Some Variants of the Congruent Number Problem III
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0 Introduction

In the earlier papers [Yol], [Yo2], we have studied some variants of the
congruent number problem, which is called 27/3- and 27/3- congruent number
problem. (See also Fujiwara [Fuj] and Kan [Kan].) According to [Yol], the
problems are reduced to studying the Mordell-Weil group of a series of elliptic
curves given by

En: y* =x(z+m)(z - 3m)

for square-free integers m, and we have obtained that the special value L(E,,, 1)
of L-function for F,, is described in terms of positive definite ternary quadratic
forms. It is an analogue result of Tunnell’s [Tun] for the classical congruent
number problem.

In this paper, we use a result of Gauss on ternary quadratic forms to give
more useful criterion for non-27/3- and non-27/3-congruentness. Some of our
results are the following.

Theorem 0.1. Let d be a square-free integer such that d > 1 and d = 1
(mod 6). Then

L(E3q,1) 2 2 2\12
————==c, ;- {h(-8d) — N(d,3 4 6
Q(Faq) Co.d { ( ) ( ;0" + 4y~ + 62 )}
for some mon-zero constant Co.d depending only on d=d (mod 24), where

Q(E,,) is the real period of E,,, h(D) the class number of the quadratic orders
with discriminant D, and N(d, 32 + 4y® + 622) the number of representations
of d by the quadratic form 3x% + 4y® + 622.

This result says that L(E,,,1) can be written in terms of more familiar
number h(D), and we can use many results of 2-divisibility of h(D) to obtain
L(E,,1) # 0 for various m. For instance, we will show the following.

Theorem 0.2. (1) If p is a prime with p = 31 (mod 48), then L(Eq,,1) # 0
and 2p is not 2w /3-congruent.
(2) Let p,q be prime numbers such that p=q =1 (mod 12). Assume that

(i) (¢/p) = (2/p) = -1 or

(ii) (¢/p) =1 and (2/p) = (2/q) = -1,
where ( /) is the Legendre symbol. Then L(E2,q,1) # 0 and 2pq is not 2m/3-
congruent.
(3) If p,q be prime numbers such that p=q =5 (mod 24), then L(E_,,,1) #0
and pq is not 7/3-congruent.



Remark. In (1), the Tate-Shafarevich group III(Es,) of Ea,/Q is a non-trivial
finite group. In (2), II(Es,,) is a finite group of odd order and 2-part of
the conjecture of Birch and Swinnerton-Dyer holds. In (3), on the one hand,
the proof follows that the conjectural order of III(E_,,) is odd. On the other
hand, the assumption does not satisfy the condition of Theorem 4.1 in [Goto].
Therefore, the 2-part of II(E_,,) cannot be determined if we use the descent
via the isogeny ¢, : E, — E. = FE,/{(0,0)) (see [Yol] or [Goto]). The
phenomenon comes from the fact the map III(E,,)[2] — HII(E],)[¢#),] arising
from ¢, is not surjective in general, where ¢/, is the dual isogeny of ¢.

Another interesting application is a property on the class number of quadratic
fields Q(1/—3p), where p > 5 is a prime number. It is well-known that

2|| h(—3p), p=5 (mod 12)
4| h(~12p), p=7,11,19 (mod 24)
8| h(—12p), p=23 (mod 24)

4| h(—3p), p=1 (mod 12).

It is natural to ask
(i) when 16| h(—12p) for p = 23 (mod 24), and
(i) when 8| h(—3p) for p =1 (mod 12).

In the case (ii), we have a simple criterion. (See Proposition 4.8 in Section 4.)

The paper is organized as follows. In Section 1, we will review some properties
on ternary quadratic forms. In Section 2, we will recall the result from [Yo2]
with some remarks. Main theorem will be stated in Section 3. In Section 4,
using the result in Section 3 and terminology of graph theory, we will show
various results on 27/3-congruent and 7/3-congruent number problem. Also,
we will show a simple criterion whether 8 h(—3p) or not for a prime p = 1
(mod 12).

1 Ternary quadratic forms and Gauss’ theorem

Let d be an integer and @ = Q(x1,x2,...,x,) a positive definite quadratic
form of n variables. If (ai,as,...,a,) € Z™ is such that Q(a1,aq,...,a,) = d,
then we will refer to (a1,as,...,a,) as a representation of d by Q. We call
(a1, az,...,a,) a primitive representation of d by Q if (a1, aq,...,ay) is a repre-
sentation and the g.c.d. of a1, as,...,a, is 1. It is easy to see that all represen-
tations d by @) are primitive if d is square-free.

Let Q@ = Q(z,y, z) be a ternary quadratic form given by

Q(z,y,2) = b1z + bay® + b32® + bayz + bszx + by



with integer coeflicients b;. Let Agp denote the matrix

2b; b bs
AQ = be 2by by
bs by 203

with the discriminant dg = det Ag/2 of . From now on we always assume
that every ternary quadratic form has integer coefficients, is primitive (i.e., the
g.c.d. of coefficients is 1), and is positive definite.

