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Abstract

A class of weighted log-rank statistics for testing quasi-independence for truncated data is
proposed. This manuscript contains asymptotic analysis for the proposed methods and
simulation studies to evaluate their finite-sample performances. By temporarily ignoring
censoring, we derive large-sample properties of the proposed tests in Section 1 and discuss
variance estimation in Section 2. Section 3 considers the extended situation that accounts for
right censoring. In Section 4, we compare two methods for estimating the variance of the
proposed statistics. One estimator has an analytical formula and the other is the jackknife
estimator. Our simulations indicate that the jackknife variance estimator, which is easier to
implement, has reliable performance. Section 5 contains some concluding remarks. Detailed

proofs are given in the Appendix.
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1. LARGE SAMPLE PROPERITES IN ABSENCE OF CENSORING

We consider the truncation setting in which a pair of lifetime variables (X,Y) can be
included in the sample only if X <Y . Most methods for analyzing truncated data are based on
the assumption of quasi-independence (Tsai 1990) which can be stated as

Hy:7(x,y)=Fy(x)Sy(¥)/ ¢, (x<), (1
where 7(x,y)=Pr(X <x,Y >y|X<Y) and F, and S, are right continuous distribution

and survival functions, and ¢, 1is a constant satisfying ¢, = —HdF " (x)dS, (y). In this section,

x<y

we consider observed data of the form {(X,.Y,) (j=1l...,n)} subject to X 6 <Y, by
temporarily ignoring external censoring.

1.1 The Proposed Test Statistics

For testing H,, the proposed weighted log-rank type statistics can be written as

N1.<dx,y>N.]<x,dy)}

L, = '”W(x,y){Nn(dx’dy) B R(x,)

x<y

where

Ny(drody) =3 1(X, =Y, =y), Ny(udy)=3 (X, <xY, =),
J J

N (dx,y) =2 I(X, =xY, 2 y), R(x,y)=D [(X,<xY,2y),
J j

and W(x,y) is a pre-specified weight function. It can be shown that, under H,

E(N, (drdy) | Ny, Ny R = 2 1-(""1}2%1)()"@ ). 3

A useful special case of L,, has the form,

. N, (dx,y)N, (x,dy)
L,= ﬂ(x,y—)p{N ((dx,dy) ——————= : (4)
g ”y 1 R(x,)
where 7(x,y)= ZI(Xj <x,Y,>y)/n and p€[0,0) isan arbitrary constant.
j
When the observations have no ties such that the values of X,,... X ,Y,....Y are all

no>*1° n

.



distinct, we have N, (x,dy) = N,.(x,dy)=1 and L, can be expressed as

W()v(if ’ Zf
Ly ==21 {Ag}ﬁsgn{(xi - X3~ )}, )

where Ay:{)?ysz} and Xy:XivXj and %:KAYj,and sgn(x) 1is defined to be -1,

0, or 1 if x<0, x=0, or x>0, respectively. If the form of W(x,y)/R(x,y) 1is
deterministic, the expression of L, in (5) is a U-statistic. For example, if

W(x,y)/ R(x,y) =1, the statistics leads the conditional Kendall’s tau statistics

K ==Y 1{4,}sgn{(X, - X )1, ~Y,)}.

i<j
Properties of U-statistics have been utilized by Martin and Betensky (2005) to derive nice

analytic results of K or its extended versions. However if the function W(x,y)/R(x,y) is

subject to random variation, this technique is not applicable.

1.2 Large Sample Analysis

Here we consider a general class of L, which can include flexible weight functions. It
is expected that an appropriate weight function is helpful for increasing the power of the
corresponding test. For large-sample analysis, we adopt the functional delta method, a
powerful tool that can handle weight functions containing plugged-in estimators. In particular,

we consider the following two statistics:

L, = [[wiix, y—)}{anx, dy) -2 (d"gfvy“)(’“’ l )} , (©)
L, = [[wieac, y—)}{N“(dx,dw K (d";ifvy“)("’dy )} , ™)

where w(v) is a known function which is continuously differentiable and

é:# H l_zkI(Xk:Xj)
R(X(l)’X(l)) JX <X R(XjﬁXj)




Notice that L, and L, differ in whether the estimator ¢ is involved. Also note that these

two statistics can be considered as approximations of the unbiased statistics

J.J.W{”(xay_)}{Nll(dxady) -

x<y

N,.(dx,y)N., (x,dy)}
R(x,y) ’

” wiez(x, y—)}{Nn(dx, dy)— N (dxl’?)(}))g]\;l)(x’ dy)} ,

x<y

respectively. The functional delta method can handle the extra estimation of the
hypothesized weight function in a systematic way.

