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Informal Proof
[Gallager 78]

Proof: First assume that a code tree has the sibling
property. Then the last two elements on the ordered list
are siblings and, in addition, must be leaves, for if one
were an intermediate node, at least one of the children of
that intermediate node would have a smaller probability
than the intermediate node,' which is impossible because
of the ordering property. Thus these nodes correspond to
two smallest probability source letters and can be made
siblings in the first execution of step 2) in the Huffman
algorithm. Now remove these siblings from the code tree,
removing also the last two elements from the ordered list.
The resulting reduced code tree still has the sibling prop-
erty, and the leaves of the reduced code tree correspond
to the list L in the Huffman algorithm after the first
execution of step 3). Thus the above argument can be
repeated: at each step' the Huffman algorithm chooses, as
siblings, elements which are siblings in the original code
tree. By matching the link labels in the Huffman code to

those in the original code tree, the two codes are seen to

be 1dentical.

IThis is where we use the assumption that at most one source letter
have zero probability. The theorem is true without this restriction, but
the proof is harder and the restriction is of no importance.

— 2=1 (1917)
1=2 (1317)

Next assume that a binary code tree is
generated by the Huffman algorithm, and assume that
each time the algorithm executes step 2), we add the two

nodes defined as siblings to the top of an initially empty

list, putting the less probable below the more probable.
The list so generated clearly has each node adjacent to its
sibling, so to establish the sibling property, we simply
have to show that the list is nonincreasing in order of
probability. This is trivial, however, since at each iteration
the two elements added to the list have probabilities less
than or equal to that of each element in the new L of the
Huffman algorithm, and the next two elements added to
the list are chosen from this new L. Q.E.D.
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F51TH%%: Formalising Huffman's

algorithm [Thery 2004] (on Coq)
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