Let @ be a ternary quadratic form with the matrix Ag. A 3 x 3 matrix U
whose entries in Z said to be an automorph of Q if det U = 1 and ‘UAQU = Ag,
where U denotes the transpose of U. The number of automorphs of Q is finite
and define aut(Q) to be the number of automorphs of ). Let d be an integer
and suppose that (z1,y1,21) and (z2,ys, 22) are two representations of d by
Q. We say that (z1,y1,21) and (29, y2, 22) are essentially distinct if there is no
automorph U of @ such that (z1,y1,21) = (22,92, 22) 'U.

Let @1 and Q2 be ternary quadratic forms with the matrices Ag, and Ag,,
respectively. For R = Z,R or Z, with a prime p, we say that @J; and Q2 are
equivalent over R if there exists a 3 x 3 matrix U whose entries in R such that
the determinant is a unit in R and that Ag, = UAg,"U. We simply say that
Q1 and Q- are equivalent if they are equivalent over Z. We also say that ()1 and
Q- are in the same genus if Q1 and Q2 are equivalent over R and are equivalent
over Zj, for all primes p.

Proposition 1.1. (p.186 of [Jon].) Let Q = Q(x,y,2) be a (positive definite,
primitive) ternary quadratic forms and d an integer. Suppose that

there is a real solution to Q(x,y,z) = d;

there is a solution to Q(x,y,z) = d (mod 2°792(D+3). g4

there is a solution to Q(z,y,z) = d (mod p°* D+ for every odd prime
p | dg. Then there exists a ternary quadratic form Q' which is in the genus as
Q such that d is represented by Q'.

Let {Q1,Q2, ..., Qn} be a complete set of representatives for the equivalence
classes of forms belonging to a particular genus of (positive definite, primitive)
ternary quadratic forms. (It is known that there are only finitely many of
equivalence classes in a genus of ternary quadratic forms.) Let d be an integer.
Recall that N(d, Q;) is the number of representation of d by @);. Define J\N/'(d, Qi)
to be the number of essentially distinct primitive representation of d by @Q;. It
is easy to see that if d is square-free then

N(d,Q:) = N(d, Q;)/aut(Q;).

We will also denote by R(d,Q) the number of essentially distinct primitive
representation of d by the genus containing a ternary quadratic form ). Thus,



for any i = 1,2,...,n we have

n

R(d, Qi) =Y N(d,Q)).

j=1

We will use the following deep theorem due to Gauss which relate the value
of R(d,Q) to the value of class numbers of the quadratic orders of imaginary
quadratic fields. (For a proof, see Theorem 86 of [Jon].)

Theorem 1.2. Let Q = Q(z,y,z) be a primitive positive definite ternary
quadratic form given by

Q(Z‘, Y, Z) = bll'2 + b2y2 + b322 + b4yz + b5Z.’E + b6$y

with the matriz Ag. Assume that bs,bs and bg are even. Put Ag = 4de/QQQ,
where Qg is the g.c.d. of two-rowed minors of Ag. Then, for all integers d > 1
and prime to 2dg we have

2-UADR(—4A4)p if the genus of Q represents d,

0 otherwise,

R(d,Q) = {

where h(D) denotes the class number of the quadratic orders with discriminant
D and p = p(Q, d) is given by

1/2 if Ag=1,2 (mod 4) or 4 (mod 8),

2 if Ay =7 (mod 8) and Qg is odd,

1 if Ay =7 (mod 8) and Qg is even,

p=x<1 if Ay =3,

1 if Ay =3 (mod 8), Ay # 3 and Hy(Q)(—1)°"42(2) = 1,

1/3 if Ay =3 (mod 8), Ay # 3 and Hy(Q)(—1)°"42(2Q) £ 1,

1/4 if Ay =0 (mod 8),

where

Hy(Q) = (=1, —dg/4)2 - (b1, (bs/2)* — bib2)2 - (b1bz — (b6/2)*, —d/4)2

denotes the Hasse symbol. Here, we will also denote (, )2 by the Hilbert symbol.
Finally, we recall that u(m) is the number of odd prime factors of m for an
integer m # 0.

2 Notation and preliminaries

In this section, we will review some of results of [Yo2].
Let Q@ = Q(z1,...,2) be a positive definite quadratic form with integer
coefficients. Define the ©-series corresponding to @ to be

0(Q) =0(Q)(1) = D> ¢?% (g = exp(2rir), T € H).

xEZLF



Definition 2.1. Let us define several quadratic forms §’“) Qt (x,y,z) as
follows.