To simplify the analysis we assume that the distributions of (X,Y) under the null
hypothesis in (1) are absolutely continuous. The formula in (6) and (7) can be re-expressed as

the following functional forms:

_n w{z(x v x*, y A y*-)} R R
Ly==2 10— e Gl UR LGV Cubl

. n wig(m)z(xvx*,yAny*-)} " 1A Nk
Lo =3 W™ rram gy SEMG =2 =y R (e )R, %)

where g(:) is a functional satisfying ¢ =g(7) defined in Appendix A.3. The proofs of the
above theoretical results are provided in the Appendices A.1 and A.3. Briefly speaking, these

functionals can be shown to be Hadamard differentiable functions of 7 given the

differentiability of w(:). By applying the functional delta method (Van Der Vaart 1998, p. 297),

we obtain the following asymptotic expressions:

Y)+0,(1),

J?

n—l/ZLW — _n—l/ZZU(X
J

n'L,=—n""?Y UN(X,,Y) +o,(1),
J

J’
where U(X,Y,) and U*(X./.,Yj) are defined in Appendix A.1 and A.3.

Theorem 1: Under H,, n™'’L, converges in distribution to a mean-zero normal random
variable with variance c° = E[U(X./.,Yj)z] where U(X ,,Y,) is defined in Appendix A.1.
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Corollary 1: Under H,, n'’L

. -1/2 . .
, » a special case of n”" "L, with w(v)=v" converges in

distribution to a mean-zero normal random variable with variance E[U, (X/,Yj)z], where

U,(X,;.Y))
= (p —1)/ZII J‘va*syw*ﬂ'(x v x*, VAY *_)p—z

XU, <xva® Y, 2 yay®) —z(xevx®,yay*=)psgn{( x—x*)(y—y*)}idz(x,y)dz(x*, y*)

SJIIT eyt A =) sendCx = ) (= )
(I(X, = x,Y, = y) + dr(x,p)}dn(x*, ).

An analytic variance estimator for the L, class is presented in Section 4.

£

To study the statistics L, we need to examine the property of ¢ which is closely

related to the marginal estimators of F,(f) and S,(f). Asymptotic normality of L can be

established under the following condition.

Identifiability Assumption (I): There exists two positive numbers y, < x, such that
Fe(y)>0, S,(v)=1, Fy(x,)=1 and 5,(x,)>0.

The above statement is an identifiability condition for (F, (:), S, (-)), which has been routinely

used in theoretical analysis of truncation data. For example, the upper limit x, plays the same

role as the notation T~ in Wang et al. (1986). Assumption (I) also guarantees the condition

that R(z,t)/n is away from zero asymptotically (Chaieb et al., 2006) so that the denominator

terms R(X,,X) and R(X,,X;) for ¢ is away from zero. Thus, under H, and

(O

Assumption (I), ¢ is areliable estimator of ¢, .

£

Theorem 2: Under H, and Assumption (1), n""?L  converges in distribution to a mean-zero

normal distribution with variance af:E[U*(Xj,Yj)Z] where U*(Xj,Yj) is defined in
Appendix A.3.

2. JACKKNIFE ESTIMATOR OF VARIANCE



The asymptotic variance of L, can be estimated by the jackknife estimator:
n-1 (=) _ 7Oy2
TZ(LW —Ly)",
where L,” has the form of L, without the ith observation and Lj) =(1/n)ZiL(V;i).

Asymptotic properties of the jackknife variance estimator are closely related to smoothness of

the corresponding functional expression. Specifically the test statistics L, in the class (6) can

be expressed as —nd(%), where 7 =7(x,y) is an empirical process and ®D(-) is a
functional defined on a space of function 7 =7(x,y)=Pr(X <x,Y>y|X<Y) (see
Appendix A.1). In proving the asymptotic normality, we have shown that ®(-) is Hadamard
differentiable with respect to the argument . However, to show consistency of the jackknife

variance estimator, we need a more strict smoothness condition on ®(-) called continuous

Gateaux differentiability (Shao 1993).

Theorem 3: Under H,, the asymptotic variances o for L, can be consistently estimated
by the jackknife method.
Theorem 4: Under H, and Assumption (I), the asymptotic variances o. for Ltv can be

consistently estimated by the jackknife method.

The proofs of the above theorems are given in Appendix A.4.

3. LARGE SAMPLE PROPERITES UNDER CENSORING

3.1 The Proposed Test Statistics
When Y, is further subject to censoring by C,, observed data become {(X,,Z,,0,)
(i=1,..,n)} subject to X,<Z, where Z, =Y, AC, and 6, =1(Y, <C,). Assume that C,
is independent of (X,,Y;). At an uncensored failure point (x,y) with x <y, we use the
same notations for the cell and marginal counts with the following modified definitions:
Ny (de,dy)=> I(X,=x,Z,=,5,=1),N,(dx,y) =D I(X,=x,Z,2y),
j j
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N, (x,dy) = ZI(X <x,Z;=y,6,=1) and R(x,y)= ZI(X <x,Z,;2y).

