oo@@oo@oaoo

gio(z) :=
g6(z) and gio(z) may be negative, but gs(x) + g¢(x) > 0 and go(x) + g1o(x) > 0 for all
0 <z < 1. Thus we have Ba(k, s) > 0if k+s < 1.

Bg(k', 8) =

— 4z + 322
—4x > 0,
—4x > 0,

1

(1-s)

>0,

x — 1222 + 424 >0,
—13x+21x — 8%
+ 3z — 1222 + 42* + 92° >0,

+3x—9x

Let z =(1—s)/kand m=1— k.

1

here,

We can check that h;(z) >0for 0 <z <1 (i =

hOIE

>

1\X

>

20T

>

]

3
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(
(
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(
(

>

3

>
8
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>
&
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>

d¥4

>

s T

(x

1
_ m)2

Bg(k, S) =

122 + 4222

— 20z + 12422

1

—_

9

:Zh@

1=0

3—

6 —

T

3

3 — 8z + 1822 4+ 11223
3 — 8z + 3622

3 — 8z + 362% — 3z*
3 — 8z + 3622 + 282°
3 — 8z + 36x2 + 827 — 928,
3 — 8z + 3622 + 28

th( ):3—8.1}+36.13 .

complete the proof.

—m)?

1_

— 8422 + 1152*
362 + 10222 — 1082° —

— 3282 + 589z*
— 395z + 6842°
— 1223 + 88z* — 3362° + 5042°

+ 562° — 19625 + 20027

— 325 >0,

m)m' + hio(z)m

— 642" + 3325,

By((1—s)x,s) =

— 10425 + 5625
11z + 14425 — 1402° + 5627 — 928,
(24 — 120z + 31222 — 3832 + 204z — 4025 + 1227),

— 6482° + 3922
— 6442° + 29627
— 32827 + 7828,
— 6625,

Zgz

By(1—m,1—x + mx)

?

— 162" + 2:138,

— 11227 + 928,

— 5128,

0,..., 10). Thus we have By(k, s) > 0, and

O



Theorem 2.3. Let
Gos(a,b,c) = 2851 — 35840 + 87824 — 3(s — 1)%(s + 2)U?.
Then G2 s(a,b,c) > 0 for a > 0, b > 0, ¢ > 0 and s > 0. Moreover, G2 5(0,s,1) = 0,
G2,5(1,1,1) =0, and G2,4(0,0,1) = 0.
Proof. We can check G2 4(0, s, 1) = 0 using Mathematica. Let
pi=S51— 3U2, q:=S42— 3U2, ri= S84 — 3U2,
f(s) = 33G271/S(a, b,c) = 253851 — 352S40 + Sa.4 — 3(1 — 5)%(1 + 25)U?
= 2s3p — 382(] + 7.
Note that p > 0, ¢ > 0 and » > 0. Since f/(s) = 6s(sp — q), we have f(s) > f(¢/p) =
(p*r — ¢3)/p? if s > 0. Thus, it is enough to show that p?r — ¢> > 0. Let
gla,b,c) = (p°r —q°)/U
= 286,90 +US12 —3US10,2 +9USg 4 — 6US7 5 —3USe 6
+2U%Sg,3 — 6U%Sy 5 — 6US; g — 2U3Ss + 18U S5 4
—2TU?Sy 0 + 27U S5 4 + 2U*S3 — 6U*S; o — 6U°.
Since g is cyclic, we may assume 0 < a <1,0<b<1 and c=1.

Case 1: We shall prove that if 1 > a > b > 0 then g(a,b,1) > 0.
Let k:= (1 —a)/(1 —b). Note that 0 < k < 1.

9
g(1 = k(1 =b),0,1) = (1 =) @i(k)V,
=0

here,

e1(k) == (1 — k) (11 — 72k + 222k* — 430k + 639k* — 810k° + 879k° — 762k"
+ 489k% — 220k° + 66k'0 — 12k™ + k'?),
@o(k) := 26 — 143k + 368k? — 542k 4 426k* + 187k5 — 1302k° + 2439K7
— 2826k% + 2199k% — 11500 4 390k — 78K2 4 TE13,
w3(k) == 36 — 122k + 152k? + 80k> — 631k* + 1285k° — 1365k° + 309k”
+ 1314k% — 2156%° + 1707k0 — 777k 4 195k12 — 21K13,
@u(k) := 32 — 50k — 28k? + 248k> — 446k* + 271k5 4 512k5 — 11817
+ 774Kk% + 394Kk° — 1048K10 + 765k — 260k + 35k13,
o5 (k) := 18 + 2k — 48k* + 96k + 32k* — 402k° + 623k5 — 167k”
— 466k° + 4327 + 112" — 360k + 195k — 35k,
ve(k) := 6+ 12k — 18k + 20k® + 60k* — 60> — 168k° + 361"
— 54k8 — 140k° + 12610 + 48k — 78k + 21K13,
@7(k) := 1 + 5k — 6k> 4 30k* + 12k° — 27kS — 45K7
+ 958 — 27k% — 33k10 4+ 15k + 13k12 — 7K13,
ws(k) == k(1 + 12k* — 3k° — 6k" + 9K® — 3K10 4 k'?),
wo(k) := 2K°.



We can check that if 0 < k <1 then ¢;(k) >0 (i =0, 1,...,9). Thus we have g(a,b,1) >0
if a>b.
Case 2: We shall prove that if 0 < a < b <1 then g > 0.
Let k:=(1—-0)/(1 —a). Then 0 < k < 1.
9

g(a,1 = k(1 —a),1) = (1—a)®> i(k)d’,
1=0
here,
k)°,
k)(11 — 42k + 84k® — 142k® + 252k* — 396k° 4 501k° — 498k7),
+ 369k% — 190k° + 63K'0 — 128 + k12,

Vo (k) := 26 — 107k + 272k? — 544k> + 808Kk* — 724k° + 50k° + 983k"

— 1732k8 + 1677k° — 1012k'° + 3751 — 78K12 4 TK13,
V3(k) := 36 — 128k + 311k% — 437k® 4+ 160k* + 572k — 1113k5 + 691%7

+ 593k% — 1615k° + 1512k° — 750k 4 195k — 21K13,
Va(k) := 32 — 86k + 134k* + 59k> — 446k* + 536k5 + 14k5 — 677k7

+ 542k® + 373k — 988Kk*0 + 750k — 260k + 35K,
Vs(k) == 18 — 22k — 30k* + 206k> — 227k* + 11k° + 183k° — 257

— 270k® + 186k° + 217k0 — 375k + 195k12 — 35k13,
Ye(k) := 6 + 6k — 42k* 4 70k + 28k* — 115k 4 126Kk° — 39K7

+ 18k% — 64K + 24k 4 75k — 78K 4 21K13,
Yr(k) := 14 5k — 9k* — 9k® 4 45k* — 25k — 21k° 4 69k”

— 36k% + 6% — 6k0 + 13K — TE13,
Ys(k) == k(1 — 3k* + 9k* — 6k° — 3k° + 18" — 6Kk® + k'?),

Po(k) =2
(

(1-
dr(k) = (1=

Vo (k) := 2k°.
We can check that if 0 < k <1 then ¢;(k) >0 (i =0, 1,...,9). Thus we have g(a,b,1) >0
if a <b. 0
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