(1) QWY =242+ 942 + 922 + 6yz, Q) = 32® + 6y + 82>
2) QW =2+ 3y? + 14422, Q) =327 + 9y + 1622,
QEP;) = 42? + 4y* + 3722 + 2yz + dzw + 4wy,
Qﬁ) = 72% + Ty® + 1227 — 6yz — 6z2x — 22y
(3) Qél) = 2% + 69 + 1227, (2) =322 + 4y 4 62°
(4) Q) = o + 8y* + 2422, ;(),)243? + 8y% +92% + 8yz + dzx
(5) Qél) =22 4+ 2y% + 1222, gf) = 222 + 3y2 + 422
6) Q) =2 +12¢% +152% 4 12y,
Q(_?l = 32% + 4y® + 132° + 4y2
(1) QU) =22 +3y? + 7222, Q) = 3% + 8y + 1822
®) QW) =22 +6y% +3622, QP = da? + 6y* + 922
©) QW =a? 17+ 722 4 29z, QP = 3% 1 dy? 4522 + dy»
Definition 2.2. For ¢ € {#1,£2,43,6} and a positive square-free integer d,
let us define a(t, d) as follows.

a(Ld) = N(d, Q") - N(d,Q®) ifd=11 (mod 24)
o (d Qﬁi)—N(cLQl?) if d=1,7,13 (mod 24)

a(2,d) =N(d,Q3") — N(d,Q%")
a(3,d) =N(d,Q§"”) — N(d, Q)
a(6,d) =N(d, <”> N(d, Q)

N(d, Q")) = N(d,Q®))) ifd=1,7,19 (mod 24)
(-1,d) = N 1) @)\ e g
(d ,Q712)* N(d 7Q712) if d =5 (mod 24)

a(—2,d) =N
a(—3,d)

For t € {£1,42,£3,6} and a positive square-free integer d, we put the
following condition (C') on ¢ and d.

(d,QY)) — N(d, Q)
=N (d, Q") — N(d, Q")

t=1 and d =1,7,11,13 (mod 24),
t=2 andd=1 (mod 6),

t=3 andd=1,17 (mod 24),

(C) {t=6 and (d,6)=1

t=-1 and d=1,5,7,19 (mod 24),
t=-2 andd=1 (mod 6),

t=-3 andd=1,3,5 (mod38), 31d




For a square-free integer m # 0, let E,, be the elliptic curve (defined over
Q)given by

Epn: y?=x(z+m)(x— 3m).

Let L(E,,, s) denote the L-function of E,, and Q(FE,,) the real period of F,,.
For (t,d) such that the condition (C) is satisfied, put

1 ift=1and d=1 (mod 12)
H_Itd:(a(t,d)>2x 1/16 ift=—1,d=1 (mod 24) and d # 1
2u(d) 1/16 ift =—3,d =3 (mod 8) and 31 d
1/4  otherwise.

In [Yo2], we have obtained the following.

Theorem 2.3. Assume that (t,d) satisfies the condition (C). Then we have
(1) L(Eta, 1) /U Era) = ¢, g alt, d)? for some non-zero constant ¢; 4 depending
ont,d=d (mod 24). In particular, if a(t,d) # 0 then td is not 2r /3-congruent
fort=1,2,3,6 and —td is not w/3-congruent for t = —1, -2, —3.

(2) Suppose that a(t,d) # 0. Then the Tate-Shafarevich group II1(Eyq) of Era/Q
is finite. Moreover, under the conjecture of Birch and Swinnerton-Dyer [BiSw],
we have

FII(Eyq) = g

Remark. In fact, we have not treated the case where t = —1 and d = 5
(mod 24) in [Yo2]. In this case, by the same argument as the proof of Theorem
2.1 in [Yo2], we see that

55 = 0(QU),) - 0(Q7),) — Cs
is an element of 53,3 € S?f‘/2(288,x3,<p3), where G3(7) = ®g3(27) (with the
notation in [Yo2]). The relation between &)3,3 and @3 3 is given by the formula

P33 = 53,3 - 2G4 € S§2(5767 X3)s

where G4(7) = G4(27) and Gy = O(22 + 2492 + 3622) — O(422 + 9y? + 2422)
which is in S:,f-/2(288, X6)-

Remark. Comparing the Fourier coefficients of theta series ®3 _3 in [Yo2] with
those of

@5, 5 = 5 {0Q1) - 0(Q) - 0(@Y) + 6(Q1)} € 512(576, x3),

we have 3 _3 = 53,_3 € S3/2(576, x3). Hence we have obtained that if d is a
square-free integer with d = 1,7,13 (mod 24), then

a(.d) = 3 {N(@.QY) - N(.Q2) - N4, Q2) + N(@.0))

This fact will be used in the next section.



3 Main result

From Preposition 3 and Proposition 4 of [Leh] (see also [Dic], [Jon]) we can
check the following lemma by using a computer.

Lemma 3.1. The quadratic forms in each of (1) ~ (9) of Definition 2.1 form a
genus and we have the following quantities by a direct computation, respectively.