Accordingly the proposed log-rank statistics becomes

_ ([w y){N“(dX, &) -

x<y

N,.(dx,y)N,, (x,dy)}
R(x,y)

which can be expressed as

_ _7)
= ,§<, I{B;} R(X,.Z )Sgn{(X - X )NZ,-Z))}, (®)
where the event

B, =()?y Szj)m{(d. =0,=)VU(Z,-2,>0&6,=1&6,=0)0(Z,-Z,>0&06,=0&0, =1)}
implies that the pair (i, j) is comparable and orderable (Martin and Betensky 2005). Under

the quasi-independence assumption, it can be shown that

E[sgn{( X, - X )(Z, ~Z,)}| B,]1=0

For a constant p €[0,0), the L statistics becomes

L, = [[9(x. -7 {Nll(a’x, dy) - )

x<y

M.(dx,yw.l(x,dy)}
R(x,y) ’

where v(x,y)=)> I(X,<x,Z, >y)/{n$’ (¥)} 1is an estimator of z(x,y) and S (y) is
J J J ¢ ¢

the Lynden-Bell’s (1971) estimator for Pr(C>y)=S.(y) based on data {(X,,Z,1-9,)
(i=1,..,n)}.
3.2 Asymptotic Analysis under Censoring

Now we discuss the asymptotic normality of the two statistics in presence of censoring.

For a continuously differentiable function w(:), we consider classes of statistics:

L, = [[wi, y—)}{Nll(dx, dy) - (10)

x<y

N,.(dx, y)N,, (x, dy)}
R(x,y) ’



L, = [[wie s, y—)}{%(dx, dy)- (11)

x<y

N,.(dx, y)N.,(x, dy)}
R(x,y) '

where X ;) =minX; and
J

Fe T 2 =X)
R(X(l)aX(l)) j:X(])<Xj R(X],X/)

Asymptotic normality of the modified statistics is only briefly sketched in Appendix

A.5 since the related formula under censoring are too complicated and provide no new insight.
Define H (x,y,¢)= Zj[ (X;<x,Y,>y,C,>c)/n which is the empirical estimator of

H(x,y,c)=Pr(X <x,Y>y,C>c| X <Z). It follows that

I :_ﬁ”””” w{(p(ﬁl;xvx*,y/\y*/\C/\c*)}
w 2 evx*<yayt<cnct

Hxvx*, yAy*acAnc*—yAy*acanc*-),

xsgn{(x—x*)(y — y*)}dH (x, y,c)dH (x*, y*,c*)

L :_ﬁ”“‘“‘ wi{g (H)p(H;x v x*,y A y* Ac Ac*)}
T2 warsypnprcene H(xv x*, yAYy*¥ACACc*F— yAyFAcAc*-),

xsgni(x—x*)(y = y¥)}dH (x, y,c)dH (x*, y*,c¥)
where ¢(;x,y) and g'(-) are functions such that V(x,y-)=@(H;x,y) and ¢ =g (H),
each of which is defined in Appendix A.5. Asymptotic normality of L, and L can be
established by applying the functional delta method based on the facts that both of them are

1/2
n

Hadamard differentiable functions of A and the process (H - H) converges weakly to

a Gaussian process. Similar to the uncensored case, consistency of the jackknife variance
estimator is built based on the continuous Gateaux differentiability of the corresponding

functional expression. The proof is similar as that for Theorem 3 and 4 and hence is omitted.

4. EMPIRICAL VARIANCE AND JACKKNIFE VARIANCE ESTIMATOR

In absence of censoring, asymptotic variance of the L, test defined in (4) has a

-8 -



tractable form. Based on the method of moment and applying the plug-in principle, we obtain

the following analytic variance estimator of L :

N -~ L
V(Lp>=z[% S AT snin, - X0, v+ O

2
k<l

2
-1 o~ _ -
+ P z[{Akz}”(szaYld_)p ’ sgn{(X, - X)), _Yl)}I(Xj <Xy»Y, ZYkl):| .
The formula is derived in Appendix A.2. In presence of censoring, however, modification of

the above formula involves complicated mathematical derivations. To examine whether the

extra effort is worthy or not, we compare V(L ,) with the jackknife variance estimator via

simulations. Note that the latter is computationally convenient even under the censoring

situation and is theoretically justified in Theorem 3 and 4.

