On the equation y? = (z + m)(z? + m?)
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1 Introduction

Let m be a square-free integer. Throughout this paper E,, will denote the
elliptic curve given by the equation y? = (z + m)(2? + m?).

Stroeker and Top [StTo] have consider the Mordell-Weil group E,,(Q) when
m is a prime by computing Selmer groups. Schmitt [Sch] also use the same
method to obtain an upper bound for the rank of F,,(Q) for square-free m.
Lemmermeyer [Lem] has shown that the 2-ranks of the Tate-Shafarevich groups
of E,, can be arbitrarily large. MacLeod [MLe] computes some Heegner points
for rank 1 curves in the case where m is prime congruent ro 7 (mod 8).

In this paper, first, we will use Heegner points to obtain the rank of E,,(Q)
is 1 for various m which contains the truth of the conjecture in the paper of
Stroeker and Top [StTo]. Secondly, we will give an analogue result of Tunnell
[Tun]. All the methods used in this paper have already appeared in [Yol], [Yo2].

Some of our results are stated as follows.

Theorem 1.1. (1) Let p be a prime with p = —1 (mod 8). Then the rank of
the Mordell-Weil group E,,(Q) is 1 for m = p,+2p.
(2) Let formal power series in the variable q be given by
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Set®1 5= _, a1,3(m)q™. Letd be a square-free positive integer = 3 (mod 8).
If a1 3(d) # 0 then E4(Q) is finite. Moreover, under the conjecture of Birch and
Swinnerton-Dyer [BiSw], the converse is also true.

The paper is organized as follows. In Section 2, we will use Heegner points to
prove Theorem 1.1(1). In Section 3, we will introduce several theta series and
give its properties. And then, we will show an analogue of the result of Tunnell
[Tun] on the congruent number elliptic curve y? = 23 — m2x. As a corollary,
we will obtain Theorem 1.1(2). In Section 4, using the results in Section 3, we
will give some finiteness result of E,,(Q) for various m. In particular, we will

obtain a stronger result of [StTo].



2 Heegner points

At first, we give some notation and recall some facts.

Given a positive integer N, let To(N) be the group of matrices in SLy(Z)
which are upper triangular modulo N. It acts as a discrete group of Mobius
transformation on the Poincaré upper half-plane §. The group I'g(V) also acts
on cusps QU {ico} in the same manner. Let H* denotes $H U Q U {ico}. The
modular curve Xo(N) = T'o(N)\$H* is defined over Q. For a 7 € H*, let [7] be
its corresponding point of X(N). The cusps [icc] and [0] are Q-rational points
of Xo(N). (See [Shil], [Ogg].)

Let S3(INV) denote the C-vector space of cusp forms of weight two and level
I'o(N) with the trivial character. Let ¢(7) be a normalized newform in Sz (N).
Suppose that all the Fourier coefficients of ¢ are integers. Then the function

I,: 9 — C

To 27ri/ o(T)dr

0

is well-defined. Also, the map

P,: To(N) — C

M= Ip(m) = Ip(M(71))

is well-defined (independent of 7 € $*) and is a group homomorphism (see
Knapp [Kna]). The image A, of P, defines a lattice of rank two in C. By an
assumption on ¢, the elliptic curve E, = C/A, is defined over Q and the map
I, induces a morphism

I,: Xo(N) — E,
defined over Q. By definition, we have fw([ioo]) is the zero of E, and IZ,([O])

is in E,(Q). (Moreover, the point fw([O]) is a torsion point, but we do not use
this fact since we use only newforms ¢ such that the groups E,(Q) are finite.)

Fort = £+1,+£2, let ¢; be the normalized newform such that the corresponding
elliptic curve F,, is isogenous to our elliptic curve E;. In fact, each of ¢;’s is
in S2(128) and the corresponding elliptic curve E,, is isomorphic to the elliptic
curve E; from Table 1 in [Cre]. Also we have the following table. (Here we use
the codes in [Cre].)

| t]| E,=E | E@Q |
1| 128A1(C) | Z x Z)2
1 128C1(A) | Z/2
2 [ 128D1(G) | Z/2
"2 | 128BL(F) | Z/2

Let Q(¢¢) be the least positive real period of A,,. Since Ey(R) = E, (R) is
connected, we see that (y;) is also the real period Q(F;) of E;.



Let L(Ey,s) denote the L-series of E;, which is defined on Re(s)> 3/2.
(cf. App.C of [Sil]). Since E; is modular, L(E;, s) has an analytic continuation
to all C.

From the Table 4 in [Cre] and using the fact that

100
L(E¢ 1) = —/ 2mipy(T)dT = —1,,,(0)
0
(cf. [Cre], p.30, 37), we have

—Q(gy)/2 ift=—1,+2.
LPt (O) =
0 fort=1.