’ ‘ d Ei) Q gi) Ad aut( (1)) ‘

(1) [ 576 24 44 4
(2) [ 1728 12 484 4
(3) ] 288 24 24 4
(4) | 768 32  3d 4
(5) | 96 8  6d 4
6) | 576 12 16d 4
(7) [ 1728 24 124 4
(8) | 864 24 6d 4
9) | 192 4 484 4

Remark. Some parts of this Lemma 3.1 are also obtained from [BrIn].

Using Theorem 1.2, we have obtained

Proposition 3.2. Let d > 1 be a square-free integer prime to 6.
(1) Ifd=11 (mod 24), then N(d,Q'") + N(d,Q”) = 12h(—d).
(@) N QW)+ N(@d.QP)+ N(d.QP) + N(d.Q)

6h(—3d) ifd=1 (mod 24)
=4 2h(—12d) if d=7 (mod 24)
2h(=3d) if d =13 (mod 24).

(3) Ifd=1 (mod 6), then N(d, Q") + N(d, Q{?) = 2h(—8d).

(4) Ifd=1,17 (mod 24), then N(d,Q\") + N(d, Q) = 6h(—3d).
(5) N(d,QP) + N(d, Q<2>) h(—24d).

(6) N(d 1 D+NEQY)

4h(—4d) if d=1 (mod 24)
= q4h(—d) ifd=7 (mod 24)
12h(=d) if d =19 (mod 24).

(7) Ifd=5 (mod 24), then N(d, Q")) + N(d,Q%).) = 2h(~3d).
(8) Ifd=1 (mod 6), then N(d, Q")) + N(d,Q'})) = h(—24d).



(9) N(d.QY) + N(d,Q%)

6h(—3d) ifd=1 (mod 8)
= ¢ 2h(—12d) if d =3 (mod 8)
2h(=3d) ifd=5 (mod 8).

Proof. Each statement of this theorem can be proved similarly, so we only give
the proof for the part (4).

Let d > 1 be a square-free integer with d = 1,17 (mod 24). Then, it is easy
to see that

M(d,0,0) = d,

:(,)1)(1,0,0) = d (mod 8),

N(1,0,00 = d (mod3) ifd=1 (mod 24),
$70,1,00 = d (mod3) ifd=17 (mod 24).

By Proposition 1.1, we have obtained that the genus of le) represents d.
From Lemma 3.1 (4), we see that Ay = 3d = 3 (mod 8) and d # 3 since
d=1,17 (mod 24). Moreover, since

Hy (@) = (=1,-20-3)y- (1,-2%), - (2°,-25.3),
(=1, =3)2- (1-2)2- (2-3)2
1-1-(=1)
= -1,

do (2
ordz ( ng) _

we see that Hy(QS") - (1) —1-(=1)° =1. So p(Q{",d) =1/2.

Theorem 1.2 says that
@ _\1 O @y _ 1
(R(d,Qg —) ZN(daQ?, )+1N(d,Q3 )—§h(—12d).

Finally, by using the following lemma below, it is sasy to see that h(—12d) =
2h(—3d). So the part (4) of the theorem follows. O

Lemma 3.3. Let D = 0,1 (mod 4) be a negative integer and m a positive
integer. Then

where ( | )i is the Kronecker symbol and where O* and O'" are the unit group
of the orders of discriminant D and m?D, respectively.

For a proof, see [Cox].

Combining Definition 2.2 with Proposition 3.2, we can easily prove the fol-
lowing main theorem.



Theorem 3.4. Let d > 1 be a square-free integer prime to 6.
(1) Ifd=11 (mod 24), then

a(1,d) = —2N(d, Q*) + 12h(—d) = 2N(d, Q")) — 12h(~d).
(2) Ifd=1,7,13 (mod 24), then
3h(=3d) ifd=1 (mod 24)
a(l,d) = —N(d,QP)~ N(d,Q) +{ h(~12d) if d =7 (mod 24)
h(=3d) if d =13 (mod 24).

3h(—3d) ifd=1 (mod 24)
= N(d, Q)+ N(d,Q\Y) - { n(~12d) if d =7 (mod 24)
h(=3d) if d =13 (mod 24).

(3) Ifd=1 (mod 6), then
a(2,d) = —2N(d, Q¥ + 2h(—8d) = 2N(d, QS") — 2h(—8d).
(4) Ifd=1,17 (mod 24), then
a(3,d) = —2N(d, QP) + 6h(—3d) = 2N (d, Q{") — 6h(—8d).
(5) a(6,d) = h(~24d) — 2N(d, Q") = 2N (d, Q") — h(—244).
(6) Ifd=1,7,19 (mod 24), then
4h(—4d) ifd=1 (mod 24)
—2N(d, Q%)) + { 4h(~d) if d =7 (mod 24)
12h(—d) if d =19 (mod 24).

a(—1,d)

4h(—4d) ifd=1 (mod 24)
= 2N(d, QM) — { 4h(—d) ifd=7 (mod 24)
12h(—d) if d =19 (mod 24).