The first set of simulations evaluates the test L, standardized by two variance formula,

namely the analytic and jackknife estimators, in absence of censoring. The variables (X,Y)
are generated independently from exponential distributions with hazards (4,,4,)
respectively. Five cases with (4,,4,)=(1.5,0.5), (10.5), (L), (0.5]1) and (0.5,1.5)

(c=Pr(X £Y)=0.75, 0.67, 0.50, 0.33 and 0.25 respectively) are examined. At 5% level of

significance, the null hypothesis is rejected if |L,/6(L,)| is greater than 1.96, where &(Lp)2

is either the analytic estimator or jackknife estimator.

Table 1 reports the results of the L, test standardized by two variance estimators under

n =50,100 and 200 based on 500 replications. The mean squared error (MSE) for estimating
the sample variance decreases as the sample size gets large for both the analytic and jackknife
variance estimator. However, the analytic variance estimator has smaller MSE than the
jackknife estimator. On the other hands, the analytic method tends to systematically
underestimate the variance so that the type I error rate of the corresponding test is inflated. It is

clear that the test standardized by the jackknife variance has type I error rate closer to the

-9.



nominal 5% level in all the cases. Table 2 summarizes the results of the L _, test. Both

variance estimators tend to overestimate the true variance but the jackknife estimator has
slightly smaller MSE and still produces more accurate type I error probability than the analytic
estimator. The results indicate that the test standardized by the jackknife variance estimator has
more reliable performance in most situations.

The second set of simulations evaluates the test L, standardized by the jackknife
variance estimator in presence of censoring in which the analytic formula is not available.

Three independent variables (X,Y,C) are generated from exponential distributions with

hazard rates (A,,4,,4.)=(1.5, 1.0, 0.5) respectively yielding ¢ = P(X <Z)=0.5. Table 3

summarizes the results for three tests L L, and L under n =50, 100 and 200

p=0>° invlog

based on 500 replications. The jackknife variance method, on the average, is quite accurate.
The MSE for estimating the variance gets small as the number of sample increases.

Furthermore the type I error rates for the three statistics are all close to the nominal level.
5. CONCLUSION

To establish asymptotic normality, we apply the functional delta method which can
handle more general forms of statistics than the approaches based on U-statistics or rank
statistics. The expression of the proposed statistics as a statistically differentiable functional
allows us to derive an analytic variance estimator and justify the use of the jackknife method in
variance estimation. Simulation analysis indicates that the jackknife method is a better
alternative because its convenience and reliable results. Nevertheless one may try to modify the
analytic variance formula by including more omitted terms in the Taylor expansion to see if the
bias can be reduced. However the derivations will be very tedious and may not be worthy from

a practical point of view.

-10-



APPENDIX: ASYMPTOTIC ANALYSIS
Let D{[0,0)’} and D{[0,0)} be the collection of all right-continuous functions

with left-side limit defined on [0,00)* and [0,00) respectively, under which the norms are

defined by | f(x,»), =sup,, | f(x,»)| for feD{[0,)} and |f(x)], =sup,|f(x)]
for f e D{[0,0)}. We assume that the function 7(x,y)=F,(x)S,(»)/c, is absolutely

continuous. Hereafter, expectation symbols represent the conditional expectation given
X <Y . The notation o0,(l) is short of random variables that converge to zero in

probability, under the conditional probability induced by 7z(x,y)=F,(x)S,(»)/c,. The
empirical process on the plane is defined as:

. 1
”(XaJ’)=;z](X, SanJ >J’)
J

1/2

It can be shown that n '~ (7(x,y)—7m(x,y)) converges weakly to a mean 0 Gaussian

process V(x,y) on D{[0,00)*} with the covariance given by
Cov{V (x;, ),V (X, )} = (X, AXy, )iV 3,) = 7 (X, Y E(Xy, 15)
forany (x,,y,), (x,,y,)€ [O,oo)2 .

A.1 Proof of Theorem 1

By some algebraic manipulations, the statistic L, in (6) can be expressed in terms of

the weighted sum of signs such that

N..(dx, )N, (x, dy)}

L = ”w{fz(x, y—)}{Nn(dx’ dy) - R(x,y)

x<y

W{ﬁ-()?g/az;_)}

=Y {4} sgni{(X, =X )X ~Y));

< R()V(wz/
1 w{A(X;.7,-)}

:__ZI{AI'/'} S " Sgn{(Xi_Xj)(Y;_Yj)}
i<y (X Y=

=—— > {4, — 7 —sgn{(X, - X, )Y, -Y.)},
n o A S =X )

-11 -



where the last equation use the facts that each term is symmetric for indices (i, ) and

(/,i) andthat sgn{(X;—X )(¥,—Y,;)}=0. Using the property that

-1/n X,=x,Y, =y forsome i

2

0 otherwise

dzi(x,y) ={

the above expression can be written as

n w{zZ(xv x*,yAny*-)} N 1A N
L= ] vy B~y AR (e, )

= —nd(7),

where the definition of the functional ®(-): D{[0,%0)*} — R is given by

DO=[[[[... e S ) R P 1).