In particular, we have proved
Lemma 2.1. The point fwt([O]) is a torsion point of exact order two in E(Q).

We also use the following lemma.

Lemma 2.2. Let Wiag be the involution of Xo(128) induced by T — —1/1287.
Then, for any o € H*, we have

I, ([r0]) = I, ([0]) — Ip, (Wias[7o])
fort=—-1,42.

For a proof, we can use the same argument as Lemma 4.3 of [Yol]. O

Proof (of Theorem 1.1(1)). Since p = —1 (mod 8), the prime 2 splits in the
quadratic field K = Q(y/—p). Write 128 = nin with (n,7) = 1, where n is an ideal
of the ring O of integers in K and the bar denotes the (complex) conjugation.
The inclusion O C n~ 'Ok induces an isogeny C/Ok — (C/n_loK whose kernel
is O /n = Z/128. Hence the pair (C/Ox,C/n"10f) represents a ‘Heegner’
point [7,] (say) of Xo(128) (1, € ). Moreover, by the theory of complex
multiplication, [7,] is rational over the Hilbert class field K (1) of K. Set

Q=Y. ol () € E(K).

oc€Gal(K(1)/K)

By using the well-known fact that the involution Wjpsg induces the complex
conjugation on Ey, Lemma 2.2 gives

Q = Y ol (Wiss(m)

o€Gal(K(1)/K)
= h(-p),(0) - Q,

where h(—p) = [K(1) : K] is the class number of K. In particular



Since p = —1 (mod 4), the class number h(—p) is odd. By a direct com-
putation, we can easily check that every rational torsion point of exact order
two in Ej is not divisible by two in E(K) if ¢t = —1,£2. Therefore the point
h(—p)fwt([()}) € E,, (t = —1,+2) is not divisible by two in E}(K) by using the
duplication formula, and then we obtain that the point Q — Q of E;(K) is of
the form (ug, vo/—p) with ug,vo € Q,vo # 0. Hence we have the point

(*p’lLO,p2U0) € E—tp(@) (t = 717 :|:2)

of infinite order. So we have a rational point of E_;, which is not torsion
(t = —1,+£2). Since it is known that rankFE_;,(Q) < 1 ([StTo]), we obtain that
the rank of E_4,(Q) is exactly 1. Moreover, the result of Gross and Zagier [GrZa]
gives ords—1 L(E_¢p,s) = 1. This completes the proof of Theorem 1.1(1). O

3 Analogue of the result of Tunnell

As in the previous section, for each ¢ = +1,+2 let ¢; € S2(128) be the
newform corresponding to the (modular) elliptic curve F;. In particular, ¢; is
a common eigenfunction of the Hecke operator T5(p) for all odd primes p (say,
To(p)pr = A ppr)-

We also use the following notation.

By X¢, we denote the Dirichlet character corresponding to Q(v/¢)/Q (c € Z,c #
0).

Let N be a positive integer divisible by 4 and x a quadratic Dirichlet character
modulo N such that x(—1) = 1. Let S3/5(IN, x) denote the C-vector space of
modular cusp forms of weight 3/2 with character x, S§/2(N7 X) the subspace
generated by the forms of types

Ope(r) = b(m)ymg™,

meZ

where c is any positive integer and v is any quadratic character with conductor
Ty such that 47"310 | N and x = ¥xcx—1.(See [Shi2].) Let Sg-/Q(N, X) denote
the orthogonal complement of S5 /2(N ,X) with respect to the Petersson inner
product and ng-/Q(N, X, ¢¢) the subspace of S:,f-/z(N, x) which consists of elements
® such that T3/2(p2)<1> = A ,@® for all primes p{ N, where T3/2(p2) is the p?-th

Hecke operator which acts on S3/5(N, x) (see [Shi2]).

k) _ k)

Definition 3.1. Let us define several quadratic forms Q; , = Q; (2,9, 2) as



follows.