(7) Ifd=5 (mod 24), then
a(—1,d) = 2N (d, Q%)) + 2n(=3d) = 2N (d, Q")) — 2(~34d).
(8) Ifd=1 (mod 6), then
a(—2,d) = —2N(d, Q®)) + h(—24d) = 2N (d, Q")) — h(—24d).
(9) Ifd=1,3,5 (mod 8), then
6h(—3d) if d=1 (mod 8)

—2N(d, Q%)) + { 2h(—12d) if d =3 (mod 8)
2h(—=3d) if d =5 (mod 8).

a(—3,d)

6h(=3d) ifd=1 (mod 8)
— 2N(d,Q{") — { 2h(~12d) if d =3 (mod 8)
2h(—=3d) if d =5 (mod 8).



Proof. If d = 1,17 (mod 24) then, by Definition 2.2, we see that

a(3,d) = N(d,Q%") - N(d, Q)
= —2N(d.QY)) + (N(d, Q") + N(d, Q%))
= 2N(d,QY") — (N(d,Q5") + N(d, Q).

So the part (4) follows from Proposition 3.2(4). Other parts can be obtained
by the same argument. Note that one also uses the last remark in Section 2 to
prove the part (2). O

Theorem 0.1 follows from Theorem 3.4(3) and Theorem 2.3.

4 Application

Recently, one can find a lot of paper on the size of Selmer groups of elliptic
curves by using terminology of graph theory. For instance, see [Feng], [FeXi],
[FaJa], [BCJKLR], [Zhal], [Zha2], and [Zha3] in the case of the congruent num-
ber elliptic curves y> = 23 — m?z, and [Goto] in the case of 7/3-congruent
number elliptic curves E_,, (m > 0).

Following [Feng], we will use graph theory to obtain various non-vanishing re-
sults of the special value of L-series of E,,. We also mention that if L(E,,,1) #
0 then both E,,(Q) and II(E,,) are finite by the deep result of Kolyvagin

[Koll], [Kol2].

We begin with the work of Rédei and Reichardt [Réd], [RR].

Let D be a discriminant of a imaginary quadratic field k. Let C1(k) denote the
ideal class group of k, Cl(k)[2°°] its 2-Sylow subgroup. We define non-negative
integers e; (j = 1,2,...) by the formula

H(C1(K)[2°]/(CL(k)[2])%) = 2e1teat s

In particular, es is the 4-rank of Cl(k).

We say that an unordered pair {D;, Dy} is D-splitting if both Dy and D5 are
discriminants of quadratic fields and D = Dy D,. For this purpose, we allow to
say that {1, D} = {D, 1} is also D-splitting, called the trivial D-splitting. By
definition, a D-splitting {D1, Dy} is called of second kind if

D
(1> =1 for any prime p | Dy and
P Jk

(D2> =1 for any prime p | Dy
P /i
where, as before, we denote by ( / )k the Kronecker symbol.

By the genus theory of Gauss, the number of all D-splittings is equal to
2¢1 = 2™~ ! where m is the number of prime factors of D. The theorem of Rédei
and Reichardt as follows.
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Theorem 4.1. The number of D-splittings of second kind is 2°2.

We recall standard terminology of graph theory.
Let G = (V, E) be a simple directed graph, V' = {vy,...,v,,} the vertices of G,
and E C V x V the arcs of G. The adjacency matriz A(G) = (a;j)i<i j<m of G
is defined by

1 ifi# j and v;u; := (vi,vj) € E
Qi =
’ 0 otherwise
Set d; = >0, aij (i=1,...,m) and M(G) = diag(dy,...,dn) — A(G). Let
r2(G) be the Fy-rank of M(G). It is easy to see that ro(G) < rankgM(G) <
m— 1.

Definition 4.2. Let G = (V, E) be a directed graph.

(1) We say that V = V; UV, is a partition of V if Vi N Ve = (. A partition
V =V1 UV, is called trivial if Vi =V or Vo = V.

(2) A partition V =V; U Vs of V is called odd if

- there exists wy € Vi such that f {wy € Va| wyws; € E} is odd, or

- there exists wy € V5 such that § {w; € Vi| wow; € E} is odd.

Otherwise the partition is called even.

(3) G is called odd if each non-trivial partition of V' is odd.

The following proposition is known. (For example, see [Feng].)

Proposition 4.3. Let G = (V, E) be a directed graph with m vertices. Then
the number of even partitions of V is 2~ "(G)=1 " In particular, G is an odd
graph if and only if ro(G) =m — 1.

Let D be a discriminant of a imaginary quadratic field. It is well-known that
any discriminant (of a quadratic field) factors uniquely into a product of prime
discriminants. Here the prime discriminants are (—1)(1’_1)/ 2p for an odd prime,
together with —4, —8,8. Prime discriminants will be denoted by p*; associate
to a prime discriminant its unique prime divisor p. Suppose the discriminant
D = pip5---p}, factors into a product of m distinct prime discriminants.