The argument e D{[0,0)*} in the preceding equation does not need to be

n(x,y)=F,(x)S,(y)/c,, but if so, the above integral can be interpreted as an expectation

under quasi-independence. It can be shown that ®(7)=0 since

() ={1{A12} T sl —Yz)}}

- W{”()?lza?lz_)} _ . v v
_E|:1{A12} 22, T ) Eisgni{lX, - X)X Yz)}|X12’Y12}}

and
E{sgn{(X, - X,)(¥,~-Y)}| X,, =x,¥, =y} =0 for x<y.

Here, the last equation follows from Chaieb et al. (2006). The basic idea of the functional
delta method is to find the asymptotic behavior of ®(7) through a differential analysis of

®(r) in a neighborhood of 7(x,y)=F,(x)S,(»)/c,. A first order expansion would have

the form:
O()=D(7)-D(7) =D (7 —7).
where @' (-) will be rigorously defined later. The analysis turn the weak convergence of

®(7) into the weak convergence of 77—, which will next be further investigated in a

-12-



rigorous fashion.

By direct calculations, we can prove the Hadamard differentiability of ®(-). The
linearly differentiable map of ®(-) at arbitrary argument 7 e D{[0,0)*} with direction
h e D{[0,00)*} is:

@’ (h)

o [ AR e i Ly N P T (e R D o e
Xxvx*<yny 27T(XVX*,y/\y*—)

I SRR ATED) kst e ) 4 (et %)
XVxX*<yay 272'(XVX*,)//\)/*—)

wWm(xv x*, yAy*-)} . . .
I R sy ()

where w'(u)=ow(u)/ou. By applying the functional delta method (Van Der Vaart 1998, p.
297), we obtain the following asymptotic linear expression:

nL = a2 (%)
=—n'"*{®(7) - O(7)}
=—n"{® (A7)} +0,(1)
= _n_l/zzq);r(é(xj,yj) —7)+o0,(1),
J

where 5(Xj,yj)(x, y)=1(X, <x,Y, > y).Itis easy to see that the sequences,
UX,,Y)=® (6 y,—n) for j=1...n,

are iid random variables with E[U(X;,Y;)]=0 at z(x,y)=F,(x)S,(y)/¢c, since

E[q);z(é‘(xj,yl) —-7)]= q);r(E[5(X/,Y,) —-7])
=d' (0)=0 '

Based on the central limit theorem, 7~ /*L converges in distribution to a mean 0 normal

w

random variable with variance o* = E[U(X,Y;)’].

A.2 Analytic Variance Estimator for the L, Test

The L, statistics forms a nice subset of L, such that o> can be expressed by

-13 -



analytic formula. The functional expression has the form L, =-n®(z), where

o) =WDfff] . #Cevatyay* =y sgni—xt) -y dax ydae*, )
for 7eD{[0,0)°} and ®(7)=0 for 7x(x,y)=F,(x)S,(y)/c, . Specifically, the

corresponding derivative map is given by
@ (h)
=(p-D/2[[[ . aGevaty ay*=) T hev .,y ay*-)sgnile— )y - y*)d(x, )da(xt, %)
hovx*<yay*

I eyt Ay sgnlle- ) - y4)dhr da(t, )
v x*<yay*
The variance o = =E[U(X,, J) ] can be estimated by Z (OA) x, yl_)—ff)z/n, where

q);%(é‘(xj,}{/) _7%)
= — 7 * *_\P2

ITE . CON

XAI(X, Sxv s Y, 2 p Ay = A(xv X%,y Ay )b sgni(x—x*)(y — y¥)IdA(x, A, %) -
o R a2 S S G T NS (GRS}

x{U(X; =x,Y, = y)+da(x,y)da(x*, y*)

Turning the integral to the double summation, we obtain

D,(Sy v, 7 V(X Y sen{, — X)), ~Y)U(X, < X,..Y, 2Y,)

(X, Y sgn X, —X)(¥, )}

521{ AT sen {0, ~X)(0, -1}

S A A T sgn (O, — XY~ 1))}

k<l

The second and fourth terms combine to form (p+1)L,/n. Thus we get

L
(D;%(é‘(Xj’Y,/)_ﬁ'):lzl{Ajk}ﬁ-(X/k’ Y, =) sen{(X, - X )Y, -Y)}+ _(p+n) ,

DA Y- P sgn{(X, — X)X, —Y)H (X, < XY, 2 7).

k<l

- 14 -



Based on the above expressions, we can estimate AVar(Lp)znO'2 by the following

empirical estimator:

(p+L,
n

J

n6” =S| LS 1A AT T oy sen{(X, — X, )Y, —Y )} +
Z|:nz Jk Jk> = jk J kI k

2
k<l

2
1 T _ -
+£ ZI{Akl}ﬂ(Xkl’Ykl_)p ’ sgn{(X, - X)X, -V, <X,.Y, 2 kl)} .