1) QY =32 +16y% + 4322 — 222, Q) = 112 + 1242 + 162 — day
(2) Qﬁ% = 52% + 5y2 +442% + dyz + dxz 4 2xy,
Qf% =822 + 12y% + 1322 — dyz — 8xz
(3) QW =22 +16y% +12822, Q)| = 42” + 16y + 332 — daz,
QY) | = 92 + 16y + 162° — 8xy
(4) Q_lij = Ta? + Ty? 4+ 442° — dyz — 4wz — 2ay,
QP = 124 + 15y + 1522 + 14yz + daz + day
(5) QS{ =22 4+ 10y® 4 2622 — 4yz, Q;Q% = 42% + 9y 4+ 1022 — 8yz — 4ay,
ngi =322 + 9y 4+ 1122 4 6yz + 222 + 2zy
(6) Qé:)), =322 + Ty? 4 272% + 6yz + 222 + 2y,
Q) = Ta? + 82 + 1227 + 8yz + w2 + day
(7) Q(f%l = 2% + 8y* + 12827, Q(_2%1 = 422 4 8y + 332% — 4z,
Qf’%vl =822 +9y? + 1622 — 8yz
(8) Q(,I%S =322 + 59% 4+ 1922 — 2yz — 2x2 — 2xy,
Q2 , =502 + 692 + 102 — dyz — dzz

From Preposition 3 and Proposition 4 of [Leh] (see also [Dic], [Jon]) we can
check the following lemma by using a computer.

Lemma 3.2. The quadratic forms in each of (1) ~ (8) of Definition 3.1 form
a genus.

We use the abbreviation ©(Q) for the O-series corresponding to a positive
definite quadratic form Q. For (¢t,«) = (1,3),(1,5),(-1,1),(-1,7),(£2,1) or
(£2,3), set

1/4 if (t,Oé) = (1a5)a (_L?)a
1/2  otherwise.

D10 = {O(QI0) - O

) {

Theorem 3.3. With the above notation, we have the following.

(1-1) Py 3 € S§2(5127X27¢—2)~
(1-2) P15 € S:§'/2(5127X1790—1)-
(2) D11, P17 € S3/5(512, x2, 92)-
(3-1)  Pa1 € S375(512, x1,0-2).
(32) @y € S3/5(512,x2,01)-
(4) P 21, P 23 € S5/5(512,x1, ¥2).



Proof. We use the notation from section 1 of [Yo2]. Each statement of this
theorem can be proved similarly, so we only give the proof for the part (1-1).

From Lemma 3.2, one sees that ®; 3 is an element of S3/5(512, x2). More-
over, by comparing the Fourier coefficients of T3/2(p2)<I>173 with those of @4 3,
we see that ®q 3 is eigenfunction of T3/2(p2) for p = 3,5 with eigenvalue —2, 2,
respectively.

S§/2(512, X2) is generated by 6, , 2,6, _, s, and 8, _, 1. In the same way, we
obtain that 6, _, o, 6y_, s, 0y_, 1 are eigenfunctions of T3,5(3%) with eigenvalue
—4,—4,4, respectively.

Therefore @4 3 is in S§72(512,X2) since the adjoint of T3/2(32) with respect
to the Petersson inner product (on S3/5(512, x2)) is x2(3)T5/2(3%) = —T3/2(3?).

From Table 3 of [Cre], the newform ¢_o € S5(128) has eigenvalues A_o 3 =
—2,A_25 = 2 for T5(3),T>(5), respectively. Hence ®;3 is an elements of
S3L/2(512,X2,g0,2) by the algorithm of Antoniadis, Bungert and Frey [ABF],
[Fre] (see also the last remark in the section 2 of [Yo2]). This proves (1-1). O

Remark. There are various relations between theta function. For instance, we
can find that

= 1 ~(1 (2
B0 = 7 {0@Q5) -0Q) .
where
Ng% = 2z + 3y% + 2622 + 2yz + 2xy,
~52§ = 222 + 7y +102% + 29z + 22y.

Let @, = Zfrle at,o(d)g™ (¢ = e?™™ 17 € §) denote the modular form
defined as above. Using the theorem of Waldspurger [Wal], we obtain the fol-
lowing.

Theorem 3.4. Let d > 0 be a square-free odd integer. Then we have
alﬁg(d)2 Zf d=3 (mod 8)
(1) L(E41)/QEy) = 2a15(d)?  ifd=5 (mod 8)
0 otherwise,
la_11(d)?* ifd=1 (mod 8)
(2) L(E_q,1)/UE-q) = {4a_17(d)? ifd=7 (mod 8)
0 otherwise,
fat21(d)? ifd=1 (mod 8)
(3) L(Ei2q,1)/UE+2q) = ( ax23(d)*> ifd=3 (mod 8)

0 otherwise,




Proof. (1) From Theorem 3.3(1), the main theorem of Waldspurger [Wal] in our
case says that

L(E41) 5 L(E41) 9

Ady 2 N = ) d

B <o) = g,y @

if d = « (mod 8) for & = 3,5. By a computer calculation, we obtain that
% =1 and % = 2. It is easy to see that a13(3) = a15(5) = 1. If
d=1,7 (mod 8) then L(Ey4,1) vanishes from the fact that the sign of functional
equation for L(Ey, s) is —1 by Theorem 1.3 of [Sch]. Hence (1) of the theorem

is proved. (2) and (3) can be proved by the same argument. O

Let d be a square-free positive odd integer. Put

U1 (d)
us (d)

#{p:prime| p|d, p=1 (mod4)}
#{p:prime| p|d, p=3 (mod 4)}.