Following [Réd], [RR], let us define a graph G(D) = (V (D), E(D)) as follows.
(1) The set of vertices: V(D) = {p1,...Pm}-

(2) The set of arcs:
1<i,j<m, (pi) :-1}
bi /K

Let A(G(D)) = (aij)1<i,j<m be the adjacency matrix of G(D), that is,

£(0) = {5r;

v — 1 ifi#jand (pf/pj)x =—1
“ 0 otherwise.
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As before, set d; = 23"21 a;; (i=1,...,m)and M(G(D)) = diag(d,...,dm) —
A(G(D)). Let ro(G(D)) be the Fy-rank of M(G(D)).

Redéi [Réd] shows that the system of linear equations

viewed over Fy has rank exactly m — es — 1. Note that the coefficient matrix of
the system of linear equations is equals to M (G (D)) over Fy. Hence, comparing
with Proposition 4.3, we have obtained the following.

Theorem 4.4. In the above notation, we have ea = ro(G(D)). In particular,
ea = 0, that is, 2™~ || k(D) if and only if G(D) is an odd graph.

We are ready to prove various results on 27w /3- and 7/3-congruent number
problem. We have the following result which the author could not prove in
[Yo2]. (See the last remark of section 3 of [Yo2].)

Theorem 4.5. Let p be a prime number such that p = 11,19 (mod 24). Then
L(E_3p,1) # 0. In particular, 3p is not m/3-congruent. Moreover, tIII(E_3,)
and 1_3, are odd, so the 2-part of the Birch and Swinnerton-Dyer conjecture
for E_zy,is true.

Proof. By the quadratic reciprocity laws, we have (—4/p)x = (—p/2)x = —1,

(=3/p)k-(—p/3)xk = —1and (—4/3)k = (—3/2)k = —1. Hence we see that the

graph G(—12p) is odd. It follows from Theorem 4.4 that h(—12p) =4 (mod 8).
Since p = 3 (mod 4), it is easy to see that

N(p, Q%)
= N(p,32% + 2y + 2)* + 42?)
= t{(z,y,2) | 322+ 2y +2)* + 422 = p,(2y + 2)z = 0} (mod 8)
= t{(z,y,2) | 30 +4y” =p} +#{(z,y,2) | 32® + 16y = p}

444 itp=19 (mod 24)

= (mod 8)

{0 if p=11 (mod 24)

Therefore we have obtained that

a(_37p) —
2

by Theorem 3.4(9). In particular, L(E_3,,1)/Q(E_3,) = c_3pa(—3,p)% # 0
and 3p is not 7 /3-congruent by Theorem 2.3(1). Moreover, the above congruence

shows that ITI_3, is odd because of Theorem 2.3(2). The oddness of III(E_3,)
follows from Table 1 of [Yol]. O

—N(p, Q™) + h(—12p) = 4 (mod 8)

12



Let us prove Theorem 0.2.
Proof of Theorem 0.2 (1) Since p = 15 (mod 16), a result of Pizer [Piz] says
that 8 | h(—8p). We also see that

Np, Q) = N(p,32 +4y® + 62?)
= #{(z,y,2) | 32° +4y®> = p} (mod 8)
— 4

since p = 7 (mod 12). Therefore we have obtained that

a(2,p)

5 =N, ) + h(—8p) = 4 (mod 8)

by Theorem 3.4(3). In particular, L(Esp, 1)/Q(Es,) = c2pa(2,p)? # 0 and 2p
is not 27/3-congruent by Theorem 2.3(1). This proves (1). We remark that
the above congruence shows that 4 || Iy, because of Theorem 2.3(2). The
non-triviality of III(Ey,) follows from Table 1 of [Yol].

(2) From the assumption, the same argument as Theorem 4.5 shows that the
graph G(—8pq) is odd and hence h(—8pgq) =4 (mod 8).

N(pa, Q%) = N(pg,32* + 4y* + 62%)
- 0

since pg = 1 (mod 4). Therefore we have obtained that

a(2,pq)

5 = —N(pg, ng)) + h(—8p) =4 (mod 8)

by Theorem 3.4(3). Moreover, the above congruence shows that IIls,, is odd
because of Theorem 2.3(2). The oddness of III(Es,,) follows by the 2-descent
method as in [Yol].