A.3 Proof of Theorem 2

The statistic L., involves ¢ which is the estimator of the normalizing constant c, .

From the result of He and Yang (1998), ¢ can be written as
é= Sy @ydF, (),

where F ()= H{l —%} and S‘Y )= H{l +%} are the product limit

t<u u<t

estimators of Pr(X <¢) and Pr(Y >¢) respectively (Lynden-Bell 1971). Define
¢ =g(7) and we will show that the map g:7+> ¢ is the composition of two Hadamard

differentiable maps:

Axny) o (B850 o [0S )dF ). (A1)
It is well-known for right-censored data that the product limit estimator is Hadamard
differentiable function of the corresponding empirical processes. For truncation data, we

apply the arguments of Example 20.15 in Van Der Vaart (1998) to show the Hadamard

differentiability of the maps from D{[0,0)°} to D{[0,0)}:
A ) (), #(x0) 0 $,(0).

To prove the former statement, we decompose each map into three differentiable maps. For

example, one can write

-15-



A6,p) B (FEO/A(xx-) B Ay = Iof Zzl(uu,g))

= E @ =[], 1-dA @)},
where the Hadamard differentiability of the second map follows from Lemma 20.10 in Van

Der Vaart (1998) and the last map follows from the Hadamard differentiability of the
product integral. The Hadamard differentiability of the map 7z(x, y)l—)S'Y(t) can be

established by applying similar arguments. The Hadamard differentiability of the second
map in (A.1) can be found in Lemma 20.10 in Van Der Vaart (1998). Using the chain rule

(Van Der Vaart 1998, Theorem 20.9), the map g is shown to be Hadamard differentiable.
Let g'(h)eR be the differential map of g at xeD{[0,0)’} with direction

h e D{[0,0)*} such that

n'?(é-c)=n"*(g(#)-g(n))
0" (7~ ) +0,(1)

=" 2.8y 5, — )+ 0,(1),
J

The statistics L, can be expressed as

L R
=-n¥(7).
Applying similar arguments in Section A.l1, we can show Y¥(7)=0. Now we show the
Hadamard differentiability of the map ‘W(-):D{[0,0)’} - R . From the Hadamard
differentiability of g(-), it follows that
gz +th)=g(m)+ g . (Wt+o(t]), t—>0,

uniformly in /4 in compact subsets of D{[0,00)*}. This leads to the following Taylor

expansion
wg(rm+th)(m(xv x*,y Ay*=)+th(xvx*,y Ay*—)}
=w{cm(xvx*,y Ay* )+ t{ch(xv x¥,y Ay* =)+ g (W a(xv x*,y Ay*—)}+o(|t]).

It can be shown that the derivative map of W (:) at 7 eD{[0,00)°} with direction
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h € D{[0,0)*} can be written as

()

:J.J.-H g(ﬂ')w'{ﬂ'(X\/x*’y/\y*—)}h(xvx*,yAy*_)sgn{(x_x*)(y_y*)}dﬂ,(x’y)dﬂ_(x*’y*)
hvx*<yay 272'()(\/)(*,_)/‘/\_)/*—)

HI[[ ., ORI o ) - ), M)

~[J[ . SRV AYT] s,y nyysen -0 — )N r(e (e, )
va*<yay 27Z'(xvx*,y/\y*—)

wiz(xvx*,yny*-)} . . .
+'[”_[M*SW PRy sgn{(c—x*)(y —y*)Jdh(x, y)dm(x*, y*).

By applying the functional delta method, we obtain the following asymptotic linear

expressions:
n’L =—n""W (%) =-n'""{¥(7)- ¥ (7)}

= _n—l/zz p (5()(/,)',) —m)+o,(l),
J

where the sequences,
U'(X,,Y) =Y (O, vy =7) (j=L...n),

*

.. . o -1/2
are mean 0 i.i.d. random variables. From the central limit theorem, n '°L, converges

w

weakly to a mean 0 normal distribution with the variance o, = E[U " (X Ing ).
A.4 Consistency of the Jackknife Estimator
We have shown that n~"’L_ is asymptotically normal with a finite variance. Now we

show consistency of the jackknife variance estimator of L . According to Theorem 3.1 of

Shao (1993), we need to show the continuous Gateaux differentiability of ®(z) at

7 € D{[0,0)*}. Note that the Hadamard differentiability is stronger than the Gateaux

differentiability and hence the Gateaux derivative map is given by @’ (%), available from
Section A.1. We only need to show the continuous requirement of the derivative map. For

sequence 7, € D{[0,0)”} satisfying ||7zk —7z||m —0 and ¢, >0 for k=12,..., we need
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to show
Ak = q){ﬂ’.k +tk(5u,v _”k)}_(b(ﬂk)_tk®;r(§u,v _ﬂk) = 0(| tk |) s
where 6, ,(x,y)=1(x<u,y>v) and o(|{,|) stands for o(|¢,[)/|z,|[>0 uniformly in