We also denote

1) mwy = ay3(d)? /22 DFes@=1ifd =3
d ay 5(d)2/22u1(d)+u3(d)—2 ifd=5

( )

( )

) M, — {al,l(d)2/22u1<d>+u3<d> ifd=1 (mod 8)
a_17(d)?/22u(@Dtus(d=3 if g =7 (mod 8),

(3) IMligg = {am(d)?/?z““d”“ﬁ(d) ifd=1 (mod 8)
a2 3(d)?/22m@+us(d)=1 if 4 =3 (mod 8)

As a corollary, we have the following by the result of Kolyvagin [Koll], [Kol2]
with Tate’s algorithm [Tat].

Corollary 3.5. Let (t,a) = (1,3),(1,5),(—1,%£1),(2,1) or (2,3). Letd > 0
be a square-free integer with d = a (mod 8). Assume that ato(d) # 0. Then
both the Mordell-Weil group Eq(Q) and the Tate-Shafarevich group III(Ey) are
finite. Moreover, assuming the Birch and Swinnerton-Dyer conjecture [BiSw],
we have fIII(Eyy) = Myy.

Theorem 1.1(2) follows from this corollary at once.

4 Application

In this section, we will give various non-vanishing results of L(E,,,1).

For a positive definite quadratic form @ and a positive integer d, let N(d, Q)
denote the number of representations of d by Q. As before, let h(D) be the
class number of Q(v/D) of discriminant D < 0.



Theorem 4.1. Let p is a prime such that p =3 (mod 8). Then L(E,,1) # 0
Therefore E,(Q) and II(E,) are finite. Moreover, the 2-torsion part of the
conjecture of Birch and Swinnerton-Dyer is true.

Proof. By Lemma 3.2 and Theorem 86 of [Jon], one can obtain that
1 2
N(p. Q13) + N(p, Q%) = h(~8p).
Therefore we have

2a15(0) = N(p, Q) - Np,QY)
2

= 2N(.Q1Y) - N Q13) - N, Q1)

= 2N(p, Q1) — h(-8p).
by definition of a1 3(p). From a result of Pizer [Piz], we see that h(—8p) = 2
(mod 4) since p is prime congruent to 3 (mod 4). It is trivial that N(p, glg) is
even. Therefore a1 3(p) is odd. In particular, L(E,, 1)/Q(E,) = a1 3(p)? # 0 and
both E,(Q) and III(E,) are finite. On the one hand, by two-descent method
(see [StTo]), the 2-torsion part of III(E,) is trivial. On the other hand, we

see that III, = a3 3(p)? is odd by Corollary 3.5. So the 2-torsion part of the
conjecture of Birch and Swinnerton-Dyer is true. a

Remark. By the same argument, we also obtain the same result holds for all
primes p =5 (mod 8). Hence, we have a generalization of [StTo].

Theorem 4.2. Ifp is a prime such thatp = 7 (mod 16), then a_1 7(p) # 0. (So
L(E_p,,1) #0.) In particular, both E_,(Q) and III(E_,) are finite. Moreover,
the 2-torsion part of III(E_,) is non-trivial.

Proof. The same argument as the proof of Theorem 4.1 gives

N(p, Q"))+ N(p, Q%) ) = h(~8p).

Therefore we have

da_17(p) = N@QY.,) - N®» QY.
= N@.QYU)+NEQY ) —2N(p.% )
= h(=8p) —2N(p,Q" ;)
by definition of a_q 7(p). From a result of Pizer [Piz], we see that h(—8p) = 4
(mod 8) since p is prime congruent to 7 (mod 16). Since
N(p, Q(_227)
=1{(z,y,2) € 73 1222 4+ 15y% + 1522 + 14yz + 4wz + dyz = p}
=t{(2,y,2) € Z* : 122% + 15y + 152° + 1dyz + 4oz + dyz = p,x(y — 2) # 0}
+1{(y,2) € 72 : 15y + 152 4+ 14yz = p}
= 0 (mod4),



we find that 4a_1 7(p) =4 (mod 8). In particular, a_; 7(p) # 0 and the finite-
ness of E_,(Q) and HI(E_,) follows from Corollary 3.5. Moreover, by two-
descent method (see [Sch]), the 2-torsion part of III(E_,) is non-trivial. We

also note that 4 || IIT_,, since a_1,7(p) is odd. O
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