(3) First we see that

N(pg, Q¥)) = t{(x,y, 2)|pg = 23 + 1243 + 122%; y1, 2 : 0dd}

since pg = 1 (mod 24) and the correspondence (z1,y1) = (2y + z,2/2). Hence
we use the condition pg = 1 (mod 24) again to obtain that

N(pg,Q®)) = N(pg,a?+12¢% + 122%) — N(pq,2* + 48y° + 4827
= 2N(pq,x* + 12y?) + 2N (pq, 2 + 243°)
—2N(pq, z* + 48y*) — 2N (pq, * + 96y*) (mod 16)
= 2N(pq,2” + 24y*) — 2N (pgq, 2° + 96y?).
(The last equality follows from p = ¢ =2 (mod 3).)
Next we will show that N(pq, 2% + 24y?) = 8, N(pq, 2% + 96y?) = 4. In fact, we

can write p = 2a® + 3b2, ¢ = 2¢? + 3d? with odd positive integers a, b, ¢, d since
p=¢q=5 (mod 24). Then pg = (2ac + 3bd)? + 6(ad — bc)? and any solution
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of the equation 22 + 6y? = pq (in integers) has y = +(ad — bc), =(ad + be).
Since a,b,c,d are all odd, we easily have N(pq,z? + 24y?) = 8. Moreover,
either 4 | ad — bc or 4 | ad + be is satisfied and we have N(pq, 2% + 96y2) = 4.
Since G(—4pq) is an even graph from the assumption, h(—4pg) = 0 (mod 8).
Theorem 3.4(6) gives

a(—1,pq 1

% = h(—4pq) — §N(Pq, Q(,Qil)

= h(—4pq) — N(pq,2* + 24y*) + N(pq,z* + 96y*) (mod 8)
= 4 (mod 8).

Therefore we have L(E_,q,1) # 0 and pq is not 7/3-congruent.

This completes the proof. O

Remark. Let p,q > 5 be distinct prime numbers and let ¢ € {+1,+2, +3,6}.
By an argument similar to Theorem 0.2 (2), we can show that L(Eyy,, 1) # 0
for a lot of "two prime factors” cases where the 2-torsion part of III(Ey,,) is
trivial. For example, we have the following.

Theorem 4.6. Let p,q > 5 be distinct prime numbers.

(1) For the following integer m, L(E,,,1) # 0 and m is not a 2w /3-congruent
number.

) m=pg, pg=11 (mod24), (p/q) = —1.

(il) m=pg, p=1 (mod24), ¢g=7 (mod24), (p/q) =—1.

) m=2pq, p=q=5,13 (mod 24).

) m=3pg, pg=17 (mod 24), (p/q) = —1.

(v) m=6pq, G(—24pq) is an odd graph.

(2) For the following integer m, L(Ep,,1) # 0 and |m| is not a 7/3-congruent
number.

(i) m=-pg, pg=T7 (mod12), (p/q) =—1.

(i) m=-pg, p=q=7,11,19 (mod 24), (p/q) = —1.
(ili) m=-2pq, p=q=13 (mod 24).
(iv) m=-3pq, p=q=5,17 (mod 24).

Let p > 5 be a prime number. By an argument similar to the above proof
of Theorem 0.2(1), we can also obtain that L(E,,1) # 0 and II(E,,) is a
non-trivial finite group.

Theorem 4.7. Let p be a prime number such that p =1 (mod 24).
For the following integer m, L(E;,,1) # 0 and m is not a 2m/3-congruent
number and II(E,,) is non-trivial finite group.

(i) m=2p, (2/p)a=—1,where (/)4 denotes the quartic residue symbol.
(ii) m =3p, There exist x,y € Z such that p = 92% + 1622

14



Proof. (i) Theorem 3.4 and easy argument give that

a(2,p)

5 = h(=8p) ~ N(p.Q")

= h(—8p) (mod 8).

From a result of [Piz], we see that

h(—4p) + h(—8p) = p%l (mod 8).

Since p = 1 (mod 8), we can write p = a? + 16b? with a,b € Z. Then one uses
the result of [Bro] to obtain

—1
h(—4p) = ”T +4b  (mod 8).

Combining these congruences, we have

= 4b (mod 8).

It is well-known that b is odd if and only if (2/p)y = —1. (For example, see
p.318 of [Sil].) Hence it follows from the assumption that L(Esp,1) # 0 and
2p is not a 27/3-congruent number. The non-triviality of III(Es,) follows from
Table 1 of [Yol].

(ii) By the same argument and Proposition 4.8 below, we have

3
o 2’p) = h(—3p) (mod 8)
= 4 (mod 8).
The remaining also follows from Table 1 of [Yol]. O

Let p be a prime number such that p = 1 (mod 12). Using Theorem 4.4
or a result of [Piz], we see that h(—3p) = 0 (mod 4). It may be well-known
for experts that the following criterion, however, the method of proof below is
interesting to the author.

Proposition 4.8. Let p be a prime number such that p = 1 (mod 12). Then
the following two conditions are equivalent each other.

(1) h(—3p) =4 (mod 8).

(2) There exist x,y € Z such that p = 9x% + 1622,

Remark. The above conditions are also equivalent that (—3/p)s = —1.