(u,v) . The following arguments for proving the continuous Gateaux differentiability are

similar to those in Example 2.6 of Shao (1993). The continuous differentiability of w(-)

and the assumption ||7rk — 7z||0o — 0 ensure the following expansion

w[7rk(xvx*,y/\y*—)+tk{é'u,v(xv X, pAY =)=, (xv X,y Ay )} _wim (xv X, Ay =)}
2[7Tk(XVX*,y/\y*_)+tk{§u,v(xvX*ay/\y*_)_”k(xvX*’y/\y*_)}] 277k(XVX*’y/\y*_)

_ W,{”(XVX*,yAy*_)}t {5 (XVX*
- kW

- - YAY D)= (xv Xy Ay o))
2(XV X, yAY —)

_W{”(XVX*,yAy*_)}t {5 (XVX*
[ 7RY

- — IAY D) =m(xvx Ly Ay b+ 0 1),
2r(XV X, yAY —)

uniformly in (u,v) . Hence straightforward but tedious calculations show that
A =t | B+ (4 | Co+ (8 | D+ O(1, |2),

where

B = -”-” M vy Ay D) wu,v(xvx*ay/\y*—)—ﬂk(X\/x*,y/\y*—)}]
k vx <yay” ﬂk(xvx*’y/\y*_)"‘tk{é‘u,v(xvx*,y/\y*_)_ﬂk(x\/x*’y/\y*_)}

xsgn{(x—x )y -y )Nd{6,,(x,y) -7 (x, »)}dm, (x", ")

) wizxv ',y Ay o)
1N

z(xvx,yAny-)
xsgn{(x —x )y —y)Nd{S,,(x, )~ 7, (x, )}z (x", y"),

C = J..[I.[rvx*é}my* Wz{gk((;\\//;*:;//\\;;__))} {5u,v(x Vv x*,y A y*—) - (xv x*,y A y*—)}

xsgn{(x—x")(y— ¥ dm, (x, y)dr (x, ")

W{m(xvx,yAy —)}
- ”.[.[w*gw* 2a(xvx,y Ay o)

xsgn{(x—x)(y -y dx(x,y)dr(x,y)

B, vy yay ) -mxvx,yay o)

and
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Wiz, (xvx,yAy —)} . . . .
D, = k _ 4 O (xvx ,yvAy - )—rm (XVX ,yAY —
k Hﬂ” vy Ay ) 10, ( yAy =)= YAy o)

xsgn{(x—x )y -y )dr,(x,y)dz (x",y")

wir(xvx,yany'— . . . .
S[fff MEEVXLIAY s (v Ay - meva Ay o)
wxsyny 2(XVX L, YAY —)

xsgn{(x = x")(y =y Ndr(x, y)dm(x’,y").

Under the assumption that ||7rk - 7r||w — 0, it can be seen that B, C, and D, have order
o(1). This proves the theorem 3.
To show the consistency of the jackknife variance estimator for L, stated in theorem

4, we only need to check whether the continuity of the Gateaux differential map of W(7)

which is available in Section A.3. The continuity requirement for the Gateaux differentiable

map ¥, (h) in Section A.3 can be verified after tedious algebraic operations similar to the

above arguments.

A.5 Asymptotic Analysis in Presence of Censoring

Based on the product integral form of the Lynden-Bell’s estimator S’C (), we obtain

the expression

) N I:](x,y—,y—)
V(X,y ) H{1+[f[(u,u,du)/l:](u,u—,u—)}

usy

=o(H;x,). (A.2)

By some algebraic work, the event B; can be written as [/ {B,.j}:l(f( i Szj <CN’,.j).

Then, we obtain the following functional expression:

2w{¢(ﬁ;)?,-,-,z,)}( \ 1)

L= WW(xay—)}{Nn(dx, dy) — @IV, (. dy)}

:Z[{Bz/}

X<y R(xay) i<j R(XU’ZU) v 2
s o~ wio(H; X,,Y. AC.
:—EX%ZI{XUSYU<CU} . v{w(N 7 ”1} sgn{(X, - X )Y, -Y,)}
2 n’ H(X,,Y, nC;=Y; AC;-)
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_.n wi{p(H;x Vv x*,y A y* Ac A c¥)}
- 2J.J-J.J-J‘J.xvx*ﬁyAy*<0Ac*ﬁ(xvx*’y/\y*/\c/\c*_’y/\y*/\c/\c*_).

x sgn{(x —x*)(y — y*)}dH (x, y,c)dH (x*, y*, c*)

Here, the last equation follows from the property
;=xY,=y,C =c forsomej.

dIfI( ) /'n X
X, p,c)= )
Y 0 otherwise

. . . . . AK .
Based on similar arguments with Section A3, we can express the estimator ¢ as a function

of A such that ¢ = g*(lf] ). Similar algebraic operations can be applied to obtain the

. . *
functional expression of L, .
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Table 1. Comparison of two (jackknife vs. analytic) variance estimators of

-1/2 . . . . .
n°L,, inabsence of censoring when 500 replications for pairs

X and Y are generated from independent exponential distributions

Average (MSE) of
o= Variance of . ' Type I error (5%)
the variance estimators
Pr(X <Y) L
Jackknife Analytic Jackknife = Analytic

0.75 50 0.819 0.870 (0.146) 0.653 (0.077) 0.048 0.092
100 0.872 0.955 (0.121) 0.786 (0.054) 0.062 0.078

200 0.930 0.997 (0.081) 0.875 (0.039) 0.066 0.078

0.67 50 0.735 0.885 (0.188) 0.652 (0.059) 0.058 0.084
100 0.859 0.941 (0.110) 0.774 (0.051) 0.062 0.074

200 0.923 0.957 (0.065) 0.846 (0.039) 0.064 0.072

0.50 50 0.688 0.872 (0.194) 0.630 (0.056) 0.048 0.068
100 0.820 0.943 (0.146) 0.762 (0.053) 0.056 0.076

200 0.814 0.981 (0.118) 0.851 (0.043) 0.048 0.056

0.33 50 0.723 0.897 (0.231) 0.630 (0.071) 0.044 0.078
100 0.733 0.931 (0.172) 0.738 (0.052) 0.050 0.064

200 0.837 0.941 (0.092) 0.815 (0.039) 0.050 0.064

0.25 50 0.696 0.852 (0.163) 0.604 (0.053) 0.046 0.062
100 0.802 0.903 (0.123) 0.720 (0.053) 0.064 0.082

200 0.896 0.960 (0.100) 0.825 (0.050) 0.052 0.066
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Table 2. Comparison of two (jackknife vs. analytic) variance estimators of

n 'L o1 in absence of censoring when 500 replications for pairs of X and Y are

generated from independent exponential distributions

Variance of Average (MSE) of

c= " the variance estimators Type I error (5%)

Pr(X <) e (x100)

(x100) Jackknife Analytic Jackknife = Analytic

0.75 50 7.493 7.468 (0.0263)  7.604 (0.0264) 0.058 0.036
100 7.037 7.072 (0.0110)  7.159 (0.0118) 0.048 0.040
200 6.794 6.800 (0.0055)  6.850 (0.0057) 0.062 0.056
0.67 50 5.438 6.553 (0.0366)  6.614 (0.0377) 0.036 0.026
100 5.935 6.194 (0.0115)  6.263 (0.0119) 0.056 0.042
200 5.616 5.889 (0.0062)  5.928 (0.0065) 0.056 0.040
0.50 50 4.097 5.321(0.0330)  5.352(0.0340) 0.028 0.014
100 4.487 4917 (0.0094) 4.964 (0.0101) 0.050 0.040
200 4.086 4.665 (0.0074)  4.689 (0.0077) 0.044 0.038
0.33 50 3.901 4.369 (0.0157)  4.426 (0.0168) 0.038 0.024
100 3.454 3.981 (0.0098) 4.015(0.0103) 0.038 0.032
200 3.481 3.756 (0.0042)  3.779 (0.0044) 0.034 0.030
0.25 50 3.414 4.085 (0.0190)  4.124 (0.0203) 0.036 0.024
100 3.336 3.624 (0.0068)  3.660 (0.0073) 0.040 0.034
200 3.334 3.376 (0.0027)  3.400 (0.0028) 0.046 0.042
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Table 3. Performance of n™"’L,, standardized by the jackknife variance estimator

in absence of censoring when 500 replications for pairs X, Y and C are generated

from independent exponential distributions

. Average (MSE) of
Variance of

Test statistics 7 the jackknife Type I error (5%)
n—l /ZLW
variance estimator

n"L_, 50 04678  0.5858 (0.06398) 0.050
100 0.5205  0.6142 (0.04585) 0.046
200  0.5828  0.6461 (0.02702) 0.050
n"°L,, 50 0.0745 0.0777 (0.00103) 0.050
100 0.0720  0.0710 (0.00036) 0.052
200  0.0613 0.0658 (0.00020) 0.054
nPLe 50 0.2075 0.2560 (0.01580) 0.038
100 0.2382  0.2342(0.00402) 0.052
200 0.2010  0.2190 (0.00253) 0.050
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