Proof. First, we will give the proof in the case where p = 1 (mod 24). From
Definition 2.2 and Theorem 3.4, we see that

a(l,p) = N(p,Q") - Np,QY)

15



By the first equality, one finds that

a(l,p) = N(p,2* + 144y%) + N(p,2* + 3y?)
—N(p,9y* +162%) — N(p, 32 4+ 162?) (mod 8)
= N(p,2? + 144y*) + 4 — N(p, 9> + 162?) + 0
= N(p,2* + 144y*) — N(p,9y* + 162%) + 4,
since p = 1 (mod 24). Moreover, one can easily see that either N(p,x? +

144y?) = 4 or N(p,9y? + 1622) = 4. Hence we have a(1,p) = 0 (mod 8). On
the other hand, from the second form of a(1,p) above, one finds that

a(l,p) = —N(p,92% +16y*) — N(p, 32> + 16¢°)
—N(p, 2z + 2)? + 362%) 4+ 3h(—3p) (mod 8)
= —N(p,92% +16y*) — 0 — 0+ 3h(—3p),
= —N(p,92% + 16y?) + h(—3p)

since p =1 (mod 24) and h(—3p) =0 (mod 4). Here, we also use the fact that

Qﬁ) = dx® + 4y® +372% + 2yz + dza + day
= (2 +y+2)*+ 3y + 3622
Therefore, we have h(—3p) = N(p,9z% + 16y?) (mod 8) and the half of the
proposition follows.

Secondly, we will give the proof in the case p = 13 (mod 24). From Theo-
rem 3.4, we see that

a(l,p) = —N,QY)— N(p, Q)+ h(-3p).

By the proof of Theorem 3.8 in [Yo2], we see that a(l,p) = 4 (mod 8) and
N(p, Qﬁ?) =0 (mod 8). Therefore,

4= —N(p,(2x + 2)* +362%) + h(=3p) (mod 8).

Il
o

It is easy to see that N(p, (2x + 2)? + 3622) is equal to 0 or 4. Since p
(mod 8), we can show that

N(p, 2z + 2)* 4+ 362%) = N(p, w? + 362?)
So the above congruence gives that
h(=3p) =4 (mod8) <= N(p,w?®+362%) =0
Finally, from the fact that p =1 (mod 3) and p =1 (mod 4), one can see that
N(p,w? +362%) + N(p,9w? + 42?) = N(p,w? + 42%) = 4.
Hence, we have

h(—=3p) =4 (mod8) <= N(p,9w? +4z%) = 4.
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So the remaining of the proposition is proved. O

Using a recent result on quaternary quadratic forms, one can obtain non-
27 /3-congruentuness result for a ”three prime factors” case.

Theorem 4.9. Let p,q,r be distinct primes. Suppose that p =1 (mod 6), ¢ =
r =5 (mod 6) and that the graph G(—8pqr) is odd. Then L(E2pqr,1) # 0 and
2pqr is not 2w /3-congruent.

Proof. The following result is due to Corollary 7.1(i) of [AALW].

N(d,2* + 6y + 622 + 12u0?) =

S LT el 2 o

o<!|d ,JE€ZL>0o WJEZL>o
i,j odd 4,7 odd
4d=i>+352 4d=i>+352

ifd=1 (mod 6).
Put d = pgr. First, from the fact that ¢ = r = 5 (mod 6), it is easy to see
that N (4pgr, z? 4+ 3y?) = 0. Hence we can check that

N (pqr,z* + 6y* + 62% + 12w?)
ZW<12)
o<l|d ! ke
e () e )= ()
= ypt\— g+ | — r+ | —
P /K q /K Tk
= 0 (mod 32).
Next one can verify that

N(pgr,z* + 6y* + 627 + 12w?)
= t{(z,y,z,w)|z* + 6y* + 62% + 12w? = pgr, xyzw = 0} (mod 32)
2N (pgr,z* + 6y + 1222) + N(pgr, 2* + 6y* + 627)
—2N(pgr, z* + 6y?) — N(pgr, z* 4+ 12y°).

Using Theorem 1.2 and the fact that the ternary quadratic form z2 + 6y2 + 622
forms a genus, we obtain that

) h(—4pgr)/2 if pgr =1 (mod 12)
gN(pqr, z? 4 6y* + 62%) = < h(—pqr) if pgr =7 (mod 24)
0 if pgr =19 (mod 24).

In any case, we have N (pgr,x? + 63> + 622) =0 (mod 32) by the genus theory
of quadratic fields. Considering that the integer pgr factors into a product of
prime ideals in Q(v/—24), we see that N (pqr,z? + 6y? + 122?) is either 16 or 0.
We see also that N(pgr,2z? + 12y%) = 0 since ¢ = = 2 (mod 3).
Therefore,

2N (pgr, z% + 6y +1222) =0 (mod 32).
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By (3) of Theorem 3.4, we obtain that

a(2,pqr) = 2N(pgr, z? + 6y°% + 1222) — 2h(—8pgqr)
= —2h(—8pgr) (mod 32).

From the assumption that G(—8pqr) is odd, it completes the proof of the theo-

rem.

d
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